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JACOBI RATIONAL APPROXIMATION AND SPECTRAL
METHOD FOR DIFFERENTIAL EQUATIONS
OF DEGENERATE TYPE

ZHONG-QING WANG AND BEN-YU GUO

ABSTRACT. We introduce an orthogonal system on the half line, induced by
Jacobi polynomials. Some results on the Jacobi rational approximation are
established, which play important roles in designing and analyzing the Jacobi
rational spectral method for various differential equations, with the coefficients
degenerating at certain points and growing up at infinity. The Jacobi rational
spectral method is proposed for a model problem appearing frequently in fi-
nance. Its convergence is proved. Numerical results demonstrate the efficiency
of this new approach.

1. INTRODUCTION

Many problems arising in fluid dynamics, quantum mechanics, astrophysics, fi-
nancial mathematics and other fields are set in unbounded domains. Several spec-
tral methods have been developed for solving such problems. The first method is
to use the Hermite and Laguerre approximations. In the second method, we refor-
mulate original problems on unbounded domains to certain singular problems on
bounded domains and then use the Jacobi spectral method for the resulting equa-
tions. Another effective method is based on rational approximations, induced by
Legendre or Chebyshev polynomials; see [6, [7, [T} T3] 14 17, 18], 22| 23]. By using
this approach, we can approximate differential equations on unbounded domains
directly, without any artificial boundary and variable transformation. However,
it does not work well sometimes. Indeed, the rational functions used in the past
work are induced only by Legendre or Chebyshev polynomials. Accordingly, the
weight functions of the corresponding orthogonal systems are fixed, which are not
appropriate in many cases. This drawback limits the applications of the rational
spectral method seriously. For instance, we consider the equation

U (x,t) — Ox(a(x, t)0,U(x,t)) — b(x,t)0,U(x,t) +c(z, t)U(x,t) = F(x,t),
0<z<oo0,t>0
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where m = 1 or 2, and the coefficients a(x,t), b(x,t) and c(z,t) degenerate at z = 0
and grow up at infinity. These equations come from some important problems, such
as the spherically symmetrical waves in fluid dynamics and quantum mechanics, the
degenerate parabolic equations in financial mathematics and exterior problems; see,
e.g., [2,[4, 20 2T]. Since in these cases, the coefficients of leading terms of differential
equations degenerate or grow up at certain points, the existing rational spectral
methods are no longer available. On the other hand, the analysis in the existing
literatures concerning the Legendre and Chebyshev rational approximations was
carried out in a twisted way. Consequently, the results are not optimal even for
regular differential equations.

In this paper, we investigate the Jacobi rational approximation and its appli-
cations. The key points are as follows. Firstly, the base functions used in actual
computation are induced by the general Jacobi polynomials with two parameters.
By adjusting these parameters properly, the related systems of rational functions
are mutually orthogonal associated with the weight functions which are exactly
the same as in the underlying problems. This enlarges the applications of spectral
methods essentially. Next, we deal with the rational approximation in a direct
way. This leads to a series of optimal approximation results as the mathematical
foundation of various spectral methods for the half line and other related problems.
It also provides a powerful framework for the analysis of rational approximation.
Finally, as an example, we propose the Jacobi rational spectral method for an im-
portant model problem. The numerical results demonstrate its high accuracy. We
also discuss the applications of the proposed method to many other problems.

This paper is organized as follows. In the next section, we establish the basic
results on the Jacobi rational approximations in nonuniformly weighted Sobolev
spaces. In section 3, we propose the Jacobi rational spectral scheme for a model
problem and prove its convergence. We also explore other applications. In section
4, we present some numerical results. The final section is for concluding remarks.

2. JACOBI RATIONAL APPROXIMATION

In this section, we develop the Jacobi rational approximation.

2.1. Jacobi polynomials. We first recall some properties of Jacobi polynomials.
Let I = { y | |yl < 1}. The Jacobi polynomials Jl(a’ﬁ)(y), 1=0,1,2,---, are the
eigenfunctions of the Sturm-Liouville problem

(21) 9y ((L =) A+ 9 Iyu(y) + A1 - y)*(L+y)’v(y) =0, yel

The corresponding eigenvalues are )\l(a’ﬁ) =ll+a+p6+1),1=0,1,2,---.
Let T'(z) be the Gamma function. It is noted that

22 ) = (0T, ) = Gt

The Jacobi polynomials fulfill the recurrence relations (see [I])

20+ a+ 1) (y) — 20+ 1) (y)

2.3
%) =2 +a+f+2)(1—y) g (y),
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(2.4) TP () = T ) = P ),
25)  (+a+B)I () = (1+8) TP V() + 1+ )] y),

[e% 1 [e%
(2.6) 0,01 () = S+ at B+ DI ().

Let x(*®(y) = (1 —y)*(1+%)?. For a, 8 > —1, the set of Jacobi polynomials is
a complete Li(aﬁ) (I)—orthogonal system, i.e.,

(2.7) /A TP ()19 ()3 @ () dy = 7 D5

where §; ;» is the Kronecker function and
200K (I + a+ DI (I+ B+ 1)
2 +a+B+ )T+ +a+B+1)

In the forthcoming discussions, we denote the norm and semi-norm of the weight-
ed Sobolev space H . ) (1) by |[v[l;. .0 1 and |v],. (a8 1, Tespectively. In partic-

(2.8) nl(a’ﬂ) =

ular, Li(aﬁ) (I) = Hg(aﬁ) (I) and [[v]|y a0y, 1 = [V]lg y (080 1-

2.2. Jacobi rational functions. We now introduce the new orthogonal system of
rational functions induced by Jacobi polynomials.

Let A = (0,00) and let x(z) be a certain weight function. Denote by N the set
of all nonnegative integers. For any r € N, we define the weighted Sobolev space
HY, (A) in the usual way and denote its inner product, semi-norm and norm by
(1, 0)rx, [0]rx and |||y, respectively. In particular, L2(A) = HY(A), (u,v)y =
(u,v)0,x and [[v[ly = [[v][o,- For any > 0, we define H; (A) and its norms by space
interpolation. The space H , (A) stands for the closure in HJ(A) of the set D(A)
consisting of all infinitely differentiable functions with compact support in A. When
x(z) = 1, we omit the subscript x in the notation.

The Jacobi rational functions are given by
z—1

1=0,1,2,---.
ZL’+1), ) Ly &y

R0 a) = g7

According to (Z1), Rl(a’ﬁ ) (z) are the eigenfunctions of the Sturm-Liouville problem
(2.9) (2P TNz +1)7*Pou(z)) + AP (x +1)7 P 20(z) = 0, x €A

The corresponding eigenvalues are )\l(a’ﬁ) =l(l+a+p+1),1=0,1,2,--- . Moreover,
the recurrence relations (Z2)—(26) imply that

@B) N _ (_1\ipBa) 1 @, _ Ll+a+1)
R™7(x)=(-1)'R""(3), R (00)—7““0{“) :

(+a+ DR (@) - 1+ DR ()
(2.10) = (2l+a+ﬂ+2)($+1)_1Rl(a+1’ﬂ)($),

B0 (@) = BTV (@) = R (@),
(+a+ B8R (@) = 1+ B8R V(@) + 1+ )R (),

and

(2.11) R (2) = (Il+a+ B+ D)@+ 1) 2RETH @), 1>
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Let X\ (z) = 2%z +1)"*8"2,0,3 > —1. Thanks to (Z7) and ZX), the
Jacobi rational functions form a complete L? , ; (A)—orthogonal system, i.e.,
XR

(2.12) /A R (@) R ()x 57 (x)dx = AP 610

where
Fl+a+1I(I+6+1)
T Q@Aat SO+ )T +a+B+1)
For any v € L2, 5 (M),
XR
(2.14)

(2.13) P =

Zvla,ﬁ)R(a ,6) (2), {)l(a,ﬁ) _ (,yl(aﬂ))fl / U(x)Rla’B)(ﬂi)ngﬁ)(IC)dx-
A

Now, for any N € N, Ry stands for the set of all Jacobi rational functions of
degree at most N. Moreover, ¢Ry ={ v | v € Rn,v(0) =0} and Ry ={v|v e
R, v(0) = v(c0) = 0}.

