MATHEMATICS OF COMPUTATION

Volume 77, Number 264, October 2008, Pages 2241-2259
S 0025-5718(08)02119-4

Article electronically published on May 1, 2008

POSITIVE QUADRATURE FORMULAS III:
ASYMPTOTICS OF WEIGHTS

FRANZ PEHERSTORFER

ABSTRACT. First we discuss briefly our former characterization theorem for
positive interpolation quadrature formulas (abbreviated qf), provide an equiv-
alent characterization in terms of Jacobi matrices, and give links and appli-
cations to other gf, in particular to Gauss-Kronrod quadratures and recent
rediscoveries. Then for any polynomial ¢, which generates a positive qf, a
weight function (depending on n) is given with respect to which ¢, is orthogo-
nal to P, 1. With the help of this result an asymptotic representation of the
quadrature weights is derived. In general the asymptotic behaviour is different
from that of the Gaussian weights. Only under additional conditions do the
quadrature weights satisfy the so-called circle law. Corresponding results are
obtained for positive qf of Radau and Lobatto type.

1. INTRODUCTION

Let o be a positive measure on [—1, +1] normed by fjll do = 1 and such that the
support of do contains an infinite set of points. We call an interpolatory quadrature
formula (abbreviated qf) of the form

+1

(1.1) f(x)do = Z )‘j,n(da)f(xj,n) + Ra(f),
j=1

where —1 <z <29 < - <z, <1land R,(f) =0 for f € Pyy,_1_, (P, denotes
as usual the set of polynomials of degree at most n), 0 <m <n,a (2n—1—m, n,
do) qf; if do = w(x)dz, then we write A;j ,(w), (2n—1—m,n,w)qf, ..., and if there
is no confusion possible A, x;, .. .; )\JG denotes the Gaussian weights. Furthermore,
we say that a polynomial ¢, € P, generates a (2n — 1 —m, n, do) qf if ¢, has n
simple zeros x1 < Xy < -+- < T, in (—1,1) and if the interpolatory qf based on the
nodes z;, j =1,...,n,is a (2n—1—m, n, do) of. For g, € P,\P,_1 we denote by
qg} the polynomial of second kind of ¢,, with respect to do, i.e.,

(1.2) B - | T an®) = (@) g )

-1 y—x
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Note that qg I e P,_,. With the help of (L2) we obtain for the weights A; of the
interpolatory gf (LI)) the known formula

+1 x W,
(1.3) )\j:/_l %da(m):t (j) forj=1,...,n,

where
(1.4) tn(z) = H(m—xj)

Hence the positivity of the \;’s is equivalent to the interlacing property of the
zeros of t, and th). Taking into consideration the well-known fact (see e.g. [I])
that a polynomial ¢,, with n simple zeros generates a (2n — 1 —m, n, do) gf if and

only if it is orthogonal to P,,_1_,, with respect to do, i.e.,
+1

(1.5) / 2ty (x)do(z) =0 forj=0,...,n—1—m,
-1

we get the following first characterization of positive gf.

Lemma 1.1. Let n,m € Ny. Then t,, generates a positive (2n —1 —m, n, do) qf

if and only if t, is orthogonal to P,_q_,, with respect to do, t, and tq[ll] have all

zeros in (—1,1) and they strictly interlace.

Recall the simple fact that () implies that ¢,, has a representation of the form
m
(1'6) tn($> = Z/ijnfja
j=0

where p; € R and p,, denotes the monic polynomial of degree n which is orthogonal
on [—1,1] to P,,_; with respect to do, i.e.,

+1
(1.7) / 2Ip,(x)do(z) =0 for j=0,...,n—1.

-1

It is well known that (p,,) satisfies a recurrence relation of the form

(1.8) pr(x) = (2 — an)pn-1(x) — Bupn—2(x) n=12,...,

where p_; := 0, pg := 1 and the 8,’s are positive. Polynomials with property (L35,
respectively of the form (L6]), are called quasi-orthogonal polynomials also.

In the following we will also need the fact that the associated polynomials (pglk))
of order k, k € Ny, defined by

(1.9) PO(@) = (@ = ansi)pi s (2) = Buripyy o),
p(_kl) = O,p(()k) := 1 are, by Favard’s Theorem (see [12]), orthogonal with respect to
a positive measure, denoted by o(*), the support of which is, since all zeros of p,(lk)

lie in (—1,+1), contained in [—1,+1], i.e.,
1

(1.10) / 2 pM(2)do™ () =0 forj=0,...,n—1,
—1

The measure o(®) can be given explicitly; see [I3] and [I8, Thm. 3.9].
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2. REVIEW OF THE CHARACTERIZATION THEOREM AND APPLICATIONS

Theorem 2.1 (Characterization Theorem). Let n,m € Ny, n > m, put | :=
[(m+1)/2] and let t,, be a monic polynomial of degree n. The following statements
are equivalent:
(a) t, generates a positive (2n — 1 —m,n,do) df.
(b) tn is orthogonal with respect to a sequence {c;}§
n [—1,1] and satisfies the condition

1
(2.1) ¢ = / wdo(x)  forj=0,...,2n—1—

-1

2n=1 which is positive definite

(¢) t, can be generated by a recurrence relation of the form
(22) tj(x) = (& = ay)tja(x) = Gity2(z)  j=1,...,n,
t_1(x) := 0, to(x) := 1, with &; € R, §; > 0 and sgnt;(+1) = (x1)7 for
j=1,...,n, and
(2.3) aj=aj forj=1,...,n— [mTH] andﬁj =B forj=2,....,n—[F]
(d) t, has a representation of the form
(2.4) tn(z) = gi(@)pn—i(z) — Bn+1flglf1(9€)}?nflf1($)7

where Bnﬂ,l > 0 and Bnﬂ,l = Bpy1-1 if m = 2l — 1 and the monic
polynomials g; and g;—1 are generated by a recurrence relation of the form

(2.5) 9;(x) = (z — Qny1-5)gj-1(x) — Bn+2—jgj—2(x) J=1...1

g-1(z) == 0, go(z) == 1, with Gny1-; € R, Bria_j > 0 and sgn gj(+1) =
(£1)7 forj=1,...,1L.

