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LOCAL SAMPLING THEOREMS FOR SPACES GENERATED
BY SPLINES WITH ARBITRARY KNOTS

WENCHANG SUN

ABSTRACT. Most of the known results on sampling theorems, e.g., regular and
irregular sampling theorems for band-limited functions, are concerned with
global sampling. That is, to recover a function at a point or on an interval, we
have to know all the samples, which are usually infinitely many. On the other
hand, local sampling, which invokes only finitely many samples to reconstruct
a function on a bounded interval, is practically useful since we only need to
consider a function on a bounded interval in many cases and hardware can
process only finitely many samples. In this paper, we give a characterization
of local sampling sequences for spaces generated by B-splines with arbitrary
knots.

1. INTRODUCTION AND MAIN RESULTS

One of the main applications of sampling theorems is to reconstruct functions
from sampled values. Specifically, for a certain function space V and a sequence of
sampling points {xy, : k € Z}, there is a sequence of functions {Si(z) : k€ Z} CV
such that for any f €V,

F@) =" flax)Sk(x).
kEeZ
The sampling theorem is one of the most powerful tools in signal analysis and
it is therefore very useful to characterize sampling sequences for a given function
space. For the space of band-limited functions, the theory is well understood by
the work of Beurling [5], Landau [15], Jaffard [I3], Ortega-Cerda and Seip [I8],
and several others. For the sampling on general shift invariant subspaces, however,
many questions remain.

Note that in many cases (e.g., in the Shannon sampling theorem for band-limited
functions [20] and many other sampling theorems for shift invariant subspaces [1]
2, 3, [, [6, 10, M2, [16]), Sk is not compactly supported. That means, to recover
the function at a point or on a finite interval, we have to know all the (infinitely
many) samples. On the other hand, since hardware can handle only finitely many
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data, it is practically useful to consider local sampling. That is, given a function
space V and an interval [a, b], we want to find conditions on the sampling sequence
{zr: 0 <k <K —1} C [a,b] such that there is a sequence of functions {Sg : 0 <
k < K — 1} with

K-1

f@)= fla)Sul@),  VfeV, zelal]
k=0
As far as we know, the only result in this aspect is the periodic nonuniform

sampling theorem for cardinal B-spline subspaces. Specifically, let W,,, be the shift
invariant subspace generated by the cardinal B-spline Xjo,1] * % X[o,1] (m+1
terms) and let 0 < 2y < zy < --+ < z,,, < 1 be fixed. Then we can find compactly
supported Sy, S, ..., Sm € W,, such that

F@)=>" > fla,+k(m+1)Sp(x—k(m+1)),  VfeWy.
keZ 0<p<m
In this case, f(x) is determined by finitely many samples near z. However, the
distribution of sampling points is bad. There are m + 1 sampling points in every
interval such as [k(m + 1), k(m + 1) 4+ 1) while there is no sampling point in the
subsequent intervals of length m.

In [24], the authors studied local sampling problems on spaces generated by
cardinal B-splines and gave a characterization of local sampling sequences for these
spaces. In this paper, we consider the same problem but with more general settings.
Specifically, we consider spline spaces with arbitrary knot sequences.

Let T' = {tx : k € Z} be a sequence of real numbers such that

(1.1) tr < tp+1 and tr < tk+m, k€7,

where m > 1 is a fixed integer. Note that the above inequalities show that each
point can appear at most m times in the sequence. Let ¢, be the m-degree B-spline
with knots (t,, tnt1, - tnem+1) and

Vm:{chcpn: Ch E(C}.

nez
Observe that V,, stands for a large class of function spaces. For example, for
I' = Z, ¢, is exactly the m-degree cardinal B-spline, i.e., ¢, = B,,(- — n), where
B = X1 * " * X[o.1] (m + 1 terms).
Another interesting example is I' = {|n/r| : n € Z}, where 1 < r < m and we
use the notation |z] := max{n € Z: n < z}. In this case,

(1.2) Vi) = { S euti-=n)ig, € c},
n€Z,1<I<r
where 1 is the normalized B-spline with knots ([I/r],|[(I + 1)/r],...,
[(I+m+1)/r]). These splines are investigated in the study of wavelets of multi-
plicity r. We refer to [IT}, [I7] for details.
For convenience, we introduce the following definitions. Given a knot sequence

{tx : k € Z}, we define

L(k) = LF(k) = min{k’ S k: tk/ = tk},

R(k) = Rp(k?) = max{k’ Z k: tk/ = tk}.
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For simplicity, we write L(k) and R(k) instead of Lr(k) and Rr(k), respectively. It
is easy to see that ¢ appears exactly R(k) — L(k)+ 1 times in I'. By (L.I]), we have
(1.3) 0<R(k)—L(k)<m-—1, Vk € Z.
Let #FE denote the cardinality of a sequence E.