We next derive an inverse inequality and an embedding inequality which will
be used in the analysis of the Jacobi rational approximation and its applications.
Denote by ¢ a generic positive constant independent of any function and N.

Theorem 2.1. Forany ¢ € Ry and 1 <p < q < 0,

U(alﬁ )
9| e o e <cN ||| e e 5 @)

where o(a, 3) = 2max(c, 8) + 2, if max(a, ) > —1, and o (e, 8) = 1, otherwise.

Proof. Let y € I and x = }J:—Z Denote by Py the set of all algebraic polynomials

of degree at most N. For any ¢ € Ry, we set ¥(y) = d)(Hy) Clearly ¢(y) € Pn.
By an inverse inequality in Py (see Theorem 2.1 of [10]), for any ¢ € Py and
1<p<qg< o0,

/|¢ )X (y)dy)a < NG /|¢ IPX D (y)dy) >

It can be checked that

(a,8) __ 9—a—p-2 a+2 3 dxr N 2
X ) =2 1—y 14+9)~, —_— =
() () R O (e
Therefore
61y =20 [ I
<cNo<axﬂ / EOID @y)E < N PGB, D

Theorem 2.2. For any ¢ € Ry and r > 0,
||¢HT7X§§J*) < CN2T||¢||X5?§,B>-
If, in addition, o, 8 > r — 1, then
T
1M, o0 < NIl comria=r-
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Proof. Let y € I,Px and 9¥(y) be the same as in the proof of the last theorem.
According to an inverse inequality (see Theorem 2.2 of [I0]), for any ¢ (y) € Py
and r € N,

(2.15) [ @l r < N Yllyem r-
In particular, if a, 8 > r — 1, then
(2.16) 91l xem 1 < N[l yaris-n -
By induction,
E
(2.17) Pio(x) =Y Crj(L =) oju(y)
j=1

where C}, ; are some constants. Hence we use (ZI5]) and (Z.I7) to obtain that

k
O e <D [W=p)P 0411 ) @)y
j=1

< C‘WH;X«W)J < CN4k||¢Hi(a‘B))] < CNMH(b”ig:,ﬁw

Furthermore, if a, 8 > k — 1, then by [2I6) and (2Z17),

|¢‘iﬁx%a,ﬁ) < CH‘/’Hz,X(a,ﬁ),I < CN%||¢Hi<a—k,ﬁ—k)J < CN%H¢||ig?a—k,ﬁ—k>-
The previous statements with space interpolation lead to the desired results. ([l

2.3. Basic results on Jacobi rational approximation. We now turn to several
orthogonal projections which are frequently used in the Jacobi rational spectral
method.
We first consider the orthogonal projection Pu . : Li("“m (A) = Ry. Tt is
R

defined by
(2.18) (PN@ﬂv -, (;5))(&;,[1) =0, Vo € Ry

In order to present the approximation results precisely, we introduce the space
H" . 5 A(A), r € N, with the following semi-norm and norm:
XR 5

’ |\, a, 1
|U|T1X(Ra'ﬂ>vA - (: :(Al( )) ‘/Ul( B)‘Q’Yl( B))27
(219) I=r

ks
1
ol e 4 = 10 e )
k=0

For any r > 0, we define the space H; (A) and its norm by space interpolation

3%%/”714
as in [3].

Lemma 2.1. For any v € H;(aﬁ) A(A), reNand0 < p<r,
R 3

N
(2:20) 1PN a0 =0l om0 4 < OO TI0L, ey

where ¢o = (14 (1 — (/\g\c,v_’fl))_“)()\g\?jﬁ) —1) Yz &1
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Proof. We have that for nonnegative integers k < p,

o0
NCHE B
|PN.a,60 = U‘ixm,ﬁ) A | Z Uz(a )Rl(a )(33) ng?a,mA
e I=N+1 '
o0
(B)\k| o (:B) 2, (a.3) (B)\k—r| 12
< l %: 1(/\1 )"l <(Anir) |U|T7X§?§,B)7A-
=N+

Consequently,
m
2
|1 PN,a,pv — v”f«xﬁ?’ﬁ),fl = Z |PNa,8V — v|k,x§§’ﬁ),A
k=0
“w

a,B)\—r a,B a,B)\p—r
S (/\§V+1)) |U|i7xgg‘5))A ;(Ag\/’+1))k = C(Q)()\SV+1))# ‘U‘i,xﬁ?‘,"mﬁ'
For any u = [u] + 6,0 < 6 < 1, we use the Gagliardo-Nirenberg inequality (cf. [3])
to reach that

1-6 6
1PN.080 =0l o o < IPNapr =0l % ) (1PN.ap0 =0l

< o) 7 [0l e o
([l

Remark 2.1. Letting any ¢ € Ry and replacing v by ¢ — v in ([2Z20), we deduce
that

)\(O"ﬁ))%

(2.21) 1PN .00 = 0ll, @m 4 < co(Ani of |6 =0l @ 4

On the right side of ([220]), the semi-norm |v|rX(a,ﬁ) 4 1s given by (2.19). Accord-
sXR s

ingly, we used it to derive the basic result (Z20)) easily. But it is not convenient
for its applications. Fortunately, there exists an equivalent representation for such
semi-norm for any r € N. To show this, let

222) RV (@) =R"P(@), R$V(@) =@+ 1)0.R (), k>1.
With the aid of (ZI1I)) and (Z22)), we can use induction to show that

(,8) Pl+a+B+k+1) (atkpsth)
2.2 _
@2) Ry = TR e gy ek

Thus Rl(’o,:ﬁ)(x) is the same as Rl(fzk“@urk) (x), apart from a constant. Thus, by (2.9,

(z), 1> k.

0y (2 (2 41) 702G, RIGD (1)) 4 MO BN 2R (g 1) oA RO ()
=0.

Multiplying the above by Rl(’o,;’ﬁ ) () and integrating the result by parts, we assert
that

) +k,B+k ;
(2.24) 10: B2 osnmnpinn = ML TR i
Furthermore, a combination of (2.22) and (224 gives that
8 el
IRV n i = 10 RGN s
(2.25) _ \ethten gl o _ B (@)
= Akt Lk—1ll) (ath-t.p4k-1) = =CGr N
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where
k—1 ) ] k—1
Cl(::;i;ﬁ) _ H )\l(f;‘]ﬁ-ﬂ) _ H(Z 7])(l+]+04+ﬂ+ 1)
j=0 =0

For simplicity of statements, we introduce the notation

k—1 . .
d(a’ﬁ) (C“wB) /\(aﬁ) 1— ‘Z 1 J )
1k ( )~* j[[o( l)( +7Z+a+ﬂ+1)

Then we have

(1- )
1 j — —
<TI0 (U + mrter) < (U migen)
Thereby, for I > k,
(2.26) do <d5” <di,  do, dy = 1.