(e) There are polynomials gi(x) = ' + ..., gi—1(z) = 2!~ + ..., whose zeros
are simple, strictly interlacing, and located in (—1,1) such that
(2.6) tn(@) = g1(2)Pn—1(®) = Bus1-191-1(2)Pn—i—1(x)
with Bn+1—l > 0 and Bn+1_l = Bpt1—1 if m = 2l — 1 and sgnt,(£l) =
(£1)™.

(f) There are polynomials vy, s;—1 of degree l and | —1 whose zeros are simple,
strictly interlacing, and located in (—1,1) such that

(2.7) ta(@) = ri(@)pu-i(e) — (1 - x2>sl_1< o (@)
with sgnt, (£1) = (£1)", where pg Pl ) denotes the monic polynomial of
degree n — I — 1 orthogonal with respect to (1 —a®)do. If m = 21 — 1,
then 7y, respectively, si—1 has leading coefficient (1 — agm—1y—1)/2 and

(14 ag(n—1y-1)/2, where ay,—1y—1 is defined in [BG) below.

First, characterization (f) has been given by the author [I5] (in terms of orthog-
onal polynomials on the unit circle) and about the same time, independently, a
weaker version of (e) by Sottas and Wanner [28]. They describe positive gf having
all their nodes real and simple but not necessarily located in a given interval [a, b].
A little bit later characterizations (¢) and (d) were discovered by the author in [I6]
Thm. 2] (concerning (d) see the proof of Thm. 2); (b) has been added in [I9]. H.
J. Schmid [23] came up with an alternative approach to Theorem 2IKb) and (c).
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Y. Xu [33] B4] studied the representation of the nodes polynomial ¢,, as a char-
acteristic polynomial of a symmetric tridiagonal matrix with positive subdiagonal
entries. It might be worth mentioning that Theorem [2.I] can now be proved by
elementary methods; see [19, Proof of Thm. 3.2].

By Theorem [21c) and Favard’s Theorem or directly by (b) it follows immedi-
ately that ¢, is orthogonal to IP,,_; with respect to a measure depending on n. This
fact has been observed by several authors [16], 27, [34]. The explicit determination of
such a measure was expected to be a difficult task; see e.g. [34]. Using the version
of (f) in terms of orthogonal polynomials on the unit circle (abbreviated OPUC)
and some facts on OPUC’s, such a measure will be derived in Theorem [3.1] below
in a relatively simple way. It is the basis for the derivation of asymptotics for the
weights.

For computational purposes it might be more convenient to describe positive
af by the associated Jacobi matrices; compare [ [7]. J$(do) denotes the Jacobi
matrix associated with the Gauss gf with respect to do. We may reformulate the
equivalence (a) < (c¢) of the Characterization Theorem [ZT] with the help of Jacobi
matrices as follows:

Corollary 2.2. x1,22,...,Tp,—1 < 27 < T2 < -+ <z, < 1, are the nodes of a
positive (2n+ 1 —m,n,do) ¢f if and only if x1,...,x, € R are the eigenvalues of a
Jacobi matriz J,, of the form, | =[],
G A —
(2.8) J, = <~Jn—l(c{’g) /Bnl+1~enl+1>
Br—i+1€n—1 Ji

where jl is a Jacobi matriz with spectrum contained in (—1,1), Bn,lﬂ > 0 and such
that the spectrum of J,, is contained in (—1,1) and Bp—it1 = Bn—i+1 if m =20 —1;
€; denotes the j-th coordinate vector.

Proof. Necessity follows by [22)) and (23) and the well-known connection with
Jacobi matrices. Note that .J; is the Jacobi matrix associated with the orthogonal
polynomial g; from (Z3]).

Sufficiency. Since J,, is a Jacobi matrix, it is associated with an orthogonal poly-
nomial ¢, with zeros z1,...,2,, ¥1 < T2 < -+ < x,, which satisfies a recurrence
relation of the form (2.2). By the form of the Jacobi matrix .J,, it follows that (23]
is satisfied. Hence, t,, is of the form (2.0]), where g, is associated with the Jacobi
matrix J;. Thus by assumption on the spectrum of jl, g has all zeros in (—1,1)
which strictly interlace with the zeros of ¢g;—1 which is associated with Ji1. O

If in Corollary 2.2 only Brn_l_}'_l > 0 is supposed, then the smallest or largest node
may be outside of (—1,1). Naturally the polynomial ¢;,j =0, ...,n from Theorem
2(c) can be written as a characteristic polynomial of the corresponding cutted
Jacobi matrix J,, also.

In the following we denote by J: the Jacobi matrix which is the reverse of the
Jacobi matrix J,. Theorem 211 respectively, Corollary show how to generate
simultaneously positive qf with respect to two given measures o and &. Indeed, let,
N e N,

(2.9) toN = PNPN — UN+1PN-1PN—1,

where jiyy1 > 0 and such that ton(£1) > 0; or equivalently put in @X) J; =
(Jﬁ(d&))* and B,—;+1 = pn+1. Then ton generates a positive (2N — 1,2N, do) as
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well as a positive (2N — 1,2N,d5) qf. This follows immediately by (Z8) putting
gn = Dn(pn) and gy 1 = pn_1(PN—1), respectively.