Definition 1.1. We call a sequence E an m-spread sequence on [tn,,tn,] with
respect to {ty : k € Z} if E C [tn,,tn,] consists of distinct points and satisfies the
following:

(1.4) 4E > L(Ny) — R(Ny) +m,

(1.5) #(EN[tn,,tn)) = R(n) — R(N1), N <n <Ny,

(1.6) #(E N (tn,tn,]) = L(N2) = L(n), Ny <n < Ny,

(1.7) #(E N (tnl,tn2)) > R(na) — L(n1) —m, Ni<mnj; <ng<Ns.

Definition 1.2. We call a sequence E := {z;, : 0 < k < K — 1} a local sampling
sequence for V,, on [tn,,tn,] if E C [tn,,tn,], and there is a sequence of functions
{Sk: 0 <k < K — 1} such that

K—-1
(1.8) F@) =" f@)S(@),  VfEVm, x€ [t tnl.
k=0

We only need to consider local sampling sequences consisting of distinct points.
In fact, if F is a local sampling sequence, then the largest subsequence of E which
contains only distinct points is also a local sampling sequence and vice visa.

Note that there is not a local sampling sequence for band-limited functions. In
fact, since a band-limited function is the restriction of an analytical function on the
real line, if f(x) = ZkK:_Ol f(z4,)Sk(x) holds on some interval, then f is determined
on the whole real line, which is impossible since a band-limited function is not
determined by finitely many samples in general.

For the case of spaces generated by B-splines, however, such a local sampling
sequence does exist. In fact, we have the following.

Theorem 1.1. A sequence of distinct points is a local sampling sequence for Vi,
on [tn,,tn,] if and only if it is an m-spread sequence with respect to {ty : k € Z}
on the same interval.

By setting ¢, = [n/r], we get a characterization of local sampling sequences for
the space V,\) defined by (@2).

Corollary 1.2. A sequence of distinct points is a local sampling sequence for Vn(f)
on [N7, N3] if and only if it satisfies the following:
(1.9) #E >r(Ny— Ny —1)+m+1,
(1.10)  #(EN[N{,N{+k)) >rk, 0<k<N;—Nj,
(1.11) #(Eﬂ(Né—k,Né]) >rk, 0<k<N,—Nj,
(1.12) #(EN(ny,ny)) >r(nh—nt+1)—m—1, N;<nj<nj <N
By setting r = 1, we get [24, Theorem 1.1].
We give the proof of Theorem [[T] in Section 2. As applications, we give several
local sampling theorems for V,SZ") in Section 3.
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2. PROOF OF MAIN RESULTS
We begin with a result on m-spread sequences.

Lemma 2.1. Let E be an m-spread sequence on [tn, ,tn,] with respect to {ty : k €
Z}. Then there is a subsequence E' C E such that #E' = L(N3) — R(N1) + m and
E’ is also an m-spread sequence on [tn,,tn,].

Proof. (i) Assume that K := #E > L(N3) — R(N1) + m + 1. Let

a, = #(EN[tn, tn)) = (R(n) — R(N1)),

by = #(EN(tntn,)) — (L(N2) — L(n)), Ny <n <N,
Then we see from (LH) and (6) that
(2.1) a,, by, >0, Ny <n < Ns,.
Let
(2.2) n, = min{n: Ny <n<Ny; and a; >1,n <1< Ny},
(2.3) ny, = max{n: Ny <n< Ny and b >1, N <[l<n}.

(ii) Prove that N1 +1 <mn, <np + 1.

