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A SIMPLIFIED GENERALIZED GAUSS-NEWTON METHOD
FOR NONLINEAR ILL-POSED PROBLEMS

PALLAVI MAHALE AND M. THAMBAN NAIR

ABSTRACT. Iterative regularization methods for nonlinear ill-posed equations
of the form F(z) = y, where F : D(F) C X — Y is an operator between
Hilbert spaces X and Y, usually involve calculation of the Fréchet derivatives
of F at each iterate and at the unknown solution zt. In this paper, we suggest
a modified form of the generalized Gauss-Newton method which requires the
Fréchet derivative of F' only at an initial approximation xg of the solution
2t. The error analysis for this method is done under a general source con-
dition which also involves the Fréchet derivative only at xp. The conditions
under which the results of this paper hold are weaker than those considered by
Kaltenbacher (1998) for an analogous situation for a special case of the source
condition.

1. INTRODUCTION

In this paper, we are interested in finding an approximate solution for a nonlinear
ill-posed equation

(1.1) F(z) =y,
where F' : D(F) C X — Y is an operator between Hilbert spaces X and Y with
inner product and corresponding norm denoted by (-,-) and || - ||, respectively, and

y € Y. We assume that (LI) has a unique solution zf. For § > 0, let y° € Y be an
available noisy data with

(1.2) ly —° < 6.

As the given operator equation is ill-posed, its solution need not depend continu-
ously on the data; i.e., small perturbations in the data can cause large deviations
in the solutions. In order to overcome this problem, regularization methods are
used so as to obtain stable approximate solutions. Iterative regularization methods
are one such class of regularization methods. An iterative method with iterations
defined by

xiH = @(xg,:c‘i, o ,xi;y‘s), xg = w0,
for a known function ® together with a stopping rule which determines a stopping
index ks € N is called an iterative reqularization method if ||:ci§ —af|| = 0asd — 0.
Here, 9 € D(F) is a known initial approximation of the solution .

Assuming that F possesses Fréchet derivatives F’(z) in a neighbourhood of T,
Bakushinskii [I] proposed an iterative method, namely, the iteratively regularized
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Gauss-Newton method, in which the iterations are defined by
(1.3) 2y = 2f — (el + Af s Ars) " AL 5(F(23) —9°) +an(al — o)), o = w0,

where Ay, 5 := F'(2{) and (ay) is a sequence of real numbers satisfying

(1.4) ap >0, 1<k

<p and limag =0
i1 k—0

for some constant p1 > 1. The convergence analysis for (I3]) has been done in [I]
under a Holder-type source condition

zo— !l = A Aw, A:=F'(z")

for some w € X. In [4], Blaschke et al. carried out an error analysis for the above
method with stopping index ks such that

(1.5) IF(23,) =9’ S ed < |F(ap) =9°l, k=0,1,... ks —1
for an appropriate ¢ > 1. It is shown in [4] that the Hélder-type source condition
(1.6) zo — 'l = (A*A)"w, 0<v<l,
yields the convergence rate
aw
(1.7) g, — Tl = {00(5\2/(;)1) iflfl,o<1/l/2,< g
In [5] and [6], Hohage also considered the iteratively regularized Gauss-Newton
method (L3) under the logarithmic-type source condition
(1.8) zo — 21 = f,(A*A))w,

where f,(A\) :=1log(1/A)7", v > 0, with stopping index ks as in (IL3]), and obtained
the error bound as
lz2, — «'[l = O(log(1/8)~").
Recently, Langer and Hohage [§] extended the analysis in [5] and [6] by consider-
ing (L3)) with the stopping rule ([H) under a general source condition of the form

(1.9) zo — 2l = f(A*A)w,
yielding the error estimate
23, — 2"l = O(f(u™"(9))).

Here, f : [0,]|A]|?] — [0,00) is a monotonically increasing continuous function
satisfying f(0) = 0 and u(\) = A'/2f(\). Here, we want to state that in all the
above-mentioned error estimates, the results hold for the limit § — 0.

