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SMOOTHED PROJECTIONS
IN FINITE ELEMENT EXTERIOR CALCULUS

SNORRE H. CHRISTIANSEN AND RAGNAR WINTHER

ABSTRACT. The development of smoothed projections, constructed by combin-
ing the canonical interpolation operators defined from the degrees of freedom
with a smoothing operator, has proved to be an effective tool in finite element
exterior calculus. The advantage of these operators is that they are L2 bounded
projections, and still they commute with the exterior derivative. In the present
paper we generalize the construction of these smoothed projections, such that
also non-quasi-uniform meshes and essential boundary conditions are covered.
The new tool introduced here is a space-dependent smoothing operator that
commutes with the exterior derivative.

1. INTRODUCTION

Differential forms and exterior calculus represent an area of growing importance
for the understanding of the finite element method. This was first recognized by
Bossavit [5], where the equivalence between the Nédélec H (curl) elements [1T], [12]
and the Whitney forms [15] is pointed out. The relation between exterior calculus
and finite element discretizations, in particular for electromagnetic problems, is also
discussed by Hiptmair [, [9, 0], and further developed in [I} 2, [, [4]. The theory
presented here is closely related to the presentation given in [4].

By combining the canonical interpolation operators onto the standard finite ele-
ment spaces of exterior calculus with a suitable smoothing operator one can obtain
modified operators with desirable properties. More precisely, these modified inter-
polation operators are projections, they commute with the exterior derivative, and
they are uniformly L? bounded. This is in contrast to the canonical interpolation
operators, defined directly from the degrees of freedom, which are only defined for
functions with higher-order regularity. As a consequence of the construction of the
new projections the proper mixed finite element discretizations of the Hodge Lapla-
cian problem are easily seen to be stable without appealing to extra regularity. This
means that a technical problem, frequently encountered in earlier studies of mixed
finite element methods, is avoided. Furthermore, the new projections are essential
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for establishing that the discretization preserves the dimensions of the cohomology
groups.

The first suggestion to use a combination of a smoothing operator and the canon-
ical interpolation operator, to overcome the lack of boundedness of the latter, seems
to be in Dodziuk and Patodi [7], where a heat kernel is used as a smoothing opera-
tor. A treatment of such smoothed projections more in line with the techniques of
numerical analysis, and highly influenced by earlier contributions of Christiansen
[6] and Schoberl [14], is presented in [4, Section 5]. However, the analysis given in
[] of these smoothed projections is not developed in full generality. First of all,
the analysis given there requires so-called quasi-uniform meshes, a condition well
known to be undesired in many practical computations. Secondly, the theory given
in [] only treats the spaces of differential forms that are without restrictions of
the traces on the boundary of the domain. In other words, the theory only treats
boundary value problems with natural boundary conditions, while problems with
essential boundary conditions are not covered. The purpose of the present paper
is to generalize the construction done in [4] so that we allow non-quasi-uniform
meshes, and such that essential boundary conditions are covered. Here we should
mention that non-quasi-uniform meshes and essential boundary conditions are also
covered by the smoothed projections introduced in [14].

In Section [2] we recall some basic properties of exterior calculus, while the con-
struction of the spaces of discrete differential forms is outlined in Section Bl The
new tool introduced here, compared to the theory developed in [4], is a space-
dependent smoothing operator that commutes with the exterior derivative. This
operator is introduced and discussed in Section[dl The construction of the smoothed
projections is then completed in Section Bl and the main theoretical results are also
derived here. Corresponding results for the case of essential boundary conditions
are then presented in Section

2. NOTATION AND PRELIMINARIES

The notation used in this paper corresponds closely to the notation used in [4],
and we refer to this paper and the references given there for more details on exterior
calculus. In particular, if T C R™, then P,.(T) denotes the set of scalar polynomials
of degree less than or equal to r defined on 7', and we will use Bs(z) C R™ to
denote the ball with centre at z and radius §. For any simplex T' € R" we let
A;(T) denote the set of subsimplexes of dimension j, while A(T) is the set of all
subsimplexes. If X and Y are normed linear spaces, then L(X,Y) is the space of
bounded linear operators from X to Y, and || - HL( x.y) denotes the corresponding
norm. Throughout the paper we will assume that 2 is a fixed bounded polyhedral
domain in R” with boundary 9. The symbol Alt" is used to denote the set of
alternating k-forms on R™. Hence, Alt® is a linear space of dimension (Z) The
exterior product, or the wedge product, maps Alt? x Alt* into Alt/T*. For w € Alt?,
ne Alt®, and given vectors vy, v, . . . , itk € R™ the exterior product wAn € Alt7 T
is given by

(WA (U1, vj4k) = Y (SI8NO)W(Va(1), - s Vo () )N(Vo(j41)s - - > Vo(4k));
where the sum is over all permutations o of {1,...,j+k}, for which o(1) < 0(2) <
o<o()and o(+1) <o(j+2) < <o+ k). If de; € Alt' is given by
dzi(e;) = 0;j, where {e1,e,...,€e,} is the standard basis for R™, then a basis for
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Alt" is given by
{dz,1) Ndzgy N+ Ndzgpy |0 € E(k,n)},
where X(k,n) is the set of increasing maps {1,2,...,k} — {1,2,...,n}.