Next, we define

(2.27) ”UHO X(cx 9 g ||v|| (a 8) s |U|1 X(cx o g = ||($ + 1) Oy ’UH (cx+1 B+1)
and
(2.28) |U|k XD g =|(z+ 1) Op U|k L@t LD g k> 2.

We shall show that [v], (s p and [v], s , are equivalent noms. To do this,
SXR ,B kvXR A
we set

g1(v) = (z +1)%0,v(x), g (v) = (x + 1?0, (gr_1(v)), Ek>1.
By 223), 0, R ’B)( ) = 0. Thus, we use (Z14)), (Z22)) and induction to verify that

(229) Z (a,,B)R(oz 6) )
=k

Therefore, with the aid of (Z25]), (Z27)—(229) and the definition of dfﬁ;’ﬁ ), we verify
that

v | e B =|(z + )23 U| e+ p == Hgk(v)‘|2(a+kﬁ+k)
oo
= > 1™ PR k’ﬁ’u%m oo = SO o)
I—k 1=k

In view of this fact, we use (ZI9) and (220]) to obtain that for all k£ € N,
(2.30) Cd0|U|i,Xg?a,ﬂ>7A < |’U| e p S < cdi|of? e ar

A combination of [219) and ([Z.30) implies that

,
1
(231) Nollol, o 4 < (I i ) < eValoll, o 4
k=0
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According to the previous statements, we now redefine the space H" ., 4, A
XR 5

(A) as
H;%aﬁ))A(A) = { v | v is measurable and HU||T’X§§,B>’A < 00}, reN,
equipped with the following semi-norm and norm:
ol o 4 = el e loly o0 4 = [z + 12000 gosrson,

[0l yiem 4 = @+ 1)23m”‘k—1,x§?“"’+“,/4’ k22,
-
1
ol i 4 = (S Il ey )
k=0
For any r > 0, we define the space H" ,, 4 A(A) and its norm by space interpolation
XR s

as in [3].
As a direct result of Lemma 2.1 and the above statements, we have the following
result.

Theorem 2.3. For anyv € H”

XS?’B),A(A)’ reNand0<p<r,

(2.32) HPN’Q’QU — UHH’ng,ﬂ)A < CNH_T|U|7‘,XE§’®,A'

2.4. Orthogonal projection in nonuniformly weighted space. In many prac-
tical problems, the coefficients of terms involving derivatives of different orders
might degenerate or grow up in different ways. In these cases, it is impossible
to compare numerical solutions with exact solutions in the usual Sobolev spaces,
whereas it might be carried out in certain nonuniformly weighted Sobolev spaces
which the exact solutions belong to; see, e.g., [10, [16]. It is also true for the Jacobi
rational approximation. To do this, we introduce the space Hg,ﬂ,'y,t;(A)’ 0<u<l,

with the norm [[v|,a,8.6. For p=0,HY 5 5(A) = L?, 5 (A). For p=1,
B, X
Hi’ﬁ’w;(A) = {v | v is measurable and |[v||1,4,8,4,5 < 00}

with the norm
1
ol = (2 + 00

For 0 < p < 1, the space H 5 B, s(A) and its norm are defined by space interpola-
tion.
Now, let

a,By.0(Us v) = (Ozu, @w)xgx,ﬁ) + (u, U)Xg,a), Vu,v € Hclv,ﬁ,v,zi(A)'
The orthogonal projection P]{,)aﬁmé : Hé,ﬁ,vﬁ (A) — Ry is defined by
aaﬂf)ﬁé(P]{f,oz,ﬁ,fy,zSU -0, ¢) =0, V¢ € Rn.

The following imbedding inequality will be used for the derivation of approxi-
mation results.

Lemma 2.2. [If
(2.33) a<~y—2, B<6+2, v, 0 > —1,
then for any v € H;(a‘ﬁ) (A) with v(1) =0,

R

||U||Xg,6> < C|U|17Xg;,ﬁ)~
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Proof. Let u(y) = v(i—g) Obviously u(0) = 0. By Lemma 2.3 of [T0], [[ull, .0 ; <
C‘u|1)x(w+2,5+2))1. So, a simple calculation yields that

HUHXSQ“” < dllullyooo p < cluly otz 1 < C|’U|LX5{~,—2,5+2) < c|v|1’ng,5>. O
Theorem 2.4. Let 0 <4 and 0 < 0. If
(2.34) l<ato<y+2,  —1<B+0<5+2, 7y, 5> -1,
then for any v € H;(a+a_lﬂ+3_1) A(A), reNandr>1,
R El

(2.35) ||P]{,’a’5’%5v — V10,890 < CNliT|U|T,Xg¥+o—l,ﬁ+0—l))A.
If, in addition,
(2.36) a<~vy+o-7, 0<d+60+1,

then for 0 < p <1,

(2.37) ||P1{f,a,ﬁ,’y,6v — V|l pa89.0 < CN“7T|U|T7X§§+<7—1,5+9—1)’A.
Proof. We first prove (235). Let
6@) = [ ()2 Pysarorol(c + 1D20.0(2)dz + €
0

where ¢ is chosen in such a way that v(1) = ¢(1). By (2I1), there exists ¢ € Ry
such that

o(z) = / " 0.0(2)dz 4+ € = d(a) — H(0) + € € Ry,

Clearly, |¢ — ’U|X(a,ﬁ) < clo — U‘X(a+g74,ﬁ+9). Consequently, we use the projection
R R
theorem, Lemma 2.2 and Theorem 2.3] to deduce that

”P]{/',a,ﬁ,'y,év - v

(2.38) = cl|PN-1.at08+0((x +1)%020) — (2 +1)?000]| @resso)

1,876 S 19 = vll1a,89.6 < ¢l — U|1,x§§+”—4v6+9)

1—r
< _ _
< cN |U|f’,x$§+g 1,846 1),A'

We now prove ([237) with condition (Z36]). Let g € L? ;,(A) and consider the
XRr
problem

(239) aa,ﬁ,’y,ﬁ(wv Z) = (ga Z)Xg,é)v Vz € Hcly,ﬁ,'y,zi(A)'

Taking = = w in @39), we get that [[w]1 0,545 < lgll g.0-

We also need to estimate the upper-bounds of some weighted norms of §%w(x)
and d,w(x).