Note that the source condition ([[9) includes the cases (@) and (LS).

In [2], Bakushinskii genearalized the procedure in [I] by considering a generalized
form of the regularized Gauss-Newton method in which the iterations are defined
by

(1.10) @}y = @0 — gay, (Af 5Aks) Af 5[F(2h) — 4° — Ars(a) — x0)], @b = 0,

where Ay, s = F'(x}) and each g, for a > 0 is a piecewise continuous function and
(ag) is a sequence of real numbers satisfying (I4]). In [3], Kaltenbacher considered
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the above generalized procedure under the stopping rule in which the stopping
index kg is chosen such that

(1.11) max{||F (5, 1) = ¥°ll, Bro} < 70 < max{||F(z_y) —°ll, Bi}
for all k € {1,2,...,ky — 1} and for some 7 > 1, where
Bk = ||F(xi—1)7y6+Ak—l,5(xi7xi—1)”a k= 1a2a"'7k03

and the error estimate is obtained under the Holder-type source condition (L.

1.1. The new method and the new stopping rule. We observe that in the
iterative procedure (3] as well as its generalization (LI0) it is necessary to calcu-
late the Fréchet derivative at each iterate. In this paper we define a new iteration
procedure
(112) 2}y = 20 — o (AgA0) AG[F (23) — y° — Ao(2f — z0)], @5 := w0,
where Ay := F'(z9), (o) is the sequence satisfying (L4) and each g, for o > 0
is a positive real-valued piecewise continuous function defined on [0, M] with M >
| Ao||?. As iterations in (LIZ) involve the Fréchet derivative of F' only at one point
xo, the calculations in ([LI2) are simpler than in (II0). Due to the simplicity of
([LI2]), we name this iteration as a simplified generalized Gauss-Newton method. We
choose the stopping index ks for this iteration as the positive integer which satisfies
(1.13)

max{||F (23, 1) = °ll, Br,} <70 <max{|[F(zf_y) —o°ll, B}, 1<k <ks

Here 7 > 1 is a sufficiently large constant not depending on §, and

B = IF(xg_y) =y’ + Ao(ay — 23—yl
We also observe that the source condition ([L9]), as well as its special cases (L6,
(L), involves the Fréchet derivative at the exact solution z' which is practically
an unknown quantity. So, in analogy to (9], we shall consider a source condition
which depends on the Fréchet derivative of F' only at zg.

2. BASIC ASSUMPTIONS

In this section we consider some of the basic assumptions under which the results
of the subsequent sections hold. First we consider the source condition.

Assumption 2.1. (i) There exists a continuous, strictly monotonically increasing
function ¢ : (0, M] — (0,00) with M > ||[F'(x0)||? satisfying )l\irr%)w()\) = 0 and

p > 0 such that
(2.14) wo —x' = [p(A§5Ag)] 2w,  Ag = F(wo)
for some w € X with |lw]|| < p.

(ii) The function 1 : (0, o(M)] — (0, Mp(M)] defined by
(2.15) () =27 (N), A€ (0,p(M)),

is strictly monotonically increasing and convex.

We observe that the source condition ([2I4]) represents a class of source con-
ditions and it is also suitable for both mildly and severely ill-posed problems, in
particular, Holder-type source conditions, i.e., with ¢(A) = A, and logarithmic
source conditions, i.e., with ¢(X) = [log(1/A)]™¥ (see [B]). We also note that the
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source condition (2I4]) involves the known quantity xg whereas the other source
conditions (LO) and (L) as well as their generalization (L9) require the knowledge
of the unknown quantity z?.

Next we make an assumption on the operator F'.

Assumption 2.2. (a) The operator F' possesses Fréchet derivatives F’(z) in
B, (w0) := {x € D(F) : ||x — 20| < r} where r > 2|z — x|

(b) There exists a constant Cy > 0, and for each w,v € B,.(zo) there exists a
linear operator R;, : Y — X such that

(2.16) F'(v) = RUF'(w), |l — R < Co.

