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ANALYSIS FOR QUADRILATERAL MITC ELEMENTS
FOR THE REISSNER-MINDLIN PLATE PROBLEM

JUN HU AND ZHONG-CI SHI

ABSTRACT. The present paper is made up of two parts. In the first part, we
study the mathematical stability and convergence of the quadrilateral MITC
elements for the Reissner-Mindlin plate problem in an abstract setting. We
generalize the Brezzi-Bathe-Fortin conditions to the quadrilateral MITC ele-
ments by weakening the second and fourth conditions. Under these conditions,
we show the well-posedness of the discrete problem and establish an abstract
error estimate in the energy norm. The conclusion of this part is sparsity in
the mathematical research of the quadrilateral MITC elements in the sense
that one only needs to check these five conditions.

In the second part, we extend four families of rectangular MITC elements
of Stenberg and Siiri to the quadrilateral meshes. We prove that these quadri-
lateral elements satisfy the generalized Brezzi-Bathe-Fortin conditions from
the first part. We develop the h-p error estimates in both energy and L? norm
for these quadrilateral elements. For the first three families of quadrilateral
elements, the error estimates indicate that their convergent rates in both en-
ergy and L2 norm depend on the mesh distortion parameter o«. We can get
optimal error estimates for them provided that a = 1. In addition, we show
the optimal convergence rates in energy norm uniformly in « for the fourth
family of quadrilateral elements. Like their rectangular counterparts, these
quadrilateral elements are locking-free.

1. INTRODUCTION

This paper is devoted to the finite element approximation for the Reissner-
Mindlin plate problem (R-M hereinafter) which reads: Given g € L%*(Q) find
(w, @) € HY(Q) x HE(2)? with

(1.1) a(¢,¥) + (v, Vv — ) = (g,v) for all (v,9) € Hy(Q) x Hy(Q)*.

With the plate thickness ¢ and the other notation defined in Section 2 below, the
shear stress v € H ™ *(div, ) reads

(1.2) N =AM"3(Vw — ¢).
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This plate theory has become a popular plate bending model in the engineering
community due to its simplicity and effectiveness. However, a direct finite ele-
ment approximation usually yields poor numerical results, i.e. they are too small
compared with the continuous solutions. Such a phenomenon is usually referred
to as shear-locking. To weaken or even overcome the locking, many methods have
been proposed, most of them can be regarded as reduction integration methods
[2. [, [0l [11], 10} [14), 16, [19, 22, 23, 29, 32, 26} 24]. Among others, the MITC method
is an efficient and popular one [111, [9] [T0] 14} [16], (19, 24]. So far, most of the MITC
plate bending elements proposed and analyzed in literature are restricted to the
affine meshes, namely, the triangular and parallelogram meshes. Needless to say,
the quadrilateral meshes are more flexible than the rectangular or parallelogram
ones, especially when a domain with a curved boundary is considered. Therefore,
the quadrilateral elements are important in theory and applications and deserve a
careful study.

In [T1], Brezzi, Bathe and Fortin have proposed five conditions (hereafter Brezzi-
Bathe-Fortin conditions) for the stability and convergence of the MITC elements
defined on the affine meshes. Since the commutative property of the mixed finite
element methods for the second order elliptic problem is invalid for the general
quadrilateral meshes, the second and fourth conditions no longer hold for this case.

The first aim of this paper is to generalize the Brezzi-Bathe-Fortin conditions to
the quadrilateral meshes by weakening the second and fourth conditions. Thanks
to these general conditions and the discrete Helmholtz decomposition established,
we obtain error estimates in an abstract setting for the limit problem with the plate
thickness ¢ = 0 and the general case with ¢ > 0.

The second aim of this paper is to generalize four classes of rectangular MITC
elements proposed in [29] to the quadrilateral meshes and develop their h-p error
estimates in both energy and L? norm. We show that the convergence rates for three
classes of these quadrilateral elements depend on the mesh distortion parameter a.
Thus the loss of accuracy will be expected for these generalizations unless the
quadrilateral meshes satisfy the bi-section mesh condition from [27]. Importantly,
we prove that one class of these quadrilateral elements yields optimal error estimates
with respect to the meshsize i uniformly in « in energy norm.

This paper is organized as follows. Next, we introduce the notation in Section 2.
In Section 3, we list the quadrilateral version of the Brezzi-Bathe-Fortin conditions
and present the discrete problem in an abstract setting. In Section 4, we check the
stability and convergence of the discrete problem with ¢ = 0. In Section 5, after
showing the discrete Helmholtz decomposition, we examine the well-posedness of
the discrete problem with ¢ > 0, and prove their error estimates based on the
generalized Brezzi-Bathe-Fortin conditions. In Sections 6, 7 and 8, we generalize
the rectangular MITC elements proposed in [29] to the quadrilateral meshes, and
address the h-p error estimates. For completeness and also compactness, we give
the h-p error analysis of the reduction operator and other interpolation operators
over the quadrilateral meshes in the appendix, namely, in Section A and Section B.

In this paper, the generic constant C' is assumed to be independent of the plate
thickness ¢, the mesh size h and the degree of polynomials k. However, it may
depend on the regularity index m in general.
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2. NOTATION

This section presents the definitions of notation. Let {2 denote the region occu-
pied by the plate. Assume that €2 is a convex polygon with the boundary 0. We
use the standard notation and definition for the Sobolev spaces H*(f2) for s > 0
[1], the boldface H*(2) denotes the corresponding vector-valued function space;
this rule is applicable to the others spaces, unknowns and operators. The standard
associated inner product is denoted by (-,-)s, and the norm by || - ||s with |-|s the
seminorm, respectively. For s = 0, H*(Q) coincides with L?*(). In this case, the
norm and inner product are denoted by ||-||op and (-, -) respectively. As usual, H§(2)
is the subspace of H*(2) with vanishing trace on 9Q. Let L3(2) be the set of all
L?(Q) functions with zero integral mean. Denote H~1(£2) the dual space of HJ (£2)
equipped with the norm || - || -1.

Throughout this paper, w and ¢ = (41, ¢2)¢ denote the transverse displacement
and the rotation of the fiber normal to €, respectively. ¢ is the scaled transverse
loading function, A = Ek/2(14v) is the shear modulus with E the Young modulus,
v the Poisson ratio, and x the shear correction factor. The bilinear form af(-,-)
models the linear elastic energy and is defined by

E

21) al6.) = iy [ (1= E): Eu8) V- 6V - )dady,

the linear Green strain £(¢) = %[Vd) + quT] is the symmetric part of the gradient
field V.

We use the standard differential operators:
Vr = (gi?gi) , curlp = (_8515/88%) .
We denote tAhe grafdient operator on the reference element K= [—1,1]2 with respect
to (&,m) € K by V. For a vector function 1 = (11, 1), define
divep = Oy /0x + O /Dy, Totap = Dhy/Dx — Oy /Oy.
We also need the vector spaces
Hy(rot, Q) = {q € L*(Q),rotq € L*(Q),q-t =00n 9N},
where t denotes as the unit tangent to 052, and
H(div,Q) = {q € L*(Q),divg € L*(Q) },
which are endowed with the norms, respectively,

all e (roy = (llallg + || rot ql|f) />
and

171l 2(aiv) = (Imllg + || divnl5)'/>.
Let J" be a partition of Q into convex quadrilaterals. Define h: = max ¢ jn hx
where hg is the diameter of K for each K € J". The usual regularity for J" is
assumed in the sense of Ciarlet and Raviart [15, pp. 247], the quasi-uniformity of
J" is also assumed. We denote the distance between the midpoints of two diagonals
of K by dk, and assume J" to satisfy the (1 + a)-section condition [25], i.e., df is
of order O(hi®) uniformly for all elements K as h tends to zero for 0 < o < 1. In
particular, we recover the bi-section condition [27] if o = 1.
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P2

FiGURE 1. Quadrilateral K and the reference element K.

Remark 2.1. In practice, o can be greater than one with a = oo associated to
the parallelogram meshes. Since the methods under consideration will give optimal
error bounds in both energy and L? norm for the case with o > 1 and the analysis
below covers this case, we restrict ourselves to considering the case of 0 < o < 1.