First, let z(z) vary in D(A), and so in the sense of distributions,

(2.40) —0, (0 w(@)x P (@) = (9() — w(2)xT Y (@).
Next, integrating (2.40]) yields that

’ ) 2 0 1
o)y (e2) = Or(e) )| < lg = wllgo ([0 @)k,

Z1

Thus &Ew(:c)xgg’g) (z) is meaningful at z = 0, co. Moreover, multiplying (240) by

any z € HCIY)B)W;(A), integrating the resulting equality by parts and using (2.39),
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we obtain that
B, w(00)z(00)x 5" (00) — B, w(0)2(0)x 5 (0)

= /A (0w (@)D 2(2) x5 () = (9(x) — w(@))2(2) X7 (2))dz = 0,
Vze H) 5 s5(A).
Thereby, amw(x)xg?’m(x) —0asx— 0,00.
Furthermore, we have from (2:40) that

—Pw(x) = Bzt — (a+ B+ 2)(z + 1) Ho,w(x)

(2.41) + (g(x) — w(z))z® P (x + 1)HF=779,

Let A; = (0,1] and Ay = (1,00). A direct calculation with (2.41]) gives that

146 o406

(@) e + 4 Opww

146

(242) |Pwa @+ 1)’ s < o(Di+D2)
R

where Dl = D1 (Al) + Dl (Ag) and

Dihy) = [ &0 w 4 1) T Gl =12
D2 — /(g(x) _ w(x)>2x25—5+0+1(x + 1)a+5—2'y—26—o——0+4d$.
A
Obviously, ([2:36) implies that

T

Dy = /A (9(x) — w(a)x§D (——

S—0B+0+1 a—y—o+T7 _ 2
o 1) (x+1) dr <|g w”Xgéw

So it remains to estimate Dq(A;), j = 1,2. Due to (2:40),

Oula) ==+ 1y [ “(9(2) — w2 (2)dz
(2.43) 9 S
— Bz 4 1) / (9(2) — w()x 5 (2)d=.

This fact, along with (236) and the Hardy inequality (see [19]) leads to
(2.44)

Di(A) — / B0 (g 4 1)kB—048 / “(92) - wHWNGD (2)d2)de
<o [ "(9(2) — w()XS P (2)d=)de

1
<c / 7 (g() = w(@)* (6 (@) dw < ellg = w0

We can estimate Dj(As) similarly. To do this, let y = £E+1’ &= Z-‘rl’ (&) = g( }""2)

and w(&) = w( 1+5) Then by virtue of ([236), (2:43)) and the Hardy inequality, we
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deduce that

Di(As) = /1 - g PO (g 4 1)t Bmo—0+8( / Oo(g(z) —w(2))x\7? (2)dz)da

<c [yt / (3(6) — NI ey dy

< c/ol(l — y)v2(/yl(g(§) (&) ) (£)de)2dy

< 0/01(1 —y) 7 (G(y) — DY) (" () dy < C/Ol(g(y) — () (y)dy
< cflm(g(x) — w(@)X? (@)de < cllg - Wl

A combination of (Z42]) and the previous estimates gives that
I G A W
. ‘R ‘R
<clg- wHi(mé) < cllgl? .5
‘R XR
Moreover, we use (2.38)), (2.43) and the definitions of |v], (e g0k =1,2, to derive
sXR )
that
(2.46)

1PN 05,460 — Wl1a,6,4.6 < CN71|w‘27X§§+°—1=ﬁ+9‘“,A
=cN7Y(z+ 1)261w|17xgx+a,ﬁ+9)’14

< cN_1(||8§wx1_;9 (x+1)
< eN7Higl g

Finally, by taking z = Py , 5. ;v —v in (Z39), we use (238) and ([248) to verify
that

3_ot6b 146
)

sy + 2/ 0wz E (2 + 1)27 | a)
R XR

‘(P]{f,aﬁ;yﬁv - U,g)xg,6)| = |aa757’)’75(PZ{77a,B,7,6U -, PJ{/',a,ﬁ,v,(Sw - U))‘

|P]]v701767'716w - 'LU” La,8,7,6

S IPNa5,6Y — Va8,

< CN—T”g”XSg,a) |’U|T’X5Qa+afl,ﬁ+971)’A.
Consequently,

‘(P]{T,a,ﬁ,'y,év -, g)Xg76)|

||P1{f,a,ﬁ,'y,6v - ”||ng,6> = SUPger? 5 (A)
X

(v,8)
R

(2.47) g1l -0

g#0
—Tr
<cN |U|r,x§§+”_1’ﬁ+9_l>,A'

The result (237) for 0 < pu < 1 follows from (Z38), (247) and space interpolation.
(]

Remark 2.2. In the Jacobi approximation, we only considered the case with «, 3, 7,
6 > —1. But for the Jacobi rational approximation, we introduce the parameters o
and 6 in Theorem 2.4. This enhances the flexibility and enlarges its applications.
Indeed, without suitable o and €, we cannot derive the estimates of numerical errors
of rational spectral methods for many important differential equations; see the next
section.
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2.5. Orthogonal projection of functions vanishing at one extreme point.
In some problems as in astrophysics and so on, the values of unknown functions
are imposed at one of the extreme points, say x = 0. In this case, we need to study
another orthogonal projection. For this purpose, we let

oH: 5 s(A)={v|veH., s(A)andv(0) =0}

The orthogonal projection oPy , 5.5 oH} 5. 5(A) — oRnx is defined by

«
o, By, ( OP]{LQ,B,%W —v,0) =0, V¢ € ¢Rn.
Lemma 2.3. If

(2.48) a<vy+2, <0, y>-1, 6§>0,
or
(2.49) a<~v+1, <542, O0<a<l, pg<l1,

then for any v € oH' . _, 4 (A),
XR
||U||ng,a) < c|v|LX§;74,g>.

Proof. Let u(y) = v(%) Clearly u(—1) = 0. If (248) holds, then by Lemma 2.4
of [T0], [[ullyv.6),r < €luly y(a.p ;- Finally a calculation leads to the desired result.
If (249) holds, then the same conclusion follows from Lemma 3.6 of [I5] and an
argument as before. O

Theorem 2.5. Let 0 <4 and 0 <0. If

(2.50) “l<a+o<~y+2, -1<B4+60<0, v>-1,86>0,
or
(2.51) a+o<y+1, O<ado<l, —-1<B+0<1, =~ §>—1,

then for any v € oHolé’ﬁ’W;(A) N H;(a”_mw_l) A(A), reNandr>1,
R 5

(2.52) I 0PN o560 — Vll1,a,8.9.8 < CNl*T|U|r7xgg+a—1ﬁ+9—l>,,4-
If, in addition, 2Z38) holds and 8 >0 or 3 < 0, then for 0 < u <1,
(2.53) I OP]{ﬂa,ﬁ,'y,év — U‘|#7aﬁm5 < CN”iT‘v‘nxg?c’wa_l,[ﬂs_m,A.

Proof. Let

() = /o (z+ 1) 2Py 1.atr0p10((z+1)20,0(2))dz € oRy-

By virtue of the projection theorem, Lemma 2.3 and Theorem 2.3l we deduce that

| 0PN aprs0 = Vltasrs <llo—v

(2.54) = ¢[|Pn_1,a40,8+0((z +1)%0,v) — (z + 1)28;cv||xgg+mﬁ+9)

[LaBy0 <l — U|1’XE§+074,5+9)

S CleT|U|T7X§?+5_1,[3+9—1)7A.
We next prove (2Z53) with condition (Z36). Let g € L? . ; (A) and consider the
XR
problem

(255) aa,ﬁa%tS(wa Z) = (gvz)xgﬁh Vz € OHé,,B,'y,é(A)'
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Taking z = w in (Z55), we get that ||w|1,0.84.6 < ||g||X<Ws>. It can be shown
R

that ([2.40) is still valid and 5}11)(99))(&?’5) (x) — 0, as * — oo. Moreover, ([2.41)
and ([242)) are also true. We can estimate D;(A3) and D, in ([242]), in the same
manner as in the proof of Theorem [2:4l We now estimate D;(A;). For simplicity, let

n(x) = &;w(a:)xgg’ﬁ) (x). If B > 0, then n(0) = 0. In this case, a similar argument as
in (244)) leads to D1(A1) < ¢|lg — w||i(%6). If B < 0, then we use ([240) and (2Z44)
to obtain that :

1 T
Dihn)= [ & B0 g 108 (0) - [ (g(e) - w(e )G () e
0 0
<cllg— w”i(m) +cn?(0).
R

Due to n(c0) = 0, we have from (240) and the Cauchy-Schwartz inequality that

720) < ([ 10n@dn)? = ([ la(@) =@ (@)do)? < clg = wl .

