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NOETHER’S PROBLEM AND Q-GENERIC POLYNOMIALS
FOR THE NORMALIZER OF THE 8-CYCLE
IN S AND ITS SUBGROUPS

KI-ICHIRO HASHIMOTO, AKINARI HOSHI, AND YUICHI RIKUNA

ABSTRACT. We study Noether’s problem for various subgroups H of the nor-
malizer of a group Cg generated by an 8-cycle in Sg, the symmetric group of
degree 8, in three aspects according to the way they act on rational function
fields, i.e., Q(Xo,...,X7), Q(z1,...,24), and Q(z,y). We prove that it has
affirmative answers for those H containing Cg properly and derive a Q-generic
polynomial with four parameters for each H. On the other hand, it is known
in connection to the negative answer to the same problem for Cg/Q that there
does not exist a Q-generic polynomial for Cg. This leads us to the question
whether and how one can describe, for a given field K of characteristic zero,
the set of Cg-extensions L/K. One of the main results of this paper gives an
answer to this question.

1. INTRODUCTION

Let G be a transitive permutation group on the set t of n variables t1,...,t,
regarded as a group of k-automorphisms of k(t) = k(t1,. .., ), the field of rational
functions over a given field k. Noether’s problem, which will be abbreviated as
NP in this paper, asks whether the subfield consisting of G-invariant elements of
k(t) is again a rational function field or not. As is well known, the motivation for
this problem was that it is a main step toward the solution of the inverse Galois
problem for G and k. Indeed if NP has an affirmative answer, then one can prove
the existence of infinitely many Galois extensions L/k such that Gal(L/k) = G
by applying Hilbert’s irreducibility theorem, for a large class of fields k called
Hilbertian. Unfortunately, it has been shown that NP does not always have an
affirmative answer even for abelian groups, a well-known counterexample over QQ
being the case G = Cg, the cyclic group of order 8. Nevertheless the importance of
NP with its generalization to groups G acting linearly on k(¢) has recently increased
because of its connection to generic polynomials (cf. [JLY]). Let F(¢; X) € k(2)[X]
be a polynomial in X whose coefficients are rational functions of 1, ..., t,. F(t; X)
is called a G-polynomial over k with n parameters, if its Galois group over k(t) is
isomorphic to G.

Definition 1.1 (DeMeyer [DeM]|). A G-polynomial F(t; X) over a field k is called
k-generic if it has the following property: for every G-Galois extension L/K of
infinite fields with K D k, there exists a € K™ such that L is the splitting field of
F(a; X) € K[X] over K.
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Let p : G — GL,, (k) be a faithful linear representation of a finite group acting on
k(t) by k-linear transformations on ¢1, ..., %, via p. Then k(t) is a regular G-Galois
extension over the fixed field k(). The same question as NP in this situation is
called the Linear Noether’s Problem, LNP for short. The following result of G.
Kemper and E. Mattig is basic to the study of generic polynomials.

Fact 1.2 (Kemper-Mattig [KM]). If the fized field k(z)€ is k-rational, i.e., purely
transcendental over k, then there exists a k-generic G-polynomial with n parame-
ters.

Assuming the existence of k-generic G-polynomials for given k and G, a problem
that arises naturally is to minimize the number of parameters.

Definition 1.3 (Jensen-Ledet—Yui [JLY]). For a finite group G and a field k, the
generic dimension of G /k, denoted by gd, (G), is defined to be the minimum number

of parameters of k-generic G-polynomials. If no such polynomial exists, we set
gd,.(G) = 0.

It is known in connection with the negative answer to NP for the cyclic group
Cs of order 8 over Q that gdg(Cs) = oo. This leads us to the question whether
and how one can describe, for any given field K of characteristic zero, the set of
Cs-extensions L/K. One of the main results of this paper gives a fairly satisfactory
answer to this question. We shall construct the following family of polynomials:

F(a,b,c,d; X) := X® — dX*
(a2—|—b2—62)+ (a®> +b% - 1)%((a — ¢)® + b?) 2x
4(a®2+02)  2%(a?+0%)(a® + 02 +1)(a®+ (b—1)2)
B (a® +b% — 1)%(a® + b — ac)(a? + b — 2)d3
25(a?2 +02)%2(a?2 + b2 + 1)(a® + (b—1)?)
b2(a2 + b2 _ 1)4(0,2 + b2 _ 62)2d4
219(a? +02)3(a? + b2 + 1)%(a? + (b — 1)?)?
of degree 8, and show that it is a generic polynomial over Q for the modular type
2-group Mg of order 16, when a,b,c,d are regarded as independent parameters
(see below for the definition of Mjg). On the other hand, we define a polynomial
equation in a, b, c and a new indeterminate e by
V(a,b,ce) = (a®+b*—c*) —2e*(a* +b*+1) = 0.

Then we shall prove that F'(a,b,c,d; X) with the condition V(a,b,c,e) = 0 is a
versal polynomial for Cg over Q, in the sense of Buhler—Reichstein [BR]:

X2

Theorem 1.4. Let K be a field of characteristic zero and suppose that a,b, c,d, e €
K satisfy V(a,b,c,e) = 0 while a®> + b* is a nonsquare element in K*. Then
the splitting field of F(a,b,c,d; X) over K is a Cg-extension of K which contains
K(va? 4+ b2) as its unique quadratic subextension. Furthermore, any Cg-extension
of K is obtained in this way.

Now we put

2(a? 4+ b* — ¢?)
a?+b+1

As a corollary of the above theorem, we obtain

R(a,b,c) := (= 4é?).
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Corollary 1.5. Let K = k(Va?+b?) be a quadratic extension of a field k of
characteristic zero. For the existence of a Cg-extension of k containing K, it is
necessary and sufficient that there exists ¢ € k* for which R(a,b,c) is a nonzero
square in k.

As for the groups with gdg(G) = oo, the next result is known (cf. [JLY]).

Fact 1.6. Let G be an abelian group. Then gdg(G) = oo if and only if G has an
element of order eight.

Therefore, Cg is the smallest abelian group whose generic dimension over Q is
infinite. This leads us also to the study of NP or LNP for the smallest nonabelian
groups which contain Cg as a subgroup. There exist four such groups, all of which
have order sixteen:

Ds = (o, 8| a® = 32 =1, Baf~! = a~1), the dihedral group,

QDg = (o, 8| a® = 32 =1, Baf~! = a?), the quasi-dihedral group,
Mis = (a, 3] a® =% =1, pap~! = a®), the modular type 2-group,
Qi = {a,Ba® =1, a* =32 BaB ! =a~ 1), the (generalized)
quaternion group.

For these groups, it is known (cf. [JLY]) that

2 < gdp(Ds), gdp(QDg) <5, 3 <gdg(Mis) <5, 2 <gdy(Que)-

The upper bounds are determined by constructing generic Galois extensions[] One
of the motivations of this paper is to improve these upper bounds by giving generic
polynomials with four parameters except for Qg

Our construction is based on the positive answers to four-dimensional LNP over
Q for these three groups with an explicitly given set of generators. Actually, we
study NP for these groups at the same time by observing that they are maximal
subgroups of index two of the single group Gy, which is the normalizer of a group
generated by an 8-cycle in the symmetric group Sg of degree 8. The group Gy is
a meta-abelian group of order 32 and is isomorphic to the affine transformation
group over Z/8Z, which is expressed as (Z/8Z) x (Z/8Z)*. We denote by A the
element of G corresponding to 1 € Z/8Z and by B, B, B,, € Gg the elements
of order 2 corresponding to those in (Z/8Z)* so that

(A,B,)=Ds, (A B,)=QDg, (A B,)=M

respectively. As is well known, Gg has a faithful representation p : Go — GL4(Q),
which is unique up to the conjugation in GL4(Q). Our results in the first two
sections are computational answers to NP and LNP for subgroups of Gy.

Theorem 1.7. Noether’s Problems and Linear Noether’s Problems for Go/Q with
respect to the representation p, as well as its subgroups Dg, QDyg, and Mg, have
affirmative answers.

We then apply the result of Kemper-Mattig [KM] to obtain the following.
Corollary 1.8. We have
gdp(Go), gdg(Ds), gdg(QDg), gdg(Mis) < 4.

IThe left sides of the above equalities are trivial except for M. In general, edy(G) < gd, (G),
where ed(G) is the essential dimension of G/k. Also, edg(G) = 1 if and only if G is isomorphic
to Ca2, Cs3, or D3 (see [BR], [Led2]).

2Tt has been settled that NP has a negative solution for Q16 (cf. [GMS], Theorem 34.7).
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We should remark that the results of Theorem [[.7] have recently been obtained
for Dg, QDyg, and Mjg by [CHK] in a considerably different way. What we do
here is not only to prove the rationality of the fixed fields, but also to find a set of
explicit generators which enables us to construct a Q-generic polynomial for each
of these groups with four parameters, which is as simple as possible so that one
can apply it to various problems in number theory. The construction of the latter
is the main part of this paper, and is discussed in section @l Instead of printing the
results here, we remark that our generic polynomials are given in a consistent way
with respect to the lattice of subgroups of Gy, in such a way that the polynomial
for a subgroup is obtained by a specialization of the parameters of the one for
another group containing it. The Q-versal polynomial for Cg mentioned above in
Theorem [[.4] will be discussed in section [l as an application. We shall also describe
a nontrivial example which illustrates the validity of Theorem [I.4

In section [6] we study the similar problems for another realization of Gg as a
subgroup of the Cremona group AutgQ(z,y) of dimension two, which cannot be
lifted to a linear action of a higher-dimensional function field. We shall prove that a
generalized version of Noether’s problem for the nonlinear action of the subgroups
of Gy mentioned above has again affirmative answers. It is worth remarking that,
in contrast to the original NP and LNP, we have in this case an affirmative answer
for a subgroup isomorphic to Cg.