Since ay, =0 and ay, > K —1— (R(Nz) — R(Ny)) > L(N2) — R(N2) +m > 1,
thanks to (L3)), we have Ny +1 < n, < Np. By @22), we have a, ; = 0.
Consequently,

#(EN[tn, tn,—1)) = R(ng — 1) — R(Ny).

Therefore,
(2.4) H(EN [ta,-1,t]) = K — (R(na — 1) = R(N)).
For Ny <n < L(n, — 1), we have t,, < t,_ _1. By (7)) and (2.4]),
#(E N (tn, tn,])
= #(E N (tmtna—l ) + #( N [t"a—lvth])
> (R(ng—1) = L(n) —m) + (K = (R(na — 1) — R(N1)))
= K —L(n)+ R(Ny) —m.
Hence
bn = #(E N (tn7tN2]) - (L(N2) - L(n))

v

(K — L(n) + R(N1) —m) — (L(N2) — L(n))
K — L(N2) + R(Ny) —

> 1, Ny <n < L(ng —1).
For L(n, — 1) <n < ng — 1, we see from (2.4) that

by = #(EN(tn,tn,]) — (L(N2) — L(n))

= (Eﬁ (tna_l’tN2]) ( ( ) L(na ))

— (R(na —1) = R(N1)) =1 = (L(N2) — L(nq — 1))
m—R(ng—1)+ L(ng —1) > 1.

By (m)vnbzna_l-
(iii) Prove that #(Eﬂ (tna_l,tna)) > 1.

\
> 3
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Observe that
#(EN[tn, tn,)) = R(ng) — R(N1)+1> R(ng—1) — R(N,) + 1
#(EN[tn, tna-1)) + 1.

We have t,,,_1 < t,,. Hence

(2.5) R(ng—1) =n4s—1<ng = L(n,) < R(ng).
By 2.2), a,,, ; =0 and a, > 1 for n, <n < No. Hence
(26) #(E N [tna—latn))

#(EN[tn, tn) = #(EN [N, tn, 1))

> (R(n) = R(N1) +1) = (R(na — 1) = R(N1))

= R(n)— R(ng,—1)+1, ng <n < Ns.
Therefore,
(2.7) #(EN (tn,—1,tn)) = R(n) — R(ng — 1), Nng <n < Na.

By setting n = n,, we get
#(EN (tn,—1,tn,)) > R(n,) — R(ng — 1) > 1,

thanks to (2.5)).

(iv) Take some ¢ € E N (tn,—1,tn,) and let B/ = E \ {y'}. Then E’ is an
m-spread sequence on [ty,,tn,].

Since #E' = K —1 > L(N3) — R(N1) +m, we only need to show that E’ satisfies
(L)~ @.D).

For Ny <n <n, — 1, we have

#(E' N[tn,, tn) = #(EN[tny tn)) = an + (R(n) — R(N1)) > R(n) — R(Ny).
For n, <n < Ny, we have
#(E'Nltny ta)) = #(EN[tny 1)) =1 = an+(R(n) = R(N1)) ~ 1 > R(n) — R(Ny).
On the other hand, for Ny <n <mn, — 1 < ny,

#(E' N (tn,tn,]) = #(EN (tn,tn,]) — 1
bn + (L(N2) — L(n)) — 1 > L(Ny) — L(n).

For n, <n < Ny, we have

#(El N (tnvth]) = #(E N (tmtl\bD
— b+ (L(N2) - L(n)) > L(N) — L(n).

Hence ([[H) and (6] hold. Now it remains to prove that
#(El N (tn17tn2)) Z R(’I’Lg) — L(nl) —m, VNl S ny S U») S Ng.

There are three cases.
Case 1. n; > n, or ny < ng — 1. In this case, we have

#(El N (tnmtnz)) = #(Em (tnlatfu)) > R(nQ) - L(nl) - m.
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Case 2. n; < L(ng — 1) and ng > n,. In this case,

#(E' 0 (tny s tns)) #(B' 0 (tnystna—1)) + #(E" N [tn, -1, tn,))
= #(EN (tnystn, 1)) + #(EN[tn,—1,tn,)) — 1
> (R(na —1) = L(n1) —m) + (R(n2) — R(ne — 1))
R(ns) — L(n1) —m,

thanks to (Z.8]).
Case 3. L(n, — 1) <n3 <ng —1 and ny > n,. By Z), we have
#(E' O (tny tn,)) = #(E'N (tna—1,tn,))
= #(E n (t”a—lat?’m)) -1
R(ng) — R(n,—1)—1
= R(ny)—R(ny)—1
> R(n2) — R(ny) — m.