For n = 2N + 1,1 = N, even the simplest case J; = (J$(do))*, that is, when
in (m) O~t2N+2_]‘ = Oéj,j = ].,...,N, and 62N+2—j = ﬂj—l-l,j = 1,...,17 ]., are of
special interest. In fact, as observed by M. Spalevic [29], this leads to generalized
averaged Gaussian qf, which cover, in particular, the so-called nested and stratified
qf, found in a different way by Laurie [I0]. For a more detailed discussion see
Corollary and the following remarks.

Next let us show that the problem of positive quadrature can be reduced dra-
matically with respect to the degree with the help of associated measures.

First let us recall the known fact that

(2.10) Pm = p§mij)Pm—j - 5mfj+1P;Tfj+1)mejf1

for m € N, 0 < j < m, where the representation is unique for j < [m/2]. Thus, if
t, is orthogonal to P,,_,, 1 with respect to do, we get

m m
1
2 11 Z/ijn j = ZU]pm jm Pn—m _ﬁnferl (Z ngg:f jmJ; ))pnfmfl
§=0
which ylelds by Theorem IZ[I the following characterization.

Corollary 2.3. Let n,m € Nyn > 2m, g, - .., fim € R, ug # 0. Then the following
statements are equivalent:
(a) t, = ZT o MjDPn—j generates a positz’ve (2n—1—m,n,do) qf.
(b) >0 O,ujp,(g ™) and > o Hip m ; ng) have all zeros in (=1, 1), they strictly
interlace, and

(212) ( n Pn—m Zﬂ]p(n m - ﬂn+1—mpn—m—1 Z,Ujpg::;rf{l) (Zl:].) > 0
7=0

(c) ZJ 0 ujpig ]m) generates a positive (m—1,m, do"=™) qf and ZI2) holds.

Condition ([2.I2) guarantees that the smallest and largest zero of ¢,, is in (—1,1).

Let us discuss briefly how to obtain on the basis of Corollary (c) a simple,
rather complete description of quasi-orthogonal polynomials of finite length which
generate positive qf for n > ng. This kind of problem has been pointed out in
several papers; see [3l [8 [14) 17, 24 33 34]. Suppose that the recurrence coefficients
of (pg) satisfy

1

(2.13) lima, =0 and lim A, = 1
(for instance, by Rakhmanov’s Theorem (2.I3) holds if ¢’ > 0 a.e. on [-1,+1]).
Then by (L8), for fixed k, m € N, uniformly on compact subsets of C,
(2.14) hmp(”)( )= Ug(z) and o™ 25 /1 — g2

n—oo

where Uy (z) = 2 % sin(k + 1) arccos z/ sin arccos z is the monic Chebyshev poly-

nomial of second kind of degree k and, as usual, — denotes weak convergence.
Thus by Corollary 23(c) and (Z1I4), it is reasonable to expect (under additional
conditions possibly) that Z _o MjPn—j generates for every n > ng a positive (2n —

1 —m,n,do) qf if ijo MJUm,j generates a positive (m — 1,m,v1 — z2) gf and
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conversely. Now we know by [16, Corollary 2] or Theorem FI|(a) below that
> i #jUnm—j generates a positive (m —1,m, /1 — x2) of if 327 1,27 has all zeros
in |z] < 1/2 and, indeed, as we have proved in [20, Corollary 3.4], for measures o
in the Szegd class the last condition is sufficient also that E;"ZO [iPn—; generates
a positive (2n — 1 — m,n,do) of for every n > ng. On the other hand, it can be
shown [20] that > 7", 127 has all zeros in |z] < § if > i HjPn—j has all zeros in
(=1,1) for every n > ng, in particular, if it generates a positive (2n — 1 —m, n,do)
qf for every n > ng.

2.1. Application to Gauss-Kronrod quadratures. Let us demonstrate some
consequences of the Characterization Theorem to Gauss-Kronrod qf, abbreviated
by G-K qf which are (4N+1—m,2N+1,do) qf, 0 < m < N, with nodes at the zeros
of py. By Theorem 2. Jlwe obtain the following complete characterization of positive
G-K df given by the author in [I6, Corollary 4]. Note that the added equivalence
(c) and the last statement on the positivity, which we expect to be of importance
in future studies of G-K qf, follow immediately by (2I5) and Theorem [ZIe) and
Lemma [[J] respectively. Because the proof gives other important information
needed in the following and is short and simple we reproduce it.

Corollary 2.4. Let N,k € Nyg, N > 2k. The following three statements are
equivalent:

(a) There exist a positive (AN + 1 — 2k, 2N + 1,do) qf which has N nodes at
the zeros of py.

(b) There exist polynomials gy, gx—1 which satisfy the conditions of the Char-
acterization Theorem [ZId) such that

N+1) 3 N+1
(2.15) PN = gkpgv_: ) ﬁ2N+2—k9k—1p§V__2217
where 52N+2,k > 0.
(¢) pn generates a positive (2N — 1 — 2k, N, doN+1D) ¢f.
Moreover, the G-K qf is positive if and only if px and [ WCIJWH) have

strictly interlacing zeros on (—1,1).

Proof. Suppose that tont1(z) = py(z)Ent1(x) generates a positive (4N + 1 —
2k,2N + 1,do) gf. Then it follows by Theorem [ZT] that

(2~16) PNEN11 =tant1 = gkPaNt1—k — B2N+27k9k71p2N7k~
Plugging in (2I6) and the representations (ZI0)) for pan 41—k and pay_x we obtain

N+l 3 N+1
pNENt1 = tanta :(gkps\,j ) 52N+2—kgk—1pgv,2,)1)l71v+1

N+2 = N+2
- 5N+2(gkpgvj ,)1 - 52N+2—k9k—1p§\;j€,)2)pN

(2.17)
and thus, since py and py41 have no common zero, (215) follows.