Assumptions similar to (ZI0]) are considered by several authors for convergence
analysis of the nonlinear ill-posed equations (cf. [3], [4], [5]). It is shown in these
references that several parameter identification problems useful in applications sat-
isfy (2I6). But, for many ill-posed problems, it is an open question whether such
conditions are satisfied.

For each a > 0, let g, : (0, M] — (0,00) be a piecewise continuous function,
involved in the method given by (LI2]). We shall also assume that ¢ and g,, o > 0,
have some additional properties as given in the following two assumptions.

Assumption 2.3. There exists a positive integer ps > 1 such that
(2.17) 1< PO o ynen
p(ant1)

We note that the Hélder-type source condition, i.e., with p(A) = A”, and the
logarithmic source condition, i.e., with ¢(X) = [log(1/\)], satisty (ZIT) for ps =
1y and po =1, respectively.

Assumption 2.4. There exist positive real numbers w > 0, w; > 0, ¢y > 0 such
that

(i) sup |[1 —Aga(A \/np |<w\/<p

0<A<M

(i) sup |1 = Aga(N]VAp(N)| < w1V ap(a),
0<A<M

Co

i) sup VAga(\) < —=,

( )0<>\£M ga(N) Ta

() sup [1-Aga(V)| < 1.
0<AM

As examples, let us consider some of the well-known regularization methods such
as

a) Ordinary Tikhonov reqularization: go(\) = 1/(A + «),

b) Iterated Tikhonov regularization of order m: go(A\) = [1—a™/(A+a)™]/A,
/A, A>q,

1/a, A<a,

(a)

(b)

(¢) Regularized singular-value decomposition: ¢o(\) = {
)

(d) Asymptotical regularization: go(\) = (1 —e M)/,
Let us consider the source functions associated with the Hdélder-type source condi-
tions, and the logarithmic-type source conditions, namely, ¢(A) = A” and p(\) =
[log(1/A)] ¥, respectively.
First let us consider the case of p(\) = A, v > 0. It can be seen that (i) and
(ii) in Assumption 24 hold for (a), (b), (c) Wlth w =1 = wy, and for (d) with
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w = (1/2)"2e¥/? and w; = ((v 4 1)/2)¥TD/2e=W+D/2 and with v satisfying
0<v<1for(a),0<v<2m—1for (b), and v > 0 for (c) and (d). It can also
be verified that Assumption [Z4] (iii) holds for (a), (c), (d) with ¢o = 1, and for (b)
with ¢g = m. Now, in view of Lemma 3.13 in [6], which is the same as Lemma
4 in [7], we can also assert that the conditions in Assumption 24] are satisfied for
the source function p(A) = [log(1/A)]~" for all v > 0. We may also observe that
regularization methods (a), (b), (¢), (d) satisfy Assumption 24 (iv).

3. ERROR ANALYSIS

3.1. Background results. Now we discuss some of the results which are essential
for the error analysis of the simplified generalized Gauss-Newton method.
Throughout this section we use the following notation:

R S

er xp —a',
ge(A) = ga.(N),
re(A) = 1—=2Agr(N),
Be = [lAork—1(A5A0)(zo — z7)].

First we observe from Taylor’s formula that for w,v € B,(xq),
1
(3.18) F(v) — F(u) — F'(z0)(v —u) = / [F'(u+t(v—u)) — F'(x0)](v — u)dt.
0

Hence, by the Assumption 2.2] it follows that
1
F(v) — F(u) — F'(z0)(v —u) = / (RuFH=) — ) F' () (v — w)dt
0
and

(3.19) 1F(v) = F(u) = F'(zo)(v — u)|| < Coll F' (o) (v — u)].