v

Now, we get that E’ is an m-spread sequence on [ty,, tn,]-
(v) Using the above procedures repeatedly, we obtain some E’ C FE such that
#E' = L(N2) — R(N1) +m and E’ is an m-spread sequence on [tn,,tn,]. O

Let z; < x4 < --- < z,, be real numbers and fi, fa, ..., fn be functions. Define

iz falz) - falzy)
M(xl’ 332a-~-amn>: filzg)  falwy) - fa(zy)

fla f?v"'afn o

Lemma 2.2. Let n, K be integers and K > 0. For any real numbers oy < x; <

- <xg_y, the matriz M ( Yoo Tt Tk ) is invertible if and only
Pn Son-i-l e QOn_;'_K_l
if
Prir(ry) 20,  0<kE<K-—1
Proof. This is a consequence of [I9, Theorem 4.61]. O

Lemma 2.3. Suppose that E := {x, : 0 < k < K — 1} is an m-spread sequence
on [tN,,tN,]| with respect to {ty : k € Z}, where K = L(N2) — R(N1) +m. Suppose
that x,,_, <z, 1 <k < K —1. Then the matriz

( g Ly T >
PR(N))-m  PR(Ny)-m+1 ~ PL(N2)-1
s invertible.

Proof. By Lemma [Z2] we only need to show that
Crvy)—mik(@E) 70, 0<k<K -1
Assume that there is some 0 < kg < K — 1 such that PR(Ny)—m+ko (ﬂcko) = 0.

Since RNy —mtko () > 0in (tR(Ny)—m-+ko» LR(N1)+ko+1), there are only two cases.
Case 1. z;, <tR(N,)—mtk,- Lhen we have

tn, S < T, < LR(Ny)—mtkos 0<k < ko.
Hence #(E N[t tR(Nl),erkO]) > ko + 1. On the other hand, since
R(Nl)fmﬁ’ko §R(N1)fm+K71:L(N2)fl < Noy,
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we see from ([6) that
#(E O (ER(N) —mtko» TN, )) L(Nz) = L(R(N1) — m + ko)
K — k.
Hence #(E N [tn,,tn,]) = K + 1, which contradicts #F = K.
Case 2. x> tR(N,)+ko+1- Then we have

LR(N ) +ko+1 < Tpy < T S U, ko <k<K-1

v v

Hence #(E N [tr(Ny)+ko+1, tNz]) = K — ko. But
#(E N [tvatR(N1)+k0+1)) > R(R(Ny) + ko +1)— R(Ny) > ko + 1,

thanks to (L5). Hence #(E N [tn,,tn,]) = K + 1. Again, this contradicts #E =
K. (I

Proof of the sufficiency of Theorem [[1l Assume that F := {z, : 0 < k < K —1}
is an m-spread sequence on [ty,,tn,], where 2y < 2, < -+ < xp_; and K > K’ :=
L(Ny) — R(Ny) +m. Let

(2.8) A= g, ()]

be a K x K’ matrix. By Lemma [Z1] there is some subsequence E’ C E which
is also an m-spread sequence on [tn,,tn,] such that #F’ = K’. Denote E' =
{yr, : 0 <k <K'—1}, where yy < y; < -+ < Ygs_,- By Lemma 23] we have

(B n e )
PR(N1)-m  PR(N)-m+1  PL(N2)-1

0<k<K—1, R(N1)—m<n<L(N3)—1

is invertible. Hence, there is some constant a > 0 such that
|Ac|lz > allef2,  VeeCK.
Since A’ consists of K’ rows of A, we have
(2.9) cTAT Ac = || Ac|)3 > ||A'c||32 > o?||c||3, vee CK',

Hence AT A is invertible.