A combination of the above two estimates leads to D1 (A1) < c|lg—w]|?(, 5. Finally,
XR

the desired result (Z353]) follows from a duality argument and space interpolation.
O

2.6. Orthogonal projection of functions vanishing at both extreme points.
When we study some problems in unbounded domains with homogenous boundary
conditions, we have to consider another projection. For this purpose, let
H&,a,ﬁ,v,é(A) ={v]|ve Hé’ﬁ’w;(A) and v(0) = v(c0) = 0}.
The orthogonal projection PI{/OQ Bb H&7a757,y75(/\) — RY, is defined by
1,0 _ 0
A0, 3,7,6 (PN o 560 — 0, ®) =0, Vo € Riy.
Theorem 2.6. Let 0 <4 and 0 < 0. If

(2.56) —l<a+o f+0<1, ~,6>—1,

then for v € H;gg+a—1,ﬁ+9f1)’A(A) N Hé’a7g7,y75(A), reNandr>1,

(2.57) 1PN, 550 =V

|1,a757%6 < CN17T|U|T,ng+a—1,ﬁ+e—1)7A.

If, in addition, condition [236]) holds and o > —2, 3 > 0, then for 0 < p <1,
1,0 —

(2.58) HPN@’@%(S’U — V|| pa,8,y.0 < cNH T|U|7‘7X§?fx+a—l,[3+0—1)’A.

Proof. We first assume that (2.56]) holds. Let

6°(0) = [ ) 2Py tasmaral (D200 9(0) = 6 (0)-0(00)
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Clearly, ¢ € RY and 0,¢(z) = 0,¢*(x) — ¢*(00)(z + 1)~2. Thus by the projection
theorem,

1PN 5,60 = Olltass < 16 8,76

< i@+ 1) 2Py-ratapro((@ + 1)%0,0) = (@ + 12050 o
(259) (™) (00) + 16— vll

< [Py vatopro (@ + 1)20,0) = (2 + 12050 oo

(™) 30 (co)| + 116 — il g0

Since —1 < a+ 0, B+ 6 < 1, we use the Cauchy-Schwartz inequality to deduce
that
(2.60)

|¢*(o0)| = | /A(x + 1) (Py-1a408+0((z +1)°050(x)) — (z +1)*0pv(x))da]

< (1 TPy s arosro((@ 4 1)%050) = (24 1)°000] oo
On the other hand,

6(2) — v(z)
= [ e D P (o DP00(2) = (2 P00 = " (0)

Therefore, using the Cauchy-Schwartz inequality again yields that
—a—0,—B—0)_(7,6)\1
6 = vl o0 < ety "7 TN 2 Pyt atapra((x +1)%050)

= (@4 12000 gormr + (357 H67 () .
Substituting (2.60) and (2.61]) into ([2.59) and using Theorem 23] we reach result

Next, let o > —2, 8 > 0 and let (230]) hold. Let g € Lig&)(A) and consider the

auxiliary problem

(262) aa»ﬁv%é(wa Z) = (gvz)xgv‘s% Vz € H(%,oz,ﬁ,fyﬁ(A)'

Taking z = w in [262)), we get that ||w||1,a,8y.6 < ”g”x(”";)' It can be checked that
R

40 still holds. Thanks to @ > —2 and 8 > 0, we know that Oxw(x)xgg’ﬁ)(a:) — 0,
as © — 0, 00. Moreover, (Z4])) is also true. Thus, following the same line as in the
derivations of (2.46]) and ([2.47), we reach the desired result (2.5). O

3. APPLICATIONS TO DIFFERENTIAL EQUATIONS OF DEGENERATE TYPE

This section is for applications of the Jacobi rational spectral approximation
to numerical solutions of differential equations of degenerate type on unbounded
domains.

3.1. A model problem. As an example, we consider the following model problem:
(3.1)
OV (x,t) + Oz(a(x, )0,V (2, 1)) + b(x, 1) 0,V (2, t) —c(z, 1)V (z, 1) = F(x,1),

z €A te€l0,T),
V(z,T) = Vo(x), T €A,
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where
a(x,t) = ay(z, t)xtr (z + 1)H2, b(x,t) = by (z, t)x™ (x4 1),
(3.2) c(x,t) = c1(z, t)a* (z + 1), 0 < amin < a1(z,t) < amax,
|b1(.’1,‘,t)‘ S bmaw7 0< Cmin S Cl($7t) S Crmazx-
In addition, V' (x,t) satisfies certain asymptotic boundary condition as x — oco. The
boundary condition at x = 0 depends on the coefficients of ([B.]). For instance,
if 4y > 0 and b(0,t) < 0, then we require V(0,t) = Vy(¢), while if yy > 0 and
b(0,t) > 0, we cannot impose any boundary condition at z = 0.
The above problem includes many important equations in financial mathematics,

such as
¢ the Black-Scholes model (see [4])

OV (z,t)+ (p— @)z, V(x,t) + %ngchGﬁ/(;zc7 t) —pV(x,t) =0,
¢ the Dothan model (see [9])
OV (z,t) + pro,V(z,t) + %dza:Qaf:V(a:, t) —zV(z,t) =0,
¢ the Black-Derman-Toy model (see [5])
OV (z,t) + p(t)x0, V (z,t) + %d2(t)x283‘/(:c, t) —zV(x,t) =0.

If all coefficients p, ¢ and d are independent of x, then we can derive an explicit
solution of the Black-Scholes model, whereas, it is not so, even if only one of the
coefficients depends on x. Moreover, we have no explicit solution of the correspond-
ing multiple-dimensional model, no matter if the coefficients are independent of x
or not. Furthermore, we can only solve the Dothan and Black-Derman-Toy models
numerically.

Next, let

s=T—t, U(I‘,S) :V(l‘aT*s)v UO(:C) :Vo(l'), f(IC,S) :7F(xaT*5)a
a(z,s) =a(z, T—3s), ai(z,s)=a(z, T —3s), blx,s)=>blx,T—s),
bi(z,8) =by(x, T —s), ©¢(z,8)=clz,T—35), ci(x,s)=ci(z,T—s).
Then (B1]) is reformulated to the following convection-diffusion problem:
(3.3)
0sU(x,5) — Oz (a(x, s)0.U(z,s)) — b(x, s)0,U(x, s) +c(z, s)U(z, s) = f(z, s),
x €A, se(0,7T],
U(x,0) = Uy(z), r €A
We shall derive the weak formulation of (3] for two different cases and construct

the spectral schemes for them.