Lemma 3.1. Let (L2) hold and let the iterates x3 be defined by (LI2) with a real
sequence (o) satisfying (LA)). Moreover, let Assumptions 22, 23], 24 hold and let
ks be chosen according to the stopping rule (LI3)). Then

(3.20) 1Bk — Bi| < 6 + CollAoged_1 |
and
(3.21) § <1+ cal|Aoed_yll, ke{0,1,... ks —1},

where ¢y = 1/(1 = 1), ca = (1+ Co) /(T — 1),
B = [ Aorr-1(AAo) (w0 — )| and B = |F(z)_,) — y° + Ao(z), — 24 ).

Proof. We observe that

Bk IF(2%1) = y° + Ao(a}, — 23 _1)|

= [lre-1(AoA5)(F (23 _1) —y° — Ao(23_y — z0))|l.
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Thus
1B = Brl < lllrn—1 (Ao AG) (F (2] 1) =y — Ao(af_y — z0))]|
= [[Aork—1(A5A0) (zo — 2|l
= [[re—1 (Ao Ag) (F(zg_y) —y° + Ao(a’ —af_y))ll
< llre—1(A0A5) (y — 90) | + llri—1 (Ao AG)[F (a3—1) —y — Ao(zf_1 — 2]
Hence, using (L2), AssumptionZ (iv) and (I9), we get | 8 — x| < d+CollAoer_1]l,
proving ([320)).
To prove (B2I)) we consider two cases.

Case 1: Suppose |F(x}_,) — y°|| > Br. As the iteration is stopped according
to the rule (LI3)), we have

6 < |F(x)_y) =3
< 5+ (1+Co)l|Aoed_4 -

Thus, we get
1+ Cp)||Aged
522 _ 0+ Coll Ao, |
T—1
Case 2: Suppose @c > |F(2% ;) — 4°|. Then, b , we obtain
PP k—1 Yy y DY
(3.23) 786 < B < 64 CollAoel || + B
so that

(1 =1)8 < CollAoeg 1| + B
which gives

B, Coll vl
T—1 T—1 '

From [3:22), 324), we get 0 < 18k + c2||Aoer—1]|, as required in ([B21]). O

The following technical lemma is used in due course.

(3.24) 5 <

Lemma 3.2. Suppose 7 > 1+ /s and

0<Co<min{l/2, [t —1— /pip2]/7/ 12}
Then
b:= \/Hl/LQ(CQ + C()) <1

with co as in Lemma [B.11.
Proof. We have

b= (p1p2)"*(c2 + Co)

e (29 )

= (map2) (14 7Co)/(r — 1)
(UlNZ)l/Q (1 + (r—1- \/ulua))

(r—1) VH1H2
=1. O

<
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The next proposition prescribes conditions which ensure, among other useful
estimates, 20 € B,.(x) for k € {0,1,...,ks}.

Proposition 3.3. Let the assumptions of Lemma Bl and Assumption 2] hold.
Let

a:=wiympz(l+c)p, b= /pipz(ca+ Cp), Ci:=a/p(l—0>)

with ¢1 and ¢z as in Lemma Bl Assume further that T and Cy satisfy the conditions
in Lemma B.2], and

(3.25) (1 -b)WVMr <2a, 2w+ co(crw + c2Ch + CoCy)p(an)?p < 7.
Then for k € {1,...,ks} with ks as in (LI3),

(3.26) [ Ag(2 — 21)|| < Crpv/one(aw),
(3.27) ||mi - ,ITH <r/2,
(3.28) 5252//)2 < app(ag—1),