Finally, we remark that almost all results of this paper are valid for base fields
of arbitrary characteristic different from 2.

2. REpucTIiON OF NP TO LNP FOR Gy

In this section we study the original version of NP for G( and its subgroups
containing Cg. Let G¢ be the normalizer of the 8-cycle in the symmetric group Ss
of degree 8. The group Gy has order 32 and is isomorphic to the group of the affine
transformations = — bz + a over Z/8Z:

Gy {(i 2) € GL,(Z/8Z)

Hence the group Gy is expressed as a semi-direct product (Z/8Z) x (Z/8Z)* where
the action of (Z/8Z)* on Z/8Z is by multiplication. We denote by A the element
of G corresponding to 1 € Z/8Z and by B,,, B,, B,, € Go the elements of order
2 corresponding to those in (Z/8Z)* so that they transform j € Z/8Z to

a€Z/8Z, be (Z/SZ)X}.

A jr—j+1, B,: jr———j, B,: j+—3j, B, : j——5j

Then we have
-1 -1 -1 3 -1 5
B,AB_ = =A"", BQABQ =A°, B,AB, =A
so that
<A> = Cs, <A7 BD> = Ds, <A7BQ> = QDg, <A7BJ\4> = Ms,

where Dg, QDg,M;¢ are the dihedral group, the quasi-dihedral group, and the
modular type 2-group, respectively, of order 16.

One can regard Go as a permutation group of degree 8 through its natural
action on Z/87Z. We denote the elements A, B, B,,B,, € Go by o, 8,,,8,, 8.,
respectively, when they are regarded as permutations of degree 8. Thus we have

a = (01234567), B, = (17)(26)(35), B, = (13)(26)(57), B, = (15)(37).
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We assign to each j € Z/8Z a variable X, and denote by V the Q-vector space
spanned by Xj,...,X7. Then Gg acts linearly on V via the above identification
Gy = (o, B, 8,) where the latter acts on the set {Xo,..., X7} through the per-
mutation of their subscripts.

In order to obtain Q-generic polynomials for subgroups of Gy which have minimal
possible parameters, we study the reduction of NP to LNP in dimension 4. Thus
our first task is to decompose the natural representation of Gg on V into irreducible
subspaces. For this one makes an observation that Z(Gg) = (A*) is the center of
Gy and Go/Z(Gy) = Dy xCy, where Dy (resp. Cs) is the dihedral group of order
8 (cyclic group of order 2). It follows that G has exactly eight (resp. two, one)
irreducible representations of degree 1 (resp. 2, 4), corresponding to the equality
2% = 8.12 4 2.22 + 42, With this fact in mind, we put

z1 = Xo — Xu, Y1 = Xo + Xy, zZ1 ' =Y1 + Y2 + Y3 + Ya,
T2 = X1 — X, Yo = X1 + X5, 22 1= Y1 — Y2 + Y3 — Y4,
x5 = Xo — X, ys = X9 + X, 23 = Y1 — Vs,
24 = X3 — X7, ys = X3 + X7, 24 7= Y2 — Ya-

Then we have the following decomposition of V' into irreducible Q[Gyg]-modules:
V = Vl@‘/a@‘/é@‘/ﬁlv

where V1 = Qz1, V. = Q22, V2 = Qz3 + Q24, Vi = Q1 + Q2 + Qg + Q4. Using
V, with its basis given above, we have the following realization of Gg as a subgroup
of GLQ(V4) = GL4(Q)

0 1 0 0 1 0 0 0
0 0 1 0 0 0 0 -1
p(A) - 0 0 0 1 ’ p(BD) - 0 0 -1 0 )
-1 0 0 0 0 -1 0 0
10 0 O 1 0 0 0
0 0 0 1 0 -1 0 O
p(BQ) - 0 0 -1 0 ’ p(BM) - 0 0 1 0
01 0 O 0 0 0 -1
Let Q(V) (resp. Q(V4)) be the rational function field of Xj,..., X7 (resp.
Z1,...,24) over Q. Since the representations of Gy on V', V; are faithful, one can ap-

ply the so-called No-Name Lemma, which shows that the extension Q(V)H /Q(V,)#
is rational for any subgroup H of G (see [JLY], p.22). For this, we denote by
W C Q(V) the vector space over Q(Vy) spanned by V, which is of dimension
5 = dimg(V) — dimg(V4) + 1. The group Gg acts semi-linearly on W. We shall
construct a basis {1, g1, g2, g3, g4} of W consisting of Gg-invariant elements explic-
itly, whose existence is known in general from the No-Name Lemma. To find such a
basis explicitly we note first that the set {1, 21, 22, 23, 24} forms a basis of W. Note
also that we have

Zo > —Zg, Z2 — 29, 22 > 22,
Qo 23 24, Bps By i § 73 23, B i { 3 23,
24— —2s, 24— — 24, 24 24.
Consider the Q-vector space Sym?(V ) consisting of quadratic forms in 21, ..., x4,

which is of dimension 10. From p(A)* = —I; we see that the action of Gy on



1158 K. HASHIMOTO, A. HOSHI, AND Y. RIKUNA

Sym?(V,) factors through its quotient by Z(Go) = (a?), so that the images of
a?, Bp,Bqy By in G‘:LQ(Sym2 (V4)) generate an abelian elementary 2-group. Hence
Sym? (V4) decomposes according to the characters of this group.

Lemma 2.1. Let Sym? (V4) be the vector space of quadratic forms in x1,..., x4
over Q. Then Sym2(V4) is decomposed as a sum of simultaneous eigenspaces for

o?, 8,84, 8, as follows:

TABLE 1.
o® B, B, B, dimension basis
1 1 1 1 2 22+ 22 2+
1 -1 1 -1 1 T1To — Tox3z + T1X4 + X324
1 1 -1 -1 1 T1To + ToX3 — X1X4 + T3y
1 -1 -1 1 0
-1 1 1 1 2 Toxy, T3 — 13
-1 -1 1 —1 1 T1T2 + ToX3 + 104 — T3T4g
-1 1 -1 -1 1 T1To — ToX3z — T1XLg4 — T3Ly4
-1 -1 -1 1 2 T3, 13— 13

From this it follows that, up to a constant factor, h. := 22 — 23 + 22 — 22 is the
unique quadratic form in x1,...,x4 such that h.zs is Gy-invariant. Using these
results one can obtain the following Go-invariant elements {g¢1, g2, g3, g4} which,
together with 1, form a basis of W

9 = 2,

g2 = (2] — a3 + a3 — a7)z,

g3 = (waw4)z3 — (7173)24,

g9s = (o] —a3)zs + (23 — 23) 7.

We now obtain the explicit version of the ‘No-Name Lemma’ for Q(V)# /Q(Vy)H.

Proposition 2.2. For any subgroup H of Gy, the extension Q(V)H /Q(V,)H is
rational and is generated by {g1, g2, g3, ga }-

Thus NP is reduced, simultaneously for all subgroups H of Gg, to LNP in degree
4, which asks the rationality of the extension Q(V4)? /Q.

3. LNP FOR SUBGROUPS H OF (xg

Throughout this section, we put = {x1, z2, 3,24} and denote the field Q(Vy)
by Q(z) = Q(z1, 22, x3,24). Our aim here is to find for each subgroup H of Gy
containing Cg properly a simple system of generators of the fixed field Q(z),
which, as a consequence, gives the affirmative answer to LNP in these cases.
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3.1. New forms of low degree. We see that Go = (a, 3, 3,) acts on x through
the linear representation p as permutations up to the factors £1:

P(A) = ($17$27333,I4) — ($27$379€4, —1),
p(A)4 : (xl,xg,l'g,l'4) ( X1, — ,7%3,*%4),
p(BD):ﬁD : ($17x2,$3,x4) (xla_xéla xs, _:L.Q)a
(BQ) = ﬁQ . ($1,$27x3,I4) (.’If s L4, x37x2)
p(BM) :ﬂM : ($1,$2,1‘3,3}4) (131,—132,{133, )
Here we extend subgroups H C Gg to Giag (resp. Ggs) of order 128 (resp. 64) by
introducing
d: (xlvxZax3,$4) [ — (x277x17x47x3)7
Y= 6% (w1, 22,73, 24) — (=21, =2, 23, 74).
We define G128 = <a)/6D?ﬁQ7/BM76> and G64 = <a?ﬁD76Q)/6]\/j)’y>' Then G128

and Ggyg contain Gg. We give some basic homogeneous polynomials in z1, ..., x4
of low degrees which are semi-invariants of a subgroup H C Gqos:

TABLE 2.

a B, By By v 0 new forms to H H

1 1 1 1 1 1 fo faa fap, Joofs Gizs

1 1 1 1 1 -1 gs G64
1 1 1 1 -1 * h4 GO
I 1 -1 -1 % = P2 Ds
1 -1 1 -1 =« * s QDy
1 -1 -1 1 * * 6 Mg

where f is called a new form if it is not invariant by a larger subgroup, and

= (x?xg x%xi)(wlxg — Toy + X124 + T31y4),

fo(z) = af+ad+af+a,
fra(z) = aiazj+ x3ad,
fap(@) = (2] +23) (a3 +23),
folw) = aizjal +aiadad + afadad + adadad,
fsla) = afzjaiad,
gs(x) = miwowzmy(af — a3)(x5 — x3),
ha(z) = (2104 — 2223)(T 122 + 324),
pa(r) = T1T2 + Tox3 — X174 + V324,
(z)
(z)

2_ 2., 2 2
12292324 (2] — 5 + 5 — TF).