The sufficiency part follows by putting ton 41 as in ([ZI7) and using (2.10) which
gives (Z10) and by Theorem 2.1] the assertion. O
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Obviously, recalling the equivalence of (e) and (d) in Theorem [2.1] representation
[213) is equivalent to the fact that the Jacobi matrix

aN42 vV BN+3
VBN+3 aN+3 VBN+4

(2.18) VBP2Nt1-k  Qani1-k \/m

\/ Ban GoN \/ Bant1
\/ Ban+1 QaN 11

has the same eigenvalues as the Jacobi matrix J§(do). In this form our above
characterization (ZI3)) of positive G-K qf was given by Laurie [10] about ten years
later. In the sequel characterization (215, i.e., Corollary 4 from [I6], was missed
also in [2| p. 1038] and the survey papers [5] and [II, Theorem 2], where it is
called Laurie’s fundamental result on Gauss-Kronrod quadrature. It turned out
that (Z.IH)), respectively, (2I])) is important from the computational point of view
also [2 B].

We mention that by (ZI7) and (2I5) the so-called Stieltjes polynomial FEn 1
has a representation of the form

(2.19) Eni1(2) = py+1(z) — By2 / wda(“%)

which can be derived also with the help of the representation

N

Enyipy = > piPan+1-
=0

and (2.I0); see [22]. Having in mind Corollary 2.4)(c) and the discussion following
Corollary (for more information on associated polynomials and measures see
[21], Section 3]) we conjecture that for every N > Ny positive G-K quadrature is
not possible, if py (., w) does not admit positive (N —1, N, v/1 — x2) quadrature for
N > Ny, where w is supposed to be continuously differentiable.

2.2. Extensions of the Gauss f with arbitrary degree of exactness.

Corollary 2.5. a) pyEny1 generates a positive (2N, 2N + 1,do) qf if and only if
Eni1 =pni1 + (ans1 — Gne1)PN — BNi2gn—1, where gy_1 € Pn_1 is §uch that
gn—1 and py have strictly interlacing zeros in (—1,1) and ady4+1 € R and Bni2 >0
are such that Exy1(1) > 0 and (=) Eyx11(—1) > 0.

If a1 = an1, then the (2N,2N + 1,do) qf becomes a (2N 4+ 1,2N + 1,do)
of, and if in addition Byyo = Bnis2, then a (2N +2,2N +1, do) qf.

b) ton+1 = pnEn+1 generates a positive (4N +1 —m,2N + 1,do), 0 < m <
2N +1, gqf if and only if gv11 = Eny1+0BNn+10v-1 and gy := pn can be generated
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by a recurrence relation [Z8]), n = 2N + 1, with the constraints

(2‘20) d2N+1—[T+1]—V = a2N+1—[mT+1]—u

(221) 62N+17[%]7V :ﬁ2N+17[%]7y I/:O,L...,N— [%]

Proof. Concerning a). Necessity. By Theorem [2](e),

(2.22) toaN+1 = gN+1PN — ON+1gNPN—1.
By 222) and ton41 = pnEn41 we get
JgN = DN and Eni1 = 9gN+1 — BN41PN—1-

Sufficiency. Put

(2.23) gN+1 = (& — GNy1)DN — 5N+29N—1~

Then, setting gy = pn,

ton+1 = PNENt1 = gN41PN — BN+1PN-19N-

Since gy_1 and py have interlacing zeros by (Z23), gny+1 and gy = pn have
interlacing zeros which implies by Theorem 2.I)e) the assertion.
Concerning b). Necessity follows as in the proof of part a) and by (2.3)).
Sufficiency. For simplicity of writing, let m = 2k. By (220) and 22I) and
induction arguments, gn41 and gy can be written in the form

N+1 5 N+1
gN = gkpgv,k ) ﬁ2N+27k9k71p§v,k21a

and
_ (N) _ 3 (N)
IN+1 = GkPN {1k — P2N+2-kJk—1PN ps
where Bon ok > 0, which implies (compare (ZI6) and (2.I7)) that

INIPN — BN41INDN—1 = GkD2N+1—k — BaN 42— kGk—1D2N—k;

which is the assertion. O

Note the difference of G-K quadrature, where the extension polynomial En 1 is
uniquely determined by (219).

If in the first statement of Corollary 2.5l we put gy_1 = py_1 and let BN+2 € Rt
and an4+1 € (—1,1) be such that

(2.24) Bnis + (Gngr — aner) 2N (£1) < PNHL (47,
PN—-1 PN-1

then it follows that the polynomial

(2.25) tant1 = pn(Pnt1 + (N1 — @N11)PN — BN2PN-1)

generates a positive (2N,2N + 1,do) qf. We note that there always exist any1 €
(—1,1) and Bn42 > 0 such that ([2.24) is satisfied. The weights A, 2n+1(do) asso-
ciated with the v-th zero of py, v =1,..., N, are given by

B+ + Byt
@2246)) follows by (L3) and the fact that by a straightforward calculation

(2.27) (on Ene)(w) = Ena () (v) + / PYydo

(2.26) Avans(do) = <%> XS y(do).
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and that at the zeros z, of py by ([Z23)

Eni1(z,) = —(Bns1 + Byio)pn-1(z)

2.28 .
(229) = —(Bnt1 + Ons2) / Pi_1do /ol (@)

If we put in addition to (Z:25]) BNJFQ = fBn+1 and &ny1 = any1, then the degree
of exactness is raised by one and the (2N +1,2N + 1, do) qf becomes the so-called
averaged Gaussian gf introduced by Laurie in [9]. By (Z26]) the weights associated
with the zeros of py become half of the Gaussian weights.

