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ASYMPTOTIC EXPANSIONS OF GAUSS-LEGENDRE
QUADRATURE RULES FOR INTEGRALS
WITH ENDPOINT SINGULARITIES

AVRAM SIDI

This paper is dedicated to the memory of Professor Philip Rabinowitz

ABsTRACT. Let I[f] = [1, f(z)dz, where f € C°°(—1,1), and let Gy[f] =
Yo Wnif(2ni) be the n-point Gauss-Legendre quadrature approximation to
I[f]. In this paper, we derive an asymptotic expansion as n — oo for the error
E,[f] = I|f]— Gn[f] when f(z) has general algebraic-logarithmic singularities
at one or both endpoints. We assume that f(x) has asymptotic expansions of
the forms

f@) ~ Y Us(log(1 — 2))(1 — 2)™  asa —1-,
s=0

oo
flx) ~ Z Ve(log(l +z))(1 +z)% asz — —1+,
s=0
where Us(y) and Vs(y) are some polynomials in y. Here, as and (s are, in
general, complex and Ra,, RBs > —1. An important special case is that in
which Us(y) and Vi (y) are constant polynomials; for this case, the asymptotic
expansion of E,[f] assumes the form

oo oo X oo o0 .
En[f] ~ Z ZasihcxpLZ + Z stihﬁsJﬂ as n — oo,
s=0 =1 s=0 i=1

asgrt Bs g2t
where h = (n + 1/2)72, Zt = {0,1,2,...}, and as; and bs; are constants
independent of n.

1. INTRODUCTION

Consider the problem of approximating finite-range integrals of the form

1
(1.1) 1= [ fwd

by the n-point Gauss—Legendre quadrature rule

(1.2) Galf] = Zwmf(xm),

Received by the editor September 24, 2007 and, in revised form, January 10, 2008.

2000 Mathematics Subject Classification. Primary 40A25, 41A55, 41A60, 65D30.

Key words and phrases. Gauss—Legendre quadrature, singular integrals, endpoint singularities,
asymptotic expansions, Euler—-Maclaurin expansions.

This research was supported in part by the United States—Israel Binational Science Foundation
grant no. 2004353.

(©2008 American Mathematical Society
241



242 AVRAM SIDI

where x,,; are the abscissas [the zeros of P, (x), the nth Legendre polynomial] and
Wy are the corresponding weights. Let

(1.3) En[f] = I[f] = Gulf]
denote the error in this approximation.

When f € C*°[—1,1], the error E,[f] tends to zero as n — oo faster than all
negative powers of n, that is, E,[f] = o(n™#) as n — oo for every p > 0. In
particular, when f(z) is analytic in an open set of the z-plane that contains the
interval [—1,1] in its interior, it holds that E,[f] = O(e™") as n — oo for some
o > 0. See Davis and Rabinowitz [2 p. 312].

When f(z) has integrable singularities in (—1, 1) and/or at one or both endpoints
x = £1, E,[f] tends to zero slowly, its rate of decay depending on the strength
of the singularities. For example, when f(z) = (1 — z)%g(z), with Ra > —1 but
a#0,1,...,and g € C®[—1,1], it is known that E,[f] = O(n™2*"2) as n — oo.
See [2, p. 313].

A much refined version of this result was given by Verlinden [II, Theorem 1].
For future reference, we reproduce Verlinden’s result next:

Theorem 1.1. Let f(z) = (1 —z)%g(x), with Ra > —1 but « #0,1,..., and g(z)
analytic in an open set that contains the interval [—1,1] in its interior. Then, with
h=(n+1/2)"2, E,[f] has the asymptotic expansion

oo

(1.4) E,[f] ~ Z aph®t*  asn — oo,
k=1

Here, ay, are some constants independent of n.

The proof of Verlinden’s theorem is quite difficult and makes use of an impor-
tant asymptotic result of Elliott [3] concerning the Jacobi polynomials and their
corresponding functions of the second kind.