3.2. Fixed fields Q(z)”. Now we can determine the fixed fields for those sub-
groups H of Gisg appearing in Table 2. Our first result is
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Lemma 3.1. The field consisting of Gias-invariant functions in Q(z) is generated
over Q by five elements as

Q@)% = Q(fo, fa.as f1p: for f5)-

Proof. Note first that fo, fa4, fa,, f6, fs are invariant under the action of Gias.
The elementary symmetric polynomials in x%,...,2% are fa, fia + f1b, f6, and
fs, respectively. It follows that the fixed field Q(22,...,2%)%* of the symmetric

group Sy is contained in Q(f2, f1,4, fab, f6, fs). On the other hand, the Ss-orbit

of f1,4 consists of three functions fi, = 2323 + 2323, fi, = 2323 + 2323, f/, =

2223 + 2322, so that we have
[QUf2: faar Faps for fo) : Qat, ., 23) ] = 3.

We next observe that the group of Q-automorphisms of Q(z) that preserve the set
{x%,..., 23} is the wreath product

CorSy - {wEAut@(@(z)) w({a:%,...,xi})={x%,...,xi}},

and it contains Giog as a Sylow 2-subgroup. Since the fixed field of this group in

Q(&) is Q(.’IJ%, v 7m421)S47 we conclude @(E)GIQS = Q(an f4,a7 f4,b7 f67 fS) O

It can be checked by direct computation that the five functions in Lemma [3]]
are subject to a single equation

(1) 1é = fofaafs + fiafap+ fofs —Afanfs = 0.

It follows that f4; is expressed by fa, fa,a, f6, fs. Then we obtain from Lemma 3]
the following:

Theorem 3.2 (LNP for Giag). The fized field of Giag in Q(z) is

Q@)% = Qf2. fra: fo, fs)-

Theorem 3.3 (LNP for Ggy4). We have

Qz)% = Q(ak, by, cx, di),
where
o o a2
L1TT3Ty

NG 1
L1X2T3X4

)
xf:c%a:g + x%x%xi + x%x%xi + x%x%xﬁ
2 2\ (2 2
(1 + 23) (23 + 23)

dy = a3 423+ 22 4 22

Cr ‘=

)

Proof. We see from Table 2 that gs is a new form to Ggy such that §(gs) = —gs,
which implies that

Q(z)%* = Q(2)%2%(gs) = Q(fa, faas fabs for f55 G8)-

One can show by a direct computation that these six functions satisfy the equality

(2) 93 —Afvafinfs — fipfs +4f2fofs —16f2 = 0.
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Thus Q(z)%¢* is the function field of an algebraic variety defined over Q by two
equations (), (). We shall show that it is birational to the affine space A* over
Q. For this we first solve ) in f1,, as

1
4fsfap
and substitute it in () to obtain
(3) fiufs —Afafivfofs + 16 faufo fs + 1613 faufs — 3215, f3

— 64f2f6fs + 2565 — 27, fs93 + Af2fefsg8 — 32f593 + 93 = 0.

Now transform the coordinate (f2, fa,p, fo, fs, gs) to (ak, bk, ¢k, di, ex) birationally
by

foa = (4f2f6f8 — 163 + 93 — fsff,b)

2 2.2 2.2
ARCrek aCiek o apcie; s = arbrcie,
— 8 = sy g8 = o,

fo = dr, fo=—73— Jo=—— 16 16
ar = fip/fs,  be=gs/fs, = fo/f1p, di = fo, ex = 4fs/ fe-

Then we have Q(z)%%* = Q(fa2, fa, fo, fs, 98) = Q(ax, by, ¢k, di, ex). On the other
hand, we see that (@) is transformed to

(ap — 8by, — b7 — 16)(ay + 8by, — bi — 16)crey,
+ 16(4ayci — 16¢rdy — agcrdy, + brcrdy, +4di) = 0,

which is linear in ej. It follows that Q(z)%¢* = Q(ay, by, ck, dx), which proves the
theorem. [l

By similar arguments we obtain the following set of generators of the fixed field
Q(x)f for each subgroup H containing Cg properly, which seems to be the sim-
plest among such generators. Here we confine ourselves to stating only the result,
since another, though less simple, set of generators will be produced during our
construction of a Q-generic polynomial for H in the next section. We note that, in
particular, these results imply the affirmative answer to LNP, hence to NP as well,
for H.

Theorem 3.4 (LNP for Gg). We have
Q@)% = Qlay, by, cf, dy),

0 = (124 — Taw3) (X122 + T324)
(2] +23) (23 +27)
PR [C: B
T1X2X3T4
o = x%x%x% + xf:v%:cﬁ + x%x%xi + x%x%xi’
(2] + 23) (23 + 23)
df = a2 + 22+ 22+ 22

Theorem 3.5 (LNP for Dg). We have
Q(E)Ds = Q(adv bd; Cd, dd)a
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aiz} — a3a]
Aq =
2.2 2. 2N/ 2 2 2 2\’
(zf3 + z328) (2] — 23 + 23 — )
2.2 2.2 _
by (723 + 2323) (X129 — Tows + X124 + T3Ty)
d =
T1X2T3T4 ’
C4 = X1T2 + T2T3 — T1T4 + T3Ty4,
2 2 2 2
dd = Iy +$2+$3+$4.

Theorem 3.6 (LNP for QDg). We have

QD _
Q(l) 8 - Q(aqv bqa an dq),
2,2 2,2
W (x1a3 — x5x3) (L1202 + ToZ3 — T124 + T3T4)
a T1T2T3T4 ’
2.2 2,2
b (x523 + z52%) (T122 + ToT3 — T1X4 + T3T4)
g =
T1220324(T1T2 — Tokg + T1X4 + T3T4)
z — a3 + a3 — 2}
C =
q 9
T1X2 — Tok3 + T1X4 + T34
2 2 2 2
dy = z7+ x5+ 23+ 2]

Theorem 3.7 (LNP for Myg). We have

M
Q(g) 1= Q(ama bTYM Cmy dm)a
where
A (22 — 23 + 2% — 27) (2122 + 2273 — D174 + T374)
m = )
T1T2 — TaT3 + T1X4 + T3T4
2,2 2.92\/(,2 2 2 2
— (w123 + 252%) (2] — 25 + 25 — 77)
m - b
T1X2X3L4
aixi — x3a]
Cp = —>— ==
T1X2X3T4
2 2 2 2
dpy = 7+ 25+ 25+ 2.

4. Q-GENERIC POLYNOMIAL WITH FOUR PARAMETERS FOR H

Once we have an explicitly given set a,b,c,d of generators of the fixed field
Q(2) of H C Gyag in Q(z), it is not difficult to find a Q-generic polynomial for
H. Indeed an irreducible polynomial of arbitrary primitive element 6 of Q(z) (i.e.,
Q(z) = Q(a,b,c,d)(9)) is a Q-generic polynomial with parameters a, b, ¢, d by the
result of Kemper-Mattig [KM]. However, it is quite often the case that the resulting
polynomial is too big and complicated to be printed, even if we start from fairly
simple generators of the fixed field. Our aim, on the other hand, is to find Q-generic
polynomials which are simple enough to the extent that one can make use of them
in various aspects of number theory (cf. [Has], [HT]). In this section, therefore, we
reset the set of generators of Q(z)¥ obtained in §3 and try to find another set of
generators which satisfies our request. Thus the same symbols such as ay, bx, ck, di
are used for distinct sets of generators in §3l and §4

We remark also that a Q-generic Dg (resp. QDg, Mjg) polynomial with five
parameters is given explicitly in [Led1].



NOETHER’S PROBLEM AND Q-GENERIC POLYNOMIALS 1163

One of our devices to fulfill this requirement is to look at the natural biquartic
polynomial
F(X) = (X?—a?)(X? - a3)(X? - a3)(X? - 23).

As in the proof of Lemma[B.1] the splitting field of the polynomial F(X) over Q(z)
is Q(z) for H C C31854. Hence if we can express the coefficients of F/(X) by our
generators of the fixed field Q(z)? = Q(a,b,c,d) of H C C215, in Q(z), then the
resulting polynomial Fp(a,b,c,d; X) is Q-generic for H (e.g., Fy(a,b,c,d; X) =
X8 —aXO+bX*—cX?+dis Q-generic for H = C3154). The starting point of our
construction is the following;:

Theorem 4.1. The polynomial

(4) Fa.(a,bc,d; X) = X% —aX®+ (b+5)X* —cX? +d,
o abe — ? — a?d
7= 02— d4d

is a generic Giag-polynomial over Q.