We will use A¥(Q2) to denote the space of smooth k-forms on Q, i.e. A¥(Q) :=
C°°(€; Alt*). Hence, any element w € A¥(Q) has a unique representation of the
form
(2.1) Wg = Z ag(az)d:ﬂg(l) N dl’a(g) A A dIEU(k),

oceX(k,n)

where a is a scalar smooth function, i.e. a € C°°(2). The corresponding space
C(Q; Alt*) will be denoted CA*(Q). The exterior derivative d : AF() — AFT1(Q)
is given by

d(z agd.’L‘U(l) A dx(,(g) VARERWAN dxa(k))

" da,
= Z %daﬁi A daig(l) N d.%‘g(g) VANRERWA d.%‘g(k).

o =1 v
The exterior derivative has the property that d o d = 0, and the classical de Rham
complex is given by the maps and the spaces

A LA Q)L L An(Q).

Furthermore, the exterior derivative satisfies the Leibniz rule
(2.2) dwAn) =dwAn+ (=1 wAdy, weN(Q),neA"Q).
A key tool, which we will use repeatedly in the analysis below, is the pullback of
differential forms. If ¢ is a smooth map from Q C R™ to Q' C R™, then the pullback
¢* : AF(Q) — AF(Q) is given by
(@"w)z(v1,v2, ..., Uk) = We(a) (DD (v1), DPr(v2), ..., Dby (vi)),
where the linear map D¢, : R™ — R™ is the derivative of ¢ at x. The pullbacks
commute with the exterior derivative, i.e.
¢*(dw) = d(¢*w), w € AF(Q).
Furthermore,
P (wAn) = P*w A ¢ .
We also recall that if
w=adxy Ndxg A -+ ANdx, € A"(Q),

then fQ w is defined to be the ordinary multiple integral of the function a over (.
As a consequence, if ¢ : Q — Q' C R™ is an orientation-preserving diffeomorphism,
then

(2.3) /qu*w = /Q/ w, weA Q).

If w € A"~1(Q), then the formula ([Z3)) can also be used to define the integral of the
trace of w, Trw, over the boundary 02. Here Trw corresponds to an alternating
(n — 1)-form on 0N acting on tangent vectors. Stokes’ theorem now takes the form

(2.4) / dw = Trw, weA" Q).
Q o9



816 SNORRE H. CHRISTIANSEN AND RAGNAR WINTHER

Combining Stokes’ theorem and the Leibniz rule (Z.2) we also obtain the integration
by parts identity

(2.5) /dw/\nz(—l)k_l/w/\dn—l—/ Trw A Try,
Q Q 0

for w € AF(Q) and n € A~F-1(Q).

The Hilbert space L2A*(Q2) D A¥(Q) can be identified as all w of the form (Z.1),
where the functions a, are elements of L?(f2). The corresponding inner product is
given by

<"‘ja"7>L2A’€ = Z a5bo,
oeX(k,n)
where n = > bodx,1yA- - -Adx,(y. Similarly, the Sobolev space H*A*(Q) consists
of all w of the form (Z1]), where a, € H*(Q2), while the space HA* () is defined by

HARQ) = {w € L2AR(Q) | dw € L2AF1(Q) ).

Note that we have HA(Q) = H'AY(Q), HA™(2) = L?A™(f), and in general
H'A*(Q) ¢ HAF(Q) € L2A*(Q). The L? de Rham complex, or the Sobolev version
of the de Rham complex, is the sequence of maps and spaces given by

(2.6) HAYQ) L HAY Q) S L HA™(Q).
We recall from [4, Section 2] that the map w — Trw is continuous as a map from
HAF(Q) to H-Y/2A*(09). As a consequence, the space HA*(Q) C HA*(Q) given
by

HAF(Q) = {w e HAF(Q)| Trw =0}
is well defined. The corresponding de Rham complex, involving these spaces with
essential boundary conditions, takes the form

(2.7) HAY(Q) L HAY Q) L L HAY(Q).
3. DISCRETE DIFFERENTIAL FORMS

In finite element exterior calculus we are constructing proper discrete subcom-
plexes of the complexes ([Z.6) and (7). In order to define these finite element
spaces we will assume that the polyhedral domain (2 is partitioned into a finite set
of n-simplices 7. These n-simplices determine a simplicial decomposition of €, i.e.
their union is the closure of §2, and the intersection of any two is either empty or
a common subsimplex of each. Adopting the terminology of the two-dimensional
case, we will refer to 7 as a triangulation of Q.

