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ON THE COMPUTATION OF CLASS NUMBERS
OF REAL ABELIAN FIELDS

TUOMAS HAKKARAINEN

ABSTRACT. In this paper we give a procedure to search for prime divisors of
class numbers of real abelian fields and present a table of odd primes < 10000
not dividing the degree that divide the class numbers of fields of conductor
< 2000. Cohen—Lenstra heuristics allow us to conjecture that no larger prime
divisors should exist. Previous computations have been largely limited to
prime power conductors.

1. INTRODUCTION

Class numbers of real abelian fields are at least by present-day knowledge very
hard to compute in practice. This is because they are so closely related to the fun-
damental units, which are difficult to compute or even estimate. Rough estimates
that exist in turn lead to poor upper bounds for class numbers. Only for fields
of small conductors can one bound class numbers decently with Odlyzko’s tables
of discriminant bounds; using them F. van der Linden [I4] was able to determine
(assuming GRH in some cases) the class numbers of all the real abelian fields of
conductor < 163. On the other hand, R. Schoof [20] recently predicted, using a
heuristic assumption, that class numbers of real abelian fields of prime conductor
are most likely very small compared to known upper bounds.

In his work Schoof also presented and applied an efficient method to compute
class number divisors in the case of prime conductors. Koyama and Yoshino [I1]
presented another approach that allows practical computation. The methods also
apply to prime power conductors, but for composite conductors (i.e., conductors
having different prime divisors) the Galois module structure of (Hasse’s) cyclotomic
units is more complicated, due to the fact that different subfields may have different
conductors, and thus generalizing the method in this direction is more difficult.

Our approach is to study previously known results that allow computations
for composite conductors and to combine them with some ideas from the works
mentioned above. We present a method to compute class number divisors for any
real abelian field and produce a table of such divisors. By heuristic assumptions
similar to Schoof’s we predict it to contain all odd prime divisors not dividing the
degree of the field in question.

H.-W. Leopoldt in his article [I3] generalized Kummer’s classical results on the
divisibility of class numbers to any real abelian field. His main result is that if an
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odd prime p not dividing the degree of the field is a divisor of the class number, then
a certain rational product of generalized Bernoulli numbers is divisible by p. By
applying the p-adic class number formula, W. Schwarz [21] was able to give a simple
computational criterion equivalent to Leopoldt’s criterion, and he computed for all
real abelian fields of conductor f < 500 a table of all primes p < 100000 which
possibly divide the class number. The table shows that for a fixed conductor there
are usually roughly 5 to 20 primes satisfying Leopoldt’s condition. But Leopoldt
actually proved a somewhat deeper fact to be able to state his result, and this is
what we apply to sharpen the results of Schwarz. Our procedure also makes it
possible to sieve out the actual class number divisors from Schwarz’s table.

We will first discuss the group theoretic background of Leopoldt’s method by
applying some earlier results of Leopoldt [12]. This will shed more light on the
method of Schwarz. Then we present an additional technique to check if the primes
found with Schwarz’s method actually come from class numbers. We limit the
computation to prime divisors not dividing 2[K : Q], since the primes dividing the
degree of the field do not behave similarly and since for the prime 2 there are better
techniques available. We mention here however that Schwarz’s method could also
be used for some primes dividing the degree; indeed, in many cases one could at
least prove that a prime dividing the degree does not divide the class number.

For a broader exposition of the present work, see the author’s thesis [g].

2. DECOMPOSITION OF CLASS NUMBER

Leopoldt in his thesis [I2] presented an arithmetic characterization of a real
abelian field, continuing work of Hasse. A main idea was to apply the Wedderburn
decomposition of the rational (and later p-adic) Galois group ring to the group
of units of an abelian field. Leopoldt was able to reduce the study of the class
groups of abelian fields with noncyclic Galois group essentially to the cyclic subfields
corresponding to the classes of conjugate characters of the field. We review here
only the definitions and results necessary for our study.

Let K be a real abelian field of conductor f with Galois group G of order g. For
X € é, denote by Y a rational-irreducible character of K, i.e., ¥ = Y., x*, where
the sum is over the Q-conjugacy class X = {x* | (k,ord x) = 1} of a character x
of K. The values of X are in Z. Denote by f,, g, and Kery, respectively, the
common conductor, order and kernel of the Q-conjugates of x. There is a one-to-
one correspondence between the Q-conjugacy classes of the character group and the
cyclic subfields of K, given by X «— (x); denote the cyclic field corresponding to X
by K. Its degree is gy, its conductor f,, and Gal(K, /Q) = G, ~ G/Ker x ~ (x).

The group algebra Q[G] = {}_ cs @00 |a, € Q} admits the Wedderburn de-
composition

QI6] = P QlGlex ~ P QUG

via the rational orthogonal idempotents ey = % > e X(0~)o. Here and hereafter

we use the notation ¢, = €>™/™ for any m € N. The maximal order of Q[G] is
@Dy Z[Glex = Dy Z[¢y, ] and Z[G] is of finite index g- Q¢ in it as a subgroup, with
Q¢ € Z containing only primes dividing g.

On tensoring by Q, the unit group Ex of K may be regarded as a Q[G]-module;
thus it decomposes similarly in the form Fx = @% E;X Rather than studying this
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decomposition directly, one introduces a subgroup EX+ of Eg of finite index; see
below. Let Nk /i denote the norm from K, to any subfield k, and define in Ef
the group of y-relative units

E, = {E S EKX ‘NKX/I@(E) ==+1 VkC KX}

(cf. [8, p. 14]; Leopoldt uses the notation EY and the term narrow Y-relative units).
This is a subgroup of the units of K, of rank ¢(g,) (where ¢ is the Euler function),
and it has a subgroup of x-relative cyclotomic units

F,=(-1,n" |7 €Gy)

with finite index
hy = [Ex : Fy].
Here the element 7 is defined as follows: Let H be the subgroup of (Z/f,Z)*

corresponding to Gal(Q((y, )/ Ky ), and let H™* C Z be a system of representatives
of H/{£1}. Define

(2.1) o= [] (&, -G A= —o%/,
acH+ £]gx

where £ runs through all the prime divisors of g, and o is a fixed generator of G;

then ©7~" is a unit of K, and 7 = @QX.