For any f € V,,,, there are some ¢, € C such that f(z) = ., c,¢, (). Observe
that supp ¢, = (tn, tntm+1). We have supp @, C (—00,tn,) for n < R(N;)—m—1
and supp ¢, C (tn,,+00) for n > L(Ns). Hence ¢, (z) = 0 for = € [tn,,tn,] and
n & [R(N1) — m, L(N2) — 1]. Therefore,

L(N2)—1
f@) =Y ew@ = > cwula Vo€l twl
neL n=R(Ny)—m
It follows that
(2.10) F = Ac,
where
F=[f(xg), f(x1),-- -, f(XK—l)}T

and

c= [CR(Nl)—mch(Nl)—m+1’ e 7CL(N2)—1]T'
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Hence
(2.11) c=(ATA)TTATF.
Let
T
(2.12) ¢ = [@R(Nl)fmﬂpR(Nl)ferl? . 'vQPL(Nz)A]
and
(2.13) (S0, 81, Sk 1] T = A(ATA) &
Then we have
K-1
(2.14) fla)=c"®() = > f(2)Sk(x),  Va € [tn,,ta)-
k=0
Obviously, supp Sk C [tr(Ny)—m» tL(Ns)+m] SinCe SUPD @, = (tn, tnpmi1)- O

Let Tty tn,)f be the restriction of a function f on [tn,, tn, ], e, (Tity, tn,].f) (@)
= f(x)x[thtNQ](x). Set
VN, = T[tNl ,tN2]Vm = {T[tN1 ,tNQ]f t fe Vm}
Lemma 2.4. {T} ©n : R(N2) —m <n < L(Ny) — 1} is a basis for Vi, N, -

tNySEN,]

Proof. First, for any f € Vi, n,, there are constants CR(Ny ) —m CR(NY)

1t e
CL(Ny)—1 such that
L(N3)—1 L(N3)—1
f(fIf) = Z Cngon(x) = Z ch[tNl ,th]SOn(x)’ T E [tN17tN2]-
n=R(Ni)—m n=R(Ni)—m

Hence it suffices to show that {T[tzvl,tNZ](p" : R(Ny) —m < n < L(N3) — 1} is
linearly independent, or equivalently, f(xz) = 0 on [tn,,tn,] implies that ¢, =
O,R(Nl) —m S n S L(NQ) —1.

To see this, take 2m points in each interval of the form (t7,(,), tr(n)+1), 7 > Ni.
Let E be the collection of all these points. It is easy to see that FE is a local sampling
sequence on [ty,,tn,] with respect to {tx : k € Z}. Let A be defined as in (23).
Then we see from (ZI1]) that

¢, =0, R(Ny) —m <n < L(Ng) —1,
since f(z,) =0,0<k < K —1. O

Proof of the necessity of Theorem [[Il. Suppose that £ = {z;, : 0 <k < K — 1} is
a local sampling sequence for V,, on [tn,,tn,], where 2, | <z, 1 <k < K — 1.
Then there is some sequence of functions {Sg : 0 < k < K — 1} such that (LJ)
holds.

For any f € Vi, n,, f(x) = ZkK;Ol f(x),)Sk(z) on [tn,,tn,]. Hence dim Vi, n,
< K. On the other hand, we see from Lemma 24 that dim Vx, n, = L(N2) —
R(N1) +m. Hence K > L(N3) — R(Ny) + m.

Next we prove that (LH]) holds. Otherwise, there is some N7 +1 < ng < N» such
that #(E N [tn,,tn,)) < R(ng) — R(Ny). Then we have R(ng) > R(Ny) + 1 and
T R(ng)— R(Ny)—1 > tn,. Consequently,

@n(xR(no)—R(Nl)—l) =0, VR(N1) —m < n < R(ng) —m — 1,
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thanks to supp ¢, = (tn, tnems1). Therefore, the last row of the matrix

M Zo T " TR(ng)—R(Ny)—1
PR(N))—m  PR(N1)—m+1 " PR(ng)—m—1

is 0. Hence its rank is no greater than R(ng) — R(N1) — 1 < R(ng) — R(IN7).