We consider a family of triangulations {75} of 2 indexed by the discretization
parameter

h = max hr, where hy = diamT.
TeT),

We assume that the discretization parameter runs over a set of positive values
bounded from above and accumulating at zero. Furthermore, the family {7} is
assumed to be shape regular; i.e., there exists a mesh regularity constant Cesn, > 0,
independent of the triangulation 7, such that

(31) h?‘ S CVmeshu—‘la T e 777,7

where |T'| denotes the volume of the simplex T. However, no quasi-uniformity
condition is assumed; i.e., there is no uniform bound on h/hp, for T € 7;,. We
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observe that a simple consequence of (B is the existence of another uniform
regularity constant C/ ., > 0 such that

(32) hr < Crlnesh|€|a ec Al(T)v T e 771a

where |e| is the length of the edge e.

The discrete spaces which we will consider will consist of piecewise polynomial
differential forms; i.e., the elements reduce to polynomial differential forms on each
simplex 7. The space P,.A¥(T) is simply given as all functions of the form (ZI),
where the coefficients a, € P,(T"). Hence, we obtain

wrse- (1)) (7)(7)

As an alternative to these complete polynomial spaces of degree r, we can also
consider the spaces P, A*(T'), for r > 1. These spaces are given as

PrANT) = Pr i A¥(T) + kP AFTH(T).
Here & : Pp_ 1 A¥H(T) — P.A*(T) is the Kozul operator defined by
(kw) g (v1,v9,. . 0k) = we(x,v1,...,0kK)

for vy, va,..., v € R™ Tt can be seen that P A%(T) = P.AYT), P-A(T) =
P,_1A™(T), and in general P,._;A¥(T) C P A*(T) C P.A*(T). Furthermore,

. ik _(r+k=1\(n+r
dim P A%(T) = ( L )(nk)

We refer to [4] for more details.

The spaces P.A¥(T) and P~ A¥(T) are intimately connected through their de-
grees of freedom. In fact, if w € P, AF(T), then w is uniquely determined by the
functionals

(3.3) /f TepwAn, 1€ Py g fA (), FE AT).

Here Try w is the trace of w on the subsimplex f, and we have adopted the conven-
tion that P,A*(f) and P, ;A*(f) are taken to be the empty set if r is negative.
Furthermore, ff TrywAn=w, ifdim f = 0 and f is equal to a vertex x. It can be
seen that the number of linearly independent functionals, or degrees of freedom, is
exactly equal to the dimension of the space P,.A*(T); see [4, Section 3]. Similarly,
for w € P~ A¥(T) a set of linearly independent degrees of freedom is given as

(3.4) /Trfw A1, 1 E Pryk—aim p 1 AN TR, f € A(T).
f

An important property of the degrees of freedom [B3) and (B34 is that for any
feA(T), withdim f > k, Try w is determined by the degrees of freedom associated
to f and its subsimplexes.

If 73, is a triangulation of €2, we let A;(7;) denote the set of subsimplexes of
dimension j of all T' € T, and A(7},) is the set of subsimplexes associated with 7.
The space P,.A*(T,) € L2A*() is defined to be the set of all w such that w|r €
P,A*(T) for all T € Ty, and such that Trjw is continuous for all f € A,_1(7).
The space P, A*(T,) C L2A*(Q) is defined similarly by replacing P,A*(T) with
P-A*(T). The spaces P.A¥(7;,) and P~ A¥(7},) are in fact subspaces of HA¥(Q);
cf. [, Theorem 5.1].
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We will frequently use A¥ to denote subspaces of HA* () that are of the form
P, A*(71,) or P;-A*(7;,). Furthermore, A¥(T') will be the corresponding polynomial
space on the simplex T' € 7;. The degrees of freedom given by B3] or (B:4) define
an interpolation operator I, : CA*(Q) — A¥ by the requirement that F(Ihw) =
F(w) for all the functionals F' associated with all f € A(7p). Alternatively, if
7T, consists of a single simplex T" we write I7 instead of I,. We will refer to the
operators I as the canonical interpolation operators derived from the degrees of
freedom. A key property of these interpolation operators is that they commute
with the exterior derivative, i.e.