3.2. The case p; > 0 and 5(0, s) > 0. In this case, we cannot impose any bound-

ary condition at x = 0. As we know, the existence and regularity of the solution of

B3) depend not only on pq, pe, n1, N2, A1 and Ag, but also on f(z, s) and Uy(z).
We introduce the spaces

Bp0) = o | [ 0@+ 1) s < b

H 5. 5(0)={v]veL?(A), dve L2 4(A)}.
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Besides,
1
(U, V) s = / w(@)(@)a® @+ 1Pz, [ollag = (,0)2

If Up(x) € ng (A), then the possible solution of ([B3) may belong to L>(0, T’

Zilm (A)) N L*(0,T; ﬁ;1+017u2+02,01,02 (A)). Consequently, for deriving a reason-

ably weak form of (B3], we have to multiply the first equation of (B3] by
2% (z + 1)°2v and then integrate the result over A. It is noted that

- /A 0, (@, )0, U (2, 8))o(x)a™ (z + 1)7da

= /AEil(x,s)@wU(x,s)ﬁwv(x)x”l""’l (z + 1)F2to2dg

+/ a1 (z,8)0,U(z, s)v(x)x" T~z + )22 (o) (2 + 1) + oox)dz + B(U,v)
A

where
B(U,v) = —i1 (2, 5)0,U (z, s)v(@)a™ 7 (a 4 1)1+o2 .

It is easy to check that for any v € H} |, 1nion.or.00(N),

. o1+t . pitog+1
lim 272 v(z) =0, a.e., limaz— 2  Oyv(z,s) =0, a.e.,
z=0 +oo+1 z—=0 +potogtootl
. g1To2 . B1TH2TO]TO2
lim z= = wv(z) =0, ae., lim x 2 Ov(z,8) =0, a.e.
T—00 r—00

Thus B(U,v) =0, a.e., for any U, v € ﬁi1+01,u2+02,01,02(A) and pq > 2, p1+pe <
2. Accordingly, a weak formulation of (B3] is to seek U € L>(0,T} zgh@ (A)n
L2(0,T; H: (A)) such that

p1to1,p2+02,01,02

(0sU(8),0)0y,0, +(@1(5)0:U (s), 02V) py +oy o T (axU(S)»U)g
(3'4) +(El(5)U(S>7U)/\1+017/\2+02 = (fa U)O’1,0'23
Vv € H} (A), s€(0,T], ae.,

pitoi,pu2+02,01,02
where (-,-), stands for the inner product with the s-dependent weight function
g9(z,s),
gla,s) = a1 (x, )z T o + 1) 42" oy (2 4+ 1) + 0o)
—b (z,8)x™ oL (z + 1)12Fo2,

It is easy to see that if
(3.5) 2< <2m,  2(m +m2) <+ pe <2
then

[(0:U(s),v)gl < cl|02Ul|p1401 10402 V] |or 05
If, in addition, f € L2(0,T; (H}“JFUI7M2+02)01~p2 (A))) and Uy € L2, ,,(A), then
B4) has a unique solution. In particular, if by (x,s) = 0, then the corresponding
conditions can be weakened as 1 > 2 and pq + po < 2.

Let PN,—o,—0,—2,0, be the orthogonal projection given by (2.18]), and let un(s)
be the approximation to U(s). The Jacobi rational spectral scheme for (4] is to
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find ux(s) € Ry such that

(Osun(s), ¢)01,<72 + (a1(s)0zun(s), ax¢)u1+a1,uz+oz + (Ozun(s), (b)g
(36) +(51(8)UN(8>7 ¢))\1+017)\2+02 = (fa ¢)01,02a V(b € RN, s€ (OvT]v
UN(O) = PN,—01—02—2,0'1 UO-

We now deal with the convergence of [B.6). To do this, we need a specific

orthogonal projection IT}; : ﬁlll1+017ll2+0'2,0'1g0'2 (A)ﬁL%\H_U1 Agtoy(A) = R, defined
by

(aﬂv(H}VU - ’U), aw¢)u1+017lt2+02 + (H}V’U -0, ¢)>\1+01,>\2+02
+(H}VU77}7¢)01,02 :O, V¢GRN.

For a description of approximation errors, we use the following notation:

r _ T
BH17H2701,0270,9(A) - HXEE—#l—H2—Ul—52+U—3,H1+01+9—1)7A(A)7

[v|Br

= |’U| —p1—po—01—ogto—3,u1+o1+6—1 .
1 ti9.01,09,0,0 T,X%“l H2—01—02 m1tol ),A

Following the same line of reasoning as in the proof of Theorem[2.4] we can prove
the following result; see the Appendix.

Lemma 3.1. Let
g = min(pl +N2+2,/L1 +M2 7)\1 7)\24’2,4),

3.7

(3.7) 6 = min(—py + 2, —p1 + A1 + 2,0).

If

(3.8) o1+ 02 <min(—A\; — A2 —1,—-1), o7 > max(—A; —1,—1),

then for any v € BT A), reNandr > 1,

H1,/42,01,02,0, 9(

||a$(H}\/'U - U)HH1+01,M2+02 +HH]1VU - ’U||)\1+<717)\2+0'2 + ||H}V’U - U”Ulﬂz

3.9
(3.9) < cN'="|v|gr

n1,m2,01,09,0.0"

We are now in a position to estimate the numerical error. Let Uy = II},U. Then

by (B.4),
(3.10)

(8SUN(S)7 ¢)01,02 + (al (S)axUN(S)v 8x¢)u1+01,u2+02 + (893UN(5)7 (b)g

4
+(51(8)UN(8)7 ¢))\1+01,)\2+02 + Z Gj(¢a 5) = (fa ¢)a1,aza v¢ S RNa s € (0, T}

where
Gi(¢,5) = (0:U(s) = OsUN(5); $)o1.005
G2(9, 8) = (a1(5)(0:U(s) = 02UN(5)), 0x®) s 01 uo+o2>
G3(9,8) = (0:U(s) — 0.Un(s), d)g,
Ga(9,5) = (c1(s)(U(s) = Un(5)), ®)ai+01, 22405
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Further, let Uy = uy — Uy. Subtracting @I0) from (@8) gives that
(0sUN(5), ®)or.0 + (51(5)@[71\[(?7 020) s 41 giatos + (0Un(5), 0)g

(3.11) ¢ +(@()UN(), D) artorraton = 9 Gj(0,5), Vo€ Ry, s€(0,T],
Un(0) = PN, 0, 0y-2.0,U0 — Hle_IIJO.