The case when in (Z20) dn+1 = ant1 and BN+2 = Bn.i2, which yields degree
of exactness 2N + 2, was studied recently by Spalevic in [29]. His starting point
was Theorem [ZT)c) by putting there, donyo—; = a;,j=1,..., N, and 52N+2_j =
Bi+1,i=1,...,1—-1,n=2N+1.

Let us mention that in the last two cases condition ([2:24]) need not be satisfied
anymore, that is, that two nodes may be outside.

3. EXPLICIT WEIGHT FUNCTION FOR POSITIVE QF

Next let us demonstrate how to obtain a representation of positive qf with the
help of orthogonal polynomials on the unit circle, given in [15]; see also [16], [19].
Denote by ®,(z) = 2" +...,n € Ry, the polynomial orthogonal on [0, 27] with
respect to the positive measure

_J—o(cosg) for ¢ € [0,7],
(3.1) Plp) = {U(COS ¢)  for ¢ € (m,2n],

i.e.,
2m ) )
(3.2) / e~ *PD, (e)dip(p) =0 for k=0,...,n— 1.
0

Note that if o is absolutely continuous on [—1,+1] and ¢’(xz) = w(x), then ¥ is
absolutely continuous with ¢’(¢) = w(cos ¢)|sin ¢| for ¢ € [0, 27]. It is well known
(see e.g. [25] B1]) that the ®,,’s satisfy a recurrence relation of the type

(3.3) D, (2) = 2P,-1(2) —an—19;,_1(2) forneN,

n—1
where a,, € (—1,1) for n € Ny and where &7 (z) = 2"®,,(2~!) denotes the reciprocal
2
polynomial of ®,. The polynomials p, and pglljlx ) orthogonal on [—1,+1] with

respect to do and (1 — 2?)do, respectively, can be given by OPUC’s as follows (see
[31, Section 11.5] or [26])

_ Re{z7"®q,(2)}

(3.4) 2" p,(x) = Re{z 7" @y, 1(2)}
1—az,1
_ Im{z"""1®y, 1(2)} Im{z7"®y,(2)}
5 2”-1 (1 :’72) — n — n
(3.5) Pt (7) sin (14 ag,_1)sing’

where © = $(z +271),2 = €, € [0,7]. The parameters are given by (see [20])
(3.6) agn—1 =1— (up +vy,) and  ag, = (Vn — up)/(Un + uy),
where

(3.7) U = Pnt1(1)/pa(1) and Vn = —pnt1(=1)/pa(=1).
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Let us assume that t,, has a representation of the form ([2.6). Following [I6] [19] we
put
Jr

e —€  ; ~
(3:8) sio1(z) = == B9 (@)
and
3.9 _ e:—l + e;—l
(3.9) ri(x) = 2(gi(z) — (z + _;,_7_)3!—1(55)),
enfl - enfl

where

pn—l—l(:l:l)
3.10 er = PrmERe
(3.10) U pai(£1)

Representing (22 — 1)p£3:lai21) (x) in the form (see [3I, Thm.2.5])

_IQ
(3~11) (952 - 1)?21_1_1)(93) = Pn+14(9€) - Nl,nflpnfl(x) - ,uz,n—lpnfzq(ﬂ?)

= (= anp1-1 = p1;n—1)Pn—1(2) = (H2n—t + Brg1-1)Pn—1-1(x)
we get by considering (BI1) at the points +1,

+ _
2 Cn_i + Cn_i

(3.12) M2’n7l + /B’Nr‘rl—l = +7_ and Oszrl,l + /’l‘l,nfl = —+7_7
n—l — En—i €1~ €n_y

which gives again by straightforward calculation that

.2 -
(3.13)  m(x)pp_i(z) — (1 — xg)sz—l(fﬂ)p&ﬁf(ﬁf) = giPn—1 — Bnt1-191-1Pn—1—1-

Furthermore, we put

B10)  gu() = )G+ + EZ e Gt itm =2
and
(3.15)

G | =) s (et e)

qm(2) = 2(2z
(2) = 2(22) 1—azm-n-1 2 1+ asm-n-1

Vifm=20—1,

i.e., for m = 21,
o Imfe g (¢))

(3.16) r(x) = 27 ' Re{e g, (')} and s;_1(x)

)

sin
and for m = 2] — 1 (see [16, Lemma 2]),
(3.17) ri(z) = (1 — agn_p-1)2"" Re{e"=D%q, (%)}
and
lIm{e_i(l_l)cp%n(ew)}
(3.18) si—1(z) = (1+ ag(n,[),l)Z_ .

sin ¢

Then the representation (2.6]) becomes

t(e) = ri(e)pn-i(2) = (1= 2*)si (@)l 57 ()
= Re{z 7" (2)®an—1-m(2)}

where z = cos p, z = €%, ¢ € [0, 7).
The point is now, if g;(x) and g;—1(z) have all zeros in (—1,1) and if they are all
simple and interlaced, then it can be shown by Cauchy’s Index Theorem (see [16])

(3.19)
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that g,,(z) has all zeros in the open unit disk |z| < 1; the converse statement holds
true also. Hence ¢, ®2n—1-m, n € N, is a polynomial which has all zeros in |z| < 1
which has many important consequences as we shall see.

Recall that by Characterization Theorem 2] ¢,, is orthogonal with respect to
some positive measure depending on n; see also [27, Thm. 3.8] concerning the
existence of such measures having a special form. In the following theorem we give
such a measure explicitly. We mention that there may be several positive measures
with respect to which ¢,, is orthogonal; uniqueness is guaranteed only if the second
kind of polynomials also coincide.

Theorem 3.1. Let n,m € Ny, n > m, and let t,, be a monic polynomial of degree
n. The following statements are equivalent:

(a) t, generates a positive (2n — 1 — m,n,do) qf.