Given element K € J" with four nodes p;(z;, ;)i = 1,...,4, let K= [—1,1]2
denote the reference element with nodes p;(&;,7;),7 = 1,...,4. Define the bilinear
transformation Fg : K — K by

4

4
x:leNz(gvn)a yzzyzNz(gan)v (&77) GK;
i=1

i=1
with N;(&,7n),i = 1,2, 3,4 the bilinear basis functions, which read

1 1
Ni(&n) = ;=81 —n), Nao(&n) = (1 +EA ),
1 1
Na(€m) = 7A+OA+n), Na(&n) =71 = +n).
Define
Co dO 1 1 1 1 1 Y
Cc1 dl _l -1 1 1 -1 T2 Y2
cy  da 41 -1 -1 1 1 T3 Y3
C12 d12 1 -1 1 -1 Ta Yau

Then the Jacobian matrix of the bilinear transformation Fx can be expressed as
dz 8
DFg = % ﬁ — c1 +cien  c2+ci2é
?)_g g—i dy 4+ dian  da + d12€

with the determinant Jx (&,n) = Jo x + J1,x§ + J2 k1, where Jo g = c1da — cads,
Jl,K = Cldlg — 012d1, J27K = C12d2 — ng12, and its inverse is

DF-1 — g_i 3—5 _ 1 (d2+d12§ —02—0125)
" %Z gz Jr(&m) \ —di —dizn c1+cian
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In terms of the aforementioned mesh parameters, dx = O(h}j‘*) implies

(2.2) lc1a| 4 |dia| < CAMTY,
(2.3) |1 k| + | o, | < CRFT,
(2.4) IVJk| < ChtFe,

For an edge E; of K we let E; = FK(Ei),i =1,...,4, be the corresponding edge
of K. The unit tangents of F; and E; are denoted by ¢; and #;, respectively.

3. QUADRILATERAL FINITE ELEMENT APPROXIMATIONS AND SUFFICIENT
CONDITIONS FOR THE STABILITY AND CONVERGENCE

This section defines the discrete problem in an abstract setting and presents the
generalized Brezzi-Bathe-Fortin conditions.

Assume now that we are given finite element subspaces @, C H{(Q) and
Wy, C H}() over the quadrilateral partition J". To overcome locking, a com-
mon procedure is to somehow reduce the influence of the shear energy. We consider
here the case in which the reduction is carried out in the following way: we assume
that we are given a third finite element space I'j,, and a linear operator R; which
is defined on the space Hy(rot, Q) N H'(Q) and takes values in I';,. Then we use
R}, (Vwy, — ¢y,) instead of Vwy, — ¢,. For simplicity we consider the case where

(3.1) R, Vw, = Vwy, Ywy, € Wp,
and
(32) IRxli < Cllgllh,  Vap € Hy(9).

For the limit problem with ¢ = 0, the discrete problem reads
Problem 3.1. Find (wp, ¢p,) € W), x Oy, such that

(3 3) a’(¢h7¢) + (’YhaRh'd) - V’U) = (g,’l)), V’(/J S @h,V’U S Wh7
. th)h = th.

For the general problem with ¢ > 0, the discrete problem can be stated as
Problem 3.2. Find (wp, ¢p,) € W), x ), such that
(3.4) a(oy, Y) + (vp, Vo — Rptp) = (g,v), V(v,79) € Wi, X Oy,
where
(3.5) v, = M"3(Vwy, — Ryy,).

For the stability and convergence of the discrete problem, Brezzi, Bathe and
Fortin have proposed five conditions in the case of the rectangular meshes [II].
In what follows, we generalize these Brezzi-Bathe-Fortin conditions to the general
quadrilateral meshes by weakening the second and fourth conditions.

Condition 1. The gradient field of the discrete displacement space is included in
the discrete shear force space, i.e.,

VW, CTy,.
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Condition 2. There exist two auxiliary spaces Qj and Q; j which are related to
each other in the following way:

(3.6) Qn ={q€ L§(Q).q k= 4(Fi'(2)),q € QK), VK e J"},
(3.7) Qi n={qeL*Q),q|x= %}f()),q € Q(K), VK eJ",

where Q(f( ) is some polynomial space over K. The reduction operator Ry, is defined
in such a way that

(3.8) (rot(¢p — Ryp),q) =0, Vg€ Qn, V¢ e H(rot, Q).

Moreover,the following inclusion relation holds for the rotation field of the discrete
shear force space and the auxiliary space Qi p,

(3.9) rotI'y, C Q1 p.
Condition 3. The space pair (@, Q) is stable for the Stokes problem in the
sense that we have the discrete inf-sup condition
t
(3.10) inf sup 0D S g g
€ nee, [ll1llallo

In addition, we assume there exists a constant C'(k) > 0 which only depends on k
such that

(3.11) lim G(h, k) = C(k),

with k the degree of the polynomials in consideration.

Remark 3.3. For example, the schemes in Section 6 admit G(h,k) = 12’;;7;/52/2
Therefore, 3(h, k) tends to Ck~'/2 = C(k) when h goes to zero and k is fixed.

Condition 4. The space pair (T',, Qp) is stable for the second order elliptic prob-
lem in the sense that the following discrete problem admits a unique solution: Find
(a,p) € T, x Qp, such that

(e, 8) — (rot s,p) = (f,s), VseTy,
(rota,m) = (g,m), Vm € Q.
Condition 5. We have
{6n € Tp,rot 6, =0} C VW,

4. ABSTRACT ERROR ANALYSIS FOR THE LIMIT PROBLEM

This section presents the error analysis for the finite element methods with Con-
ditions [IHAl for the limit problem with ¢ = 0.

For our analysis, we first need the following result which is related to the discrete
Helmholtz decomposition on the quadrilateral meshes.

Theorem 4.1. For any o € T'y,, if

(4.1) (roto,q0) =0, Vqo € Qn,
then, it holds that

(4.2) roto = 0.
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Proof. With Condition [2] one can assume that rot o has the form

q|gk=roto |g= q—K, VK € Jh,
JK

where qr = i (Fi'(z)) with §x € Q(K). Set

qK
@ |[k=——Co
| Jo, i

)

with
1
Co=— —dxdy
RN

By virtue of ¢ € L3(Q), we have

0 = (roto,q)= Z(q—Kaq—K—CO)K

KeJh Jr Jox
_ Z(QK QK )i > ZCK 49K
o Jr’ Jox ot Jo.x’ JOK

Here we use the regularity Cx Jx < Jo,x of the mesh with the positive constant
Ck depending on the geometry of each element K. This leads to

qx =0,YK € J",
which completes the proof. O

Let us go to the limit problem and its discrete counterpart which we state here
for the convenience of the reader:

(4.3) a(p, ) + (v, % = Vo) = (g,v),  Vp € Hy(), Vv € Hi(9),
' ¢ =V,
(4 4) a(¢hﬂ¢) + (PYh,thJ - V’U) = (g,v), V’l,lﬁ € (")h, Yv € Wh,
. Ry ¢y, = Vwp,.

A direct consequence of Theorem FT]is the following error estimates for the limit
problem.

Theorem 4.2. Let the finite element method satisfy Conditions [IHH, and let (¢, w)
and (¢y,, wp) be the solutions to Problem (&3) and Problem ([&4), respectively. Then

(77¢ _Rhw) .
45 g, ol <0 (fé%’h 8Bl g o - ¢I1> ,

(4.6) |Vw — Varllo < C(ll¢ — Rupllo + [l — dll1)-

Proof. We first recall by the Korn inequality that there exists a constant C' such
that

a(, ) > ClY|7, Vi € O
Now consider the following problem: Find (¢,p’) € ©), x Q;, with
(Vo' Vip) — (p',rotep) = (Vo,Vep), Vap € O,

(¢,rot ") = 0, Vg€ Q.
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Thanks to Condition [3]in the previous section and the mixed finite element theory
[13], there exist a unique solution to this problem with

(47) l6 =o'l <C jnf ll¢ =l
We use Condition [2] to obtain
(rot Ry’ q) = (rot @', q) =0, Vge Q.
It follows from Theorem [l that
rot Rh¢1 =0.

Since thi)I € I'j,, this identity and Condition [ assert there exists a unique w! €
W), such that

Vu! = Ry¢".
We set e = ¢, — gbI and €, = w;, — w! to get
(4.8) Rh€¢ = VEw.

Take, in both the limit problem and its discrete problem, 1 = €4, v =0 and ¥ = 0,
v = g, respectively, we then come to
a(d)h - ¢7 E(b) + (’Yha Rh£¢) - (’Y? E(b) = 07

(4.9) (s — 7. Veu) = 0.

Combining (4.8) and ([@I)) with Problem (£3) and Problem (4]), we derive that

Clegli < aleg.eg) = aldy, — @' cq)

= aldy, — ¢,e4) +a(¢d— ' cy)
(v.€¢) = (Y4, Rugg) + a(d — ¢’ 24)
(V.66 — Rneg) + (v — v, Rneg) + a(dp — ¢’ ey)
(v,6¢ — Rnee) + (v — vp, Vew) +a(p — ¢, eg)
(V.66 — Rieg) + a(d — @', cp),
which implies that

Y — R
leolli < Clié— &+ C sup Y= Fr®)
- 191

Then (@A) follows from (7)) and the triangle inequality. (&G is a direct con-
sequence of (43)), the following inequality and the boundedness of the operator
Ry,.