By taking ¢ = 2Uy(s) in (II)), we obtain that
(3.12) ) .
aSHUN(S)”gl,@ + 2amin‘|8$UN(S)||;2L1+0'1,;L2+0'2 + 2cmin||UN(5)”?\14-01,)\24-02

5
<2) |G;(Un,s)l

j=1

where G5 (U, s) = —(0:Un (s), ﬁN(s))g. Therefore it remains to estimate the terms
G (Un, s)|-

Let o and 6 be the same as in (3.7). If condition (B.8) holds, then by virtue of
B.9),

2G1(Un,5)| <N (3)[2, o, + €l 0aU(5) — DU (5)|2

01,02 01,02

< UN)N7,.0, + eN?72710:U (5) 3,

91,02 M1:u2,01,02,0,9'

(3.13)

For the same reason, we have that
(3.14)

21Ga(Un, )| < Sminl0:0n (5) +eNT U (s)[3,

17
prtoi,pe+oz 1o pi2.01.09.0,0

(3.15) 2|G4([7N7 s)| < cminHﬁN(S)||§\1+a’1,)\2+0’2 + CN272T|U(5)|2BT

H1:12,01,02,0,0

If, in addition, condition (1)) holds, then we use (B) to deduce that

2G5 (On,8) < (TN ()2, s + €l0e(U(8) = UNGIZ, 101 pn 1o
< TN ()2, 5, + N> (U (5)[3,

01,02 M1:u2,01,0210,9'

(3.16)

Similarly,

(3.17) 2G5 (U, 9)| < el Un ()12, 0, + 3aminl|0:0n (5)]17

01,02 p1to1,pu2to2”

Besides, by Theorem 23] and Lemma 3.1,
(3.18)
IUN (O3, .0 < 100 = PN,—01—03-2,0:Uoll5, o, + U0 = M Uo|

01,02 01,02 01,02

< NPT oy N2 U |+ :
- | O|7’—1>X§q 712 2’01)1A+ | 0 B#17H21617C’2v019

Now, let

E(v,s) = |lv(s)l3, o, +/O (@minllOs0 ()2 11 s T CminlVER, 101 05 40,)dE-

Substituting (BI3)-BI8) into (BI2) and integrating the result with respect to s,
we obtain

(3.19) E(@y,s) <c /0 " (. €)dt + (U, 5)
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where
S
pU.) =N ([ Uy, 0V, )
+|UO‘T*1>X%70170272’01),A T |UO Bﬁ1yu2a01»02,0a9).

Finally, applying the Gronwall inequality to (B3I9]), we arrive at E((NJN,S) <
e®®*p(U, s). This with ([B9) leads to the following conclusion.

Theorem 3.1. Let o and 6 be the same as in B1), and assume conditions ([B.3)

and B3) hold. If for integer r > 1, U € H'(0,T;BJ, . 5 5. 54(A)) and Uy €
Hrf_lal—az—2,al> A(A) OB, o100 o(A), then for all s € [0,T],
e 7 H2,01,02,0,

E(U —uy,s) <b*N?>72"

where the constant b* > 0 depends only on the semi-norms of U and Uy in the
mentioned spaces. Moreover, if by(x,s) = 0, then condition (B3 can be weakened
as 1 > 2 and py + po < 2.

3.3. The case y; > 0 and E(O, s) < 0. In this case, we should impose a boundary
condition at x = 0, say, U(0,s) = 0. Let

0Hy g 5(A) = {v | 0(0) =0, v e Hy 5, 5(A)}.

We focus on the case Up(zx) € Egm (A). Then the possible solution U(z, ) might
belong to L>(0, T’ Egm (A))NL2(0, T ITIﬂHJrgl’MJFUM,M72 (A)). We can derive the
same weak formulation and Jacobi rational spectral scheme as in ([3.4]) and ([B.6]), but
the spaces H, 4 ;. ot or.01.0,(A) and Ry are now replaced by 0 HY 41 10000100 (A)
and (R, respectively.

We now turn to convergence. For this purpose, we introduce a specific orthogonal

projection oI5 = 0H) o) s tosor.00 (M) NVLS o) xytey(A) —0 Ry, defined by

(aw(OH}VU - U)76I¢)M1+01’H2+02 + (OH}VU -0, ¢>>\1+0’1,>\2+02 + (OH}VU -, ¢>01702
=0, V(b €oRy-

Let
(3.20) o=min(pu; + p2 + 2, 01 + po — A1 — A2 +2,4), 0=—pu —or.

We have the approximation result stated below, which can be proved by Lemma
2.3 with ([248) and the same argument as for the proof of Lemma 3.1.

Lemma 3.2. If

(3.21) 01+ 0 <min(—A; — Ag — 1,—1), o1 > max(—Ag,0),
then for any v €0 H)\ o inton.on.00 (M) N Bl no1,0000N), TE€ENand r > 1,
(3.22)

Haﬂc(OH}vv = V)|l py 401,12+ o JFHOH}VU 0] DUV & HOH}VU = Vloy,00

< cN="|v|gr

K1:k2,01,02,0,0 "

Let Uy =¢ H}\,U. Then we follow the same line of reasoning as in the proof of
Theorem [B.] to obtain the following result on convergence.
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Theorem 3.2. Let o and 0 be the same as in (320), and let conditions (3.3)

and B21) hold. If for integer v > 1, U € H (0, T30 H) () jiytos.o1,00(A) N

B (A), Up € H" . A(A) N B’ (A), then for s €
X :

H1,02,01,02,0,0 ;01*02*2,01) H1,M2,01,02,0,0
(0,77,
E(U —uy,s) < b*N2~2"

where the constant b** > 0 depends only on the semi-norms of U and Uy in the
mentioned spaces.

Using Lemma 2.3 with ([2:49]), we can obtain results similar to Lemma 3.2 and
Theorem

Remark 3.1. By space interpolation, the results of Theorems 3.1 and 3.2 are also
valid for any r > 1. But b* and b** now depend on the norms of U and Uy in the
corresponding spaces.

3.4. Other applications. We can use the Jacobi rational approximation for a lot
of other problems. For example, we consider the Cox-Ingersoll-Ross model (see []])

1
0V (p,5) + (b= ap)pd,V (p, 5) + 5 d*pd;V (p, 5) = pV (p, 5) = 0.

We design the Jacobi rational spectral method for this equation in the same manner
as in the last two subsections. For numerical analysis, we need different orthogonal
projections depending on the sign of d? — 2b.

We can use the mixed Jacobi rational-Legendre spectral method or the combined
Jacobi rational spectral-finite difference method, with domain decomposition, to
solve the two-dimensional model with jump coefficient:

1 1
at’l)(ﬁ, Y, t) + H(l')ay’l)(ﬁ, Y, t) + (50—2 +q - ’f’)am’l}(.’li, Y, t) - 50—2892:1)(377 Y, t)

+ro(z,y,t) =0, —oco<z<oo, 0<y,t<T,

where H(x) is the Heaviside function.
An open and interesting problem is how to generalize this method to American
option models, which is related to moving boundary and variational inequalities.
Our method is also applicable to singular problems and differential equations in
spherical geometry, for instance, the three-dimensional Klein-Gordon equation:
92U (p, A\, 0,t) — p%ﬁp(pgapU(p, A 0,t)) — %69(005 00yU (p, A, 0,1))

2 cos 0
—aemg RU (P A 0,1) + U (t, p, A, 0) + U (p, X, 0, 1) = f(p, X, 0,), ~v=—1,1.
Since the longitude A and the latitude 6 vary in finite intervals, there exists only
the variable p varying from 0 to oo. Moreover, we can use spherical harmonic
approximation and benefit from its orthogonality. This simplifies the computation.
The remaining problem is how to approximate the above equation in the radial
direction. Surely, we can use the method in this paper.

Another important application is numerical simulation of fluid flow in an infi-
nite strip; see [24]. Similarly, we can solve the exterior problem of fluid flow and
some problems in astrophysics by using the proposed method coupled with other
techniques.
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4. NUMERICAL RESULTS

In this section, we present some numerical results. We consider the Dothan-
type model for which we cannot derive an explicit expression of an exact solution.
This problem corresponds to B1) with a(z,t) = 1d%2?, b(z,t) = (p — d*)z and
c(x,t) = x. Thereby, we have that g1 = 2,2 =12 = Ao =0and g = Ay =1 in
B2). Moreover, ¢ = 3 and 6 = 0 in (B10).