Proof. The observation in the proof of Lemma [3.] leads us to an equality

4
F(X) = H (X2 B xf) = X®— foXO 4 (faa + fap) X' — f6 X7 + fs.
i=1
Putting
(5) a:fQ’ b:f4,a, C:f67 d:fS, j:f4,b7
then we have Q(z)%2¢ = Q(a,b,c,d,j), and () is rewritten as j = (abc — ¢? —
a’d)/(b? — 4d). O

Our strategy now is to find the best expression for fa, fa,4, fa, f6 and fg by
a suitably chosen set of generators of L¥. We first study the fixed field of a? :
(xlv 2, T3, x4) — (373, Tg, —T1, _:L.Q)' PUt
2 2
Tax4(2] + 23) 2, .2
6 Ut '= ———F 5 5 Ug = IT] + T3,
(6) r123(23 + 27) Lees
U3 1= T1T2 + T2X3 — T1T4 + T3y, Ug = T1Tg — T2XL3 + T1X4 + T3T4.
Proposition 4.2. We have Q(§)<a2> =Q(uy,...,uq).
Proof. One sees that ui,us, us, us are invariant by o2, and that o, z4 are solved
from the last two equations as
o (x1 + x3)ug + (21 — x3)ug oy (1 + x3)ug — (21 — x3)U3
’ 2(2} + a3) C 2(x} + a3)

Also we have an equality

(uj — uf)(uz — 227)

2(ug (ud + u?) — 2ugug)zy

T3 —

Hence one has Q(z) = Q(us, ug, x1, z3) = Q(u1, ua, us, ug, x1). Furthermore we ob-
tain by eliminating xs, x3, x4 that 1 satisfies a quartic equation over Q(uy, ..., uy):

4(:E‘1L - UQ.I'%)(U% + ui)(ug + u%ug — duquzug + ui + ufuﬁ) + u%(ug — uﬁ)2 = 0.
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It follows that
[Qz) : Qus, ..., u1)] = 4 = [Qz) : Qz)‘"),

which proves the assertion. ([l

Since {a?) is a normal subgroup of the groups Cg, Dg, QDg, Mg, and Ggg, the
field Q(u1,...,uq) is stable under the action of these groups. Indeed we find the
action of their generators as

a: (ug, uz, us, ug) — <U11 % Us,—u4>7
Bp (u1,uz,u3, ug) — (—ur, ug, us, —uq),
By (w1, uz, uz,ug) — (—uy, uz, —us3,us),
By (ur,ug, us, ug) — (ug, us, —usg, —uyq),

v (ur, ug, uz, ug) = (U, Uz, g, uz).

Remark 4.3. Let K3 := Q(X,Y, Z) be the rational function field over Q with three
variables X,Y, Z and ¢ the involution defined by

-1 Z2+1
L (X,Y,Z) = <X’25/’Z>

U2 Uyq

Then KSL> is not rational over Q, because if we put (waq, wy) := < ) then we

UB us
have Q(u1, uz, us, us) = Q(u1,ws, us, wy), and « acts on it as an involution

-1 wi+1
a (Ul,w2,u37w4) =\ — y U3, —W4 |-
U1 2’[1)2

Hence the assertion follows from the fact that LY = Q(uy,ws,us,wy){* is not
rational over Q.

Proposition 4.4. We have Q(z)'* = Q(c1,...,cs5), where i1, ..., cs5 are given by

2 2 2 2 2 2 2 2
(01,---705) ( 1 2 3 4 2 3 4 ( 1 ) 4 U3)

2u1 ’ 2U2’LL3 ’ 2U2U4 ’ QU1U3
and satisfy a single equation
(7) (G +1)(c3-2)—(3+2)cF = 0.

Proof. We have [Q(uy,...,us) : Q(u1,...,uqs)'*] = 2, since a acts on Q(uy, ..., us)
as an involution. Note also that ¢y, ..., cs are all invariant by «. From (7)) we find
the following expression of us, ug, ug4:

1 2c3cq4c5Uq 2cqc5Uq
U2:§ €205 + —5——— |, U3=C5, Ug= .

uf +1 uf +1
Hence we have Q(u1,...,us) = Q(c1,...,c5,u1). Since ug is a root of the quadratic
equation u? —2cju; —1 = 0, we have [Q(c1, . .., cs5,u1) : Q(eq, ..., c5)] = 2. Tt follows

that Q(uy, ..., us)!® = Q(c1,...,cs), which proves the first assertion. The relation
([@) now is checked by a direct computation. ([
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Let (ag, by, jg,Cq,dg) == (f2, fa,a, fap, f6, fs) be as in (@]). We see from (@) that

o — 2ud + ui + u?

g 2’LLQ ’
(3 )+ ool + 2l + )

7 16u(u2 + u?)(u? + u%u% — dujugug + u? + udu?)’
o = (uj — U4) (2U2 + ujug + “1“4)

9 16ug(u2 + udu? — dujuzug + u? + uu?)’

) 03— )
9 64(ul + udud — duruzug + u2 + udu?)?’

Combining this with (@) we obtain, after some computations which are omitted

here, the following expressions:

ag = CaCs,

2 — 2+ 1)2(cE + Ak — 2c1¢90304 + Ac2)

16(c2 + 1) (2 +c2+1)(c? —2c4 + 2+ 1)
(5 +c3)c3

®) TG

(c2 + Beg — creseq) (3 — e +1)%¢E
16(c? +1)2(c? — 2c4 + 2 +1)

i = (2 —c3+1)4ck

97 256(c? +1)3(c? —2c4 + 3 +1)2°

Now we observe that the action of 3,, on ¢i,...,cs is described simply as

bg:(

)

Cqg = s

61\/1 . (cla02a03ac4ac5) — (cl7 —C2, —C3, (4, _05)~

One can obtain a system of generators of the fixed field of Q(cy,...,¢s) by §,,. Put

ci 1 ¢
(9) (am7bmvcmadm) = (_1)_5_356265)
Cq4 Cq C2
B (u? — 1)uz 2uius (2u3 — u3 —u?)ug 2ud +ui +ul
(w2 + Dug” (w2 + Dug’ (2u3 + u2 +ud)uy’ 21z ’

From (@) one can express am,, by, Cm, dym as elements of Q(z). Namely we have
the following result, which is slightly more complicated than ():

2.2 2.2
_ (zizf — x323)
Gy, =
(x122 — T2x3 + T124 + T324)
2.2 2.2
(z523 — x3x4)(x1x2 + Tox3 — X124 + T32y)
b
(x%x2x3 + ziade? + 4x222x32? + p3xiad + 2ixdad)
b — 2z w7324 (23 + 22) (23 + 23)
iy =

(10) (l‘1$2 — XoX3 + X1X4 + l‘3l‘4)
(7122 + To3 — 1174 + T374)
24,2 4,2 2 2,229 | 2 4.2 2 5 1\’
(xixje; + xixsas + dejasese] + vivse] + xixiay)

(v122 + 2273 — 2174 + v324) (23 — 23 + 23 — 19)
(T129 — Tox3 + X124 + T324) (23 + 23 + 23 + 23)°
dpm = 23 + 23 + 22 + 22,

Cm =




1166 K. HASHIMOTO, A. HOSHI, AND Y. RIKUNA
Now we clearly have Q(ay,, b, Cm, dm) € Q(2)M16.
Proposition 4.5. We have Q(z)M1¢ = Q(cy, ... 7c5)<ﬁM> = Q(am, b, Cmy dim)-

Proof. Tt follows that Q(a, by, Cms i, c2) = Q(et, . ..y e5) = Q(u, . . ., ug) () from

@). Also we see from f3,,(c2) = —co that this field is a quadratic extension of
Q(@m» by, s din); hence Q(am, b, Emy dm) = Q(c, .. ., ¢5)Pu) is the fixed field of
M. O

We next seek the expressions for ag, by, jg, g, dg DY G, bm, Cm,dp. These are
obtained from (8) and (@) as follows:

ag = dp,
(a2, + b2, — 1)%(a2, + b2, — 2amcm + c2,)d?,
97 242 + b2 )(a2, + b2, + 1)(aZ, — 2by, + b2, + 1)’
g = (agn + bgn - an)dgn
4(aZ, +02) 7

_ (ap, + b7, — 1)*(ag, + by, — amem)(ag, + b7, — c7)dy,

07 T95(a2, 1 62)%(a2, + 02, + 1)(aZ, — 20y + 03, +1)
by, (az, +b7,)* (a2, + b7, — c2)?dy,

T 210(a2, 4 02,)3(a2, + b2, + 1)2(a2, — 20y, + b2, + 1)

dy

Substituting these into (&) and then replacing am, bm, C¢m,dm by a,b, c,d, we
obtain the following polynomial:

(11)  FPwm,,(a,b,c,d; X) = X8 — dX°©
(@Mb?c% (a? + 1~ 1)2((a — ¢ +1?) Jiex:
Aa? 4+ b2) 24+ b2)(a2 + b2 +1)(a2 + (b — 1)2)
(a® + b2 — 1)%(a® + b* — ac)(a® + b* — )3 X2
25(a? 4 b2)%(a® + b% + 1) (a? + (b — 1)?)
b2(a2 +b% — 1)4(a2 +b% — 02)2d4
210(a2 4+ 12)3(a2 + b2 + 1)2 (a2 + (b — 1)2)°

Theorem 4.6. Fn,,(a,b,c¢,d; X) € Q(a, b, c,d)[X] is a generic polynomial over Q
for Mg, when we regard a, b, c,d as independent parameters.