where § =1/(wic1 + c2Ch).
Proof. From ([L12)), we have
e = ad —af
= zo—a’ — g1 (A5A0) AG{F (23 _1) — y° — Ao(as—1 — z0)}
(3.29) re-1(A5A0) (z0 — o) = gr1 (A5 A0) AG{F (1) — y° — Aoeh_1}-
Hence,
Age, = Agri—1(A5Ao) (w0 — =) — gr—1(AgAG) AgAG{F (2] _1) — v° — Agel_1}.
Thus, we get
|40}l < [l Aorr—1(A5A0) (wo—a™) [+l gr-1 (A0 A5) Ao AG I {F (23 1) —y° — Aoeh_1 } -
Using ([L2]), Assumption [24] (ii), and B19), we get
[AoeR || < wiv/ak—19(ar—1)p+ 8 + Coll Aoel 4 ||
From (B:21]), we have
[ Aol < wiv/ar—1p(ar—1)p+ c1Bi + ezl Aveh_i || + Coll Aoel_1 -
Again using Assumptions 2.2 2.4 (ii) we get
(3:30) (|40l < wi(1+ 1) Var—19(ar—1)p + eal| o€l || + Coll Aoeh_1 .
Dividing both sides of [30) by \/axp(ax), we get
| Aoed ]| < w114+ ) vak—19(ak—1)p n (c2 + CO)HA0€271||\/ ak—lsﬁ(ak—l).
Varp(ar) Varp(ar) Voarp(ar)y/ar-1p(or-1)
Using (L4) and ZI7), we get
Al o (2 COlAoch T
(o) ag—1p(ak-1)
Denoting 7 = | Aoc |/ /o pa), we et
Vi < wiy/pipe(l+c1)p+ (2 + Co) Vi paVe—1 = a + byg—1, k=0,1,... ks.
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Now by Lemma we have b < 1 and the condition (1 — b)rv M < 2a implies
l[Aoeo]| < a/(1 —b). Hence, it follows that

Y < af(l—0b) ke{0,1,.. ks},

which gives

(3.31) |Aoed || < Civ/are(ar)p, ke {0,1,... ks}.
From ([B3.29), we have
e = rh-1(A5Ao) (o —at) — gr_1(AGAY) AG{F (xf_1) —y° — Aoef_1}

= 7i-1(A5A0)p(A5A0)Pw — g1 (A5 Ag) AT{F (23 _1) —° — Aoeq_q ).
Using (2], Assumptions 2] (i) and (iii) in [Z4], we get

) coChll Apel
(3.32) bl < w/plar o+ —20_ 4 ©Coll Aokl

V-1 V-1
Now from (B21]), (B:3T]) we have

§ < 1B+ eallAoel_y |l

< wiavag_19(ar_1)p + c2C1v/ ag_19(ag_1)p

< (wier + e2Ch) vV ag—1p(ak-1)p,
which gives

1)
(3.33) L < (wre1 + e2C)Ve(ak—1)p.
Using (3.31)) and B33) in (332)) we get
coCo)Cr/ap_1p(a—

ledl < wvelarp+ colwier + cCy)y/plan-n)p + LIV ek 10(n)p

Ap—1

= wyve(ag—1)p+ co(wicr + c2Chr)Vp(ak—1)p + coCoCrv/ p(ak—1)p-

Thus, using the condition (32H]), we have

||xi—x”| = Hei” < [w+co(wier +e2Cr+CoCr)Vp(ao)p < r/2, ke{l,... ks}.
From ([B.21]), we have

8 < (c1Be + c2l| Aoey_1 ).
Using Assumption 24 (ii) and 331]), we get

d < crwipyag—1p(ag—1)+c2Crpy/ ag_19(ag—1) = (wic1 +c2C1)py/ ar—19(ar—1),

which gives 3%26%/p? < ax_1p(ax_1) as required. O
Remark 3.4. (a) We observe from the definition of ¢ in (ZI5]) and the relation
B2]) that

6 < pv(p(ak-1))/B,

which gives
1 1 5252
(3.34) YT (7) < ag-1 ke{1,2,.. ks}.