(3.5) Inod=do Iy,

if the spaces Af and Af** are properly chosen. In fact, the relation (33) holds
for all the four possible choices where A¥ = P.A*(T;,) or A¥ = P A*(7;,), and
AFTY = PoARY(T,) or AfTE = P ARFTY(T;); of. [l Theorem 5.2]. Hence, by
combining such choices of spaces, we obtain a discrete de Rham complex and a
commuting diagram of the form

A@Q) L AN Q) L LA

llh, llh, llh
A LAl 44 pn
However, the diagram above does not have all the desired properties. Since the

Sobolev spaces HA¥(Q) frequently occur as the natural solution space for weak
formulations of partial differential equations, a more useful diagram is of the form

HAYQ) % HAYQ) 4 .0 4 HAMNQ)

(3.6) lnh lnh lnh

AL oA 4L pn

where the operators IIj, are bounded projections from HA*(Q) onto A¥. The canon-
ical interpolation operators I, do not have this property, since the functions in
HAF(Q) do not have well-defined traces on all elements of A;(7}) for j > k. There-
fore, there is a need for a construction of such operators. As we have already stated
above, such a construction is done in [4] for the case of quasi-uniform triangula-
tions. The operators I, defined in Section [l below generalize this construction to
the non-quasi-uniform case. Furthermore, the case of essential boundary conditions
is treated in Section

Remark. Modified interpolation operators that are both bounded on the spaces
HA*(Q) and commute with the exterior derivative were first constructed in [I4] in
the three-dimensional case. The approach taken there was to average the canonical
interpolation operators I;, with respect to perturbations of the triangulation 7;,. An
alternative approach, using a standard smoothing operator constructed by a convo-
lution, was then proposed in [6]. A key ingredient is to introduce a two-parameter
family of smoothing operators. The construction was based on a combination of
smoothing and cut-off operators on the reference macroelements, and allows for
non-quasi-uniform meshes, but does not provide an operator that commutes ex-
actly with the exterior derivative. On the other hand, the construction of [4] was
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based on a corresponding regularization by convolution in the physical domain. By
combining this approach with an observation made by Schéberl [13], an operator
that commutes with the exterior derivative, but requires a quasi-uniform mesh, is
obtained. The construction given below leads to exact commutativity and allows
non-quasi-uniform meshes. [

It will be convenient to introduce a Lipschitz continuous function g;, : & — RT
to represent the variation of hy = diam T for T € 7. In fact, the function g;, will
be piecewise linear with respect to the mesh 7, and is determined by setting

1

> hr, w€ A(Th).
TET)L(I)

Here 7y, (x) = {T|T € T, x € T }, and |75, (z)| is the number of elements in 7, (x).
Clearly, gn(x) < h, and it is a consequence of the shape regularity ([B.]) that there
exist positive constants cg, ¢1, independent of h, such that

(3.7) cogn(z) < hr <cign(x), €T €Ty,
Furthermore, there is a positive constant Ly esh, depending on Clyegn, such that

(3.8) lgn (%) = gn(y)| < Lmeshlr —y|, =,y €Y

i.e., the functions {g, } are uniformly Lipschitz continuous. To see this, just observe
that since gy, is piecewise linear and the mesh is shape regular, (3.8)) will follow if
the bound can be established when x,y € Ag(7;,) and connected by an edge in
A1(7y). However, in this case the bound B8] follows by B2), B7) and the
triangle inequality.

Remark. We note that the function g, (z), introduced above, in general will depend
on z even if the family of triangulations {7} is quasi-uniform. However, in this
case there is a constant C/_ ., > 0, independent of = and 7, such that h > g (z) >

! osnlt, and the construction below could as well be carried out with gy, () replaced
by the constant h. In this case the smoothing operator Rj,, defined by (£2]) below,
will reduce to a standard convolution, and the projections II;, which will be defined

in Section [ correspond exactly to the projections introduced in [4]. O

4. SPACE-DEPENDENT SMOOTHING

Throughout the next two sections the notation A¥ C HA*(Q) is used to denote
a finite element space of differential forms which is either of the form P,A*(7,)
or P;-A¥(7},), and I, will denote the associated canonical imterpolation operator.
The construction of the smoothed projection operators given in [4] was based on
operators of the form

InoR; o E,
where Rj is a smoothing operator defined by convolution with a mollifier function,

and F is an extension operator. The main difference here, from the discussion given
in [], is that the smoothing operator is space dependent.
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0o

FIGURE 4.1. Extension by reflection

4.1. The extension operator. Following [14] we will make use of an extension
operator E, defined by a reflection with respect to the boundary, mapping HA*(€2)
into HA*(Q). Here Q D Q, where Q is the closure of €.

Since the domain €2 is a bounded polygonal Lipschitz domain, we can use stan-
dard techniques, involving local coordinates and a partition of unity, to construct
a smooth vector field X defined on R" satisfying | X (z)| <1 on R™, and

X(z) -n(z) >Cq >0, zecd.