We shall next study the case for Gg. From (@) we observe that
By (amv b Cms dm) = (_amv b, —Cm, dm)-

It follows that the fixed field of Q(ay,, by, Cm, dim) by this action of 5, is generated
by

b Cm — @
(12) ap:=a2, b= Tm’ cf = %, ds = dp,
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and we have

ag =dy,
2 2(1,2 2 2
by = 4(a +((C;]; +4?§2)(? fﬁ;i?)ﬁibz +1)
f f f IS f
o = (0% - afcf(fif;r 1))d;

(13) ay +4bf
(af +4b% —1)%(ages — 20%) (aper(cp +1) — %) d}
4(af + (2by — 1)2)(01‘)“ + 4b§)2(af + 4b? +1)
b2(ag + 403 — 1) (0% — ages(es + 1)) °dd
16(ag + (2by — 1)2)*(ay + 46%)3(ay + 402 + 1)2

b

)

Cg:

dy =

Substitute the above expressions into (E) and replace af, by, cs,ds by a,b,c,d. We
thus obtain the following polynomial:

(14) Fg,(ab,c,d; X) = X8 —dXx®
b? —ac(c+1 a+4b* — 1)2(b? + ac? —
+ < (a-i—(4b2) ) + 4(a+ (éb 1)2)(a4)rz(xb2)(a+21b2 + 1)>d X
B (a+4b* — 1)%(ac — 2b?) (ac(c + 1) — b?)d? X2
4(a+ (2b—1)?)(a + 4b%)%(a + 40> + 1)
b2(a+4b% — 1)4 (b2 — ac(c + 1))°d?
16(a + (2b — 1)2)*(a + 462)3(a + 46% + 1)2

Theorem 4.7. Fg,(a,b,¢,d; X) € Q(a,b, c,d)[X] is a generic polynomial over Q
for Gq, when we regard a,b, c,d as independent parameters.

We next study the descent from Gy to Ggs. Put ai := af/(4b§c). Then we
have Q(ayf, by, cf,dy) = Q(ag, by, cy,dy), and observe from ([2) that ax,cys,ds are
invariant under «y. It is easy to see that by is transformed as

1

b _
Vv 4(ak + 1)l)f7

so that putting by := 1/(bs + (b)), we obtain a system of generators of the fixed
field of G642

Q(x17 AR | x4)G64 - @(ak7 bk? Ck? dk)?
where

ag af+4bfc

p = =5, Op = 7————5—"57—,
a2 (ay + 4b% + 1)by

Cr = Cf, dk Zd‘f.
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Combining this and (I3) we have

(lg = dk,
b (ar — b2 + 1)(dagci + 1)d3
g 24(ak+1)(ak—bk—|—1) ’
o — (ak — bi + 1)(2akck — 1)(4akck(ck + 1) — 1)dz
g 25(ay +1)2(ay — by, + 1) ’
d = (ak — bi + 1)2(4akck(ck + 1) — ].)Qdi
‘ 200(ar, + 1) (ay — by + 1)2

Substituting these into (B]) and then replacing ag, by, ¢k, dx by a,b, ¢, d, we obtain
the following:

Theorem 4.8. The polynomial

— b2 +1)(4ac® +1 4 1)—-1
FG64(a,b,C7d;X):X8—dX6+<(a + )( ac” + )_ aC(C+ ) >d2X4

24(a+1)(a—b+1) 4(a+1)
(a—b*+1)(2ac — 1) (4ac(c+ 1) — 1)d? X2 (a—b*+1)2(dac(c+1) — 1)2d4
- Pt 1)2(a—bt1) T 1P bt 1

is a generic polynomial over Q for Ggy, when a,b, c,d are regarded as independent
parameters.

Next we study the descent from Cg to Dg, which is slightly more difficult since
Dg is not a normal subgroup of Gg4. We observe that the action of 3, on Q(g)@‘> =
Q(eqy .- ., c5) is described simply as

By : (c1,c2,¢3,¢4,C5) — (—c1,ca, —C3, ¢4, C5).

Put

2cq1 c1Co
adq :— —, bd =, Cq ‘= C4, dd = C2C5.
€3 C3

One then sees that these are all invariant under [,,. Also one sees that

Qaq aqC3 Zbd
C1=—(FH— Co=—

Cq4 = Cq, 052%, 5
d

aq ’

so that Q(ci,...,¢5) = Q(ag,bd,ca,dq,cs3). Furthermore we see that 8, (c3) =
—cs implies [Q(ag, b4, cd,dd,cs3) : Q(aq, ba,cd,dq)] = 2; hence we conclude that
Q(2)P* = Q(ag, ..., dq). Now from (3] we have

_ ai—%fl—i—aflcg :i . :cd—bd
c2(aZ — 263 + 2¢%)’ F =% 2bg

af = dedd.

Substituting these into (I4)) and then replacing ag, by, ¢4, dg by a, b, ¢, d, we obtain
the following:
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Theorem 4.9. The polynomial

Q202 — 2 1
Fp,(ab,c,d; X) = X8 —dX° 4 <W
(a® — b? +c® — 1)2(46%(b a®(c+bc+c® —2b(c? +1))) 2X1
24(a272)b2(a2+62(07) (c—1)%)(b* —c? — 1)

a?(a® —b*+ 2 —1)?(2b(b—c) + a*((b—c)c—1))d?
- 25(a® — 2)2b3 (a? + b?(c — 2) — (c — 1)2¢)
a*(a®? —b? + & — 1)*(a® — 20* + 2¢2)d*
210(a2 — 2)3b4 (a2 + b (c — 2) — (¢ — 1)2¢)?

X2

is a generic polynomial over Q for Dg, when a,b,c,d are regarded as independent
parameters.

Finally we study the descent from Cg to QDg. Observe that the action of 3,
on Q(z)( = Q(cy,...,cs) is described simply as

5@ : (61702763304305) = (7617 —C2, C3, (4, 705)'

Put

Cq C3Cyq
ag = —, b= , Cqi= ,
c1 ci+1 ci+1

dq 1= CaC5.

One then sees that these are all invariant under 3,. Also one sees that

d by d2 d
3= =1, ca=bg+ 55 22 = .
by s a2ct’ aqCs
from which it follows that Q(ci,...,c5) = Q(aq, bg, ¢q; dg, c5). Furthermore we see
that 3,(cs) = —cs implies [Q(ay, by, cq,dg,c5) + Q(ag, by, cq,dy)] = 2; hence we

conclude that Q(z)?Ps = Q(ay, by, ¢q,dy). Now from (I3) we have

(ag - 2b(21 — cg)(Qb?I + cg +2)
(ag + 2)21)(21 ’

2 2 2
_ ag — 2bq —cy

T 2(a2 + 2)b,

—2a4 — Qaqbg + 2¢4 + agcq — ach

= 2a,(262 + 2 + 2) ’
dy =dy.

af =

We substitute these expressions into (I4]) and replace a4, by, cq,dq by a,b,c,d.
Then we obtain the following:
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Theorem 4.10. The polynomial
a?(b* +1) — 2
2a2(20% 4 2 + 2)
N (4b% + a*(b* — 1) + 02)2(02 + a?(b* + ¢ + 1) — ac(2b® + % + 2)) >d2X4
8a2(a?(b? 4+ 1) — ¢2) (202 + ¢ + 2) (a2(b — 1)2 + 4% + (2b — 1)c?)
(a—c) (402 + a2(b? — 1) + @) a3 )
24a3(20% + 2 + 2)(a?(b— 1)2 4 463 + (2b — 1)¢?)
(a2 — 202 — ) (402 + a2(b? — 1) + ¢2)'d?
2804 (a2 + 2)(202 + 2 + 2)2(a2(b — 1)2 + 4b3 + (2b — 1)¢2)?

Fqp,(a,b,c,d; X) = X® —dX°® + (

s a generic polynomial over Q for QDg, when a,b,c,d are regarded as independent
parameters.

5. A Q-VERSAL POLYNOMIAL FOR Cfg

It has been known since the 1970s that NP for Cg/Q has a negative answer
(cf. [EMI], [Vosll, [Len|]). Saltman [Sall] gave an explanation of this fact using
Grunwald-Wang’s theorem, which asserts that there is no Cg-extension K/Q such
that K®gQ2 is the unramified field extension of degree 8 over Q5.

It seems that after these results there has been no substantial development to
the problem of describing the set of all Cg-extensions of an arbitrary field of char-
acteristic zero.

Applying the results of the previous section we shall give a fairly complete answer
to this problem.

5.1. Main result. We have seen that the fixed field under Cg = («) is generated
by ¢, ..., cs, which satisfy a single equation ([]). On the other hand, we saw in the
proof of Proposition 4] that Q(cq,...,c5) = Q(c2, m, bm, Cm, dm). From (@) one
can rewrite equation (7)) as

(15)  V(@msbm, Cmyem) = (a2, + b2 —c2) —2¢€2 (a2, + b2 +1) = 0,

1 _ X1T2 + ToT3 — T1T4 + T3Ty

mT T x? + a3 + 2% + 22
Now we view our Q-generic Mjg-polynomial Fng,,(a, b, ¢, d; X ), obtained in (IJ),
as defined over the fixed field Q(am, b, Cm, dm, €m) under Cs. The crucial point
is that ap,, by, Cm, dy, are not free parameters here, but are subject to the relation
V(@m, b, Cmy€m) = 0. This amounts to saying that in order to regard it as a
Cs-polynomial over Q(a,, b, Cm,dm,em), the value R(am,bm,cm) should be a
nonzero square, where we put

2(ay, + b7, — ch,)
R(am,bm,cm) = 2 02 41 (= 4¢é2)).