[V(w—wn)llo=ll¢ — Rndypllo < |l — Rudllo + [ Rne — Rucpyllo- O

Remark 4.3. This lemma and its proof are actually the quadrilateral version of
those from [T1].
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5. ABSTRACT ERROR ESTIMATE FOR THE GENERAL PROBLEM

In this section, we establish, in an abstract setting, error estimates for the finite
element methods satisfying Conditions IHAl proposed in Section 3 for the general
problem with ¢t > 0. Our analysis is based on the discrete Helmholtz decomposition
on the quadrilateral meshes (see Lemma below). Therefore, throughout this
section, we assume that these five conditions are met by the finite element methods
used to discretize the Reissner-Mindlin plate problem.

5.1. An equivalent formulation of the R-M plate problem. For our anal-
ysis we shall make use of an equivalent formulation of the Reissner-Mindlin plate
equations proposed by Brezzi and Fortin in [I2]. This formulation is derived from
Problem [Tl by using the Helmholtz Theorem of decomposition of the shear stress
vector

(5.1) v = Vr+ curlp,

with (r, p) € H} () x L3(£2). Moreover, if v € H(div,2), then r € H} () N H?(Q2)
and p € H'(Q) := H'(Q) N L2(Q), which admits the following estimate:

(5-2) I7]l2 + lIpll < Cllvll Eaiv)-

Following [14], we introduce the auxiliary variable @& = curlp, then Brezzi and
Fortin’s formulation for the Reissner-Mindlin plate can be rewritten as

Problem 5.1. Find (r, ¢, p, o, w) € HL(Q) x HS(Q) x L3(Q) x H(rot, Q) x H} (Q),
such that

(5.3) (Vr,Vv) = (g,v), Yve Hj(Q),

(5.4) a(, ) — (p.rot9p) = (Vr,4p), Vep € Hp(),
(5.5) —(rot ¢, q) — A3 (rot o, q) = 0, Vg € LE(Q),
(5.6) (a,6) — (p,rotd) =0, V6 € Hy(rot, ),
(5.7) (Vw,Vs) = (¢ + A" 12Vr, Vs), Vs e HH(Q).

It is classic to show that Problem [5.1]is equivalent to Problem [ Il The existence
and uniqueness of the solution to Problem [51] can be found, for instance, in [12] 2].

Note that, for Problem Bl two Poisson problems (5.3]) and (5.7)) are decoupled
from the system, and the remaining part is a Stokes-like problem. To analyze it, we
define the two bilinear forms A : (H§(€)x Ho(rot, Q))x (H§(Q) x Hy(rot, Q)) — R
and B: L2(Q) x (H(Q) x Ho(rot,Q)) — R by

A(p, o519, 8) = a(p,¥) + X't (a, 8),
B(q; 4. 8) = —(rot 9, q) — A~ 't*(r0t 4, q).

Define the following norm:
9, 811> = [l + 218115 + ¢*]| rot 8|3
With this norm these two bilinear forms are bounded in the sense that
A, a9, 68) < O, elfl[l[#, 5],
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with C' independent of ¢. Then ([G4)-(E.06) can be rewritten as: Find (¢, a,p) €
H}(Q) x Hy(rot, Q) x L3(Q) such that

(5.8) A, a;4,8) + B(p;h,8) = (Vr,9),  V(3,0) € Hp(Q) x Ho(rot, ),
(5.9) B(g;¢,a) =0, Vg€ L§(Q).

The existence and uniqueness of the solution to this saddle problem can be easily
shown by the classic theory.

5.2. An equivalent formulation of the discrete problem. In this subsection,
we derive an equivalent formulation for the discrete problem under Conditions [IHH]
from Section 3.

First we use Condition 4] Condition Bl and Theorem 1] to prove the following
discrete Helmholtz decomposition, on which our analysis is based.

Lemma 5.2. For any q € T'y,, there exist unique r € Wy, p € Qp and a € Ty, such
that

(5.10) q=Vr+a, and (a,0) = (roto,p), Vo €T},
Proof. Consider the following mixed problem: Find (a,p) € T'y, x Qp, such that
(a,0) — (roto,p) =0, Vo eI}y,
(rot @, m) = (rotg,m), Vm € Q.

By virtue of Condition[d] this problem admits a unique solution, and it follows from
Theorem (] that
rot(g —a) = 0.

Then Condition B concludes that there exists a unique r € W, such that g—a = Vr,
which completes the proof. O

Using Condition [2] and this discrete Helmholtz decomposition and following the
line of [14], we can rewrite Problem as the following equivalent form

Problem 5.3. Find (ry,, ¢, ph, an,wn) € Wi, x O x Qp x T'y, x W), such that

)

(5.11) (Vrp, Vo) = (g,v), Yv e W,
( ) a(@Pp,,¥) — (pn, 10t ) = (Vry, Rptp), Vi € Oy,
(5.13) —(rot ¢y, q) — X '3 (rot ap,q) =0, Vg € Qp,
(5.14) (atp,8) — (pn,rotd) =0, Vo €Ty,
(5.15) (Vwn, Vs) = (Ruy, + N 12Vry,, Vs), Vs W

Similar to (5.4)-(G0), for the discrete problem, (L.12)-(514)) can be rewritten as:
Find (¢, an,pp) € Op x T'y, x Qp, such that
(516) A(qshvah;wvé) +B(ph7¢76) = (vrhaRh"p)? v(¢76) € ®h X Fh7
(517) B(q, ¢ha ah) = Oa Vq € Qh-
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5.3. The well-posedness of the discrete problem and error estimates. In
this subsection, we consider the well-posedness of the discrete problem and the error
estimates. Since the two discrete Poisson equations (B.11]) and (G.I5) are decoupled
from the system, we only need to check the well-posedness of the discrete problem
(ETI0)-(ETI1). By the mixed finite element theory from [I3], the well-posedness of
(EI6)- (5I7) hangs on the following two assumptions which we will examine below.

(1) K-ellipticity. There exists a constant C' > 0 such that
(5.18) A, 8;9,8) = Clll, 4%,
for all

(,0) € Zp, = {(,6) € O x Ty, B(q;9,6) =0, Vqe Qp}
= {(,8) € ©), x T, ot Rpp = —A"'t* 10t §}.

(2) B-B condition. There exists a constant (h, k) such that

(5.19) sup Blg: ¥, 9)

—————= > B(h,k)|lqllo, Vg€ Qp.
L O T el

In order to prove the K-ellipticity condition (5I8)), we need the following result
Lemma 5.4. There exists a constant C' independent of h and k such that
(5.20) | rot Rppllo < C|rotabllo, Vb € H(S).
Proof. With Condition [2]in Section 3, we have for the reduction operator R},

(rot Rptp, qo) = (rot 1, qo), Vqo € Q.
Again from Condition [2, one can assume that

g |x=rot Rpp|x = 2 VK e J",
JK

with gx = §x (Fr'(z)) and §x € Q(K). Similar to the proof of Theorem EIl we
set

1
Jo,x | ] Ko /K Jo, i

and

@ |K:q_K
Jo,x

)

Applying the Cauchy and Holder inequalities,

lwlp < 2 ddedy+C3 1ol
< 2C / Gdxdy + C / ¢*dzdy]
Q Q
< C| rot Ruap||3.
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By virtue of rot Ryt € LE(Q) and the regularity CxJo x < Ji of the mesh with
the positive constant Cx only depending on the geometry of each element K, we
have

(rotep,q0) = (rot Rpwp, qo) = (rot Rpp, q1)
ik 4K
> Z Cr(=—,—)k
KeJh Ji Tk
> Igré'yh(cx)ll rot Ryv||§ = C|| rot Ry |3,

which, together with the bound of ||go||o, implies that
| rot Rpapllo < Cf|rot 4 |lo,

which completes the proof. O

Then, we have the following result about the existence and uniqueness of the
solution to the discrete problem.

Theorem 5.5. Problem B3] admits a unique solution (rp, ¢y, Dh, Cn,wp) € Wi, X
@hXQhXFhXWh.

Proof. Since ©;, C H(f2), the Korn inequality holds, then for all (1, 8) € Zj,, it
follows from the definition of the bilinear form A(-,-;-,-) (see Subsection 5.1) and
the kernel space Z}, that

A, 831,8) > Cllllf + 2~"2]0][3
> Cllllf +A~H2[815 + Cl rot 413
> C(IllIF + 2[101[5 + [|¢* ot 813)
= Clllp, s>

(5.21)

Let = 0. We obtain with Condition Blin the form of (B10) and (BII) that

(5.22) sup Blg: ¢,9)

———=—= > B(h,k)|\qllo-
(,8)c@,xT, I, 6|

Then one can use the mixed finite element theory from [I3] to end the proof. O

We are now ready to prove the following abstract error bounds.
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Theorem 5.6. Let (r,¢,p, o, w) € HE(Q) x H(Q) x L3(Q) x Ho(rot, Q) x HE(Q)
and (Tp, @, Phs Ch,wp) € Wi, X Oy x Qp, X 'y x W), be the solutions to Problem
B and Problem B3], respectively. Let the shear force vy and its discrete counterpart

v, be defined in (L2) and [BH), respectively. Then,

(5.23) IVr — Vrllo < C inf ||Vr— Volo,
veEW}
I, — &, cn — el + B(h, k) [lp — pallo

1 .
(5.24) <C lp =4, 0= 6] + inf [[p—gqllo
q€EQn

— B(h,k) (w,a)géhxrh

+ sup | (Vrp, Rpm) — (Vr,m) |) ’
-, Il
(6:25) Vs - Vello < CCint [V~ Voo + |6 - Rudylo
vEW}
A2 ||V = Vo),
(5.20) o= anll-v = € (ninf = 8l + o=l ).
(5:27) I = all-1 < CClr = rallo+ ll = a0,

@, — bl + tlan — allo + B(h,E)|lp — prllo

< T ol 16—l + Ctlla ~ Raall

—I—C( mf lp —qllo + sup | (Vra, Rum) — (Vr,m) |)
ned), Il

(5.28)

Proof. Thanks to the equivalent formulations for the R-M plate problem and its
discrete problem, the well-posedness of the discrete problem in the form of (B2
and (B22), we can prove ([23)-([{E27) by the standard arguments; we refer the
readers to [I3] [I4] for further details.