Interestingly, the asymptotic expansion in Theorem [[.1] resembles, in its form,
the generalized Euler-Maclaurin expansion of Navot [4] for the trapezoidal rule
approximation to the integral f_ll(l —x)%g(z) dx. Thus, it could be viewed as an
analogue of this Euler-Maclaurin expansion in the context of Gauss—Legendre quad-
rature. Verlinden [I1] has also applied the Richardson extrapolation in conjunction
with this expansion for approximating fil(l — 2)%g(z) dx with high accuracy. For
Euler-Maclaurin expansions and the Richardson extrapolation, see Atkinson [IJ,
Ralston and Rabinowitz [7], Stoer and Bulirsch [I0], and Sidi [8], for example.

In [I1], Verlinden also gives an asymptotic expansion for the case in which f(x)
has an algebraic-logarithmic endpoint singularity. He considers specifically f(z) =
log(1 — x)(1 — z)%g(x), and shows that the asymptotic expansion of E,[f] in this
case is obtained by differentiating that of Theorem [[T] with respect to o term by
term.

In this work, we consider functions f(z) that have arbitrary algebraic-logarithmic
endpoint singularities at one or both endpoints +1. The class of functions we
consider is more general than that considered in [I1], and contains the latter as a
subclass. We derive asymptotic expansions of E,[f] as n — oo for these functions.
In the next section, we state our main results on these asymptotic expansions when
f € C*(—1,1) and mention some important special cases. In Section [3, we present
the proofs of these results. In Section [ we extend the results of Section 2l to the
case in which f(z) is only in C"(—1,1) for some nonnegative integer r.
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2. STATEMENT OF MAIN RESULTS

Throughout this section, we assume that the function f(z) in (LI)—(L3) has the
following properties:

1. f € C*(—1,1) and has the asymptotic expansions

flx) ~ ZUs(log(l —z))(1—x)* asz— 1—,

(2.1) -
f@) ~ Y Vi(log(l +2)(1+2)* asz — —1+,
s=0
where Us(y) and V;(y) are some polynomials in y, and «g and s are, in
general, complex and satisfy
—1<Rag <Ray <Rax <---;  lim Ray, = 400,
(2.2) see
*1<%ﬂ0§%51§%62§”'; hrn?RﬂS:Jroo.

Here, Rz stands for the real part of z.
2. If we let us = deg (Us) and vy = deg (Vs), then the oy and (¢ are ordered

such that
(2.3) Us > ugy1 i Ragrr = RNay; ve > vy if RBsi1 = NBs.
3. By (21)), we mean that, for each r =1,2,...,
r—1
flw) = Us(log(1 —a))(1 — )
s=0
=0(U,(log(l —z))(1 —2)%) asx — 1—,
(2.4) . (U (log(1 — 2))(1 - z)*")
fl@) = Vi(log(1 +2))(1 + z)*
s=0
=0(V,(log(1 +z))(L+2)") asz— —1+.
4. For each k = 1,2,..., the kth derivative of f(z) also has asymptotic ex-
pansions as  — +1 that are obtained by differentiating those in (21]) term
by term.

The following are consequences of ([2:2) and [23):

(i) There are only a finite number of as that have the same real parts. Sim-
ilarly, there are only a finite number of s that have the same real parts.
Consequently, Ra; < Rasqq and By < RBs 41 for infinitely many values
of the indices s and s'.

(i) The sequences {U, (log(1—a))(1—) }22, and {V; (log(1+2)) (1+)* },
are asymptotic scales. For a discussion of asymptotic scales, see Olver [5],
p. 25], for example. Thus, also by ([24)), the expansions in (Z)) are genuine
asymptotic expansions.