Both E, and F, depend only on X and thus are independent of the choice of
K containing K,. The groups of absolute values, |E,| ~ E,/{£1} and |F,| ~
F\ /{£1}, are modules over Z[G,]ex =~ Z[(y, |. Another characterization of the x-
relative units is that they are the units ¢ € Fr_satisfying |e[x = |¢[. In particular,
le| € B3E.

When considering F, as a subgroup of the units of K, we see that the direct
sum EX+ = @D |Ex| over all the rational characters of K forms a group of units of
finite index, say Q}}, in the group Ex. Using this decomposition of the unit group
and a similar decomposition of the regulator of K, we may split the class number
of K in the form (see [12, p. 41])

hK: %Hh)(’
Qc .

where Q;r( and Q¢ are rational integers as explained above, and the product runs
through the Q-conjugacy classes X of K. It is in general difficult to compute the
number Q} in practice. The quotient Q} /Q¢ is usually not integral. The numbers
Q} and Q¢ are comprised only of primes dividing 2g, and since we assumed that
p is not a divisor of 2¢g, we may conclude that the p-part of the class number hi of
K is equal to the product of the p-parts of h,:

hicp = [ [ Pox-
X

Remark 2.1. Leopoldt also shows that the numbers h, are norms of some ideals in
Z[¢,. ). Tt follows that once p divides h,, then also p/» divides h,, where f, is the
residue class degree of p.

For p { 2g, we have g~ ! = a3 (mod p*) for some ay, € Z with k = 1,2,.... By

defining a'/9 = a* for a € Cl,, of order p¥, we may split the p-primary part Cl, of
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the class group Clg as a module over Z[G] through the idempotents ey. We obtain
the decomposition (see [12] p. 44])

(2.2) L, = P Cly .
X

where Cl, , = CI’X and #Cl, , = h, ,, the p-part of h,. The Z[(, ]-module Cl, ,
depends only on K, and can also be characterized as the group of ideal classes of
order a power of p in K, that satisfy the following condition: any ideal in the ideal
class becomes principal under the relative norm map to any subfield L ¢ K, (see
[13]). Thus the values h, also provide structural information on the class group.

Leopoldt [13] showed the following fact when proving his theorem about the
class number divisibility referred to in the introduction. The proof is based on the
decomposition of the p-class group, the reflection theorem and the Stickelberger
theorem.

Lemma 2.2. Let p be an odd prime dividing neither the conductor nor the degree
of the real abelian field K and let x be a character of K. If Cl, , # 1, then

H By_145 =0 (mod p),
PEX
where By, y 1s the kth generalized Bernoulli number associated to ).

Note that the above product over the Q-conjugacy class x of x is rational.

Leopoldt also obtained a result in the ramified case p | f, p*f f, but we omit it
from this study for the sake of simplicity; in the computations we dealt with the
case p | f using another method.

Remark 2.3. There exist more recent results on the decomposition of the class group
through rational p-adic characters that could allow more precise computations; see
for example an article of Aoki [I] on the structure of p-adic parts of the class group.
But computations with p-adic numbers may be more difficult or even impossible
to perform in practice (cf. [10]). In order to preserve efficiency of our algorithms,
we prefer the rational approach. Schoof, on the other hand, bases his method
on Gras’s conjecture about the relationship between the p-adic parts of the class
groups and of the units modulo cyclotomic units, while all his computations are
in rational numbers. Gras’s conjecture was proved by R. Greenberg in the case p
not dividing the degree; he in fact showed that the orders of the p-adic parts of the
class group and units modulo cyclotomic units coincide. This gives a connection
between Schoof’s method and ours.

3. THE ALGORITHM

We first give an outline of the method. As presented in the preceding section,
we will omit the prime 2 and the primes dividing the degree g of the field K in
question. To check if a prime p t 2¢g divides the class number of K, it suffices to
run the test for all the h, , separately, i.e., it is sufficient to study only cyclic fields
K, and cyclic modules |F,| of cyclotomic units. When computing h,, we always
choose K = K, and g = gy.

The method consists of three parts. First we put an upper bound for the primes
to be tested. For each prime below this bound, we apply Lemma[2.2land the method
of Schwarz [21], and we are left with a small number of primes that must be tested
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further; for all the other primes p, the y-class number is not divisible by p. In view
of Leopoldt’s result, Schwarz’s method not only gives the primes p possibly dividing
the class number hx, but also specifies the h, that may admit the divisor p.

The second step consists of a search for cyclotomic units that are pth powers in
the unit group, extending an idea of van der Linden [I4]. In this way we are able
to eliminate most of the remaining primes; they do not divide h,.

Passing these tests is a necessary condition for the p-divisibility, and after them
we have a strong belief that p could divide the x-class number, but this is still not
a proof. To verify the divisibility, we finally check whether the pth root of a unit
found in the second step is in K,. We use a method presented in an article of
G. Gras and M.-N. Gras [5].

Moreover, we provide a method to check whether h, is divisible by a higher
power of p. This is also based on [3].

We limited the search to the fields of conductor f < 2000 and to the primes
p < 10000. In theory there could be larger primes dividing these class numbers,
but we will see that the heuristics of Cohen and Lenstra [3] and the results of the
computations (the largest prime factor found was 379) show this to be very unlikely.

4. SCHWARZ’S METHOD

We now describe the first step of the computation. Let Ky = Q((r +Cf_1) be the
maximal real abelian field of conductor f. Asis clear from the preceding discussion,
to study the p-divisibility of the class numbers of real abelian fields of conductor
f, we have to compute the (x,p)-parts h, , of the class number of K for all the
Q-conjugacy classes of characters x of K.

Let x be a character of Ky. Since h, is independent of the choice of the field
containing K, , we may always assume f to be chosen minimal, i.e., f = f,. In the
first step we also assume p 1 f; the primes dividing f will be checked in the second
step of the algorithm. We choose a bound for the primes pt2fg, to test.