Next, we only show the inequality (5.28). Given (v,s) € Z; and q € Qy, it
follows from (E.8), (5.16]) and B(py — q; v, s) = 0 that

Ale, — ¢, an — a;v,5)
= B(p —pn;v, 8) + (Vrp, Rpv) — (Vr,v)
(5.29) B(p —q;v,8) + (Vrp, Ryv) — (Vr,v)
—(rotv,p —q) — A 't*(rot 8, p — q)
+ (Vry, Ryv) — (Vr,v).

With this identity, we use the fact that (¢, an) € Zj, and the K-ellipticity (G2T])
to derive as
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1, — Pl + tllen — bllo

1/2
< V2(|lpy, — DI} + v — 813 + [[£% rot(cun — 8)[|2) "
=V2||¢), — ¥, an — 5|
S C sup A(‘bh*d)aah*&;vas)
(v.5)€ 2 v, sl

(530) S C sup A(¢h B ¢a ap — a3, S)
(v,s)eZ}, |H’U,S|||

+C sup A((b*d’va*&;vas)
(v,8)€Z}y, Hl’U?SlH

Vry, Rym) — (V
<C inf p—gllo+C sup LY Bm) = (Vrm) |
acan nce, 711

+C(llo —¥llx + tlla = 6llo)-

This and the triangle inequality lead to

(5.31)

Vry,, R —(V
161 — Bl +tllan —allo < C inf lp—qllo +C sup LY Brm) = (Vi) |
qeQy neo,, HnHl

C inf  (||l¢— |1 +tla—d]lo).
+Cint (6=l + e 3]o)

We remain to estimate the last term in the above inequality. Owing to the discrete

B-B condition, for any v € @, and Ry« € T'y,, there exists (1, s) € O, x I'y, such
that

B(gin,s) =B(¢g;¢ — v, — Rpx), Vg € Qp.
Since B(g; ¢, &) = 0, this implies that (n+v, s+ Rp«) € Z},. Taking into account

Condition 2, we get (rot(a — Rrax),q) = 0. In view of the definition of B(:;-, ), we
obtain

B(Q? n, S) = —(I‘Ot(¢) - 'U)a (])~

This and the discrete B-B condition (519 yield

C
llIm, s[l| < WM — vl

Taking 9 = n+v and § = s+ Ry« in (B31]), we apply the triangle inequality and
the above estimate to get

Vry, R — (Vr,
I6n -l + tlan —ado < C inf [p—gllo+C sup VrmFm = (Vr.m) |
q€Qn nedy, HnHl

+

c .
57 o8, 16 = vl + Ctlle = Ruco.
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Given g € Qy, it follows from the discrete B-B condition (5.22]) that

lpn —qllo < L sup M
B E) worem e, 1,01l
C B —pp, 0
S B0R we STx
C B(p—q;1,0
TBIR) wsreanr, (nw;,an )
< ﬁum—wwﬂah—am
gt (g M —aln).

in the last inequality, we use equations (5.8]) and (B.I6). An application of the
triangle inequality yields the estimate for the pressure, which ends the proof of

G23). 0

Remark 5.7. The importance of estimate (L.28)) lies in the fact that term
t?infser, || rot(a—6)|o in (5:24) is dropped, which is crucial to obtain error bounds
independent of « in energy norm for Method 4 in Section 6, since the error bound
of t? infser, || rot(av — 8)||o depends on a and cannot be improved [34, [5, 25| [18];
see also Lemma [.§] (see, [18], for counterexamples).

Remark 5.8. Tt follows immediately from Theorem [£.2] and Theorem .6 that MITC
elements converge and are locking-free as long as these five conditions from Section
3 are met.

Remark 5.9. The framework can be used to analyze the first order quadrilateral
element proposed in [I6]. With a corresponding modification due to the noncon-
formity, it can be easily extended to the first order nonconforming quadrilateral
elements [19] 24].

6. FOUR FAMILIES OF QUADRILATERAL MITC ELEMENTS

In this section, we generalize the rectangular MITC plate bending elements pro-
posed in [29] to the quadrilateral meshes.

We introduce some notation. As usual, for S C R?, we let Py (S) denote the set
of polynomials of total degree < k and Q(.5) the set of polynomials of degree < k
in each variable. Moreover, Q;C(S) will denote the “trunk” or “serendipity” space
of polynomials [15].

The spaces Wy, @y and Qy, are defined as

Wy, = {v e Hy(Q),v |[xk=100Fy' o € We(K), VK € J"},
O = {v € Hy(Q), ¢ k= o F', 9 € O(K), VK € J"},
O ={g € L§(Q).qx=qo F', g € Qu(K), VK eJ"},

where Wy (K), ©(K) and Qi (K), which shall be specified in the sequel, are poly-
nomial spaces on the reference element K.
The space T'y, is defined in a slightly different way. Let

T, ={q € Ho(rot,Q),q |x€ Tx(K),VK € J"},
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where the space I'y, (K) is now defined from the space 'y (K) on the reference square
through the following “Piola transformation” for the operator “rot”:

T.(K)={o,0 = DF 6 o F',5 € Ty(K)}.
The reduction operator Ry, is also defined locally on each element from the reduction
operator Ry defined on the reference element with the same transformation,
(6.1) Ryo |xk=DF Ry6 o Fiil, for any o € H'(Q),
where o = DF%& = DF%O’ o F.
Remark 6.1. For ease of presentation, here we assume that o € H'(2) in the
definition of the reduction operator Ry, this restriction can be relaxed to o €

LP(2)2N H (rot, Q) with p > 2; we refer readers to Section I1I 3.3 of [L3] for further
details. Similarly, we assume the domain for the operator Ry is H 1(f( ).

The properties of the “Piola transformation” for the operator “rot” are summa-
rized in the following Lemma [20], (18] [29].

Lemma 6.2. Let K be a convezx quadrilateral of J" and o € HI(K) be any vector-
valued function. Then

o~

(6.2) roto = rot U,
JKr
(6.3) / rot owdzdy = / rot awdédn, Vw € L (K),
K K

(6.4) /o-~tds:/ G - tds,
E E

with rot & = 054/0¢ — 051 /0n.

Four classes of rectangular plate bending elements have been proposed in [29],
we next present their quadrilateral versions, and prove that they satisfy those five
conditions proposed in Section 3. For brevity, we only give the full details of the
proof for Method 1 below since the others can be proved similarly.

Method 1.  In this element, the pressure finite element space is chosen as

(6.5) Q(K) = Py_1(K),
and the rotation space reads
(6.6) O (K) = (Qu(K) N Prya(K))*.

In this case, we choose I'y(K) as the following BDFM space [13],
(6.7) I'w(K) = {7,6 € P,(K)\span{¢"} x P,(K)\span{n*}},

and the reduction operator IAIK is defined as

/ (IA%K& — &) -tds =0, Vi€ Py_y1(F) for every edge E of K,
E

(6.8)
/ (Rp6 —6)-ddédn =0, Vo€ Po(K)?,

K

forany 0 € H 1(f( ). It remains to select the deflection space, which can be chosen
as

(6.9) Wi(K) = Qi(K) N Peya(K).
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In what follows, we will show Conditions [IH5l proposed in Section 3 for this class
of quadrilateral elements.

First, it is easy to see that Condition [Il and Condition 2] hold. Moreover, it is
proved in [I§] that there exists a positive constant C' such that the inf-sup condition

is valid with B(h, k) = C k3 — for k > 2, which implies Condition [Bl

We now prove Condltlon IZl leen q € 9y, We use Lemma [6.2] and the definition
of R, in ([G1]) to deduce

(rot(o — Ryo),q) = Z / rot(o — Ry o)gdxdy

KeJh
= > / rot(& — R;&)qdédn
(6.10) et
=- Y Z/a R;.&) - t4ds
KeJh Ecok
+ Z / o — Ko-) curlqd{dn—O
KeJh

Based on a scaling argument, one can prove that Ry is a bounded operator in the
sense that

(6.11) |Rho || oty < Cllo||1, for any o € H'(Q).