We shall use scheme (B.6) to solve the above problem, with suitable oy and o9
depending on the singularity of the initial state U(z,0). In actual computation, we
take d = 0.03, p = 0.05, T' = 1, and the base functions RI(_UQ_Q’O)(;U),O <lI<N.
We use the Crank-Nicolson difference discretization in time, with the step size
T=10"3.

We focus on call-option solutions which grow to infinity as « tends to infinity. It
is difficult to use the finite difference method to simulate them directly. We take
the test function U(z,s) = %(z + 1)" + (sinsz — 2)e™® + 3, h > 0. Obviously,
U(z,0) € z%m (A) for any oo < —2h — 1. It can be checked that for any r < —og —
2h —1,U € L*>(0,T5B5 4 0.5,.30(A)). According to Remark 3.1, if o9 < —2h — 2,
then the scheme (B.0]) is convergent.

We first take h = 1 and o2 = —3.1,—4.1,—-5.1,—6.1. In Figure 1, we plot
the global weighted errors logo |[U(1) — un(1)]l0,0, VS. log10NN, which indicate
the convergence of scheme ([B.6) with o2 < —4 and so coincide well with theoret-
ical analysis. Furthermore, according to Remark 3.1, for sufficiently small 7, the
global weighted errors do not exceed b* N°2T4. But we find from Figure 1 that for
0y = —4.1, —5.1, —6.1, the global weighted errors are of the order N=%7 N=24 and
N—32 respectively, which are much smaller than the predicted ones. Moreover, it is
shown that scheme ([B.6]) with oo = —3.1 is also convergent. Therefore our method
provides better numerical results than the predicted ones. In Figure 2, we plot the
pointwise absolute errors |U(z,1) — un(x,1)| with N = 64, which are of the order
1073, They demonstrate that scheme (B.6) provides accurate numerical results even
for call-option solutions growing rapidly as x — oco. In Figure 3, we plot the point-

wise relative errors |ZEP— U | with N = 64. For 0 = —3.1, —4.1,-5.1, =6.1,

they are of the order 104,107,107 and 10~°, respectively. They show again the
high accuracy of scheme (B.6]).

As predicted by Remark 3.1, the convergence rate of scheme (B.6) depends on
the regularity of the exact solution. We now take h = 1. In this case, scheme (3.6)
is convergent for oo < —3. We plot the global weighted errors in Figure 4. For
09 = —3.1,—4.1,-5.1, —6.1, they are of the order N~1-8 N—28 N34 and N—37,
respectively. Clearly, they are smaller than the predicted ones which are of the order
N°2+3, The global weighted errors with h= % are also smaller than those with h=1.
This implies that the more regular the solution, the more accurate the numerical
results. The above facts coincide very well with theoretical analysis. In Figure 5, we
plot the pointwise absolute errors with N = 64. For oo = —3.1,—4.1,-5.1, —6.1,
they are of the order 1074,1075,1075 and 10~°, respectively. In Figure 6, we plot
the pointwise relative errors with N = 64, which are of the order 1076. These

results show again the high accuracy of scheme (B.6]).
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5. CONCLUDING REMARKS

In the existing rational spectral methods, the basis functions are induced only
by Legendre or Chebyshev polynomials, which are mutually orthogonal with fixed
weight functions and may not be the most appropriate for underlying problems. In
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this paper, we introduced a new orthogonal system of rational functions induced
by general Jacobi polynomials with the parameters o and (. It is more flexible
in applications. In particular, we could regulate a and (3, so that the systems are
mutually orthogonal in certain weighted Sobolev spaces to which the exact solutions
of underlying problems belong. This enlarges its applications essentially.

We usually considered orthogonal projections in the standard weighted Sobolev
spaces. However, in many practical problems, the coefficients of terms involving
derivatives of unknown functions of different orders degenerate or grow up in differ-
ent ways. This fact limits the applications of the rational spectral method seriously.
In this paper, we investigated orthogonal projections in nonuniformly weighted
Sobolev spaces, which form the mathematical foundation of spectral methods for
a large class of differential equations with the coefficients degenerating or growing
up at certain points.

In the previous work, one analyzed the rational spectral approximation in a
twisted way, and so the results are not optimal. We provided a completely new and
powerful framework for the Jacobi rational approximation, which leads to optimal
error estimates.

As an example of applications, we proposed the Jacobi rational spectral method
for the model problem (B.I)) which appears frequently in financial mathematics and
other fields. The numerical results indicated the efficiency of this new approach.
The techniques used in this paper are also applicable to many other problems as
discussed in the last part of section 3.

We can use the rational basis functions R;(z) = Jl(o“ﬁ)(:v(:v2 + 1)*%) to design
rational spectral methods for various problems on the whole line, such as numerical
simulations of heteroclinic solutions of Fisher and Nagumo equations in biology.

Recently, some authors considered the irrational spectral method with the basis
functions I/ (z) = (2 + 1) 7P (1 = 2(z +1)7%),6 > 0,2 > 0 (cf. [12]). By
a suitable choice of parameters a,y and 9, they form an orthogonal system with
certain proper weight and fit well the asymptotic behavior of the solution of the
underlying problem. But the corresponding spectral method is available only for
problems with the coefficient degenerating at infinity. Conversely, in this work, we
may adjust two parameters a and ( involved in the rational functions Rl(a’ﬁ ) (z).
Thus the related spectral method is also useful for problems with singularities at
x = 0, 00. This fact enlarges its applications. On the other hand, we may follow the
same lines of reasoning as in this paper to analyze directly the irrational spectral
method proposed in [12] and derive better results. Furthermore, we could combine
this work with the idea of [12] to design a new irrational Jacobi spectral method by
using the basis functions Il(a’ﬁ’%A"s) (z) = 2Nz + 1)*7Jl(a’5)(1 —2(x +1)7%), which
might provide better numerical results sometimes.

APPENDIX

We prove Lemma 3.1. Let « = —uy — s — 01 — 02 — 2, B = pq + 01, and
x
6@) = [ (4 1) 2 Py-tragsol(c + D20.0(2)dz + €
0

where £ is chosen in such a way that v(1) = ¢(1). By the projection theorem,

”ax(H}V” ) | PR ”H}vv 0] POV HH}\/” — V0,00
< Ham(¢ - U)HH1+017H2+02 + H¢ - U||/\1+01,)\2+02 + ||¢ - U”Uhffz'
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Due to 7)), a direct calculation with Theorem 23] leads to
102(¢ = Vllus+o1.m2 405 = [182(¢ = V)| (000 < €l|0z( = V)|, (01540

Next, let v = —01 — 03 — A1 — A2 — 2 and § = o1 + A;. By (31), B8) and Lemma
2.2,

¢ = vlintorroter = 16 =0l ooy < cllOn(d = V)| @rossto.
R R

Similarly, ||¢ —v||ey,00 < c||5x(¢fv)||x<a+a_4,ﬁ+s>. Finally, using Theorem 2.3 gives
R
that

102(¢ = V)l goto-s.5+0) = [Px-1.0ta,p6(( +1)%0av) — (2 +1)?00]| (aea+0)

1—7r 1—r
< \/ _ _ = [\/ .
=¢ |U|7‘>X5§+0 LD 4 ¢ ‘U‘Bﬁl#zﬁlﬂmme

Then, the conclusion comes immediately from the previous statements.
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