Here n is the outer unit normal vector on the boundary 912, and C, is a constant
which depends on the domain 2. Consider the curves z(t) = z(¢; x) defined by

(4.1) %z =X(z), z2(0)=u=z.

From the properties of the vector field X it follows that there is a tg > 0 such that
z(t;z) € R*\ Q for 0 < t < tg and 2(t;7) € Q for —t; < t < 0 for any z € 9Q.
Define ; C Q and Q, C R™\ Q by

Q= |J 209 and Q= (] 2(09).
—tg<t<0 0<t<to
The map ¥ : Q, U0 — Q; U9IQ is given by U(z(t;x)) = z(—t;z) for 0 < t < 1o,
and x € 09 is a Lipschitz continuous bijection, with the additional property that
U(z) = z on 99Q; cf. Figure Il The desired extension operator E is defined
by a reflection with respect to the boundary 9Q. We let Q = Q U Q, and define
E : HA*(Q) — HA*(Q) by

(Bw)y = (T*w)y, € Q.
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This operator clearly maps L*A*(Q2) boundedly into L2AK(€), and since d o U* =
U* od we have E €~L(HA’“ (€2), HA®(€2)). Finally, note that there exists an ey > 0
such that B.(z) C Q for any z €  and 0 < € < ¢.

4.2. The smoothing operator. The extension operator introduced above will be
used to define smoothing operators, Rj,, depending on the mesh 7; and a positive
parameter e¢. Let By = B1(0) = {y € R"||y| < 1}. For a given = € Q, y € By, and
0 < € < ¢ define functions ®5¥ : Q — Q by

QY (z) = x + egn(x)y.
The smoothing operator RS : L2A*(Q) — CAF(Q) is defined by

(4.2) (Riw), = /B p(y)(95)* Bw), dy.

Here F is the extension operator introduced above, and p € C*(Q) is a fixed
mollifier function satisfying

0 <p(x) <1, supp(p) C By, / p(y) dy = 1.
By

The property that Rj commutes with the exterior derivative, i.e. do Rj = Rj od, is
an immediate consequence of the corresponding property for the pullbacks (®}%)*
and the extension operator E. Furthermore, since egp,(x) is strictly positive and
Lipschitz continuous we can conclude that R (L?A*(Q)) € CA*(Q); cf. Lemma 1]
below. Of course, if the mesh function g, (z) is independent of =, and taken equal
to h, then the operator RS reduces to the standard smoothing operator used in [4],

defined by convolution with pep,(z) = p(x/eh)/(eh)™.

4.3. Scaling. If T € 7j, we let T,(T) :=={T" € T, | T" N'T # (I } be the macroele-
ment in 7;, determined by T. Furthermore, if TN 0Q = @ we let T* denote the
corresponding domain, i.e.

= J 71

T'€Th(T)

see the left part of Figure If TNOQ # O the domain T* is further extended to
also include

{z e Q\ Q|dist(z,T) < hr };

see the right part of Figure It follows from the shape-regularity assumption
(31) that we can assume that €y can be chosen sufficiently small such that ®;Y(z) €
T* forallz € T € Ty, all h, and 0 < € < .

Let F(x) = Fr(z) = (x — z9)/hr where z¢ is the first vertex of T. Thus F
maps T onto a simplex T with a vertex at the origin and diameter bounded above
and below by positive constants depending only on Ciesn- It also maps T* onto
T* := F(T*). Furthermore, we let 7(T) be the set of n-simplexes which defines
T*, ie.

T(T) = {F(T")| T € To(T) }.

The operator RS = F*~'R¢ F* . L2A¥(T*) — L2A*(T) can be identified with a
corresponding smoothing operator in the space of scaled variables. In fact, a crucial
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FIGURE 4.2. The macroelement 7,(7T) and the domain T* asso-
ciated with the shaded simplex T. To the left, T is an interior
simplex, while T" intersects the boundary, and hence T* extends
outside 2, to the right.

property of this operator is that it can be properly bounded independently of h.
We find that

(4.3) (Rjw)e = (F 'R FMw), :/B P () Ew). dy

for w € L2A*(T). Here, E = F*'EF* and the map i);y . T — T* is given by
5! () = + g (@),

where the scaled mesh functions gy are given by gn(x) = h}lgh (F~1z). Observe
that (B7) implies that the functions g, are bounded from above and below uniformly
with respect to T' € 7, and h. Furthermore, by [B.8)) the functions §, are Lipschitz
continuous, with Lipschitz constant Lyesn. As a consequence, the matrices D®3Y,
for 0 < e < ¢y and y € By, satisfy

(4.4) |D®SY — I| < Linesh

on T', where | - | is the matrix operator norm.
We obtain the following bound, which is uniform with respect to T € 7 and h,
on the scaled smoothing operator ;.