Denote by [a] the integer part of a > 0. We begin with a lemma [21] pp. 45-46].

Lemma 4.1. If x is a character of conductor f and order n and p12f is a prime,
then

(]

!
(4.1) Bp1y=—x(p)Y_x(0) > vt (mod Py)
=1 v=1

for a prime ideal Py | p in Z[(,].

Proof. We sketch a proof. Fix an embedding of the field of all algebraic numbers
in an algebraic closure €2, of the p-adic field Q, and regard all algebraic elements
as being in €,. The congruence o« = §(mod p”) with o, 8 € Q, means that the
p-exponent of av — § is > n. Write shortly (y = ¢.

By using properties of p-adic L-functions L,(s, x) we have

Bp1x =Lp(2—p,x) = Lp(l,x) (mod p).
Metsankyla [16] shows that

f-1
(4.2) Ly(1,x)=— Z bix(i) (mod p)
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whenever b; modulo p are rational integers satisfying

f_
_ (=D —(¢P-1) i
MO = >— T Zbc (mod p).
(By Schwarz, p. 43, the number \(¢) modulo p equals the Fermat quotient of (P —1.)
Let a € Z, a=p~! (mod f). Since %(g) = 1 (mod p), we may write

— k

f—1
(1= A =D cu¢*  (mod p)
pn=0

with
p—1 [B]
= Z k= Z v~ 171 (mod p).
ak=p Tod £) v=[BE 1
Define the numbers b; for all i € Z\ fZ by periodicity modulo f. We have

f-1

(1— QA" ZM-Z — byi-1y)¢* (mod p).

i=1
Consequently, by choosing

EZ 171 (mod p),

the b; satisfy the requirement. By the formula (£2),

-1
Ly(1,x) ==Y bpix(pi) (mod p).

i=1
We conclude that the congruence (1)) holds modulo p (in €,). The claim follows
since the numbers in (1)) are p-integers in the field Q((,). O

Denote by @, (x) the nth cyclotomic polynomial.
Proposition 4.1. Let f be the conductor and n the order of x. Let
AN:(Z/fZ2)* —{0,...,n—1}
be defined by x(i) = Q(i). If the prime p 1 2fn divides the x-class number h,, then
-1
(4.3 GCDp, (Y a0 2,(0)) £1.
i=1

(i,f)=1

where a; = ZV 1 1/*1f (mod p) and GCDg, |, denotes the greatest common di-
visor of the indicated polynomials, regarded as polynomials over F,,.

Proof. Assume p | hy. By Lemma22] ]
from (@I that

vex Br—1,x =0 (mod p). Hence it follows

H Zalx )=0 (mod p).

XEX 1=1
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IS0

Since the conjugates x? of x satisfy x?(i) = and the zeros of @, (z) are (¥

for (k,n) = 1, we have

f-1 n—1
Y wo- 11 z 0 = Res (@ zaz )

XEX

(i f) 1 (k,n)=1 (ivf)zl (iyf)=1
where Res(+, -) denotes the resultant. Finally, p divides Res(f(x), g(x)) if and only
if GCDy,[5)(f(2), g(x)) # 1. The claim follows. O

The proof of the proposition is essentially found in Schwarz’s thesis. Schwarz also
shows that the computational complexity of the method is O(p + f 4+ n?). He used
the result to produce a table of possible class number divisors p < 100000 for any
real abelian field of conductor f < 500. By resorting to Leopoldt’s decomposition
of class number, the results become more transparent in the case of composite
conductor. In particular, we know explicitly the factor group of units that is of
order h,.

Remark 4.2. The p-adic class number formula implies that the primes p { fg,
satisfying (@3) but not dividing the class number must satisfy v,(R,(Ky)) > gy,
where v, denotes the normalized p-adic valuation and R,(K, ) is the p-adic regulator
of the field K, (trivially v,(R,(Ky)) > gy — 1). In this way we obtain some
knowledge of the p-adic regulator without knowing the fundamental units. In many
cases one could also use the method and the p-adic class number formula to check
whether the class number is not divisible by a prime dividing the degree of the
field. With slight changes to the preceding method, one could also compute the
p-exponent of the (p-adic) product hx R,(K), thus obtaining an upper bound for
the p-exponent of the class number.

5. SECOND STEP

In [T4] van der Linden introduced a method with which he could show by com-
putation that p { hx in some cases. However, his use of the group of units modulo
(Hasse’s) cyclotomic units is problematic in general, since one may need to combine
unit groups of subfields in order to obtain groups of full rank (see [22, p. 150]). We
avoid this problem by applying a similar procedure to the groups E, /F,.

To check if h, , # 1, we need to analyze the structure of the group E, /F). As
noted before, £, /{#1} and F, /{£1} are Z[(, ]-modules. Recalling that (+¢)* =
+e for any ¢ € Ey and Z[Gyeg ~ Z[(, ], we may also regard |E,| and |Fy| as
Z[G]-modules. Thus Fy/F} admits an F,[G]-module structure.

The map zF) — zPF? defines an isomorphism (E/Fy), ~ (E} N Fy)/FZ,
where (E, /Fy)p is the p-elementary subgroup (the group of elements of order 1 or
p). The group (EY N F,)/FY? is an F,[Gy]-submodule of F\/FP. If nontrivial, it
must contain a minimal submodule of F\ /FP. Let this be F;/FZ; then we have
F; C E?. On the other hand, if F;/F? is any minimal submodule of F /F? such
that F; C E¥, then F;/F? is a submodule of (E} N Fy)/FP. Since the intersection
of two different minimal submodules is zero, the p-exponent of h, is at least the
number of minimal submodules F;/ F? satisfying F; C EX.

In order to prove that h, , = 1, it sufﬁces to compute all the minimal submodules
of F\/ F? and to check that all of them contain elements that are not pth powers
of units. This is not difficult since the minimal submodules are cyclic and easily
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determined by the following proposition and remark. Recall that the Z[G,]-module
|, | is generated by £n = (£0,)"x, where ©, and A, are defined by 2.I)).