Thus we have the following result, which is one of the main results of this paper:

Theorem 5.1. Let K be a field of characteristic zero, and suppose for a,b,c,d € K
that R(a,b,c) is a nonzero square while a? + b is a nonsquare element in K*.
Then Py, (a,b,c,d; X) is an irreducible Cs-polynomial over K, and the splitting
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field contains K(va? 4+ b?) as its unique quadratic subextension. Furthermore,
Py, (a,b,e,d; X) with the condition R(a,b,c) to be a nonzero square is a versal
polynomial for Cg over Q in the sense of [BR], so that any Cg-extension of K is
obtained in this way.

Proof. We first observe that a2, + b2, is written as an element of Q(z) by

2
ci+1 T1To + ToX3y — T1X4 + T3T
a?n—l—b?n:l2 quw G = 122 273 124 3T4
cy T1T2 — ToX3 + T1T4 + 324

with a(¢m) = —¢m. It follows that Q(g)<“2) = Q(am,bm, Cm,dm, Em, qm), Over

which Q(z) is a Cy-extension and that Fm,,(@m,bm, Cm,dm; X) splits into the
product of two factors of degree 4. Since this polynomial is already known to be
an irreducible Cg-polynomial over Q(a,bm, Cms dm,em) = Q(z)'*, we see that
this is the only way through which it becomes reducible. Now let L/K be any Cg-
extension whose Galois group is generated by . Then by the normal basis theorem
one finds Z; € L, which together with Zy = o(%1), T3 = 02(%1), T3 = 03(71)
generates an irreducible Q[o]-module on which 0? = —id. One can define from
Z1,...,%4 those elements ¢i,...,¢5 and Gm, b, Cm,dy, in the same way as above
without making denominators vanish, since there are infinitely many choices of z.
Thus we obtain a specialized polynomial Fig,s(@m,bm,Cm,dm; X) € K[X] whose
splitting field over K is obviously K (Z;) = L. This completes the proof. O

It should be noted that Fnz,,(a,b,c,d; X) can further degenerate. Indeed one
can show from the results of the previous section that Fun,,(a, b, ¢, d; X) is reducible
and is a product of two factors of degree 4 if and only if a? + b2 is a square in K.
Putting a = m? — n?, b = 2mn, we indeed have the following decomposition:

FM16(m2 - ’Il2, anv C, da X) = F4(m, n,c, d; X)F4(TL, m, —¢, d, X)a
where
dm?+n?+c) _,
2(m?2 4+ n?)
N d*n?((m?* 4+ n?)? — 1)2(m2 +n? +c)?
16(m? 4 n2)3((m? + n?)? —4mn + 1) ((m? + n2)2 + 1)

Recall that, for a quadratic extension K = k(y/m) of k to be the subfield of a Cy4-
extension of k, it is necessary and sufficient that m is a sum of two nonzero squares
of k: m = a® 4+ b? for some a,b € k* (cf. [Ser], Theorem 1.2.4). From the above

discussion we obtain a similar criterion for K to be extended to a Cg-extension of
k.

Corollary 5.2. Let K = k(va?+ b%) be a quadratic extension of a field k of
characteristic zero. For the existence of a Cg-extension of k containing K, it is
necessary and sufficient that there exists ¢ € k* for which R(a,b,c) is a nonzero
square in k.

Fy(m,n,c,d; X) = X* —

Remark 5.3. From Corollary we obtain, without using the Kronecker-Weber
theorem, that for k£ = Q the discriminant of the quadratic field K which can be
embedded in a Cg-extension consists of only primes 2, and p = 1 (mod 8). This
fact corresponds to the Grunwald-Wang theorem, which asserts that the unramified
Cs-extension Ls over Qo cannot be the splitting field of a Cg-polynomial in Q[X].
On the other hand, we find a solution a,, = 2, by = 1, ¢y = V=7, €m = 1 in Qs
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to (I8) for which Qa(\/a2, + b2,)/Q2 is unramified. Hence L is the splitting field
of Fneye(2,1,v/—T7,dm; X) over Qa.
5.2. Example 1: Kummer extensions. As a typical example of Theorem [B.1]
we describe how the Kummer extensions can be recovered from a specialization of
Py, (a,b,¢,d; X). Thus we assume that the base field K contains the primitive root
¢ of unity of order 8, and L = K(6) is a Cg-extension of K with Gal(L/K) = (o)
such that o(0) = (0 and m := 68 is a nonsquare element of K*. Our aim is to find
ap,be, cg,dg and eg in K satisfying V(ag, bg, cg, e9) = 0 such that L is the splitting
field of Fn,,(ag, by, co,dp; X) over K. For this purpose we put
Y1 = 04+ 6% +6°,

and

yi = 0" My, i =2,3,4.
Then it follows that

g (ylayQ,y3ay4) L — (yQay37y4a7yl)~

Also we see that L = K(0) = K(y1, y2, Y3, v4). Let ag, by, cg,dy, eg be the elements
of K obtained by substituting z; = y; (i =1,...,4) in the expression ({I0), (1) of
Ams Oy Cy iy €. By direct computations we obtain
(ag, bo,co,dg,ep)
B (CQ(m +1)(m2—m+1) (m—1)(m?>+m+1)

) CQ) 8m7

)

2

In particular we have V' (ag, bg, cp,e9) = 0. The polynomial Fur,,(ae, be, co,dg; X)
now becomes

F(m; X) = X® — 8mX5 + 4m(3m — 5)X*
+8m(m? —m — 1) X% —m(m? +m + 1),

2m 2m

€@-n)

which splits completely in L[X] as

7

Fm;X) = ][ (X — (0 + %0 + c5ie5)> .
i=0
Also we have
R(ag,b9,09) =2 = (\/5)2 € (KX)2
and
a2 + b3 = —m € K>\ (K*)%

It follows that F(m, X) = Fm,,(ae, be, co, dg; X ) is a Cg-polynomial over K, and
the splitting field of it is K (y1,y2,ys3,ys) = K(6) = L.

5.3. Example 2. Here we shall give a simple family of Cg-polynomials with two
parameters and illustrate how one can recover its splitting field by a specialization
of Fayg(a,b,c,d; X).

We start by putting (a, b, ¢)—(4a,a?,2a3) in the polynomial Fg,,,(a,b,c,d; X)
given by (). This gives a simple polynomial with two parameters

F(a,d; X) = X% —4aX%+5a>X* —2a>X? + d.
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Proposition 5.4. F(a,d; X) is a family of Go-polynomials. More precisely, the
splitting field of F(a,d; X) over Q(a,d) is a Go-extension that is not reqular over
Q.

Proof. Suppose s is a zero of F(a,d; X) so that F(a,d;s) = 0. Then solving this
equation in d we have d = s(a— s%)?(2a — s?). Substitution of this expression gives
a decomposition

F(a,d; X) = (X?—5%)(X%+ 5%~ 2a) (X4 —2aX? + (s* - a)2),
from which we see that the splitting field has degree 8 x 4 = 32 over Q(a,d). Also
if we put t = v/2a — s2, then we see that

1 1
a = 5(824-152), d = Z(SQtz(sz—tQ)z),

and the zeros of F(a,d; X) are
s—1 s+t
+s, +t, + .+ .
{ 7 )
It follows that the splitting field is Q(v/2, s,t), which is not a regular extension over
Q. Finally one can check that the following maps «, 8, 3,, 3,, are automorphisms

of Q(v/2,5,t)/Q(a,d),

BD : (S’t7 \/5) = (_tv _57_\/5)7
ﬁQ : (S’tv \/5) = (_t’ _37\/5)7

/31\4 : (Sata \/i) = (S,t, 7\/§)a

which satisfy
a® =1, ﬁDaﬁgl =a 1, 5Qa651 =a’, ﬁMozﬁjj =a’.
It follows that the Galois group of Q(v/2, s,t)/Q(a,d) is isomorphic to Go. O
Observe that, if we put d = 2¢? with e = 1 (st(52 - 752))7 then we have
2v2
ale) =B,(e) =e, By(e) =B, (e) = —e.
This implies the following:
Corollary 5.5. The polynomial
F(a,2¢*;X) = X®—4aX®+45a%°X* —2a®X? 4 262
is a Dg-polynomial over Q(a,e).

Now we further make a specialization by the replacement

ar—2q e— —qQ((pg D 2)7
p?+1
which gives the polynomial
2¢*(p* —2p—1)?
(p* +1)°

H(p,g; X) = X®—8¢X°+204°X* — 164°X? +
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Proposition 5.6. H(p,q; X) is a family of Cs-polynomials. More precisely, the
splitting field of H(p,q; X) over Q(p, q) is a Cg-extension containing Q(v/2).