A key result that we will use to state and prove our main theorems is essentially
given in [I1] Section 6]; it is also a corollary of Theorem [[T] corresponding to the
case g(z) = 1 there. We state it below as Theorem 21 To that effect, let us define

(2.5) @) = (1 £ 2)~.
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Then
N 2w+1
2. I =1I[f)]= —1.
(2.6) U= =y R
By the symmetry of the Gauss-Legendre quadrature formulas, namely, by the fact
that @, —i41 = —Tpn; and Wy, p—i41 = Wy, for all ¢ in (I2), we also have
(2.7) Gn[f:;r} =Gulfo],
so that

Theorem 2.1. Let fF(x) be as in (ZH), with Rw > —1 but w ¢ ZF, where ZT =
{0,1,2,...}. Then, with h = (n+1/2)72, E,[fX] has the asymptotic expansion
(2.9) En[fE] ~ Y en(w)h* ™ asn — oo,

k=1
that is valid uniformly in every strip —1 < di < Rw < dy < 00 of the w-plane. The
cx(w) are analytic functions of w for Rw > —1 (same functions for f.I and for f ).
When w € Z*, for each k = 0,1,. .., it holds that cy(w) = 0; in this case, we also
have E,[f%] =0 for alln > (w+1)/2.

We now state the main results of this work. We start with the following special
case of pure algebraic (nonlogarithmic) endpoint singularities that is important and
of interest in itself:

Theorem 2.2. Let f(x) be exactly as described in the first paragraph of this section
with the same notation, Us(y) = As # 0 and Vi(y) = Bs # 0 being constant
polynomials for all s. Then, with h = (n+1/2)72 and ZT = {0,1,2,...}, it holds
that

(2.10) Z Ag ch Yhs thy Z By ch hﬁﬁk as n — o0.
s=0 s= 0

o gL B-¢z+

Here, c(w) are precisely as given in Theorem 211

Remarks.

1. By (22)), the sequences {h®+¥12° - and {hP+k} | are asymptotic scales
as n — 0o, and the expansion in ([2I0) is a genuine asymptotic expansion
when its terms are reordered according to their size.

2. Note that, when U,(y) and Vi(y) are constants, the nonnegative integer
powers (1 — x)® and (1 + z)®, if present in the asymptotic expansions of
1)), do not contribute to the expansion of E,[f] as n — oc.

3. In case ag, [ are all nonnegative integers in Theorem 2] of course, f €
C*[-1,1], and the asymptotic expansion in (ZI0) is empty (zero). This
does not necessarily mean that E,[f] = 0, however. It only means that
E,[f] tends to zero as n — oo faster than all negative powers of n, which
is consistent with the known result we mentioned in Section [[l Of course,
when f(x) is a polynomial, E,[f] = 0 for all large n.

4. fas=a+sand §; =sforall s=0,1,...,in Theorem 22| then f(x) is of
the form f(z) = (1—x)%g(z) with g € C*®[~1,1], and A = (—1)%¢(®)(1)/s!,



(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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s=0,1,... . In this case, the second double sum in ([ZI0) disappears and
the first double sum can be rearranged so that
o0
E,[f] ~ ZakhaJrk as n — oo,
k=1

where a; are functions of « given by

k—1
ap = [ZAsck_s(a—Fk:)], k=1,2,...,

s=0

and are analytic in every strip —1 < d; < Ra < ds < oo of the a-plane.
Thus, Theorem 22 reduces to the result of Verlinden given in Theorem [Tk
however, it is more general since the function g(z) now is not assumed to
be analytic in an open set in the z-plane containing the interval [—1, 1] but
is assumed to be in C*°[—1, 1] only.

.Ifas=a+sand Bs =fB+sforalls=0,1,...,in Theorem 22 then f(z)

is of the form f(z) = (1 —2)*(1+z)%g(x) with g € C*[-1, 1], and A, and
B, are given by
(-1 @
Ae= "0 g (2 9(@)]

s!

z=1 i=0
-y ()t

Note that A, are entire functions of 3 only, while B, are entire functions of
a only. In this case, by rearranging both of the double sums in (ZI0), we
have the following generalization of Theorem [[ ] for algebraic singularities
at both endpoints:

s - 5 (o—4) 1 z
= (-1) Z( > (S_Z()|) 20~
14 )
sl dzs

(1 —2)%g(x)]

s =

r=—1

E,[f] ~ Zakhch + Zbkhm'k as n — 00.
k=1 k=1

Here, aj and by are functions of both « and § given by

k—1

ap =Y Ascr_s(a+k), bkuBcksﬂqu) k=1,2,...,
s=0 s=0

and are analytic when « and (§ are such that —1 < d; < Ra < dy < co and
—1 < dj] <RB < djy < oo, respectively.