Proposition 5.1. Assume thatp =1 (mod g¢,). The minimal F),[G,]-submodules
of F\ /F? are (n®ax (/0= “where i runs through all the zeros of ¢, () (mod p)
and o is a generator of G.

Proof. Consider the F,[G,]-homomorphism
T :Fy[Gy] = F\/FP, 6 1’ FP.

It is obviously well-defined and surjective. Its kernel is an F,[G,]-module, i.e., an

ideal in the principal ideal ring F,[G,] ~ Fp[z]/(x9 —1). Since F), is of finite index

in Ey, the Z-rank of |Fy| is equal to (g, ), thus the Fy-rank of F\ /F? is ¢(gy).
Trivially "1 = £1. Write 0% — 1 = [];, ®a(o). It follows that A, is

divisible by all the ®4(0) with d # g, whence n®ox(?) = +1. Consequently, the
kernel Ker(7) = (®g4, (0)).

By the assumption on p, the cyclotomic polynomial ®, (z) factors completely
modulo p and we have the evident F,[G,]-isomorphisms

Fy[Gy]/ (@4, (0)) = Fpla]/(e% — 1,8, (2)) = Fp[a]/(Pg, (x)) = F5).

The minimal submodules of F£) are ((1,0,...,0)),...,{(0,...,0,1)). By the
isomorphism, they correspond to the modules (@, (0)/(0—1)) in F,[Gy]/(®y, (7)),
where o — i runs through the factors of ®, (o) (mod p). The claim follows. O

Remark 5.1. The proposition generalizes to all odd primes not dividing g, . Indeed,
choose the smallest f, > 1 such that p/» = 1 (mod g,). The gyth cyclotomic
polynomial factors over F,, into ¢(g,)/fp distinct polynomials f;(x) of degree f,,
hence F,[G,]/(®y, (0)) =~ (GF(p/»))¥@9)/fr. Then the minimal submodules of
F\/F? are (n®ox (7)/ fi(@)y

Note that if a prime p of order f, modulo g, divides h,, then pr also divides
hy. This follows from Remark 211

To examine if F; C Eg;, it thus suffices to check whether nq’gx(")/fi(") is the pth
power of some ¢ € E,. We explain how this will be done, following [14]. Later we
will also need the fact that ¢ ¢ F\; this follows from the nontriviality of F;/F?.

Choose a prime ¢ = 1 (mod 2p f,) and some b € Z satisfying the conditions
b*/x =1 (mod g), b # 1 (mod ¢). Then (35, = b (mod Q) for some prime ideal
Q above ¢ in Q(C2y, ). By writing n®ox(@)/fi(?) a9 a rational function r(Caf, ), We
examine whether
(5.1) r(b)

q—1

7 =1 (mod q).

Indeed, this must hold if (Cay, ) = €P. If the congruence holds, we choose another
pair (gq,b) and repeat the test; if the congruence condition is not satisfied for some
pair, we conclude that F; € EY. If for every submodule F; there exists a pair (g, b)
not satisfying the congruence, we have the result p { h,. Otherwise, if there is a
prime p and a submodule F; which pass the congruence test for many pairs, this
gives strong evidence that p would divide the class number. But since this process
involves uncertainty, we still have to apply another method.
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Remark 5.2. Instead of (ay, , we may actually use f,th roots of 1 in the computa-
tions of the second step. In fact, it is an easy exercise to see that @;_1 may always
be written as a rational function of (y, .

6. THIRD STEP

For some a = 5% (9)/fi(9) gatisfying (1) for many pairs (g,b), we want to
verify that « is a pth power in E,. This is equivalent to showing that ¢/« is an
element of K. As a unit of K, the element a has g, conjugates in K,. We
calculate an approximation of a and its conjugates a? as real numbers by noting
that

Gy —Cof  sin(am/f)

Cop — Coff sin(m/f)
If the polynomial my,(z) = [] (z — ¢/a”) has integral coefficients, then « is a
pth power; this is the minimum polynomial of ¢/a. Then also {/a® = {/a” and
{/a € K. But since we have used only approximations, this is still not a proof.

Denote by m,, the polynomial that we have computed in this way to approximate
my. If some coefficient of m,, is not close to an integer, this shows that « is not a
pth power, given that the precision in the computations is adequate. Otherwise, if
all the coefficients of m,, are very close to integers, we round off the coefficients to
obtain the supposed minimum polynomial m,(x) € Z[z]. We then check whether
myp(x) | m(zP), where m(x) is the minimum polynomial of «. If this holds, it finally
proves that m,, is the minimum polynomial of ¢/« and that ¢/« is an element of
K.

Since we actually compute « in F/ F?, note that we may minimize modulo p
the absolute values of the coefficients of ®, (x)/fi(z) € Z[z] in order to prevent
coefficient explosion.

7. HIGHER POWERS OF p

Suppose that using the preceding method we have found a prime p with p | k.
We want to check whether h, is divisible by a higher power of p. G. Gras and M.-N.
Gras [5] introduced a method with which this verification is in principle possible.

The following lemma describes the correspondence we found between our and
Gras’s approach. By combining this result with our method as shown later, we were
able to check all the cases with p =1 (mod g,) encountered in the computations.

Lemma 7.1. Let n > 2 and assume p =1 (mod n). Let k € Z be a zero of ®,,(x)
modulo p. We have

where N(v) denotes the absolute norm of v € Z[(,).

Proof. By the assumption on p, all the zeros of ®,(z) (mod p) are of the form k7,
where (j,n) = 1. Thus the prime ideals of Z[(,] above p are P; = (p,(, — k7)),
(j,n) = 1. Write the claim in the form
n n
H (Cn—K) == H (G, — k) (mod pZI[(y]).
Jj=2

j=2 =
(4:m)=1 (Gm)=1



564 TUOMAS HAKKARAINEN

Since ¢, = k (mod Py), this congruence holds modulo P;. Moreover, since the
automorphisms ¢, — ¢J, (j,n) = 1, permute the prime ideals, we see for any i # 1

that both products contain a factor divisible by P;. O
Assume p | hy and p = 1 (mod gy) and let o be a fixed generator of G,.
Let N(o — k) = ]g'il,(j,gx)zl(o-j — k) € Z|G,]. By the isomorphism Z[(, | ~

Z[Gy]/(®y, (0)) and the lemma, we write in Z[G,],

(7.1) (I;-"X_(Z) =, é"_ kk) (mod p, B, (7).