Therefore, we can find some CR(Ny) —m> CR(Ny)—m+17 2 CR(ng)—m—1> NO all of which
are zeros, such that
R(ng)—m—1
Z () =0, 0 <k <R(nog) —R(Ny) — 1.
I=R(N1)—m
Let
R(ng)—m—1
f(x) = Z ap ().
I=R(N1)—m

Then we have f(z,) = 0, 0 < k < R(ng) — R(N1) — 1. On the other hand,
since supp f - (_OovtR(no)) = (_Ooatno) and Ly, 2 xR(nO)fR(Nl)fl 2 tno for
k> R(ng) — R(Ny) — 1, we also have f(z,) =0 for k > R(n¢) — R(N1) — 1. Hence

flz) =0, O0<k<K-L

It follows that we cannot reconstruct f on [tn,,tn,] from {f(z;): 0 <k < K —1}
since, by virtue of Lemma [24] f is not identically 0 on [tn,,tn,]. This contradicts
the hypothesis.

Similarly, we can prove that (@) holds.

Now, it remains to establish (I). If (I7) does not hold, then there are some
Ny < ny < ng < Ny such that #(E N (tn,,tn,)) < R(ng) — L(n1) — m. Then we
have R(ng) — L(n1) — m > 1. Therefore,

R(ng) — L(Tll) >m+ 1.

There are two cases.
Case 1. #(E N (tn,,tn,)) = 0. In this case, we have

(2.15) x <tp, oOr Xy >tp,, 0<kE<K-1.

Let f = Pr(n1)- Then we have supp f = (tz(ny)s tL(ni)4+m+1) € (EL(n)s tRM,)) =
(tny,tny). By @I3), f(z,) = 0,0 < k < K —1. Since E is a local sampling
sequence, we have f = 0 on [ty,,tn,], which is impossible since t7,(n,)4m41 —
tr(ny) > Oand f >0in (tL(nl)atL(n1)+m+1)-
Case 2. #(E N (tn,,tn,)) = 1.
Let
kB = min{k: 0<k<K-1,2,€ EN(tn,,tny)}s
ky = max{k: 0<k<K-1,2, € EN (tn,,tny)}-

Denote the (K — k1) x (L(Ns) — L t'[ }
enote the ( 1) X ( (N3) (nl)) matrix |, (z) <k K1, L) <1< LN -1

by A = ( i; ), where

A = [l

k1 <k<ks, L(n1)<ISL(N2)—1
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and
Ay = [ ] .
2 i) ko+1<k<K—1,L(n1)<I<L(Na)—1
Since there are ko — k1 + 1 < R(ng) — L(n1) — m — 1 rows in A, we have
rank (A1) < R(n2) — L(ny) —m — 1.
Observe that
supp ¢ C (=00, tn,), I <R(ny) —m—1.

We have ¢;(x) =0 for | < R(ng) —m — 1 and xp > t,,. Hence the first R(ng) —
L(n1) —m columns of Ay are 0. Thus

rank (Ag) < (L(Ng) — L(’n,1>) — (R(’I’Lg) — L(Tll) — m) = L(NQ) — R(nz) +m.
Therefore,
rank (A) < rank (A4;) + rank (A2) < L(N3) — L(ny1) — 1 < L(N2) — L(nq).

Thus, we can find some CLin) CL(ny) 417 CL(Na)—10 not all of which are zeros,
such that
L(N2)—1
Z api(xy) =0, ki <k<K-1.
I=L(n1)
Let
L(N2)—1
fx) = Z api(@).
l=L(n1)

Then we have f(z;) =0, k1 < k < K — 1. On the other hand, since z, < t,, for
0<k<ki—1andsupp f C (tn,,+00), we also have f(x,) =0for 0 <k <k —1.
Now we get

flzy) =0, 0<k<K-1.
Hence, we cannot reconstruct f on [tn,,tn,]| from {f(z,): 0 < k < K — 1} since
f # 0, thanks to Lemma [Z4l Again, we get a contradiction. This completes the
proof. O

Proof of Corollary [2. Tt suffices to show that, under the assumption ¢, = [n/r],

conditions (LI)—(TCI2) are equivalent to (T4)—(7).

Observe that forn =rN +1,0 <1 <r —1,
L(n)=rN and R(n)=rN+r—1.