(610) and (EIT)) are essentially two conditions for the Fortin technique [13]. With
these two conditions, one can show that the discrete B-B condition holds uniformly
for the space pair (T',, Qp,). In fact, for any ¢ € Qy,, there exists 1 € H(f2) with

(6.12) rot ¥ = ¢, and ||¥]1 < C|lqlo-
This, together with (6.I0) and (G.IT]), leads to

Hq”O — (I'Ot’l,b,q) — (I'Ot th’a‘]) < C(I’Ot th’v‘])
llgllo llqllo (AR
(rot Rpap, q) <C s (rot a,q).

| Rrtb | b (rot) oety 101 H(rot)

On the other hand, it follows from Theorem [£.] that
(6.14) lollo = lloll (o)

for any

(6.13)

oc€{deTy, (rotd,q) =0,Vd € Q}.

This completes the proof of Condition [l

It remains to show that Condition [B holds. In fact, the condition roto = 0
readily implies that

o = Vw, for some w € H}(Q).

In particular, the condition w = 0 on 02 comes from the property o -t = 0 on 0f).
What we have to check is that such a w actually belongs to W}, defined by (6.9]).
In fact, on the reference element K, & belongs to I‘k.(f( ), therefore w has to belong
to Wi(K) on K.
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Method 2.  In this method, W}, 9 and I'j, are the same as in Method 1 with
a different choice of the rotation space, which reads as

(6.15) 04 (K) = Qu(K)>.

As it was pointed out in [29], that compared with the first method this choice will
lead to O(k?) more degrees of freedom. Since the two methods have the same order
of convergence, the first appears to be preferable.

Method 3.  The spaces for the rotation and the auxiliary pressure are chosen
as in Method 1. However, we take the following BDM space [13],

(6.16) Lw(K) = {5.6 € Pu(K)* © span{V(&n* )} @ span{V (")} ),

as the shear force space with the reduction operator defined by

/(ﬁkﬁ —&)-tids =0, Vi€ Py(E) for every edge E of K,
B

(6.17)
/ (Rpo — o) 0dédn =0, Vo€ Py_o(K)>.
K
Therefore, the deflection space has to be selected as
(6.18) Wi(K) = Q)41 (K).

Here and throughout this paper, @}, H(K ) denotes the “trunk” or “serendipity”

space of polynomials over K [15].

The last method proposed in [29] is tailored to be a real quadrilateral method,
for which we shall show that the convergence rate is independent of the distortion
parameter « of the mesh.

Method 4. Here, we take the pressure and the rotation spaces as

(6.19) Qu(K) = Qu_1(K),
(6.20)  On(K) = {2 € Qpy1(K)*ap | z€ Pe(E)?  for every edge E of K}.

It is easy to see that Qg (K)2 C @k(f() The corresponding space for the shear
force is the following R-T space:

(6.21) T4 (K) ={0,6 € Qr1,4(K) x Qr-1(K)},
with the reduction operator defined by

/(IA%K& — &) -tids =0, Vi€ Py_i(E) for every edge E of K,
E

(6.22)
/A (RKE' — 5’) -odédn =0, Vv € Qkfl’k,g(K) X Qk,g)k,l(K).
K
The space for the deflection is selected as
(6.23) Wi(K) = Qr(K).

7. ENERGY NORM ERROR ESTIMATES

In this section, we present an error analysis in energy norm for the quadrilateral
MITC elements defined in the previous section.

Throughout this section, we assume that the following regularity holds for the
solution

e HY(QNH™Q),r,we HY(QNH™Q),pe H"HQ),a € H™ *(rot, Q).
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Let II, the usual Lagrangian interpolation operator from H?(Q) N H(Q) to
©®, let II;, be the L? projection operator from L?(€2) to Qy and let 113 be the
Lagrangian interpolation operator from H?(Q) N HZ () to W),

7.1. Error estimates for some operators. Here and in Section 8, we will fre-
quently use the error estimates for the reduction operator Ry, the H'-projection
operators ITj, and I1%, and the L?-projection operator IIj,. This subsection presents
these estimates without proof for compactness. For completeness, we will provide
their corresponding error analysis in the appendix, namely, Sections A and B.

For the BDFM elements from Method 1 of Section 6, we have the following L?
error estimates.

Lemma 7.1. Let the reduction operator Ry, be defined by €1) and (68 for the
BDFM elements in Method 1 of Section 6. Assume o € H™ (). Then,

lo — Ruollo < Cok™mH3/24eput Ot ED=D) g 0 > 2,
Ty lo = Ryallo < Cok™ ™32 =t g, 0, p=1,2,
where p = min(m — 1, k) and C. depends on 0 < e <m — 3/2.
Proof. The proof is given in Lemma, [A 4] below. O

Remark 7.2. In Lemmal[ZTland other places, C. indicates that the constant depends
on the parameter . Given € > 0, this dependence is from the imbedding theorem,

1
lullo.on < Cellull 1 0, for any u € H>T5(Q).

Similarly, one can prove the following L? error estimates for the BDM elements
from Method 3 based on the analog to (A4) from [29, Remark 5.2].

Lemma 7.3. Let the reduction operator Ry, be defined by (61) and @I7) for the
BDM elements in Method 3 of Section 6. Assume o € H™ *(Q). Then,
(7.2) lo = Ruollo < Cok™m 32 eput CHED D g,y > 2,

' o — Ryollo < Cok™m 32 =14 gy, p=1,2,

where p = min(m — 1, k) and Ce depends on 0 < e <m — 3/2.

We have the following L? error estimates of the reduction operator Ry, for the
R-T elements.

Lemma 7.4. Let o € H™ ' (Q) and the reduction operator Ry, be defined by (6.1)
and [622) for the R-T elements in Method 4 of Section 6. Then,

(7.3) lo — Ruollo < Ck™" 20 o |lmr, if m—1<p+1,
lo — Ryollo < Ck™m+3/2put AHEDC@=D 16| ifm—1>p+1,

with p = min(m — 1, k).

Proof. We refer the interested readers to Lemma for the proof. O

Remark 7.5. Notice from Lemma [ 4l that if m—1 = k, we get optimal error bounds
for the interpolation operator of the R-T elements with respect to the meshsize h.

We now consider the H (rot) error estimates for the reduction operators Ry,. For
the BDFM elements in Method 1 of Section 6, we have
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Lemma 7.6. Let the reduction operator Ry be defined by (61) and ([G8), and
o€ H" '(rot, Q). Then,

(7.4) |[rot o — rot Ryo]jo < Ck*mﬂh““lﬂ%ma*l)Ha||Hm_1(rot), >3,
(7.5) [ rot o — rot Ryollo < Ck™ ' h o | grm-10r)y, 1 =1,2,

where p = min(m — 1, k).

Proof. The proof can be found in Lemma O

Similarly, we have the following result for the BDM elements in Method 3 of
Section 6.

Lemma 7.7. Let the reduction operator Ry be defined by (@) and @IT), and
o€ H™ '(rot, Q). Then,
(7.6) [rot o — ot Ryo|lo < Ck™mH A EDO D o g o), >3,

. [ rot o — rot Ryollo < Ck™ ™ h o | grm-1(ror)y, 1= 1,2,
where p = min(m — 1, k).

For the R-T elements, we have the following H(rot) error estimates.

Lemma 7.8. Let roto € H™ 1(Q) and Ry, be defined by €1) and [6.22) for the
R-T elements in Method 4 of Section 6. Then,

gy 11040 = Raollo £ CE 5 oo — 1 < 1

| rot(o — Rpo)llo < Ck™™H R#F OO 16| s o) m — 1 > i+ 1,
with p = min(m — 1, k).
Proof. See Lemma [B.4] for the details of the proof. O

Remark 7.9. Note from Lemma [(.8 that the H(rot)-norm error estimates of inter-
polations of R-T elements depend on «. The counterexamples from [I8] show that
this result cannot be improved.

In the rest of this subsection, we are concerned with the error estimates of the
H'-projection operators II, and 113, and the L?-projection operator II,. The
proof of the following two lemmas can be found in Lemma and Lemma [B.6]
respectively.

Lemma 7.10. Let the discrete rotation space ®y be defined in Method 1, or in
Method 2, or in Method 3, of Section 6, and let II;, be the usual H'-projection
operator from H*(Q) N H(Q) to ©y. Then,

(78) ITLgp — s < Okt 52D g,
for any 4 € H™(Q) N H(Q) with m > 2. Where s = 0,1, u = min(k + 1,m).

Lemma 7.11. Let the discrete rotation space @y, be defined in Method 4 of Section
6, and let II;, be the usual H'-projection operator from H?(Q) N HY(Q) to ©,.
Then,

L3y — s < CR™™ R 2|8, if m < p+ 1,
Ty — )|, < Ok H RO g if > 1,

for any 4 € H™(Q) N H(Q) with m > 2, u = min(m,k+1) and s = 0,1.