The next theorem deals with the general case, in which algebraic-logarithmic
singularities may occur at the endpoints.

Theorem 2.3. Let f(z) be exactly as described in the first paragraph of this sec-
tion with the same notation, and let Us(y) = Y12 o5y’ and Vi(y) = Y02 Tsiy'.
Denote d by D,. For an arbitrary polynomial W (y) = Zf:o eyt and an arbitrary
function g that depends on w, define also

k
:Zq[ ;Gldwz.

=0
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Then, with h = (n + 1/2)72, it holds that

(2.16) Enlf] ~ Y Us(Da,)[er(as)h ]

s=0 k=1

+ i i V, Dﬁs )hﬁerk] as n — 00.
s=0 k=1

Here, cp(w) are precisely as given in Theorem 211

Remarks.

1. To see the explicit form of the expansion in Theorem 2.3 we also need

Di} [Ck(w)huﬂrk hw+kz < > (i— J) (log h)

where c,(:)(w) stands for the rth derivative of ¢, (w). Using this, it can be

seen, for example, that

Us(Da, ) [ex(aa) ] = ho % 3" e (log b,
=0

where

(1) ) -
€sj = OsiC ( s), J=0,1,... us.
=3 ()
Note that eg,, = 0y, k(). By Theorem 2.1 this implies that eg,, = 0
when o, € ZT.
Thus, (ZI6]) assumes the following explicit form:

(217)  Eol[f] ~ > Uallogh)h® ™ £33 "V (log h)h?T*  as n — oo,
s=0 k=1

s=0 k=1

where Uyi(y) and Vig(y) are polynomials in y with deg ( Us) < us and

deg (Vi) < wvs. If ag € ZT, then deg (Usk) < ug — 1; otherwise, deg(A Usk) =

u,. Similarly, if 8, € ZT, then deg (Vi) < v, — 1; otherwise, deg (Vsy,) = vs.
2. Invoking now (22]) and (12:3]), we conclude that the sequences

{Us(Da lex(aa)h® 4122y and {V(Dp,)[ex (BB 12,

are asymptotic scales as n — oo, and that the expansion in (2.I6]) is a
genuine asymptotic expansion.
3. When as = a+sand B = F+s,foralls =0,1,...,andug=uy =--- =

and vp = v = --- = ¢, we can rearrange the double sums in (ZI7), and
obtain
(2.18) ~ > " Uk(log h)h*** + Z Vi(log h)hPHF  as n — oo,
k=1 k=1

where Un(y) = 32025 Uses(y) and Vily) = 225 Veu-s(y) are poly-
nomia}ls in y of degree at most p and g, respec‘gively. If « € Z*, then
deg (Uy) < p — 1. Similarly, if 3 € Z™, then deg (V}) < ¢ — 1.
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4. The case in the preceding remark arises, for example, when

(2.19)

fla) = (1= 2)*(1+2)"[log(1 — x)]"[log(1 + x)]*g(x)

with ¢ € C*°[—1,1]. In this case, the asymptotic expansion of E,[f] can
be obtained by differentiating the asymptotic expansion of FE, [ﬂ, where
f(x) = (1—2)*(1 + x)?g(z), p times with respect to a and ¢ times with
respect to 3. Note that f(x) here is precisely the function f(z) given in
Remark 5 following Theorem [2.2] and the asymptotic expansion of F,, [f] is
as given in (2I4]) and (ZI3). Recall that the ap and by there are analytic
functions of both a and 3. Thus, applying 9?79/0aPdB? to [I4), we
obtain the expansion in (ZI8]).