Proof. One can regard p, q as elements of Q(1/2, s,t). Namely it is easy to find the
expressions

s 425t — 12+ V2(s — 1?)
82 — 12 — 2st(v/2 + 1)
It follows that Q(v/2,s,t)!® = Q(p, q), which proves the assertion. O

1 2 2
= t
q 4(8 +1t7),

Our next aim is to recover H(p, ¢; X) or its splitting field from the Q-versal poly-
nomial Fyp,4(a, b, c,d; X). Actually, it turns out that one cannot obtain H(p, ¢; X)
directly from Fum,,(a,b,c,d; X) by specialization of the parameters. Instead, we
put 71 := s> and look at the (a)-orbit of 2;. This orbit is given by

{Z1,..., 24, —x1,..., —2T4}
—{53 (s —1)? r (s+1)° _g3 _(S—t)3 3 _(s+t)3}
) 2,\/5 b b 2\/5 ) ) 2\/§ ) b 2\/§ b

and from (I0) we have expressions for a,, b, ¢, dm by 8, t, and then by p, ¢ using
elimination. The result is

(16)
oo B -6p’+1)
T8 (P12
(23p* + 36p> + 46p? — 36p + 23)(31p? + 4p> + 62p? — 4p + 31)
' (505(p® + 1) + 1848(p” + p® — p* — p) + 2932(p0 + p2) + 1206p*)’
b~ 3w —2p—1)

8 (p+1)?
(41p* — 36p> + 82p% + 36p + 41)

(505(p8 + 1) + 1848(p7 + p° — p3 — p) + 2932(p6 + p2) + 1206p*)’
9 (p*—6p°+1)

mTT0 Rz
dm = 80(]3.

Now substituting these expressions we find that Fnp,(Gm, b, Cm, dim; X3) is de-
composed into a product of H(p,¢; X) and a factor of degree 16. Thus we have
shown that the splitting field of H(p,q; X) is obtained as that of a specialization
(@A) of Fm,4(a,b,c,d; X). Also we can show the following equalities:

2ap, + 0o —ch) _ (3 P21\’
T+a2 +02,  \5 p2+1 ’

R(ama b, Cm) =

2_92p—1)\2
INC Y e ik It
8 p2+1

6. THE GROUP G IN THE CREMONA GROUP OF DIMENSION 2

6.1. GNP for G in AutgQ(z,y). Here we describe how the group Gy, as well as
G2, Gga, can be realized as a subgroup of the Cremona group AutgQ(z,y), and
discuss briefly the Generalized Noether’s problem (GNP) for its subgroups. We
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should remark that this is not to rephrase the results of sectionBl For example, we
see that the following QQ-automorphism

(17) AutgQ(z,y) 3 a ¢ (z,y) — (y Ix++11)

has order 8. Nevertheless, as we shall show in Theorem below, the fixed field
Q(x,y)<°‘> is rational over Q. This means that there exists a positive answer of
the General Noether’s Problem for Cg/Q in dimension two. The linear fractional
transformations

rz+1
—z+1’

Op : T —— by 1T — —I
satisfy 02 =12 =1, 1,0,0; 1 = 0,15 hence we have (8,t,) = Dy. Indeed it is not
difficult to show that any subgroup of AutgQ(z) = PGL2(Q) isomorphic to Dy
is conjugate to (0, ty). Let (J,,t,) be a copy of this group in AutgQ(y), and let
7 : (x,y) — (y, z) be the transposition. We then see that these five automorphisms
together generate a subgroup Giag of a 2-group of order 27 = 128 in AutgQ(z,y):

Giog = <6:1:7 le, 5ya Ly, T> = (D4 X D4) x Ca.

In Gisg we find the following elements of order 2:

_ r+1
ﬂD = Lnyaxl:(xay) I <.’I,‘—17y>7

r+1 1
ﬂQ = 5§Ly6xbx:(xay) — (.%‘—175)7

/gM = 612/(xay) — (xa_?:l)a

which commute with each other and generate a group isomorphic to Klein’s four
group. Furthermore we have

ﬂpaﬂgl = OZ?la ﬁQaﬁ(gl = a37 51\4&51\;1 = a57
where @ = o, 7 is an element of order 8 as in (7). Thus we have
<a>§08a <aaﬁD> gD87 <Oé7,8Q> g(QD87 <a7/8M>gM165

so that (a, B,,B,,3,,) is a realization of Gg in the Cremona group AutqoQ(z,y) of
dimension two.

We shall now study the fixed field under («). First note that a? is an involution
(2, 9) = (—1/2, ~1/3).

The fixed field under this type of involution has been known to be rational, with
an explicit set of generators given by several authors (e.g., [Haj2]). Namely we have
the following.

Lemma 6.1. Let k be a field of characteristic zero and k(X,Y) be the rational
function field over k with two variables X,Y and let a be a k-involution of k(X,Y)
given by

X —my/X,
“ Y — my/Y,
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with my,me € k*. Then the fixed field of k(X,Y) under this involution is

k<a> -k X2Y2 — mimso X(Y2 - m2)
Y(X27m1) 7Yv(_X*27TTLl) '

2
Proof. Put u := X;{;{fx’;% v = 3)5822:23 We see immediately that u,v are

fixed by «a, so that k(u,v) C k®. On the other hand, it follows from u — Xv =
mo/Y, Y = mo/(u — Xv) that k(X,Y) = k(X,u,v), and also that X satisfies
the quadratic equation uvX? — (u2 + my —me)X + uvm; = 0. We now have
[k(X,Y) : k(u,v)] = [k(X,u,v) : k(u,v)] = 2; hence k{* = k(u,v). O

Applying Lemma [6.1] we have Q(z, y)<°‘4> = Q(so, tg) where

a?y? — 1 z(y* +1)

S50 = —=——,
0 y(x? +1) 0= (x2 +1)

1+z2 14y
1—-2"1—y

We then see that o? transforms (z, y) to < ); hence it induces an

involution on Q(sg, tp) such that

—280(t0+1)
50 s24t2—1"
2 . 0o T%
“ s2—t2+1
to 200"~
s%—kt%—l
Putting
_tp—1 t_ito—i—l . Yy—x o z+y
s T s Cxy+1 T ay—1

one sees that Q(sg,t9) = Q(s,t) and that the action of a® on so,ty is expressed
simply as o : (s,t) — (s, —1/t). It follows that Q(s, £){®") = Q(p, ¢) where

(18)

1( 1) <p:xy—a:+y+1 :(x+y)2—(xy—1)2)'

—s+1, q==(t-= :
P 1=3\" % 2y + 1 2(z +y)(ry — 1)

Now « induces an involution on Q(p, ¢) such that

b= (33

so that one can again apply Lemmal6.1l Thus we have proved the following assertion
on GNP for Cg/Q in contrast to the negative answers to NP and LNP (cf. Fact
in gI).

Theorem 6.2. The fized field of Q(x,y) under () = Cg is rational over Q and is
equal to Q(z,y){* = Q(ag, by), where ag, by are given by

plg® +1)
q(p*—2)’

2. 2
peq° +2
19 = £1 t= by —
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We next study the action of 3,,4,,,, on various subfields of Q(z,y). From
([I8)) we first see that they act on Q(so,%0) = Q(s,t) as

—s+1 s+1 -1
S F— ——, §H— —, S —,
g s+1 g s—1 g S
b —t+1 @ t+1 M -1
t— — t— — t— ——.
t+1 t—1 t
Then from (I8]) we see that they transform p, g as
pr— 2, pr— 22D p—2
. p . p—2 P
By : By , B P
q— —, q+— —, q—q.

It is not difficult to see from (I9) that 3,3, transform ag, by as

(a() — 2b0)2 +2
agr— —,

ﬂ ) apg —— —aop, ﬂ ) ag
2\ by — —bo, ¢ a3 — 3aghby +2b3 + 1

bO )

ap
hence for 3,, = 3,8, we obtain

3 ) aor—>7(a072bo)2+2 bo Hia373a0bo+2bg+1
M * i *

ao ao

Now we choose new generators a,b of Q(x,y)® = Q(ao, by) as

g L .G —bo (ZQ(pQ*Q) b:p2q27pq27p+2)
b’ bo p(¢?+1) p(¢? +1)
Then we see that Q(z,y){* = Q(a,b) and Bps By, B, transform a,b as
- alb+1) . —a(b+1)
(20) ﬁD:{aH_a’ B S @+ - b
br—b, @ b a®—b+1 M b a®—b+1
a? +b2—b’ a? +b2—b

Proposition 6.3. The fized fields of Q(x,y) under (o, 3,), (o, B,), and {«,3,,)
are all rational over Q. More precisely we have

Qa,y) %) = Qa*,b), Qla,y)' @) = Qlag,by), Qa,y)! ") = Qam, bm),
where aq, by, Am, by € Q(z,9)' = Q(a,b) are given by

B a(b+1) a®>—2b

b—1 a2—2b
moy bm Ty T 4y .
(e ) ( a alb+ 1))
Proof. The assertion for («, (3,,) is obvious. To prove the assertion for («, 3, ), first

note from (20) that ay, b, are fixed by a, 3, so that Q(ag,by) € Q(a, b)<o‘7BQ>. We
then rewrite (2I)) as

agla® +b*+1) —a(b+1)=0,  by(b* —1) — (a® — 2b) = 0.
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Eliminating a? we obtain an expression of a as an element of Q(b, a,, by):
a = aq(bgb—bg +b+1).
It follows that Q(a, aq, by) = Q(a,b). Also by taking the resultant of them w.r.t. a,

we obtain the equality

a2(bgb — by + b+ 1)> = bgb® + by — 2b =0,

which shows that [Q(a,b) : Q(ag,by)] = 2 = [Q(a,b) : Q(a,b){*a’]. This proves
Q(=, y)<°"ﬂQ> = Q(a, b)<0‘7%> = Q(agq, bq). The assertion for («,3,,) can be proved
similarly, and we omit the details. O

Now we consider the fixed field under (o, 8,,8,,5,,) = Go, which is the inter-
section of any two of Q(a?,b), Q(aq,by), Q(am,bm). By inspection one sees from
[0) that the following two elements belong to this field:

aj = a2, = —2a5 +1 _ (- 1)2’
" a2(b2+1) a?
b, a?—2b

by = o = by, = .