(7.9)

1+u]
2
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Remark 7.12. One can prove the analogous results of Lemma [.T0] and Lemma [7.T7]
for operators 11y and IIj:

(1) Let the space Wy, and Q;, be defined in Method 1, or in Method 2, or in
Method 3 of Section 6. Let II% be the usual H'-projection operator from H?(£2) N
HL(Q) to Wy, and let ITj, be the L? projection operator from L?(£2) onto Qj. Then,

(7.10) 1579 — @il < ORI g,

(711) IThg —gllo < Ck=™*Tpr= B D]iq]

for any ¢ € H™(Q) N H}(Q) and ¢ € LE(Q) N H™1(Q) with m > 2, s = 0,1,
w=min(k+ 1,m).

(2) Let II¥ and IIj, be the corresponding operators with the spaces W, and Qp
from Method 4. Then,

[T — s < CET™FhE5|[]pm, if m < g+ 1,

(7.12) I — ¢l < Clmm s pt EROD=3 g i >+ 1,
g — gllo < Ck™™ WY lg]l o, if m < g+ 1,
(7.13) Mhg = qllq < Ckm™ R0 g) )i m > 41,

for any ¢ € H™(Q) N HY(Q) and ¢ € LE(Q) N H™ Q) with m > 2, p =
min(m,k+ 1), s =0, 1.

7.2. The estimate of (Vr,Ryn — n). This subsection presents the analysis for
the consistency term (Vr, Ryn —n).
For the BDFM elements, we have

Lemma 7.13. Let r € H™(Q), n € H*(Q) N Ho(rot,Q), and Ry, be defined by
1) and 6.8) for the BDFM elements. Then,

(7.14) | (Vr, Rym = m) |< Cok™m 3/ gt 5200 i,
where p =min(m — 2,k — 1) and C. depends on 0 < e < 1/2.
Proof. In this case, we define

OF ,(J") = {p € L*(Q)*, Y|k =P o Fl e € Po_o(K)%VK € J"}.

Let IT;,_, denote the piecewise L? projection operator from L?(Q2)? onto @5 _,(J"),
we have the following decomposition:

(Vr,Rpyn—mn) = (Vr—TI, ,Vr,Ryn—n)+ (I}, ,Vr,Ryn—n) =1, + L.
Proceeding along the same line of Lemma [Z10 (see, Lemma [B.5]), one can prove
IVr — 0L, Vr|lg < Ck™mH2pet e gp |y,
with g = min(m — 2,k — 1). An application of Lemma [7] yields
1] < Cekmm /e gt LD ],

with C. depending on 0 < e < 1/2.
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We now turn to the term Iy. Let Mg (€,n) = JKDFI}T such that we have

L = > / I, Vr - (Rym — m)dzdy

KeJh

S [ TV M) (R - mdeds
KeJh

~

/Hk oV - Mg (0,0)(Rygn — n)dédn

KeJh
[ LIIE Ve - (Mic(€0m) — Mic(0,0))(Rm — m)dédn = Is + I,
K

It follows from the definition of IA%K that I3 = 0. A straightforward investigation
gives

I[MK (&) — M (0,0)][[r < CRMF,
where || - || is the Frobenius matrix norm.

~P ~

Let IT,_, denote the L? projection operator from L?(K)? onto the space
Py._3(K)?. With the definition of My (¢,7), we have M (€,7)d € Py_o(K)? for
any © € Pj,_3(K)2. This and the definition of RK (68) lead to

L= X [ I (M6 - Mic0.0) (R — m)dsc

KeJh
1Y [ @V =TTV - (M (€)= M (0.0)) (R =)l
KeJh
< Ch'te Z ”Hk oV — Hk 3H QVTHOKHRKU TIHOK
KeJh

Based on Lemma [T}, a similar argument in Lemma [T.I0] (see Lemma [B.]) proves

—_—
|I| < Chiteaf—m+2 § . inf |15 Vi — o
KethEPk—ZSXPk—ZS

o i 1R — 7o

< Ok~ /e k[ (@D 2a i

with g = min(m — 2,k — 2). This completes the proof. O
Similarly, we have the following result for the BDM elements.

Lemma 7.14. Letr € H™(Q), n € H'(Q) N Hy(rot,Q), and let Ry, be defined by
1) and @I0) for the BDFM elements. Then,

(7.15) | (Vr,Rym —n) |< Ok~ 32 et 500 g
where p = min(m — 2,k — 1), and C. depending on 0 < e < 1/2.
For the R-T elements, we have

Lemma 7.15. Letr € H™(), n € H*(Q) N Ho(rot,Q), and let Ry, be defined by
@) and [©22) for the R-T elements. Then,

(7.16)
| (Vr, Rym —n) [< Ok FBPR | llmlly, if p=m —2 <k -1,

| (Vr, Rym —m) |< Ok~ 32t U@ gl if = k=1 < m =2,
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Proof. Denote by IIj_o the piecewise L? projection operator from L2(2)? onto
O _2(J"), where

O)2(J") = {9 € LAQ® Pl =9 0 Fie' 9 € Qua(K)?, VK € J'}.
Then, we have the decomposition
(Vr,Rpn —m) = (Vr = IL,_oVr, Ryn —n) + (—2(Vr), Rpn —n) = 11 + L.
A similar argument of Lemma [T.11] (see Lemma [B.6)) proves

(7.17)
Vr =TI _oVr|lo < Ck™™ 20k |V |lm_s, if u=m -2 <k —1,

n+1

[Vr — I _oVr|o < Ck~™ 2t 10D \9r||,, o, if p=k —1 <m —2.

This and Lemma [T4] leads to

(7.18)
(V7 = o Vr, Ry — )| < Ck™" 2R r| |1, i p=m —2 < k-1,

[(Vr = T o V7, Ry — )| < CR™m 32t 0D ) g,

fpu=k—-1<m-—2.
It remains to take care of the second term I,

I, = (1o Vr,Ryn — m)

> / I, o Vr - (Rym — n)dzdy
K

Ke]h
= / I, V7 - My (€,n)(Rg ) — 7)ddn,
Kegh VK

where

- 7 ( da+di§ —di—di2n
Mic(&m) = JuDFc™ = < —cg—c12§  c+ecien )7

Therefore, MIT((ﬁ,n)HZQ\VT € Qk-_lJc_Q(K)X € Qk_27k_1(f{). This, together
with the definition of the reduction operator Ry in ([6.22)), implies

I, =0,
which completes the proof. O

7.3. Energy norm error estimates. For the sake of brevity, we introduce a new
notation

Il (, &, e, p,w) [ll= [l + [I7llm + tllexllm—1 + [ x0t @ll—1 + [Pllm—1 + [[©]|m-
Then we have the following energy norm error estimates for Method 1-Method 3.

Theorem 7.16. Let (1, ¢,p, a,w) € HF(Q) x H () x L3(Q) x H(rot, Q) x HA ()
and let (Th, @, Ph, Op,wp) € Wi X Op x Qp X Ty, x W), be the solutions of Problem
Bl and Problem B3], respectively. Let the shear v and the discrete shear force v,
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be defined in (L) and BA), respectively. Then, it holds, for Method 1-Method 3
of Section 6,

(7.19) Ir =l < Ch™m e D
g, — @, — au|| + llw — wrlly + tlly — Yullo + [ rot(y —5)llo
k71/2 L1
(7.20) +ijgzzzgﬂp-—PhHo+'Iqjﬁgzg(WY—-Vhﬂfl+WV1—'athﬂ

< Copp k™ 32 RO | (6, 0, p,w) )]

Where Ce i = Co(1 + h“k5/2) with C. depending on 0 < ¢ < 1/2 and p =
min(m — 1, k).