First, we assume that (L4)—(L7) hold. Set Ny = rN{ and Ny = rNj. Then we
have tn, = Ny and ty, = N5. By (L4,

H#E > L(N) — R(Ny) +m=r(Ny — N, — 1) +m + 1.
For 0 < k < Nj — N{, we have
#(EN[NLNL+E) = #(EN [ty teng k)
> R(rNj+rk) — R(rNy) = rk.
Similarly, we can prove that
#(EN (N5 —k,Nj])) =#(EnN [trNg—rks trNg4r—1)) > Tk

and
#(EN(n},ny)) = #(EN (trng s trny)) = r(ny —ny +1) —m — 1.
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Next we prove the converse. Fix some N < Nj. Observe that
trn—1 <lpp =trny1 = =tppgr—1 < tr(nJrl)a Vn € Z.

We prove that (L4)-(LT) hold for Ny = rN{ +1; and Ny = rNj + 13, 0 < 3,1l <
r—1 By m)a

#E > r(Ny—Ni—1)+m+1=rNy— (rNi+r—1)+m
On the other hand, for n = rN{ +rk+ 1,0 < k< N, —Njiand 0 <1l <r—1, we
have

#(EN[tn,,tn)) = #(EN[N], N{ + k)) > rk = R(n) — R(N).
Similarly, we can show that for n = rNi—rk+1,0 <k < N)—Njand 0 <[ <r—1,

#(E N (tn,tn,]) = L(N2) — L(n).
Finally, for ny = »N{ 4+ rn} + 1] and ny = rNj 4+ rnf, + 1}, where 0 < If,15 <r —1,
we have
#(E N [tn, ) #(E N (N7 +ny, N +n3))

rny —rn} +r—m—1= R(na) — L(n1) — m.

Y

This completes the proof. (I

3. LOCAL RECONSTRUCTION OF FUNCTIONS FROM FINITELY MANY SAMPLES

In this section, we give some applications of Theorem [[LTl We show that under
certain conditions, we can reconstruct a function on an interval using only a finite

number of samples. For simplicity, we consider the function space V,gf) generated by
m-degree normalized B-splines 1, with knots ([I/r], [(I+1)/r],..., [(I4+m+1)/r]),
l € Z, where 1 < r < m are fixed integers.

3.1. Irregular sampling. Irregular sampling is widely studied in literature. For

functions in the space Vn(ll) generated by the m-degree cardinal B-splines, Aldroubi
and Grochening [2] proved that if the sampling sequence {x, : k € Z} satisfies

(3.1) O<a<a,, —2, <B<1, keZ,

then there are constants Cy, Cy > 0 such that

(3.2) Cill 15 <Y If )P < CallfllE, Vf eV NIP(R)
kez

and every f € ViV n LP(R) can be reconstructed from {f(z,) : k € Z}. The
standard procedure to reconstruct a function from sampled values is carried out
with the frame algorithm [2] 27].

In this subsection, we give a similar result for Vn(f). Moreover, our approach
allows us to reconstruct a function locally using only finitely many samples.

Theorem 3.1. Let {z, : k € Z} C R be a sequence such that
Ty — T >0 and 2, — 2, < B <1, keZ.

Then for any integers N1 < Na, there are finitely many functions Sk, k1 < k < ko,
such that

f(z) = Z f(zrk)Sk(x), Vfe V,S"), x € [Ny, Na).

k1<k<kz
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Proof. Denote E = {z, : k € Z}. Take some integer N; such that Nj — Ny
(m+ 1DB/(r(1 — B)). Let &y = min{k € Z : =z > N} and ko
max{k € Z : x) < Ni}.

Since z; ,, — x; < 3, there are at least r points of E in every interval of length
(. Tt follows that

# (BN = [B5Rpx (B )
Since N — N1 > (m+1)38/(r(1—3)), we have #(E [Ny, N3]) > r(Nj— N1 —1) +

m—+1. On the other hand, it is easy to see that E satisfies (L10), (L11) and (LI2).

By Corollary [[L2] E is a local sampling sequence for V&) on [N1, N4]. Similarly to
[2I3) we can find functions S, k1 < k < ks, such that

fl@)y= > flax)Sk(z), VfeVY) ze [N, Ny O

k1<k<k:

v

Remark 3.1. If E := {x, : k € Z} is a sampling sequence for Vn(f), i.e., there are
functions Sy such that

Fo) =) fan)Se(@),  VfeV),
kEZ
then we see from the proof of the necessity of Theorem [LL1] that for any integers
ny < na,
#(EN[ny,ne]) >r(ne—ny+1)—m—1.