A simpler special case is one in which § = 0 and ¢ = 0. For this case,
we have f(xz) = (1 — z)*[log(1l — x)]Pg(x) with p a positive integer and
g € C*°[—1,1]. The asymptotic expansion of E,[f] is now of the form

Eulf] ~ Y Uk(logh)h®™ asn — oo,
k=1

where Uk(y), as before, are polynomials in y of degree at most p, and this

can be obtained by differentiating the asymptotic expansion of E,,[f], where
f(z) = (1—2)*g(x), p times with respect to a. The asymptotic expansion

of E,[f] is that given in ([ZII)). The case p = 1 has been given in [IT,
Section 6].

Just as the expansion of E,[f] (for Gauss-Legendre quadrature) in Theorem [[T]
is an analogue of Navot’s generalized Euler-Maclaurin expansion (for the trape-
zoidal rule), those in Theorems and (for Gauss—Legendre quadrature) are
analogues of the author’s [9] recent generalizations of the Euler-Maclaurin expan-
sion (for the trapezoidal rule) under precisely the same conditions.

3. PROOFS OF MAIN RESULTS

3.1. Proof of Theorem With Us(y) = As and V;(y) = B, and an arbitrary
positive integer m, let

(3.1)

m—1 m—1

p(z) = Z_: Ay(1—z)™ + Z_: BS(1+:C)BS — Z Asfo, (x) + Z Bsfg:(.%)
s=0 s=0

s=0 s=0

Here, f*(z) are as defined in (25). Then,

(3.2)
Thus,
(3.3)

f(x) =p(x) + o(x);  o(x) = f(z) —p(z).

En[f] = Enlp] + En[g].

By Theorem 211

(3.4)

m—1

E,[p] = AsEn(fo ]+ Z BsEn[fé:]

s=0

3
L

@
Il
o

3
L

e} m—1 [e%s}
~ A ch(as)haerk + Z Bs ch(ﬂs)hﬁerk as n — 0o.
k=1 s=0 k=1

@
Il
o
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We now have to analyze E,[¢]. For this, we need to know the differentiability
properties of ¢(x) on [—1,1]. First, ¢ € C°(—1,1). At z = £1, ¢(x) has the
asymptotic expansions

(3.5)
00 m—1
d(x) ~wh () + ZAS(l—x)as asx — 1—; wh(z)=— ZBS(l—i—x)BS,
s=m s=0
00 m—1
$(x) ~wp (@) + Y B(l+2)% asz— -1+ wy(z)=— Y A,(1—z)™.
s=m s=0

Note that w,!, () is infinitely differentiable at * = 1 while w,,(z) is infinitely dif-
ferentiable at x = —1. Thus, what determines the differentiability properties on
[—1, 1] of ¢(x) are the infinite sums in [F3]). By the fourth of the properties of f(z)
mentioned in the beginning of Section 2 the asymptotic expansions of ¢(z) in (3.0)
can be differentiated termwise as many times as we wish. Then, for every positive
integer j, it holds that

j j
L bl) ~ ()

dxJ dxd

(o]
+ 3 Ajag(as— 1) (o —j+ DA —2)™ 7 asa—1-,

(3.6) . .
& 7
a7 ¥~ g7 m(®)
+ ZBsﬁs(ﬁs_]-)(,Bs_jﬁ‘l)(l—‘v-x)ﬁéij asx—>—1—|—.
Clearly,
& dw
L () = —LYm i=0,1,... 11,
(3.7) M G ) = =g =0 e =
‘ & dw;,
— =—— i =0,1,... o — 1
z——1+ dxJ ¢( ) dxd xzfl, J 0,1, ’ [%ﬂ -|’

which also means that ¢(x) has [Ra,, — 1] continuous derivatives at x = 1 and
[RB;, — 1] continuous derivatives at * = —1, in addition to being in C*°(—1,1).
Consequently, ¢ € C*m[—1,1], where k,, = min{[Ra,, — 1], [RGB — 11}

Next, it is known that

(3.8) |En[]] <4 amin 4 —qf,

where IIj is the set of all polynomials of degree at most k£ and

F| = ax |F(z)|,
IF)l = max |F(a)

and that
(3.9) Iélll[n |F—ql = O(N_k) as N — oo, when F € C*[-1,1],
qcelln

by one of Jackson’s theorems. For (B8], see [2, Section 4.8, pp. 332-333], and for
Jackson’s theorem leading to (3.9]), see Powell [6, Section 16.3, pp. 194-198], for



ASYMPTOTICS OF GAUSS-LEGENDRE QUADRATURE 249

example. Thus,

(3.10) Grrrllin ¢ —qll =O0(n"m) = O(h"‘m/Q) as n — oo.
qclizn—1

From [B.8) and [BI0), it therefore follows that
(3.11) E,[¢] = O(h"/?) asn — cc.