Proof. First, one can use (5.24]) and Remark for II¥ to show
(7.21) lr = 7ally < CE™™ LIS D

We only show ([20) for Method 1 by bounding the terms on the right-hand of

In view of Lemma [ (10l Lemma [[I] Remark for I, and B(h,k) =

C’% from Method 1 of Section 6 (see [I8]), we obtain

c . .
Bho ) J&f)h ¢ -l +tHa—Rha||o+q1€anh Ip = qllo

< Ce(L+ Aok gt OHEDOD (g, -t el + [[pllm—1),

with g = min(m — 1, k) and C. depending on 0 < e < 1/2.
The consistency error term (Vry, Ryn) — (Vr,m) can be decomposed as

(Vry, Rpm) — (Vr,m) = (Vrp, — Vr, Rym) + (Vr, Rpn — 7).
Taking into account (.2I)) and Lemma [7.13] we deduce as
[(Vra, Rum) = (Vr,m)| < [(Vrn = Vr, Rym)| + [(Vr, Rpn — 1)
< Cek D ) ],

with p defined as above.
We substitute these two estimates in (528) to prove

—1/2
| — &plln + tlae —anllo + 1+ hokd/2

< C(1 4 hoRP2) 32 e B0 | (g, pw) ]

Applying this inequality, (5.25]), (Z2I)), and Remark [[.12] for II{’, we proceed as
follows:

jw —wnlt < inf [|Vw = Vollo+ (6 = Ry llo + A~ Vr = Vrallo
v h

lp — pallo

< Vo = VIEwlo + ¢ — Rugllo + Clig — @yl + A7 Vr — Vo
< C(1 4 hoRP2) 32 et B0 | (g, pw) |-
It follows from the decomposition of the shear forces v and -, that

tly = ¥ullo < CIVr = Vrillo + te — eunllo
< O (1 + RS2/ 2 et 1D | () b, 0, py ) | -
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Thanks to the definition of the (resp. discrete) shear force and the (resp. discrete)
Helmholtz decomposition, we have

a—ap =M%(Vw — @) — AXt"2(Vwy, — Rpéy,) + Vry, — Vr.
This and Lemma lead to
2| rot(ex — ) o = Al rot( — Rigpy,)lo
< Allrot @ —rot Ryopllo + Al rot Ry (¢ — ¢4,)llo
< Ok~ ISR g 4 Ol rot(e — @) o
< C(1+ hokP/2)p=m+3/2ke 55 @D I , r,p,w) ] -

Due to a = curlp, we get ||a|m—2 < C||p|lm—1. Then, it follows from (G.20), the
estimate of ||p — ppllo, and Lemma [Tl with m — 2 that

e — exnll -1 < Ol jnf flo— 8o+ o )
< C(hlle = Rpexlo + [[p — prll)
< Csk,—m—l-%+sh,u1+l+(l+[“71])(a—1)||a||m72 + ||p _thO
< Oc(1+ hokP/2)2E=m /24 gt 10D |1 (g, o, pw) |l

where p; = min(m —2, k). With (5.27)), we get from this estimate and the Poincaré
inequality for ||r — r4|o that

Iy = Yall -1 < Ce(1+ hogd/2)2 5/ et BFED 1 (6, 00, p,w) ]
A summary of these estimates shows the inequality (20)). O

Similarly, we have the following error estimates for Method 4 of Section 6.
Theorem 7.17. Let (1, ¢,p, a,w) € HF(Q) x H () x L3(Q) x Ho(rot, Q) x HA ()
and (Tp, @p, Ph, Ch,wp) € Wi X O x Qp X Iy x Wy, be the solutions of Problem
B0 and Problem B3], respectively. Let the shear v and the discrete shear force v,
be defined in (L2) and BA), respectively. Then, for Method 4:

(D) If u=m < k+1, we have

(7.22) lr = rulls < CETRE e,
(7.23) |én — bl + llw —wn i + tllv —nllo + tlla — anllo
k_1/2 k_l
+m”iﬂ — pallo + m(”ﬁ’ = Ypll-1+ e — | 1)
< Crpk™™32RE (r, @, 0, p,w) |l
(7.24) (| rot(y = vu)llo + [ rot(e — ) llo)

< C ek "R | (1, ¢, 0 p, ) ]
(II) If p =k + 1 < m, we have

(7.25) Ir = ralls < CE"F 027,
(7.26) s, — @, — aulll + llw — wnlls + Iy — allo + [ rot (v — vi) llo
k71/2 L1
+m\|ﬁ — paullo + 1+W(H’Y —Ypll-1 + [l — e[ -1)

< Oh,kk_m+3/2hs H” (7’, ¢aaap7 UJ) H”a
where Ch j, = C(1+ h*k%?) and s = p+ [ (a — 1) — 1.
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Proof. A similar argument of Theorem [7.16] and using Lemma [[.T5] Lemma [74]
Lemma [.8, and Lemma [Z.I]] instead can prove this result. For brevity, we omit
the details. (]

Remark 7.18. The estimate given in Theorem [Z.I7 is not optimal with respect to
the degree k. Applying the technique of [29] and using the well-known K-Method
[21], we can slightly improve these results, i.e., from k~™%3/2 to k—m+1+e,

Remark 7.19. Note from Theorem [L.17 we can obtain optimal error estimates in
energy norm with respect to the meshsize h provided that m = k+ 1 for Method 4.

Remark 7.20. If the mesh is mildly distorted in the sense o = 1, then all of these
methods can yield optimal convergence rates in energy norm with respect to the
meshsize h. Usually, the meshes used in the practical computations satisfy this
condition.

8. L? ERROR ESTIMATES

This section presents the L? error analysis for the methods proposed in Section
6. For brevity, we only give the details for Method 4. For completeness, we list
the corresponding result for Method 1-Method 3, which can be established with a
similar argument.

In order to obtain optimal L? error estimate for Method 4, we need the following
result from [18].

Lemma 8.1. Let Ry, be defined by (61)) and (622) for the R-T elements in Method
4. Assume that rot o € HY(Q) and k > 2. Then,

(8.1) | rot(o — Ryo)|lo < Chk™! | rot o ||;.

Proof. From the proof of Lemma [[.§ (see Lemma [B4)), we can see that for any
KeJr,

/K | rot(o — Rpo) |2 dady < Ch~? /K | fot(e — Rya) 2 dédn,

rot(& — Rg&)lly x < Ck™"  inf  [rote — o, 4.
DEQ)K—1(K)

By Lemma B2, one has rot& = Jxroto. Given i € Qr—_2(K), we have Jxt €

Qr—1(K). This observation leads to

inf [rote—of, x < inf |Jx(rote —d)|, &
DEQR—1(K) ’ DEQR_2(K) ’
< Ch? inf |rote —d, x
VEQR—_2(K) ’
< Ch?[rotal, z < Ch?[|roto||, k-

Substituting this inequality into the previous one and summing over all the elements
completes the proof. O

To use the Aubin-Nitsche dual argument to derive the L? error estimate, we
define an auxiliary problem:
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Problem 8.2. Given d € L*(Q) find (¢4, pa, ca) € Hp x L?(Q) x Ho(rot, Q) such
that

(8:2)  A(p,8; ¢4, aa) + B(pa;1,8) = (d, ), ¥(9,8) € Hy(Q) x Horot, Q)
(8.3) B(q; ¢4, 0a) =0, Vg e L*(Q).

The solution to this problem admits the following regularity:
(8.4) Ball2 + lpallz + leallo + tllewallr + ¢ vot gl < Clldlfo-
Theorem 8.3. Let (1, ¢,p, o, w) € HF(Q) x Hy(Q) x L3(Q) x Ho(rot, Q) x HE(Q)
and (T, @, Dh, Op,wr) € Wi X O X Qp x Ty, X W), be the solutions of Problem

B0 and Problem B3], respectively, then for Method 4, we have the error bounds:
(I) If u=m < k+1, then,

(8.5) ldn = Bllo + llw —wrllo < O k™™ R (1, @, pw) -
(IT) If p = k+ 1 < m, then,

(8.6) l6n — Sllo + llw —wrllo < CF k™™ 0 ||| (., 0, p,w) ]| -

Where s = i+ [E2](a — 1) and Ch . = C(1 + hok>/?).

Proof. First, it is easy to show

(8.7) lr = rullo < CET™R¥||r|lm, f p=m <k+1,

(8.8) Ir = rllo < Cm™hP S @D 1) i =k +1 < m.

Taking ¢ = ¢ — ¢, in (B2) yields

(d, ¢ — @) = Al — Py, @ — an; Py, aa) + B(pa; & — ¢, ¢ — )
= A(¢ — ¢y, — an; ¢y — Iy, g — Rpang)
(8.9) + B(pa — Unpa; & — ép,, 0 — )
+ A(¢ — ¢y, a — ap; ¢y, Ryoua)
+ B(llpa; ¢ — ¢y, — o).

We use (B8), (I0), B(p > @) = 0, and B(py; bg, a) = 0, to derive as

A(p — ¢y, a — oy Iy, Rporg)
= (Vr,,¢,) — (Vry, RyI0Lé,)
+ B(prn — p; by, Rpoua)
= (Vr,II¢,) — (Vra, RyIlyé,)
+ (rot (T ¢y — b4), P — 1)
+ A’th(rot(Rhad —Qq),p— Pr)-
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Using B(Ilpg; ¢ — ¢y, @ — ) = 0 and inserting this identity into (83]) and applying
a further decomposition for the term (Vr, Il ¢,) — (Vry, RpIIL¢,), we obtain
(8.10)
(d, ¢ —),) = Alp— b, —ap; ¢y — Iy, g — Rpova)
+ B(pa — npa; & — ¢p, 00 — ap)
+ (V(r—rn), Mngy) = (Vr, (I = Rp)(I — i) y)
+ (Vr,(I = R)gg) + (V(rn — 1), (I = Ry
+ (rot(TLnpg — ¢4),p — pr) + A~ (rot (Rpag — @a),p — pr)
=h+DL+- -+

We now bound the eight terms on the right-hand side of (8I0). There are two
cases of which we need to take care.