(b) We also note that the assumptions in Proposition do not require any
a priori knowledge of the exact solution zt except that z7 — z( satisfies the source
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condition ([ZI4]). Thus, the assumptions of Proposition B3] are more realistic than
the assumptions considered in the literature (see, e.g., [6], [4], [3])-

(c) We observe that for the particular case of ¢(\) = A\?”, results in Lemma
31 and Proposition are analogous to the results of Lemma 2.1 in [3]. But, if
we compare the assumptions of both under the framework of the present paper, we
note that the conditions in Lemma 2.1 in [3] are more stringent than the conditions
in Lemma[3.I]and Proposition 3.3l For example, in Lemma[3.I] we get the estimate
B21) with

caa=1/(tr—=1) and c2=(1+Ch)/(T—-1).

In [3], an estimate similar to ([B21]) is obtained by replacing both ¢; and ¢y above
by cz. Note that ¢; < c2. We note that in Proposition 3.3 we need b = /1 2(c2 +
Co) < 1, where py can be taken as p2”. In place of the above inequality, Lemma
2.1 in [3] uses the inequality

. ) Co(1+ Cy)

. = 1.
(3.35) b \/M1M2(1_CO G ) <
Note that
(3.36) b <b.

Also, in Proposition [3.3] we use the condition
0 :=2(||lzo — x| + colcrwr + c2Cy + CoCh)alp) < r,
whereas Lemma 2.1 in [3] uses the condition
0 == 2(||wo — 2| + co(Co(1 + Co)Cr + c2C1 + (cowr) /(1 — Co))ap) <,
where C is as in Proposition B3 and C; = /(1 — b)p with

= Wi/ H1H2
T1-C
and b is as in ([B3H). From (336) and the fact that ¢, < Ci, we have 6 < 6.

Thus, under the setting of the present paper, the conditions of Lemma 2.1 of [3]
are stronger than the conditions of Lemma [B.I] and Proposition

(1+c2/(1=Co))p,

Lemma 3.5. Let (I2) and Assumption be satisfied and let Cy < 1/2. Let
the iterations (LI2) be stopped according to the stopping rule [(LI3) and for k €
{1,...,ks}, let

(0, k) = max{||F(2}_,) —y°[l, | F(z}) — »°1}.

Then

(3.37) f(8,ks) < 109,

and for k € {1,... ks — 1},

(3.38) f(0,k) > 110,

where
T—2CO+T 7__7'(1—00)—200
0_1—200’ te 1+ Cy ’
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Proof. Let k € {1,...,ks}. We observe that
17 (22) = 4|l = Brl [F(22) =9Il = |F (1) + Aol — 23 _1) — |
< |[F(2R) = F(ap_y) — Ao(zg — 23 _)|
< |F(@}) = Fat) — Aol |
HIF (2] 1) = F(z") = Aoeg 4|
(3.39) Co([lAoed—1 [l + [ Aoeg[))-
From ([B.I9), for any u,v € X, we have
[Ao(v — u)|| = [F(v) = F(u)[| < Col|Ao(v —u)],

IN

which implies

(1= Co)l[lAo(v = u)|| < [ F(v) — F(u)]];
equivalently,
|F() = Fw)]

(3.40) Aofo =) < =P

Using (3.40) in (339), we have

I1F @) =yl = Bul - <

CollF(xf_y) — F(z1)]] N Col|[F(23) — F(27)]

1-Ch 1-Ch
Co(IF(2R) = Fah)| + I1F (2} _y) — F(=N)])
Co(llF () = oIl + 1 F(2h—y) — [l +20),
where C() := Cy/(1 — Cp). From this we have

B < (L+CIIF@R) =y’ + CollFaf—y) — |l +2Ch6

(3.41) < (142C)) f(6,k) +2Cp6.
We also observe that
(342)  [IF(23-1) =9Il < (1 + Co)lIF (z3_1) = o[l + Coll F(a2) — ° || + 2Cqo.
Combining (341]) and (3:42), we get
(3.43) max{fy, | F(2)_1) = y°|I} < (14 2C5) f (6, k) + 2C46.
We also have