Hence
EN
limsup 72O Ln2l)
(ng—nji)—o0 Nz —ni
That is, the average density of sampling points is r. Therefore, the hypothesis
Tir — Tk < B < 1 in Theorem [B.1]is reasonable.

3.2. Average sampling. Average sampling theorems for shift invariant subspaces
have been established recently, e.g., see [1}, 2] 2] 22| 23] 27] and references therein.
Again, all of these results consider global sampling. That is, to recover a function
on a bounded interval, we have to know all the averages near every sampling points.

In [I0, Theorem 8.15], Feichtinger and Grochenig proved that if & :=
SUPkez(Tyyq — 7;) < &, then every f with band limited to [, €] is uniquely

determined by averages — Yk f(x)dx, where y, = M, ke Z.
Ye " Yr—1 YYr—1 2

In this paper, we give a similar result for the space Vn(f). Moreover, we prove
that the standard averaging function can be replaced by any other one which is
supported in [yk_l, yk). Again, our approach allows us to reconstruct a function on
a finite interval using only finitely many samples.

Definition 3.1. We call u(z) an averaging function if u(z) > 0 and [, u(x)dz = 1.
Theorem 3.2. Suppose that Ny = xo <z < - - <2y = Ny and
Tpyr — Tp < 1, 0<k<K-r,

where K > r(Ny — N1 —1)+m+ 1. Let {u, : 0 <k < K —1} be a sequence of
averaging functions such that supp uy C [v,,7,,,), 0 <k < K — 1. Then there
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exist functions Sy € V,ﬁf) such that

K-1
f(x) = Z<f7uk>5k(x)v vf S V7£LT), T e [Nl,NQ}.
k=0

Proof. Fix some real sequence {c; : | € Z} and let f(z) = _,c; c;ti(x).
Using the mean value theorem, for any 0 < k£ < K — 1, we can find some
Yy, € supp uy C [7y,2;,) such that

(f ur) = f(yp)-
Using the hypotheses, it is easy to check that the point sequence {y, : 0 < k <
K — 1} meets Corollary Let

(3.3) A= [wlw)]

0<k<K-—1, r+rNi—m—1<I<rN;—1

be a K X (r(Ny — Ny — 1) + m) matrix. We see from the proof of the sufficiency of
Theorem [T that AT A is invertible. Observe that

flyk) = > ati(yr) = > v, ug).
r+rNi—m—1<[<rNy—1 r+rN;1—m—1<[<rNy;—1
‘We have
(3.4) Z |f(yx)|? = " AT Ac = ¢" BT Be,
0<k<K-1
T

where ¢ = [CT+TN1—m—1’ CotrNy—ms - - - ,crer] and
(3.5) B= [<¢l,uk>] .

0<k<K-—1, r+rNi—m—1<I<rNs—1

Note that yi, and therefore A depends on the coefficients ¢;. Nevertheless, since
AT A is invertible, we see from (B.4) that

"BTBe>0, VeeRWemMi—btmy (o},

Hence BT B is also invertible. -
Let F = [(f, ug), (fyuq), .-, (f, “K—1>} . Then we have F' = Bc and

c=(B"B)"'BTF.
Define [So, S1, ..., Sk-1]T = B(BTB)~1¥, where

T
U= {errerfmfla YrgrNy—ms -+ s PriNa—1
Then we have
K-1
flz)=c"0(z) = Z (f, ug)Sk(x), Vo € [Ny, Na).
k=0
This completes the proof. O

The following is an immediate consequence.
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Corollary 3.3. Suppose that Ny = x5 < x; < --- <2 = Ny and

Tpyyr — Ty < 1, 0<k<K-m,
where K > r(No— N1 —1)+m+1. Then there exist functions Sy, € v,&[") such that
K—1 1 Zrin
o) = 7/ FO)dt Sp(),  VFeVD, e [N, N
=0 Tht1 ~ Tp Ja,

Remark 3.2. The point sequence x = Ny + (Ny — N1)k/K, 0 < k < K, satisfies
the hypotheses of Theorem and Corollary
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