Combining (B4) and BI1)) in (33), and considering only those terms with Ras +
k < Ray, and RBs + k < NG, in, respectively, the first and second double summa-
tions in ([B4)), we have

(3.12) E,[f] = > Ager(as)h® T + 0 (hom)

0<s<m—1
1<k<R(am—as)

m—1

+ Y Ba(B)p o)

0<s<m-—1
1<k<R(Bm—Ps)

+ O(h”m/Q) as n — oo.

Now, lim,;, oo Km = 00 and lim,, s Ra,, = oo and lim,, . BB, = oo simulta-
neously, by (Z2]). From this and from I2]), we conclude that E,[f] has the true
asymptotic expansion

(3.13)  E,[ ZA ch h“s+k+ZB ch BHRPTF asn — co.

Finally, the result in (2.I0) follows by invoking the fact that cx(w) = 0 whenw € Z™.
3.2. Proof of Theorem 2.3l We first observe that, with f(x) as defined in ([23),

(3.14) wiz(x) := [log(1 + x)]z(l ta)¥ = ().
Consequently, we also have

di 2w+1

1 I[fE.] = *
(3.15) k] = T = e
and
+ & +

and hence
(317) EAIE) = B3]

The following theorem, which we employ in our proof, essentially follows from
[T, Section 6].

Theorem 3.1. Let Rw > —1. Then, with h = (n + 1/2)72, for each i =1,2,...,
E,[ fz] has the asymptotic expansion

(3.18) ffz (W)h***] asn — oo,

d

that is valid uniformly in every stmp —1<d; <Rw < dy < 00 of the w-plane.
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Remark. In other words, the asymptotic expansion of E,[f5;] is obtained by dif-
ferentiating that of F,| fj] i times term by term. Note, however, that even though
cx(w) vanish when w € Z7, c,(;) (w) do not have to.

For an arbitrary positive integer m, let

m—1 m—1
(319)  p(x)=>_ Us(log(l—z))(1—z)* + > Vi(log(l+))(1+z)"
:L:j)l Ug m—1 wvg =
= szf + Z TMfg i
s=0 =0 s=0 i=

and write, as before,

(3.20) f(x) =plx) +o(x);  é(x) = f(x) —p(),

and

(3.21) En[f] = Enlp] + Enl¢],

However, this time,

(3.22) Ey,[p] = by osiBnlfy, ]+ z_: irsiEn[f;;J].
s=0 i=0 s=0 i=0

To analyze E,[¢], we again need to study the differentiability properties of ¢(x)
n [—1,1]. Clearly, » € C*(—1,1). At z = £1, ¢(z) has the asymptotic expansions

#(x) ~w () + Z iasi[log(l —2)]'(1 —2)* asx— 1—,

(3.24) o
(@) ~ wp (@) + 3 Y mallog(l+ @)'(1 +2)% sz — 14,
s=m =0
with
m—1

Vi(log(1 + z))(1 + )%,
(325) s=0
Wy, (2) = — Us(log(1 — z))(1 — 2):

s=0

As was the case in the proof of Theorem 22 again w;!, (z) is infinitely differentiable
at © = 1 while w,,(z) is infinitely differentiable at x = —1. By the fourth of
the properties of f(x) mentioned in the beginning of Section 2l the asymptotic
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expansions of ¢(x) in (B24) can be differentiated termwise as many times as we
wish. Then, for every positive integer j, it holds that

dj dj + — as—J

2 @)~ gwn(@) + 3 Usllog( = a)(1 =) asw = 1,
(3.26) , A e

&’ & 1 Bs—J 1

50@) ~ @)+ Y Vallog(1+ @) (1 +2)% 7 as @ — 1+,

S

]
3

where ﬁs(y) and ‘Z(y) are polynomials in y of degree us and v, respectively. It is
easy to see that, in this case too, we have