Hence the isomorphism induced by 7 in the proof of Proposition .1l implies that
n®ox (@)/(0=F) ig o pth power in FE, only if nN(@=Fk)/(@=F) is a pth power in E,. We
know that N(oc—k) = pm (mod @, (o)) with p{m (if p | m, change k to some k+t
until p 1 m; t(his W)as ;)ossig)le in aﬁlllx ‘(chi)cases Zx)je co(nflgz)llteé in t}%e computatiojlrs)z?
Thus we have n?™/(?=F) = ¢ for some ¢ € E,\F, (see the paragraph after Remark
B.1). From this it follows that e7 =% = n™.

Let F;( = (—1,¢" | 7 € Gy). Then |F;<| is a Z[G,]-module. Since ¢ ¢ F,
but e? € F\ and &% = £*y™, we have [F\F, : F,] = p. On the other hand,
p1 [FXF;( : F;c] since n™ € F;( and F;( is closed under o-conjugation. Knowing that
p | [FXF;( : F*], we thus deduce [F;( : F'] = pu with some u € Z,p { u. Finally,
since [Ey : FY'] = [Ey : F\][Fy : FY'] < oo, we conclude that [E) : F;] < oo and
that the p-exponent of [E, : F;] is equal to the p-exponent of h, /p.

Now we run the third step using F;< in place of F). Proposition 5.1 holds with €
in place of 7. We thus check whether e ®ox (@)/(e=7) ig a pth power for any j satisfying
®, (j) =0 (mod p). By (), this is equivalent to checking whether eV (7=7)/(o=3)
is a pth power. We may compute ¢ = {/nN©@~1/(c=) and its conjugates e with
a sufficient precision. It follows that we may compute an approximation of any
conjugate of e®ox(?)/(7=7),

In fact, one knows a priori that it suffices to check only those minimal submodules
of F;( / F;(p that correspond to the minimal submodules of F, /F? found to contain
pth powers. Indeed, assume

e € E\F, & =gNe0/le=D, ;¢ Ex\F;(a pP = eNle=)/(e=5),

where i # j. Let ¢ be the real number defined by &} = nN(e=)/(e=1) If N(o—i) =
pmy with p{my, we have ™t = 77" g0 "t = p?~% € E,. Since trivially €} € E,
and (p,m1) =1, we conclude ¢; € E,,.

This method seems to fail for p # 1 (mod g, ). Indeed, the second step only
gives us pth powers explicitly, although we know by the theory that there also
exist p/rth powers, where f, is the residue class degree. Nevertheless, if we find in
the second step that p | h,, we may check whether the number ¢ € R satisfying
eP’? = pNU:(@)/1i(%) belongs to E,\F, for some i. In this way we may still find a
pfrth power in E, ., but whether this happens remains theoretically unproven since
there is no result similar to ([I). In the computations this was possible in all
the cases we confronted; indeed, the results in [5] give evidence that this should
always be the case. Choose again (—1,e7 | 7 € Gy) = F>/< A similar reasoning as

above shows that the p-exponent of [E,, : F;J is equal to the p-exponent of h, /p/r.
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Finally, using the second and third steps (with F;( in place of F)), we can check
whether p | (hy/p/?).

In this way we were able to verify that among the fields of conductor at most
2000 there are only the following two cases in which h, contains p/» more than
once (both with f, = 1). The 17-class number of a 16-degree field of conductor
1921 is 172 and the 3-class number of the quadratic field of prime conductor 1129
is 3%. The latter is also found in Schoof’s table [20]. Additionally, we verified that
all the other higher powers of p found in his table could also be determined with
our method.

Remark 7.2. G. Gras and M.-N. Gras [5] computed class numbers of real abelian
fields of small degree using a method quite similar to our method of finding pth
powers. They also used Leopoldt’s condition similar to Schwarz’s method to limit
the number of possible divisors. The tables [6] and [7] were computed using this
method. The aim in [5] was to compute class numbers of real abelian fields using
explicit upper bounds that are practical only in fields of small degree; hence the
efficiency of the algorithm was not as crucial as in our computations. On the other
hand, the efficiency might be improved using first the congruence method as in the
second step. Gras’s method essentially consists of a search of units of EZ; belonging
to Fy, where P is a prime ideal of Z[(, ] above p; this amounts to searching for

units of the form (pNi(@)/fioN1/P" with P = (p, fi(Cgy))- This suggests that
our method could similarly be generalized to search (by the isomorphism Z[(, | ~
Z[Gy]/(®y, (0))) for Pth powers in E,. This would settle more naturally the case
of a larger residue class degree. One possibility would be to investigate the group
(Ey/Fy)p (the P-part will be defined later in this work).

8. AN EXAMPLE OF THE CALCULATION

The following example shows how the calculations were done. Choose f =
1261 = 13- 97. Let K = Q(¢r + C;l). There are 47 real cyclic fields of conductor
f corresponding to the nontrivial Q-conjugacy classes of characters of K.

We run for any h, the first step of the method by checking whether the condition
([@3) holds. All the necessary information for the computation may be gathered
from the knowledge of the corresponding Q-conjugacy class Y. This is the lengthy
part of the calculation since we check all the primes 2 < p < 10000, p 1 f, for all the
47 different h,. We find out that there are in total 68 primes (counted with multi-
plicity) that satisfy (3] for some h,, of which 10 primes divide g,. We continue
to the second step only with the primes not dividing g, (the 10 discarded primes
of course would also contain some information of the class number divisibility, but
they would require another method). Usually the number of primes satisfying (£3))
was found to be roughly proportional to the number of different h,,.