! am a b2 -1

It follows that [Q(am,bm) : Q(ay,bys)] = 2 = [(a, By, By, By) : (@, B,,)] from the
first expression. Then one can show as the proof of Proposition [6.3] the following:

Proposition 6.4. We have Q(x,y)mﬁD BoPu) = Q(ay,bf), so that it is rational
over Q.

6.2. Two-parameter H-polynomials for H C Gi55. Finally we construct poly-
nomials which correspond to the extensions Q(z, i) /Q(z, y)* for various subgroups
H of Gias. Let Rs(x,y) be the union of the (d,, t,)-orbit of x and the (4, ¢, )-orbit
of y:

Ro(z,y) = -1 142 -1 -1 14y y—1
6x7y A x? x’ 171,7 1+x5y) y7 17y) 1+y )
and put

AutgRs(a,y) = {¢ € AutgQa.y) |@(Rs(w, 1)) = Rs(w,9)}.

The following lemma can be proved easily.
Lemma 6.5. AutgRs(z,y) is a group of order 2° generated by 0., 0, and T, and

is isomorphic to (Cq x Cyq)xCs.

We put for simplicity Gsg := AutgRs(x,y), and consider the monic separable
polynomial f(X) of degree 8 whose roots are elements of Rs(z,y). Since Rs(z,y)
is stable under the transformation z — —1/z, one sees that f(X) is expanded in
the following form:

rx) = I (x-¢)
EERs(2,y)
= X® =51 X7+ 52X% — 53 X7 + s Xt + 83X + 52X+ 51X + 1.
A direct computation shows that the coefficients satisfy the equalities

83+781:0, S4+282714:O.
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We obtain from f(X) the following polynomial:
(22) F3a(s1,82; X)

= X% - 51 X7+ 5o X0 4 751 X5 — 2(50 — )X — 751 X2 + 852X+ 51X + 1
with
(z +y)(zy — D((zy —1)* = (z +)?)

wy(@® — (7 - 1) |
(x* — 622 + 1) (y* — 6y + 1)
@@ - D - 1)

Now we can show that ([22) implies the following.
Proposition 6.6. We have Q(x,y)9%2 = Q(s1,52). F32(s1,52; X) € Q(s1, 52)[X]

is a Gaa-polynomial over Q(s1, s2), when s1, so are regarded as independent param-
eters.

S1 =

—12.

So =

Note that Gsz has (o, 8,,) = Mje as a subgroup of index 2. In particular, one
can express Si, So as a rational function of a,,, b, as

—8(aZ, + b2, +2)
b3, — amb?, + am + 3by,’
16(a3, — a2,by + 3am + b))

M
= mybm = —12.
52 = 82 (m, bm) b3 — amb2, + am + 3bm

51 = 51 (@, b)) =
(23)

Hence from ([22]) we have

Corollary 6.7. The polynomial
Fl@((lm, bm§ X) = F32(S{V[(am7 bm)7 Séu(ama bm)a X)

is an Miyg-polynomial over Q(a,,bmy) = QP with independent parameters
Ay by, -
Example 6.8. By specializing the parameters a,,, by, of Fig(am,bm; X) as (am, bm)
:= (8/u, —8/u), we obtain the following simple polynomial over Q(u):
8 —8
l(é)(u,X) = FlG(a’T;X) (: FgQ(’LL,*Qg;X))

= X% —uX" - 28XC 4+ TuX® + 70X* — TuX?® — 28X% + uX + 1.

Y.-Y. Shen [She] studied the polynomial fl(é) (u; X) from the viewpoint of construct-
ing a system of fundamental units of a real octic number field that contains Q(/2)
(see also Shen-Washington [SW]). If we suppose that 6 is a zero of fl(é)(u; X) so
that fl(é)(u; 0) = 0, then we have
(0% + 403 — 607 — 40 + 1)(0* — 46> — 602 + 40 + 1)
00+ 1)(0—1)(0%2+20 —1)(6%2—260—1)
and the zeros of fl(é)(u; X) are
1 "+1 -1 -1 -1 -1
{ 6. ¢ 0+ 0 + 0 6 }

u =

O+1 —0+1 0 0 0+1 0 +1

where
g~ —(V2+1)0—1
- (V2+1)
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Thus the splitting field of fl(é)(u; X) over Q(u) is Q(v/2,0), which is not a regular
extension over Q. The maps

a (07 \/5) = (9/,\/5)7 ﬁM : (07\/5) = (97_\/5)
are automorphisms of Q(v/2,6)/Q(u) that satisfy
a8:17 51\46“51\;1 :a57
because a?(6) = (§+1)/(—0+1), 8,,(6') = —1/0’. Hence the polynomial fl(é)(u; X)
is an Mjg-polynomial over Q(u) and is also a Cg-polynomial over Q(v/2,u).

We can also obtain the following Mg-polynomials over Q(u) with constant term
one:

fg)(U;X) = Fig (U -1 —our Q;X)
= X84 2u(u® +2)( X7 —7X° +7X® — X) + 4(u* — 3)(X°® + X?)
—2(4u* — 19)X* + 1,
fg)(u;X) = Fis(u, 1; X)
= X% 4 2(u® +3)(XT —7X5 +7X? — X)
+4(u® —u? 4+ 3u — 2)(X% + X?) — 2(4u® — 4u® + 12u — 15) X* + 1.

Next we consider the case for Cg. Since Cg is a subgroup of Mg with index
2, we obtain the following Cg-polynomial over Q(a,b) by substituting ([ZI]) in the

expression (23)).
Corollary 6.9. The polynomial

Fs(a,b; X) := Fsa(s1(a,b),sa(a,b); X)
with
s1(a,b) = —8a(b+1)(a® + b + 1)?
NPT 06 120802 + a2b% + dat — 4b% — 12a2b — 8b3 — a2 + 4b2’
1 124 222 4_42_42 4b — 1
sa(a,b) = 6(b+1)*(a* + 2a°0" + b a b* +4b—1) 1o

al + 2a4b2 + a2b* + 4a* — 4b* — 12a2b — 8b3 — a? + 4b2
is a Cg-polynomial over Q(a,b) = Q(x,y)(*), where we regard a,b as independent
parameters.

We put R (2,y) := Rs(x,y) U Rs(—x, —y) and define the group AutgR3 (z,y)
similarly as AutgRs(z,y):
AutgR(w,y) = {p€AutqQle,y) | (BE(r,y) = RE(5,9)}.
The following lemma can be proved easily.
Lemma 6.10. We have
AthR?(SE,y) = Giog = (0, Oy, la, Ly, T).

Let g(X) be the monic separable polynomial of degree 16 whose roots are ele-
ments of Ry (2,y). Then as for f(X) one can express g(X) as

o) = JI (x-¢)
EERF ()
= X0 4, XM 46X 43 X0 4 1, X8 4 5 X0 + 6 X4 + 11 X2 + 1,
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and one sees that the coefficients satisfy the equalities
22ty 4 16t3 + Tt4 — 2002 = 0, 11ty + 3t3 + 2t4 — 396 = 0.
It follows that g(X) is expressed as
Fiog(hy,ho; X) = X0 4 (hy — ho) (X + X?) +2(hy + ho + 14) (X2 + X %)
— (hy + 15h) (X0 + X©) — 2(2hy — 14hy — 99) X% + 1
with
By = (28 4+ 1z + 1) (y® + 14y* + 1)’
Ar?y? (2% — 1)%(y* — 1)?
(«? + D'y + 1)

hy = —4.
T 22 (a2 —1)2(y2 — 1)2

This implies the following.

Proposition 6.11. We have Q(z,3)%28 = Q(hy,hs), and Fiog(hi, ho; X) €
Q(h1, h2)[X] is a Giag-polynomial over Q(hy, hs).

We note that Giog has the following subgroup of index 2 which contains Gso:

G64 = <OZ, ﬂDv ﬂQv ﬂ]\/f} T>'
We see that the group Gy acts on Q(z, )92 = Q(s1, 52) as (s1,52) — (—s1,52),
where s; and so are defined in ([22]). Thus if we put
(7”177"2) = (S%aSQ)a
then we have Q(z, )% = Q(ry, o). Also we can check the equalities

12ry 4 r% by — 1671 — 8ry + T%
4 ) 2 = 4 .
Hence we have the following proposition:

hy =

Proposition 6.12. We have Q(x,4)%%* = Q(r1,72), and the polynomial

12r1 4+ 13 16ry —8ry 413
Foa(ri,re; X) = F128< 14 2 1 : 2 2;X>

= X0 — (ry — 2r) (XM + X2) + (1411 — dry + 173 + 28)(X 12 + X¥)
— (63r; — 30ro 4+ 4r2) (X0 4+ XO) + 2(50r; — 28r5 + 3r2 +99) X% +1

is a Ggg-polynomial over Q(ry,r2). Also we have the equality
Fou(s3,50; X%) = Fao(s1,80; X)Faa(s1, 52, —X).

It is worth mentioning that Fiog(hi, ho; X), Fea(r1,7r2;X), F32(s1,52; X) and
fé)(u;X ) (i = 1,2,3) are monic polynomials with constant term one, all other
coefficients being simple integral polynomials in their parameters.
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