~Co(IF (@) = y° | + 1F (23—1) = 9°ll = 28) < B — |F(23) =4,

which gives

IN

(1= Co)|F () — 9’| — 2C56 < By + Col| F(2)_1) — 4|l
and
(1= CYIIF(y) =yl 2048
(1+Cy) 1+C}
We also observe that
(1-ColIF)_y) =l 2C4s

_ < ||F ) .0
(1+C(/)) (1+C(/)) —= H (xk—l) Yy Ha

(3.44) < max{ B, |F (2} _y) = °[1}-

which gives
(1= ColF(a_o) =l 2646
(14 Cp) (1+Cp)

(3.45) < max{ B, | F(z3_,) — ¢}
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From (344) and (345) we have
(1-Co) 2C0 7 5 5
. - < — .
B46) o IO~ s < maxd B P~ o'l)
From (343) and (340) we get
(1-C) 2C46 3 5 5
Al 174 e F —
< (142C)) f(6,k) +2Cy6.
Now, using the stopping rule (LI3)),
(1-C) 2Co0 3 5 5
. o) -2 < -
BAT)  Tren k) — s < max{ [P, )~ 1)
and
(348) 76 < max{f, [F(sl ) — ylI} < (1+2C5) (6, k) + 2040,
From [B.47) and ([B.48), we have
(1 — C(/)) 20(1)5 ! i
—c - <17 1+2 o, k) + 2C0.
e k) = oy <70 < (L+ 200 1(0.) + 26
Now, let
_ (2G| \(+Cy) 20+
e\t 1-C)  1-20Cy
, 7(1 - Cy) —2C
n = (r - 201+ 20p) = TS S =20

Note that, by the condition 0 < Cy < 1/2 and 7 > 1+ /12, we have 79 > 0 and
71 > 0. Thus, we have

f(8,ks) <100, 716 < f(0,k).
This completes the proof. (I
3.2. Main theorem. Now we prove the main theorem of this paper, which gives

an error estimate for the simplified generalized Gauss-Newton method (.12 under
the stopping rule (LI3).

Theorem 3.6. Let the assumptions of Proposition hold and let the iteration be
stopped according to the stopping rule (LI3). Then

2%, — =TIl < np/d =1 (r62/p?),
where
ri=max{l, 3%, 0= co/B+ €+ coCo(l+m)/B(1— Co)
with € : =14 (14 Co)[(1 + 70)/(1 — Cp)] and B as in Proposition B3l

Proof. We observe that

ezé = 9525 —xt = Trs—1(A5A0) (X0 — xT)

(349) * * ) 5 ()
- gkrl(AoA0>Ao{F(xkr1> -y - A0€k571}-
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Thus,
e, Il < [7rs—1(A5A0) (w0 — )| + || grs—1(A§A0) AG(y° — )|
+1gks—1(A§Ao) A (F (25, _) — F(a') — Agel, _y) ||
CollAgel
(3.50) < lreg—1 (AL Ao) (o — 21)|| + W L% oll Ao, sl

VOks—1 VOks—1

First, we estimate |7, _1(A§Ag)(zo — 2')|. For this, we observe, by the convexity
of ¥ and Jensen’s inequality that

Py 1 (A5 A) (0 — 2|2 Y o(NrE, (N dl|Exw]|?
¢<|| <o|w|>|g >||) _ ¢<fo L )
o (Vg (N)d]| Exwl|f?
Syt dl| Exw|?
I erE (Ve eWrg, _ (V)d] Exwlf?
Jo" dll Bxw|? '

(3.51) <

By the relation 1 —Ago(A) < 1 and monotonicity of ¢~ we have ¢! (p(A)ri_;(\))
< \. Hence, from 351 we get

" <”’"ka—1(143A0)(330 - :c*>||2> Jo Ap(N)rg, _ (N d|| Exwlf?
[Jw]| - S d| B2
(A A0) 2, (Af Ap)p(Af Ag) 2w
lw]?
(3.52) ||Aom51(A|(|’§j|(|)3(x0 —an|?