Lemma 4.1. For each ¢ € (0,¢] there is a constant c(¢), independent of T € Ty,
and h, such that

||RZ||L(L2A;‘"(T*),CA1€(]A’)) S C(E).

Proof. Throughout this proof € € (0,¢p] is fixed. As T € 7;, and h vary, the
configuration of simplices in T varies over a compact set, and hence it is sufficient

to show the desired estimate for any single simplex T" with a fixed macroelement
neighbourhood T™; cf. the proof of Theorem 5.3 of [4].
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Let z € T be fixed. For w € LzAk(T*), and fixed unit vectors vy, vs, ..., v € R™,
we obtain from ([43]) and ([£4) that

|(Rw)a(vr, - vi)|? = | ; P (E5) Ew)a(vr, ... op) dyf?

< /B (LY B (ors .., o) dy

_ (5)%/ |Bw. (D& )vy, ..., (DD )op)|? dz
Bs(x)

S cHwHigAk(T*)v

where z = & (z), § = €jn(z) and Bj(z) is the ball with centre at 2 and radius 4.
This shows the proper uniform bound on R, in L(L?A* (T*), CAF(T)). O

Remark. Note that Lemma [£.I] will still be true if the extension operator F is taken
to be extension by zero outside 2. [

In addition to the smoothing operator f%; we will need a smooth translation map
I'e: Tt — T*, where the domain 7't is such that

TcThcT*.
More precisely, we will assume that
(4.5) [T¢(z) — x|, |DT¢(z) — I| < ce,

where the constant ¢ is independent of T' € 73, h and e. Hence, it is consistent to
assume in addition that

(4.6) Begoy(x) CT* €Tt and T c I(T7)
for € sufficiently small.

Lemma 4.2. Let w € HAF(T*) with w|r € WLAR(T') for T' € T(T). There is a
constant ¢, independent of T € T, and h and €, such that

1 (I = TB)wll poprery S ce Y lwllwa

T'eT(T)
for € sufficiently small. Here the map T¢ is assumed to satisfy [@B) and [@EB).
Proof. Recall that the space AF(T) is either of the form P, A¥(T) or P- AF(T). As

a consequence, the canonical interpolation operator I; is determined by moments

with respect to the subsimplexes f of T with dim f > k. More precisely, it is enough
to show that for a given f € A(T), with dim f > k, and n € AY™/=F(f) we have

(@7) [a-teRenn<ee 3 felwaa
f T'eT(T)
for all w € HAF(T*) such that w|r € WL A*(T") for T" € T(T)). Here the constant
¢ is independent of € and w, but it is allowed to depend on the test function 7.
Let us first note that if dim f = 0, so that f is equal to a vertex z, then &k =0
and w is continuous at z. Furthermore, the estimate ([@7) follows from the bound

wr —wal o=z > wllwa )
T'eT(T)
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To show the bound (7)) when dim f > 0 we will decompose the face f into f. and
£\ fo, where
fe={zx € f|dist(z,0f) > Ce}.
Here the constant C' > 0 is chosen such that for any point z € f., the set ['(B.(z))
will only intersect the elements of 7 (7T') that have f as a subsimplex. A consequence
of this construction is that if x € f, y € By, z =I'“ 0 ®}¥(z) and v1,vo, ..., v, are
unit tangent vectors to f, then it follows from ([@4]) and (@3] that
|wa (V1. -, 0k) — wz (DT 0 &)y, ..., D(I 0 &5¥ )uy,)|

<(jz—2+ D@0 &)~ 1)) > [wllwyer
T'eT(T)
<ce Y lwlwy -
T'eT(T)

However, this implies that

| [ (I=T“R)wAn| <ce Z llwllw1.c0 (77
fe T'eT(T)

where the constant c is independent of € and w. Finally, it is straightforward to see
that

| (I—ff*ziz;)mn\g|/ wAn|+|/ D Riw A | < cellw] oo pi (o)
f\fe f\fe F\fe

Hence we have verified the bound (7)) when dim f > 0. This completes the
proof. ([

5. THE SMOOTHED PROJECTION

The canonical interpolation operator I, and the smoothing operators Rj in-
troduced above will be used to define a projection operator I, onto the finite
element space AF which is uniformly bounded with respect to h in both LZA* ()
and HA*(Q)). The following results, which correspond to Lemma 5.4 of [4], are
crucial for this construction.