In the second step we check all the remaining 58 cases. We also check for all
different h,, the primes 13 and 97 dividing f. There are a total of 152 pairs (h,,p)
to check. For instance, we have the prime candidate 2689 in the field of degree
96 corresponding to the character x = x1i3x3, (in an obvious notation). Since
2689 = 1 (mod 96), there are 96 minimal submodules corresponding to the various
a; = n®e(@)/(e=1)  We choose a pair (¢,b) and check the congruence (5.1). For
instance, the pair (74598239, 46979) is appropriate. For this pair, the congruence
(E.T)) is not satisfied for any «;, thus 2689 { k.. All the primes are checked similarly;
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we can handle all the primes not dividing the class number in this way. An example
of a prime dividing the class number is given in the following.

Let p = 97 and x = x33x52. We compute 10 appropriate pairs (g,b) and notice
that (&) is always satisfied for the minimal submodule corresponding to f;(c) =
o + 48 (the specific minimal submodule depends on the choice of the generator
o of Gy; we had o defined by (; — (;”). We move on to the third step and

compute a real approximation of n‘I’96(”)/ (0+48) and its conjugates. Its minimum
polynomial has huge coeflicients, thus it is first important to reduce the coefficients
of ®gg(0) /(0 +48) € Fy7[Gy]. Choosing the coefficients with the smallest absolute
value modulo p seems to be adequate; denote by « the element thus obtained.
The precision we needed in this case was over 5000 digits in order to be able to
compute the minimum polynomial m(x) of . The choice of the coefficients of o was
probably not ideal. Nevertheless, this was still possible to handle with a computer.
The minimum polynomial m,(z) of ¥/a was computed in the same manner; it had
much smaller coefficients, the largest with 54 digits. Finally, we checked that m,(z)
divides m(xP). Moreover, we used the method of higher powers of p to verify that
P>t hy.

There were altogether three pairs (h,,p) with p not dividing f (indeed, with
p = 5 or 7; see the table) for which we could not find any pairs (g,b) failing to
satisfy (B.I). They were all verified to be actual class number divisors using the
third step.

The computing time of all the above was approximately one hour using Mathe-
matica 4.1 [24] on an AMD Athlon 2000+.

9. COHEN—LENSTRA HEURISTICS

Schoof [20] showed, based on a speculative extension of the Cohen-Lenstra
heuristics [3], that the class numbers of real abelian fields of prime conductor are
most likely relatively small. The same holds for prime power conductors; see Buhler
et al. [2]. We see from Section 2lhow to treat class groups of fields of any conductor.
It would be natural to assume that the predictions given by Schoof on the size of
the class groups hold in our case as well. We will show that this is indeed the case.

Cohen and Lenstra give conjectural heuristic assumptions on the properties of
finite modules over direct products of Dedekind domains. In particular, the as-
sumptions apply to the modules over the (unique) maximal order of the group ring
Q[G]/ (3> c o) with G abelian. Their examples include probabilities for proper-
ties of the class groups of quadratic fields and real abelian fields. The p-parts of
the class groups with p dividing the degree had to be excluded; recently Wittmann
[23] presented heuristics for such primes in some special cases.

To apply the heuristics, one should originally have a large collection of fields
of varying conductor and fixed degree. Since our computations are limited to the
fields of conductor at most 2000 and of varying degree, the situation is different.
But as is mentioned in [2] and [20], the heuristics and the computed results together
support the conjecture that the class groups of real abelian fields are usually very
small.

We assume for the rest of the section that p t #G. The decomposition ([2.2))
allows us to define the p-class groups as modules over B Z[(g, ]; since Cly , =1
for the trivial character 1 = x(, we may drop the corresponding part from the
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direct sum. Since the above sum is isomorphic to the maximal order of the group
ring Q[G]/ (3 ,cq o) = Q[G]/e1Q[G], the heuristics may be applied in our case.

For a finite module A over a Dedekind domain R, there is a decomposition
A = @p Ap, where the sum is taken over the prime ideals P of R and

Ap ={a € A| Annga is a power of P}.

Ouly finitely many Ap # 0. Now by [3 Example 5.10], assuming the heuristics,
the probability that Ap = 0 is equal to [[p—,(1 — NP~*), where the norm NP =
#(A/P). The probabilities for the different P will be assumed independent.

Let us show how to apply the above probability in our case. Note first that the
prime ideals of P Z[(y,] are of the form @%7&1& Z[(y.] ® P, where ¢ is any
nontrivial Q-conjugacy class of characters and P runs through the prime ideals of
Z[Cy,]. Their norms are equal to the norms of P. There are ¢(gy)/f, prime ideals
of Z[(,, ] above any unramified prime p and their common norm is p/», where f,
is the order of p modulo g,. The number of different Z[(,, | in the decomposition
of the rational group ring of a real cyclotomic field is equal to the number of Q-
conjugacy classes. Their number might be calculated, for instance, by the following
result by Perlis and Walker [I9]: If G is a finite abelian group of order g, we have
Q[G] ~ By, %Q(Cd), where ng is the number of elements of order d in G.

The probability that the class group is trivial (excluding the primes dividing
2g,) is therefore

- H H HP(Clx,’P = 1 H H H 7kfp))4ﬁ(gx)/fp’

X peP’ Plp X peP’ k22

where P’ denotes the set of all prime numbers p { 2g,. Having computed all the
p-parts of the class groups for 2 < p < 10000, we assume p > 10000. Then by
taking the logarithm and using the estimates

1 14108 L 1 1+10-*
—In(1- < p = < ’
< pkfp> pkfp kz>2 pfp pfp — 1) p2fp

we obtain

—In(P(Cly, =1 Vp>10")) < 1.00011p(gy) Y

p>10% fpp2fp

The series is dominated by the terms with f, = 1, i.e.,, p = 1 (mod gy); the re-
mainder is smaller than Zp>104 p~t < 10713 (thls is estlmated via the “prime
zeta function” (@.JJ)). By the prime number theorem for arithmetic progressions,
the number of primes p < n satisfying p = 1 (mod g,) equals approximately
#{p € P | p < n}/p(gy) for large n. Thus with many different g, we have, at
least on average,

_ _ 1 _
RSN DS e SR

p>104 p>10° #lgx) p>10%
p=1 (mod gy)
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We assumed that 107! is insignificant; this holds, when the numbers g, are of
the magnitude we confronted in the computations. The series over primes may
be approximated from its expression in terms of values ((m) of the Riemann zeta
function, m > 2. Indeed, we have

IR I()
E

peP =1

as the Mobius inversion of the logarithm of the Euler product for ¢(m) (see, e.g., []).
This gives >~ cp p~2 & 0.452247. Consequently, we obtain D p<iot p~2 ~ 0.452238.
It follows that

P(Cl,, =1 Vp>10*) ~ 0.999990.