LAl dw; .
xl_l)l’{l_ @Qﬁ(x) - - drxi y J :0,17~"7[§Ram71—|a
(3.27) , o=t
im - g(a) = — Dm i =0,1,...,[RBum — 1]
2 1+d$j - d$] 12715 J=U1... m ’

which also means that ¢(z) has [Ra,, — 1] continuous derivatives at z = 1 and
[RGB, — 1] continuous derivatives at * = —1, in addition to being in C*°(—1,1).
Consequently, ¢ € C*m[—1,1], where k,, = min{[Ra,, — 1], [RBm — 11}

The proof of Theorem can now be completed as that of Theorem We
leave the details to the reader.

4. EXTENSIONS

In the preceding sections, we assumed that the function f(z) is infinitely differ-
entiable on (—1, 1). However, the proofs of Theorems and 2.3l suggest that these
theorems can be extended to the case in which the function f(z) is not necessarily
in C*°(—1,1).

Theorems [ and .2 below are extensions of Theorems[2.21and 23] respectively,
precisely to this case. In these theorems, we assume that f(x) is exactly as in the
first paragraph of Section 2] except that it ceases to be infinitely differentiable at a
finite number of points in (—1,1), and that it is in C"(—1, 1) for some nonnegative
integer 7. Of course, f(x) continues to be infinitely differentiable in the open
intervals (—1,—1+n) and (1 — 7, 1), where 7 is sufficiently small and, in addition,
as ¢ — +1, f(x) has the asymptotic expansions given in (Z1I), with 22)—-24).
Below, we adopt the notation of Sections 2] and [3

Theorem 4.1. Let f(x) be as in the second paragraph of this section with the same
notation, Us(y) = Ag # 0 and Vi(y) = Bs # 0 being constant polynomials for all s.
Let m_ and my be the smallest integers for which

(4.1) r<Ra,_ and v <RB,,.
Then, with h = (n+1/2)72 and Z* = {0,1,2,...}, it holds that

m_—1 [r/2—Ra;—1]

(42) Enlfl= > > Ascr(og)hetH

m4—1 [r/2—RBs—1]
+ Z Z Bsck(ﬂs)hﬁerk + O(hr/z) as n — oo.
s=0 k=1
Bs&Z"
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Theorem 4.2. Let f(x) be as in the second paragraph of this section with the same
notation, Us(y) and Vi(y) being polynomials in y of degree us and v, respectively.
Let m_ and m4 be the smallest integers for which

(4.3) r<Rap,_  and v < RBy,, .
Then, with h = (n+ 1/2)~2, it holds that

m_—1[r/2—Ra;—1]

(44) Bfl= > Y UdDa)[exla)h ]
s=0 k=1

m4—1[r/2—RBs—1]
+ Z Z ‘/S(Dﬁs)[ck(ﬁs)hﬂSHC] + O(hr/2) as n — oo.
s=0 k=1

The proof of Theorem [ 1lis achieved precisely as that of Theorem by modi-
fying p(z) in BI) as in

m_—1 m4—1

(4.5) pla)= > A(l—z)%+ > Bi(l+ax)*
s=0 s=0

Similarly, the proof of Theorem is achieved precisely as that of Theorem by
modifying p(z) in BI9) as in

m_—1 m4—1
(4.6)  pl@)= Y Us(log(l—2))(1—2)* + Y Vi(log(l+z))(L+ ).
s=0 s=0

In both cases, the functions ¢(z) := f(x) — p(x) are in C"[—1,1] so that E,[¢] =
O(h7/?) as n — oo. We leave the details to the reader.

Note that the summations over the a; (the 35) in (@2) and [@4) are empty in
case Rag > r/2—1 (RBy > r/2 —1).
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