Proposition 5.1. For each € € (0, ¢q] there exists a constant c(€) such that

Hh Byl £(L2nk @), 2288 (@) < €(€)
for all h.
Proof. As above we let T* = | J{T"|T" € 7T;,(T) } denote the macroelement associ-
ated with T € 7j,. We shall write A¥(T') and A¥(T*) for the space of restrictions of
elements of Af to T or T*. The shape regularity property implies bounded overlap
of the T™*, so

Z HWH2L2Ak(T*) < C”W“%2Ak(9)'

TeT,
Therefore, to complete the proof it suffices to show that

(5.1) ”ITRZHL(L2Ak(T*)7L2Ak(T)) < c(e)

with ¢(¢) uniform over T' € 7}, and over h.
Let F(z) = Fr(x) = (x —x0)/hr, where xg is the first vertex of T', be a scaling of
T as described in Section [d] above. Thus F maps T onto a simplex T' with a vertex
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at the origin and it maps T* onto T* := Fp(T*). Then F* ' IpF* : A¥(T) — AF(T)
is just the canonical interpolation operator I; onto the polynomial space AfL(T)
In particular, I; € L(CAF(T), L2A*(T)), and, as in the proof of Lemma EI] above,
the compactness of the simplices T implies that the corresponding operator norm
is bounded independently of T' € 7}, and h. Furthermore,

€ *x—1 € Tk
||ITRh||L(L2Ak(T*),L2Ak(T)) = [|[F* IR}, F ||L(L2Ak(T*),L2Ak(T))
= LRI L p2ak (), 12 A% (7))

where we recall that Rz = F*7'Rs F*. Hence, since I is uniformly bounded in
L(CA*(T), L2A*(T)), the desired bound (5.1)) follows from Lemma F1l O

Due to Proposition [5.1] the operators Ij, Rf, map L?A*(Q) onto AZ and they are
uniformly bounded with respect to h for a fixed ¢ > 0. However, these operators
are not projections since they are not invariant on AZ. The next result, which
generalizes Lemma 5.5 of [4], will be essential to modify the operators I Rj, into
projections. This construction of a projection is inspired by [13, Theorem 7].

Proposition 5.2. There exists a constant ¢, independent of € and h such that
11— IhRﬂAQ”L(mAE,LzAE) <ce

for 0 <e<ey. Herel| - |‘L(L2A§§,L2A§§) denotes the L? operator norm of an operator

AF — AF.

Proof. As in the proof of Proposition [5.I] above it is enough to show the estimate
locally; i.e., the desired result will follow from a local bound of the form

||I - ITR;L”L(L?A’fL(T*),L?Aﬁ(T)) < ce,
where the constant ¢ is uniform with respect to T' € 75, and h. Define the scaling
F(z) = FPr(x) = (x — z9)/ht as above. Then
M = I Ryl ey (o), ceagyy = M = Lo BallLeag 0,220k )
We therefore conclude that the desired estimate will follow if we can show that
(5.2) ||I — ITRZ||L(L2A,’2(T*)7L2Aﬁ(’f)) S CE.

However, if w € AF(T*), then I;w = w|; and by the compactness of the macroele-
ments 7;,(T") we have

Yo lwlwaay < cllwll popk ey-
T'eT(T)

Therefore, the bound (2] follows directly from Lemma with I'¢ taken to be
the identity map. [l

It follows from Proposition that there is an €1, 0 < €; < ¢y such that the
operator Ith\Axﬁ is invertible for 0 < € < €1, and such that its inverse, J;, satisfies

I il zaag coag) < 2

Furthermore, the operator J; commutes with the exterior derivative d.
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For the rest of the discussion of this section we fix € € (0,€1]. The smoothed
interpolation operator IIj, : A} — AF is now defined by

Iy = J In Ry,
By construction, this operator is a projection (H%L = II;,), it commutes with the
exterior derivative d, and it is uniformly bounded in L(L2A*(Q), L2A*(Q)). Further-

more, since it commutes with d it is also uniformly bounded in L(HAF(Q), HA*(Q)).
As in Theorem 5.6 of [4] we also obtain the convergence result below.

Corollary 5.3. The projections Il are wuniformly bounded operators in
L(L2AF(Q), L2A*(Q)) and L(HAF(Q), HA*(Q)) and commute with the exterior de-
rivative d. Moreover, for all w € L2AF(Q), w — w in L? as h — 0.

Remark. By using the bounds on the best approximation given in Theorem 5.3

of [4] we can also obtain rate-of-convergence results for the projection error. If
P,A*(T;,) C AF, then

lw —Thw 2ar() < ch’llwllgsar@), w € HAF(Q), 0< s <r+1;
cf. Theorem 5.6 of [4]. O

6. ESSENTIAL BOUNDARY CONDITIONS

The purpose of this section is to construct projection operators, corresponding
to the operators II;, constructed in Section [l above, but for the case of essential
boundary conditions. As above, the finite element space AE is either of the form
P,A*(T7;,) or P,-A*(7;,), but in this case we also assume that AF is a subspace
of H A¥(Q). The smoothing operators R, introduced in Section @ will be a key
component of the construction. However, in the present section we assume that the
extension operator E, appearing in the definition ([&.2]), is taken to be the extension
by zero outside 2.