It is interesting to note that this estimate does not depend on g,.

We computed all the (x,p)-parts of the class groups for 2 < p < 10000, p 1 gy,
fx < 2000. For f, < 500, we even went up to the bound p < 100000 utilizing
Schwarz’s tables [21]. For any fixed p, there are a total of 9339 different Z[(,, |-
modules Cl, , for 500 < f < 2000 (1679 for f, < 500). When substituting this
information in the above formulas, one obtains from the heuristics that the pre-
dicted number of occurrences of nontrivial class group parts Cl, , (dropping out
from the study all the primes dividing 2g,) for the fields of conductor f, < 2000
would be approximately 443, and that the class number would not contain larger
primes for 500 < f, < 2000 with probability ~ 91% (for f, < 500 with ~ 99%).
We might exclude from the calculation all the class group parts corresponding to
the fields of small degree since there exist extensive tables for them; then the above
probability for 500 < f,, < 2000 rises to at least 93%. Given that all the computa-
tions have produced only relatively small prime divisors compared to the degree of
the field, we find it reasonable to believe that the class number divisors found are,
in fact, all the primes dividing h, for any f,, < 2000, excluding the primes dividing
20y

We found 231 nontrivial x-parts of class groups, which is less than the expected
number 443, but which is still of the same order of magnitude when compared to
the number of all the x-parts. This supports the belief, stated by Schoof [20], that
the heuristics would slightly overestimate the chance of a nontrivial class group
when the conductor is relatively small.

10. TABLE

In the enclosed table we present all the prime divisors 2 < p < 10000 of the
class numbers of the real abelian fields of composite conductor 500 < f < 2000
and the prime divisors p < 100000 for f < 500, excluding the primes dividing the
degree of the field. The first column indicates the conductor f, of K,. A character
defining the field K, is written in the second column. We use the notation X,
for the generating character modulo ¢¥ with ¢ > 2 a prime. Let w4 modulo 4 be
defined by ws(—1) = —1. For v > 3, define xo» modulo 2¥ by x2v(5) = (ov—2 and
Xxav(—1) = 1. The representatives of the Q-conjugacy classes of characters were
chosen as in [21].

The third column gives the degree g, of K, and the last column shows the
prime divisor p of the x-class number h,. We did not encounter any h, having
more than one prime divisor. The occasional exponent of p is the residue class
degree of p modulo g,, except for one case. This is a field of conductor 1921 for
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which we found two different submodules containing 17th powers. The search for
higher powers of p showed that the class number is exactly divisible by 173. We
computed, using PARI [I8], that the 17-class group is of type Z/17°Z x Z/17Z.
Note that 17 divides 1921. In general, the case where p divides the conductor seems
to occur very often. For the fields of prime power conductor, recall that Vandiver’s
conjecture (verified up to a very large conductor) states that such primes never
divide the class numbers.

For any real field K of conductor f, one may read the p-part of hx for any
p < 10000,p 1 2[K : Q], by combining the entries of the table (together with
Schoof’s table of the fields of prime conductor in [20]) for all the cyclic subfields
K, of K of conductor f, | f. The p-class structure is given by (Z2).

For example, let K = Q({y + Cf_l) with f = 1304 = 8 - 163. Our table gives for
hx twice the prime factor 19 coming from fields with conductor f and f/2 = 652
(both of degree 18). By (22), the 19-class group is of type Z/19Z x Z/19Z. In
addition, there is a prime factor 3 coming from a quadratic subfield with conductor
f. Since 3 divides the degree 324 of K, the 3-class group of K remains unknown;
in fact, it could be possible that 3 t hill. Since the class number of QG+ ¢ Y is
1 and that of Q(Ci63 + (ig5) is 4 (see [T4]), we find that all the other possible odd
prime factors of hx must be larger than 10000.

The results were checked to agree with the tables of real cyclic fields of degree
at most 6 (cf. [I7], [6], [7], [9], [I5]). All the class number divisors of the fields
of degree at most 20 were also confirmed with PARI. The results in the case of a
prime conductor (omitted from this table) were found to agree with the tables of
Schoof [20] and Koyama and Yoshino [II].