(b) t.(x) has a representation of the form

(3.20) 2" 1, (2) = Re{z 7" g (2)Pan 1 m(2) };

T = %(z—!— z71), 2 = €%, p € [0,7], where ¢n(z) = 2™ + ... is a real
polynomial with all zeros in |z| < 1.

(¢) tn(x) is orthogonal on [—1,1] to P,y with respect to a weight function of
the form, x = cosp, ¢ € [0, 7],

1
T gm(699) 2 ®an_1—m (€19)|2V/1 — 22

where g (z) = 2™ + ... is a real polynomial with all zeros in |z| < 1.

(3.21) Vo (T)

Proof. (a)<(b) has been shown in [I5] Thm. 2]; see also [16].

Concerning (b)=(c). Since (¢mPan—1-m)(2) has all zeros in |z| < 1 it follows
] that (¢m®2n—1-m)(2) is orthogonal on the unit circle to {e~*¥}2" 2 with re-
spect to the weight function f(¢) = 1/|¢m®P2n—1-m(€*¥)|?. Thus (see [31, Section
11.5]), Re{z7"*1(¢n®an_1-m)(2)} is orthogonal on [—1,1] to P,,_; with respect to
U (X)d.

(c)=(a). Since |gmn(e!?)|? is a cosine polynomial of degree m, it follows that
t, is on [~1,1] orthogonal to P, _,, 1 with respect to da/|®ay,_n_1(e"?)[?V/1 — 22.
Now ®9,_m—1(2) is the polynomial orthogonal on the unit circumference to
{e~the}2n ™2 with respect to dib(¢), where (i) is the measure from (). It is
known (see [4, p. 200]) that

+m eikgp 7 +m ik 7
(3.22) [W md@/ﬂe dy(p) k=0,....2n—1—m,
hence

+1 ij +1 .
(3.23) /71 |‘I’2n717m(6"“’)|2mdx = [1 2¥do(z) k=0,...,.2n—1—m.

Thus it follows that ¢, is on [—1, 1] orthogonal to P, _,,—1 with respect to do(z).
Since t,, is orthogonal with respect to v,y ,, it has n simple zeros x; = cos p;,j =
1,...,n. Now, by the Gaussian formula, recall that |g,, (€*¥)|? is a cosine polynomial
of degree < m, we have that

+1 n
(3.24) / 1 (@) |am (€9) Pomn(@)dr = AF (Vnn)lam (€9 p(a;)
_ =
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for any p € Py,,_1_,, and thus

(3'25) )‘j(w) = Af(vm,n)lqm(eiwj)|2 >0 J=1...,n,

which proves the implication. O

Note that [(¢m®2n_1-m)(e?)]? in the denominator of ([B.2I) is a positive cosine
polynomial of degree < 2n — 1.

4. POSITIVE QUADRATURE FORMULAS OF RADAU AND LOBATTO TYPE

The statements given in Theorem 1] can be extended easily to measures of the
form (1 — z)*(1 + z)?do(x), o, 8 € {0,1}, which are of importance in connection
with positive qf of Radau and Lobatto type. We call an interpolation qf with n
nodes and degree of exactness 2n — 1 —m a (2n — 1 —m, n,do) qf of Radau, resp.
Lobatto type, if one, respectively, two nodes coincide with the boundary points 41
and all other nodes are simple and in (—1,1).

Theorem 4.1. Suppose that g, (z) has all zeros in |z| < 1.

Im{z=" g, (2)Pop_1-m(2)}

41 gn—140-=%) -
(4.) ) (cosp) o

b

where v = $(z+271), 2 =€, p € (0,7, is orthogonal on [—1,1] to P,,_»
with respect to the weight function (1 —2%)vy,.n(x) and generates a positive
(2n—3—m,n—1,(1—2%)do) qf vm.n is defined in B.2I).
2
Moreover, (% — 1)75%1:11 ) generates the Lobatto qf with respect to v, p
and a positive (2n — 1 —m,n+ 1,do) qf of Lobatto type.

b)
Re{z"T1/2¢,, (2)®2n_1-m(2)}
(4.2) 2(142) () .= dm 2n—1-m ’
! cos /2
respectively,
(4.3) 2 (1=2) (1) .= Im{z= "2, (2)Pon—1-m(2)}

sin /2

is orthogonal to P, _1 with respect to (1£x)vpm, »(x) and generates a positive
2n—1—m,n,(1 £ x)do)qf.
Moreover, (1+x) %Hm) generates the Radau qf with respect to v, , and

a positive (2n —m,n + 1,do) qf of Radau type.
Proof. The orthogonality property follows by [31, Section 11.5] again. As in the
proof of the implication (¢) = (a) from Theorem B] it follows that it generates a
2

corresponding positive gf with respect to (1 —22)do. Since (22 — 1)t£Ll:1m ) generates
the Lobatto gf if and only if tS:IxZ) is orthogonal with respect to (1 — z2)do, part
a) is proved.

Analogously part b) follows. O
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5. ASYMPTOTICS OF WEIGHTS

In the following, p ( £2) Jenotes the monic polynomial of degree n orthogonal

2
with respect to (1 +x)do as p%l_x ) denotes that one is orthogonal with respect to

(1—2?)do.

Lemma 5.1. Denote by R(wkl), (wil), and R,_1 the polynomials of the second

kind of (y* — 1)p(17‘r )( ), (y + 1)p5L x)( ) and of pn(y) with respect to do. Then

n—1

the following relations hold:
(5.1) pa()RE V() — (o = )P (9) R () = ca
where
+1 +1 .

(5.2) o= [ wRdo+ [ B0 - P
and
(5.3) (y+ DS () RE (y) — (y — Dpl = () RS (y) = d
where

+1 +1
(5.4) dy = /_1 P )2 (1 = t)do(t) + /_1 P ()] (1 + t)do ().