Now, we estimate || Aorx,—1(A5Ao)(xo —x)||. For this, first we observe from (3.49)
that

Aoed, = Aoris—1(A5Ao) (w0 — &1) — gry 1 (A0 Af) Ao AG{F (1) —y° — Ave, 1 }-
So, we have

Aoris—1(A5Ao) (o — aT) = Agel, + grs—1(AoAG) A AG{F (2, 1) —y° — Aoep, 1}
Thus,

(3:53)  [[Aori, 1 (A Ao)(wo — )| < | Aol || + II{F (27,_1) — v° — Aoeq,_1 }|-
By B3, for j € {ks — 1, ks}, we have

1
1Aoel |l = [|F(23) — F(a") — /0 (F'(z" + t(af — o)) — Ag)(af —a)at].

Using Assumption [2.2] we have
5 5 5 5 5
[Aoe;ll < lly = ° | + [[F(25) — v°ll + Coll Aoes |
so that by ([2)) and Lemma B35 we get

(1 + 7'0)(5

9 <
(3.54) oSl < Ty
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Using (L2), BI9) and B.54) in (3.53), we get

(1+79)d (1+79)Cod
+o+

(1-0Cy) (1-0Cy)

where £ = ((1 + C’O)(llf—g? + 1). Thus, using (359) in (B52), we have

AEAO)(Z’O—ICT)HQ) < 5252

[w]]? =l

(3.55) | Aoris—1(AG Ao)(zo — 2] < = &,

(3.56) " (”’"’“‘1(

Now, the relation ([3.56) together with the monotonicity of =1 implies

o1 <||Tk5—1(A6Ao)(:Co - x*)||2)> <! <||7“k5—1(AE§Ao)($o - w*)ll2>

€27 w]?
_ ]2 y (nrk&l(A’aAo)(xo - x*>||2)
ks -1 (A5 Ao) (w0 — 212 EE
5252

< .
= ks —1 (A5 Ao) (2o — 2T)|1?
Thus,

1(AgAo) (o — 2h)2) _ 62
o (Iramsttio= sy

and hence we get
(3.57) 75 -1 (A5 A0) (o — 2| < Ep/9p=1(8%/p?).
Using (B57) in 350), we get

cod coCollAoe, ||

66 < —1 52 2 +
Using ([354) and the inequality (3:34]), we obtain
1)
) < —1 62 2 + o
N e e
N coCo(1 +710)d
(1= Co)v/e~1p=1(8%62/p?)

(3.58)

Observe that
D R W
p2=1(B0%/p?)

(3.59) 5 _ T FPR)
Ny B

Using [359) in (3358), we get

e, || < Epv/9=1(62/p?) + co

so that

P/ Y H(B20%/p?)
B
(1+710)p\/Y~1(B%6%/p?)
(1-Co)B

(3.60)

+ coCy

183
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Thus,
(3.61) 67,11 < o/ 9= 1 (182 /p?),
where k = max{1, 8%} and n = co/B + £ + coCo(1 + 79)/B(1 — Cp). O

4. CONCLUDING REMARKS

In this paper, we have considered a simplified generalized Gauss-Newton method
(LI2) under a general source condition of the form ([2I4]). We obtained an order
optimal estimate, in the sense that an improved order estimate which is applicable
for the case of linear ill-posed problems as well is not possible (cf. [9]). As the
iterations (.I2)) and the source condition involve the Fréchet derivative only at the
initial approximation g of the exact solution zf of (II)), the calculations in this
method become simpler than the generalized regularized Gauss-Newton method
(LI0)), where it is required to calculate the Fréchet derivative at each iterate. In
[3], the iterations are defined by (I.I0), and the stopping rule (ILII)) is used to get
the approximate solution for 2f. But in the example of a parameter identification
problem in [3], for illustration, F’(x2) is replaced by an operator independent of k.
The same example in [3] illustrates the procedure of the present paper as well.
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