1One can show that, in fact, 3 | hx (personal communication by C. Greither).
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Ix X 9x | P Ix X gx | P Ix X Ix p
212 | wixi3 4|5 976 | wixigxd? | 4 | 5 1311 | xdx3ox3i | 18 | 19
316 | wix3d 2|3 980 | wixixby | 28|29 1313 | x$3x%, 10 | 31
321 | x3x33, 2 | 3 985 | x2x35, | 2 | 3 1332 | wixdx$, 6 7
427 | oadxet | 4| 5 || 988 |wixdaxle | 6 | 7T | [ 1339 | xisxifs | 12 | 13
469 | x3x33 2|3 993 | x3x38 | 2| 3 1343 X37x39 16 | 17
473 | x5x33 | 2| 3 999 | x3,x3% | 9 |37 | 1345 X2xied 2 3
481 | x23x3, | 18|19 1016 | wixgx$3, | 2 | 3 1353 | x3xiixi2 10 | 11
551 | x99xZo 4|5 1025 | xd5x%; | 40 | 41 1355 X2x39, 18 | 37
556 | wix33, | 6 | 7 1036 | wix2x3, | 36 | 73 1359 xX$xi2% 6 7
568 | xixit | 10 | 11 1048 | x3x%§, |10 |11 1360 | wixigxixi2 | 4 | 5
wigx3? | 2 | 3 1080 | x3xs7xt | 36 | 37 1376 | wixdaxis 24 | 52
629 | x§,x%, | 18|19 1101 | x3x388 | 2 | 3 1384 X3x585 2 3
Xirxis | 4|5 1105 | x2x93x8, | 4 | 5 1385 x2xaS, 6 7
651 | xAx$x§, |10 | 11| | 1113 | xgx3x33 | 12| 13 X5x3%7 415
652 | wixfes | 18|19 1116 | wix3x3? | 6 | 7 1387 X3 X 1S 36 | 172
676 | wixdge |52 53| | 1132 wixdl, | 6 | 7 X3ox3 | 36 | 37
692 | wixi3; | 4|5 1139 | x2,x8, | 88|89 X2ox3s 9 | 19
697 | x§-x39 2 | 3 1141 | x2x38, 9 |19 1393 X2x 199 2 5
703 | x99x3, | 36 | 37 1159 | x%oxdy | 18 | 73 1404 | wixd-x3; 18 | 19
X3ox3; | 12| 13 1172 | wixiss | 4 |13 1407 | x3x3x8; 22 | 23
728 | xaxixis | 4| 5 | | 1197 | x3x3xis | 6 | 7 | | 1420 | wixixi; | 10 | 11
753 | xAx32, | 10| 11 1207 | xi.x3y | 16 | 17 | | 1421 X39X38 28 | 29
756 | wixd;x: | 18 | 19 1211 | x2x5S, 6 | 7 1424 | wixigxds 8 | 17
763 | x3x%09 | 12| 13| | 1235 | xixfaxid | 12 | 13| | 1435 | xdxdxi? 12 | 13
779 | xioxi | 40 | 41 XExisxlo | 4 | 5 | | 1436 | wix3D 2 | 3
785 | xExISr | 2| 3 | | 1241 | xiox§ | 4 | 5| | 1455 | xdxix§, | 16 | 17
793 | xisx® | 12 | 37 1243 | x%,x31; | 40 | 41 1460 |  wixixsi 4 5
808 | wixdx38, | 4 | 5 1257 | x3x39%% | 2 | 3 1461 X3X3%7 18 | 19
817 | xfox% | 2 | 5 1261 | x23x8% | 48 | 97 | | 1465 Xix383 4 | 32
819 | xéxixis | 6 | 7 xisx§r | 6 | 7T | | 1477 | x¥dh 10 | 11
832 | wixgaxis | 16 | 72 xfsxg7 | 4| 5 Xix3h 6|7
869 | xfixpe | 78|79 X13x87 7| | 1496 | wixdxiixiy | 10 | 11
889 | x3x%, |6 | 7 1271 | x3,x%3 | 15| 31 1509 X3x28% 2 3
892 | wix3ii 2 | 3 x39x % 6 | 7 1513 Xirxis 16 | 17
916 | wix3lo | 4 |5 x§ixdt | 5 |11 Xi7xE5 4 |13
923 | x35x%, | 20 | 61 1287 | x$x31x35 | 60 | 61 1516 wixire 378 | 379
928 | wixdoxle | 8 | 17| | 1295 | x2x3x3% | 18 | 19| | 1525 X35 x4 10 | 11
935 | xdxTixir | 4 | 5 | | 1304 | xgxigs | 18 | 19| | 1547 | xixisxi? | 12 | 37
940 | wix?x232 | 2 | 3 windx$ss | 2 | 3 1575 X$X35X3 30 | 31
944 | wixigx® | 4 | 5 1308 | wixixidg | 6 | 7 1576 | wixixis, 4 | 32
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fx X gx | P | Jx X Ix p
1591 | x35x3s 42 | 43 | 1855 | xEx3xi3 4 5
1592 | wiviyile | 18 | 19 | 1865 |  yix%, 4 5
wixsxige | 6 | 7 | 1872 xfexgxis | 12| 13
1620 | wixZxl | 108 ]109 | 1885 | xIxSixde | 28 | 29
1623 | x3xsh | 12 | 13 XExisx3o | 28 | 113
1629 | xaxis | 30 | 31 XeXTsx3e | 4 5
Xoxiar | 18 | 109 | 1887 | xixinx3f | 4 5
1640 | wixix3xi, | 8 32 ] 1891 a1 xa: 20 41
1641 | x3x353 | 2 | 5 Xaxer | 15 31
1643 X31X53 12|13 X§1Xe1 10 11
1651 | xisxf3; | 12 | 5% | 1897 | x3xa¥ 2 5
1665 | xAxix2d |12 | 13 | 1903 | xOxls | 172 173
1676 | wiyi® | 22 | 23 [ 1904 | xlex3x3, | 16 | 97
1687 | xix3h | 3 | 13 wixieXxiz | 12 | 13
1688 | xix3%, 10 | 31 [ 1921 | xix3is 28 29
1708 | wixixg? | 6 | 7 Xizxils | 16 | 17172
wixsxgt | 2 | 3 [ 1929 xixéih 2 3
1729 | xixisxdy | 12 | 5% | 1935 | xgxsxis | 12 | 13
Xaxisxig | 12 | 13 Xoxsxis | 12| 13
Xixtsxis | 6 | 7 [ 1937 | xisxige | 12 | 109
1735 | xsx3if | 4 | 5 X33xTio 3
1736 | wixax#xil | 6 | 7 | 1957 | xPoxis 3
1739 | X5x33 | 4 | 5 | 1965 xdxExidh | 10 | 11
1749 | xdx3xZs | 26 | 53 | 1971 | 3ds | 18 | 19
1751 | xdox3es | 16 | 17 | 1972 | wixi.xbe | 8 32
1755 | x3zxsxds | 36 | 73 | 1976 | xsxfsxiy | 18 | 19
1756 | wixizy | 2 | 5 Xaxisxio | 12 | 13
1761 XAXEDE 2 7 11988 | wixZxy 42 43
1765 | x2x31% 3 wixixyi | 30 | 31
1772 | wixil3 311995 | xdxExixdy | 6 7
1853 | x§:xSo9 | 18 | 19 [ 1996 |  wlixido 2 5

5

71
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