Proof. To show that (5.1]) holds it suffices obviously to demonstrate that the poly-

nomial of the second kind of (y? — 1)p£ll:1r2)(y)pn(y) with respect to do has the
following two representations:

+1
(5.5) @—nﬁfkwm4@+[iﬁmww
and
+1
(5.6) z%@DRfk*Nw-—/¥[ﬁff)uﬂ%l—t%da

Indeed, on the one hand, the polynomial of the second kind can be written in the
form

+1 _
(y2 . 1)p£Ll 1:0 )(y) /_1 Pn(y) fn(t)do(t)

Y —
(1—x2) (1—22)

/“ (v> = Dpy 1 (y) — (2 = D)p,, 1" (1)
+
—1 Yy — t
and, on the other hand, in the form

(2 - Dl () — (2 - Dpl (1)
Pn(y) p—

+ / Palt) = Pull) 15 42— 1)do (1)

y—t

(5.7)

pn(t)do

do

(5.8)

Using the orthogonality property of p, respectively, pn 1 (L")ﬂ) and (&.4) fol-
low. Relation (53] is proved similarly by showing that the polynomials of the
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second kind of (y2 — 1)pi ™ (y)pll ™™ (y) with respect to do has the following two
representations:

(5.9) (y+DpUH () RV (y) — /[pﬁl‘x) (O]*(1 - z)do
and
(5.10) (y = Dpl () RT T (y) + /[pﬁfﬂ’) (O)]?(1 + z)do. O

Lemma 5.2. Let ¢,,d, be given by (BI) and (53) and let z;,, and yjn,—1 be the

j-th zero of p, and psll:lxz), respectively. Then
Cn
(5.11) XS (do) = —
(1= )P ()P (20)
—Cn
(5.12) NS (1= 2?)do) = s :
Pa(¥in-) @, ) (1)
Furthermore,
—d,
(5.13) XS (1 £ 2)do) = — o
(g F DT () (08 (1t0)
where u; ., denotes the j-th zero ofpgllix), respectively.
Proof. Relation (B.IT)) follows immediately by (L3)) and (G.I)); note that by notation
(1] —
Pn = Rn—1~

Concerning (5.12). Using the fact that by Christoffel’s formula [31] Section 2.5]
1—2?
W2 = VPSS W) = Pos1(v) — 1nPn(y) = H2nPn1(Y), 1o pizn € R, ome ob-
2
tains by straightforward calculation that at the zeros y of pfll:fc ) the relation

(pfll__lxz))[ll (y) = — Rf{”z_l)(y) holds, which gives by ([L3) and (&) the assertion.
Relation (B.13)) follows similarly by (53] and (L3]) taking into consideration the
(1+x)

fact that with the help of Christoffel’s formula at the zero u of ps, the relation
PSEN W (w) = £RYEY (u) holds. O

Theorem 5.3. Let do(x) = w(x)dx be such that f(p) = w(cos@)|sin p| is positive
and from Lip~y, 0 < v <1, on [«, 8] C [0, 7] and that log f(p) is integrable on [0, 7.
Suppose that (t,,) generates a positive (2n—m(n)—1,n, w) qf with quadrature weights
Ajm(w) and nodes xj, = cosy;, and that the associated qp,(,) satisfy uniformly
on [a, 8] the limit relation

5 T ()

5.14 Re . — h(yp).
(5.14) L=
Then

(5.15) 710 95, 10(COS Pjm) =1—h(pjn)+o(1)

nAjn(w)

uniformly for all @;, € [a +¢,5 —¢|,e > 0.
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Furthermore, the weights \jn—1((1 — 2*)w) of the positive (2n —3 — m,n — 1,

2
(1 —2*)w) qf, whose nodes xj,_1 = cosj 1 are the zeros of tfll:lz ) from (@),
are given asymptotically by

7 sin® Vjn_1w(cosVjn_1)
nAjn—1((1 — z2)w)

uniformly for all ;1 € [a+¢,8—¢],e > 0.
Finally, the weights X;,((1 £ z)w) of the positive (2n —1—myn, (1 £ z)w)

gqf, whose nodes x;,, = cosn;, are the zeros of t(1£) from [E2) and [@3), are
asymptotically given by

(5.16) — h(¥jn-1)+o0(1)

(1 £ yj) sinn; ,w(cosn;n)
nAjn((1 £ z)w)

uniformly for all n;,, € [a+¢,8—¢l,e > 0.

(5.17) =1—=h(njn) + o(1)

Proof. For brevity let us put gon—1(2) = 2¢m(2)Pan—1-m(2), hence g3, ,(z) =
q,(2)®3, _1_,.(2), and let

(5.18) ta(cos p) = Refe™ g3, 1 (e'?)}

and

(5.19) —sin gt (cos ) = Im{e g5, ()}
Since

Im{e—m‘/’ggn_l(ew)}% Re{e™ "% g5, (")}

, X d _—
— Re{e™"%g5,_1(e"?)}=—Im{e~invgs (et
(5.20) { an—1( )}dcp { sn-1(€)}

o 4 —inp * i
= Im{(e™"P 5,1 (7)) 72 (e gan (7))}
= Im{(=in) g3, 1 (") * + i€ g5, (€"7)g5, 1 ()},
it follows that at the zeros of ¢, (cos p),

2 (1*$2) / i *! i

sin to_ cos )t (cos er? _q(e*®
ng3, (e n gs,_q(€%)

2

Recalling the orthogonal properties of ¢, and tﬁ}_‘f ) with respect to vy, and

(1 — 2%)v,m (see Theorem Bl and 1)) we may apply (GII) to do = v, m(z)dz.
Using the fact that ¢, = 7, which follows by