The vector field X = X (x), introduced in Section [ above, will be used to define
a family of domains {25} such that Q C Qf, and such that € converges to Q as
€ or h tends to zero. It follows from the properties of the vector field X that there
are fixed positive constants ¢ and ¢; such that the balls By(z + 0tX (z)) are entirely
in R*\ Q for all z € 90 and 0 < t < t1; cf. Figure [6.1]1 We let

Fh={rz+dtX(x)|zeQ t<egn(x)},
and let I', :  — Qf be the corresponding map given by
[ (2) = o+ Segn (2) X ().

It follows that Rj maps the space H A¥(€2) boundedly into the space CA’“(Q;) =
HAF(Qg) N CA*(Q5). Furthermore, T'$* maps CAF(Q) into CA*(Q). Therefore,
we can conclude that the composition T'§* o RS is in L(HA*(Q), CA¥(2)), and, as
a consequence, the map

Iy o ;L* 0 RZ
is in L(HA* (), HA*(Q)). Here I, is the canonical interpolation operator onto A% .

In order to obtain the proper bounds on the operator I o I't* o R} we consider
the scaling of the map I'{; i.e., we consider I'§ = F oI'{ o F~!, where F(z) =
Fr(x) = (x — zp)/hr is the scaling map associated with T' € T,. More explicitly,

(6.1) 05 (z) = 2 + (8egn(&)/hr) X (%),
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o y=u+0tX(z), t =egp(x)

FIGURE 6.1

where & = F~1(z). Since g, (z)/hr and the Lipschitz constant of g are bounded
independently of T' € 7y, h, and ¢, it follows that the map I'j, satisfies
(6.2) 0% (x) — |, DTS (z) — 1| < ce,
where the constant is independent of T' € 7, h, and € AlsAo observe that we can
choose e sufficiently small such that there is a domain 77, 7' c Tt  T*, with the
properties that

Beypwy(@) CT* €Tt and T cI5(T7).
Therefore, we have seen that the map fz satifies the estimates (@3] and (E.G]).

Proposition 6.1. For e sufficiently small there exists a constant c(€) such that

115" ;LHL(L2A’C(Q),L2A’C(Q)) < c(e)
for all h.
Proof. The proof follows from a minor variation of the proof of Proposition (1]
given above. As above we introduce the scaling F(z) = Fr(xz) = (z — zo)/hr

for each T' € 73, and we observe, in parallel to the proof above, that the desired
bound will follow if we can show that HITFZ*REHL(LMIC(T*) L2AR(T)) BTe bounded

uniformly with respect to T' € 7;, and h. Let the domain TT, TcTtc T*, be as

above. As in the proof of Proposition [£.1] we can conclude that
||Rf1||L(L2Ak(T*),CAk(TT)) and |‘IT|‘L(CA’C(T)L2A’“(T))

are bounded uniformly with respect to T' € 7;, and h. Furthermore, the operator

[5* is uniformly bounded in L(CA*(TT), CA*(T)), since this operator corresponds
to a translation along smooth curves; cf. ([G.2)). This completes the proof. O

Proposition 6.2. There exists a constant ¢, independent of €,6 and h such that
1T — IhFZ*Rg“L(LZAQ,L?Aﬁ) <ce

for € sufficiently small. Here || - ”L(LQA;“L L2AK) denotes the L? operator norm of an

k k
operator Ay — Aj.



828 SNORRE H. CHRISTIANSEN AND RAGNAR WINTHER

Proof. Since the map I'§ satisfies the estimates (3] and (@8], we can argue, as in
the proof of Proposition above, and conclude from Lemma that

I = I D5 Ryl oan iy Sce Y Iwllwa ey < ¢ ellwllpopngr)
T eT(T)

for any w € Af. Hence the desired result follows in complete analogy with the proof
of Proposition O

It is a consequence of Proposition that the operator I I';*Rj restricted to
AZ is invertible for e sufficiently small. Fixing such an € we define the smoothed
projection as

I, = J; I, I}, Ry,
where Ji = (IpI'}, Rj [ zx )~1. As in the previous section we obtain the following
bound for the projection error.

Corollary 6.3. The projections Hch are uniformly bounded operators in
L(L2A*(Q), L2A%(Q)) and L(HA*(Q), HA¥(Q)) and commute with the exterior de-
rivative d. Moreover, for all w € L>A¥(Q), Ilw — w in L? as h — 0.
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