(5.22) (@) + (1= 257 (@) = |g5,-1(€99)2 = 1/vn (@) V1 — 2
and (B.2)), we obtain by (B.21]) that

™

nAS, (vnm)|qa(6“")|2|¢§n 1- m|2

( ) 2n 1- m(e“p)

(5.23)
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To simplify asymptotically (523) we need to recall the following fact. Since f €
Lip~, we know that

(524) B, ua(€¥) = /D) +O( 1)

uniformly on [«, 5] where D is the so-called Szegd function, i.e., D(z) is analytic
on |z| < 1 and on [«, 8] satisfies

(5.25) w(cos p)| sinp| = [D(e"?)[?,

since w(cos ) is continuous there. Furthermore, let us prove that (B.24]) implies
that uniformly on [a +¢,5 —¢],e > 0,

1 (I)Qn 1— m(eig))

5.26 - 0.
( ) n (I);n 1- m(eup) njgo
Indeed,
d * i d * ip * ip
(527 |@®2nfmfl(e )| §|_<p( on-m—1(€ )_‘I)[\/m](e )l

+| [\/271 m— ]( 4/’)‘;
hence, by the local version of Bernstein’s 1nequahty we get
d .
5.28 max o3 e'?
( ) oclate,B—e] |d(,0 2n7m71( >|

< const((2n —m — 1) max |®5, () — @Fm](ewﬂ

pEla,f]
V2n—m—1 [ .
+Vvin Jélixg | \/W]( )

Using the obvious fact that |£<I>§n7m71(ew)| = [®5, ;. ()] and (524) in
conjunction with the facts that D(e?) # 0 on [, 8] and m(n) < n relation, (5.26])

follows.
Thus the right hand side of ([23]) becomes by (514, the right hand side of

(EI5). With the help of (524)), (525) and (3:25) the left hand side of (5:23) takes
the form of the left hand side of (B.I5]) which proves (G.13]).

For (5.I6) we first observe that by (5.20) at the zeros v of Im{e™?g5, (™)}
satisfies
—sin? )t (cos Y)(t ")’ (cos )
n\gén 1(e)]?

(5.29) o o ”
Qm e En 1-m e
e el g )

(ET6]) now follows as above by (E.12)); recall that ¢, = 7, and by (524)), (E25) and
the fact that

(5.30) MG (1= 2 vmn) = lg5 (™) P (1 = 2®)w).

To prove (BIT) we first observe that at the zeros n of cos %t%lﬂ)(cos ) =

Re{e~in=2)egs (¢} or of sin gt%l_x)(cos ©) = Im{e"i(n=2)¢gs  (ei%)} the
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following equality holds:

, — d ; ;
Im{e~in=2)gy, | (6”’)}d—n Refe "=2)g5, ()}

. 1 . d - -
531) - Re{e_z("_f)"giﬁnq(em)}d—n Im{e=""=2)ngs, ()}
5.31

i i d —i(n—21% * i
= Im{(e_l(”_%)"géknfl(6“7))d—n(6 (r=2ngs 1 (e™)}

NP i in * e ey
=—(n— 5)‘927171(6 |? + Re{e'g3,_1 (e )31 (€)}.

Proceeding as above we obtain with the help of (EI3) that

(1+y)dn
20— DA, (L £ 2))| B,y (@)
(5.32) g (e
€ 2n—1\€
=1-—2Re{ =195 (&) }.
Since
633 gy D@m= g, @,

it follows that d,, = 2w. Using (524) and (525) and the boundedness of the
Ajn((1£ x)w)’s the assertion follows. O

If the sequence (m(n)) is bounded, then h(p) = 0 on [, 5] if 0 < 1 < gy, (e)]
< ¢y on [a, f]. For unbounded sequences (m(n)) the following corollary may be
convenient.

Corollary 5.4. If there holds uniformly for ¢ € [a, (],
(5.34) lim gl ) (¢9) = Q) with Q(e'?) #0,

then in (&I4) h(p) =0, and thus the asymptotic formulas (BI0)-(EIT) satisfy the
circle law which reads in the standard case (BI5) as

(5.35) nAjn(w) =my/1 =23 w(z;,) +o(1)

uniformly for all z’; , with arccosz;, € [a +¢&,3 — €], € > 0, and correspondingly

in the other cases.

In particular, (5.34) is satisfied if (qp(n)(2)) is a sequence of OPUC’s with respect
to some weight functions f(p), where f(y) is positive and from Lip~ on |, 3], and
log f(y) is integrable on [0, ).

Proof. By (534) it follows as in the proof of (5:20) that uniformly on [a+¢, 5 —¢],

1 g (e™)
- i | — Oa
m- g, (€) m—oo

n

(5.36)

which gives by m(n) < n and Theorem [B3 the assertion. Concerning the last
statement see (5.24)). O

For Gaussian qf with respect to weight functions which satisfy the assumption
that w(z)v1 — z2 is positive on [—1,1] and is from Lip~, the circle law dates back
to Szegd [30]. Recently V. Totik [32] has shown that it holds a.e. for general
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measures, correspondingly modified with respect to the equilibrium measure. For
the classical Radau and Lobatto gf the circle law was recently investigated in [6].

Naturally there are many classes of polynomials which satisfy (G.I4) but not
(E34) in general; for instance, Fekete or Faber polynomials for simple connected
domains contained in the open unit disk. Let us give a simple example.

m(n)

Example 5.5. Let, a € (—1,+1), and lim,, = 1. Then an explicit asymptotic
expression for the weights follows immediately by (E.15) and

1 1 —acosp
1—-h(p) =R — 1 = .
(%) e{l—aew} 14+ a2 —2acosyp
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