(I) If u =m < k+ 1. We use Theorem [T.17 and Lemma [T4] and Lemma [[.T]]
and Remark to obtain

1] = [A(P — ¢y, @ — an; @g — @y, g — Ryena)|
< C(ll¢ = @plls + tlla = anllo)
X (l[@g = Mnpylls + tlla — Rpevallo)
< Ok ™10 | (r, @, 0, p,w) [l 1 dllo,
|lo] = [B(pa — npa; ¢ — ¢y, ¢ — aup)|
< C(||rot(p — ¢p)llo + [[£? rot(e — en)lo) X [Ipa — Tnpallo
< Cpek "R (r, s p,w) ] Hldo-
Integrating by parts and using (87) leads to
| = [(V(r —7rn), ngg)| = (r — 14, divII, )
< lr = ralloll divITadgllo < CE™™ B ||7]m | @all2-
Thanks to Lemma and Lemma [C.11] we have
L] = [(Vr, (T = Ru)(I — L)) < CE~™ /20 oL (1 — L)oo
< Ck™ ™ 2R ||| gl
With the projection operator IT_o from Lemma [Z.I5 we have
(Vr,(I — Rp),) = (Vr — I _oVr, (I — Ry) ).
With a similar argument of Lemma [TT5] this and Lemma [7.4] give
[Is| = |(Vr, (I = Rp)dg)| < Ck™™ 20 =2(|Vr | jn—2||(I — Rn)allo
< CkT 2RV s Bgllo-
Using (((21)) and Lemma [7.4] we get
Is] = (V(rn = ), (T = Ra)YTaop)| < Ch™ 201 bl
The last two terms are bounded as, respectively,
(17| = [(rot(IThpg — Pa),p — pn)|
< O k™™ 2R (ry ¢y, p,w) ] [ ot (Tngrg — ) llo
< Cp k™0 (r, @, e p,w) [l (|l
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and
[Is| = A~ '#*(rot(Rnoea — aa),p — pn)|
< O k™™ 2 | (r, @, e, p,w) I || vot eal -
Then, a summary of these inequalities shows

(8.11) I — pllo < Ch k™™ F AT (r, @, p,w) |l

To get the L? estimate for the deflection w, we need a new auxiliary problem.
Let z € H}(Q) and zj, € W, be the solutions of

(Vz,Vs) = (w—wp,s),s € H (),
(Vzp,Vs) = (w—wp, s),s € Wy,
respectively. Then, the standard error estimate and the regularity property give
Iz — znlls < CE2T*h2%||w — whllo, s = 0, 1.
In addition, we have
(W—wp,w—wp) = (Vz,V(w —wy))
= (V(z—zp),V(w —wp)) + (Vzn, V(w — wp)).
In view of (B7) and (BIH), we use (B3) and (BII) to deduce
(Van, V(w —wp)) = (¢ + X2V, Vzp,) — (Rugy, + X 12V, V)
= (¢ — Rp¢y,, Van) = (¢ — &y, Vzp) + (I — Rp) @y, Vin)

= (¢ — &, Var) + (I — Rp) (¢, — @), V)
+((I—-Rp)p, V2, —V2)+ ((I — Ry, V2).

For the different terms we obtain
(= bn, Van)| < Ch k™™ R (r, @, 0, p,w) | 121125

(I = Ry) (¢, — &), Vzi)| < Ck™ 2k ¢y, — Bl1|2|2
< Ch k™™ || (7, s 0, pw) ] 2],

(I = Rp)¢, Vi — V2)| < Ck™" 20| [V — V2o
< Ck™" 20|l |22
With IT;_5 from Lemma [L.I5] a similar argument of Lemma [Z.15] shows
(I =Rp),Vz)=(I—- Rp)p,Vz—1II;_oV2z).
This yields
(8.12) (1 = Ri)¢, V)| < Ck™" 20|l || V2]
A combination of these estimates gives
lw = wrllo < CF k™™ F AT (r, @, 0, p,w) |l

(IT) If 4 = k+1 < m. The result for this case can be proved by proceeding along
the line of the case with pu =m <k + 1. O

Similarly, we have the following L? error estimates for Method 1-Method 3.
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Theorem 8.4. Let (r,¢,p, o, w) € HE(Q) x H(Q) x L3(Q) x Ho(rot, Q) x HE(Q)
and (Tp, @, Phy Ch,wp) € Wi X Op x Qp X Iy x Wy, be the solutions of Problem
B0l and Problem B3], respectively, then for Method 1-Method 3, we have the error
bounds:

(8.13) 1, = @llo + llw — wnllo < C2,, k™" TR (v, ¢, 00,9, ) I,
where Ce pjy = Co(1 4+ h¥k>/2), s = p+ [E52](a — 1) with g = min(m — 1,k).

Remark 8.5. Note from the two theorems above that all of these methods converge
optimally in L? norm with respect to the meshsize h provided that a = 1.

Remark 8.6. For the limiting problem, a similar error estimate hold.

APPENDIX A. ERROR ESTIMATES OF THE REDUCTION OPERATOR IN L? NORM

In this section, we will prove the L? error estimates of the reduction operator Ry,
presented in Lemma [[.J]and Lemma[7.4] respectively. For the readers’ convenience,
we will present them again in the following.

Throughout this section, we will use the following notation:

(A1) M = DF;T,

. 9™ . 9™
[u]m,k,g - || agm | 0K [u]m)f()n - ||a'f]—m|

0,K"

With this notation, we have the following relation [17].

Lemma A.1. Given K € J" let v € HY(K) and © = vo Fx(£,n). Then

(A.2) [0, ke + 0l gy < Ch' Ml k.

with h the diameter of K.

Lemma A.2. Given K € J", let ve H(K) and © = v o Fx(&,n). Then,
+1
(=] o

[0S Ch72 Y WA w122,

: =
|97z < CP* TV ollf,  if1=0,1.

(A.3)

h is the diameter of K, and « is the mesh distortion parameter defined in Section
2. Given an integer i, we denote by [%] the max integer not greater than %

Proof. Since F is a bilinear transformation, one can prove this result by a straight-
forward investigation. O

The following result is concerned with the error estimate of the interpolation
operator Ry for the BDFM elements in Method 1 from Section 6. Its proof can be
found in Lemma 5.1 of [29].

Lemma A.3. Let the reduction operator IAIK be defined in ([6.8) withd e H™ ' (K).
Then,

(A.4) lo — Rgollo gz < Ck*"a ],y &

with C depending on 0 < e <m — 3/2.
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Lemma A.4 (Lemma [[1]in Section 7). Let the reduction operator Ry, be defined
by (1) and (68) for the BDFM elements in Method 1 of Section 6. Assume
oc H" Q). Then,

||0' - RhUHO < Csk7m+3/2+5hu+(1+[%])(afl)||0_||m_1, o> 2,
lo — Ruollo < Cok™™3/24 =1%ol p=1,2,

where p = (m — 1,k) and C. depends on 0 < e <m — 3/2.

(A.5)

Proof. Thanks to the inequality (A4), we have, for any o € T'y(K),
lo = Ruolox < Cllo—-Rgal,x=Cl(e—v)-Rg(e—-v)l, 4

< Csk—m+3/2+a||5_ _ ’T)H

mfl,f('
This leads to
(A.6) lo — Ruollox < Cck™™ 32 inf o -3, &
velL (K)

We now estimate the term on the right-hand side of (A6]). There are two cases of
which we need to take care.

(I) We first consider the case where m —1 < p + 1. For this case, one has
@ =m—1 < k. Then, it follows from the definition of the BDFM elements (see
Method 1 of Section 6),

A7 inf o—v ~ = inf o—v| »~<Clo| .
( ) 5€Fk(R) || Hmfl’K ﬁerk(f() || ||‘u,,K | |'U"K

Since & = M~'6 = M~'o o Fi(£,m), one can use the expression of M~1 (see
Section 2, also Lemma below) and the estimates from ([22) for ¢y, ¢12, di and
dyo to get

(A'8) |6-|/_1,,K S C(h|&‘u,f( + h1+a‘a’|u—1’f()'
Thanks to Lemma [A.2] this leads to

0], < CHHIHENED) g e it > 3,
6k < CH o, if = 1,2

A combination of (AL8)-([AJ) proves the result for this case.
(IT) We now study the case with m —1 > p 4 1. For this case, we have p =k <
m — 1.

(A.9)

(A.10)

m—1 m—1
- inf ||5'*17||m—1,f( < _ inf (|lo *'EH#,K + Z | o |1,K) <C Z | o |1K :
UEFk(K) ‘UEFk(K) i=pt1 i=p

With & = M~'6 and the estimates from (2.2)) for ¢y, c12, d; and dy2, one can show
that

m—1 m—1 m—2
(A.11) Z | o[, z<C(h Z |6 ], 5 +R' T Z 161, 1)
i=p =L 1=p—1

Thanks to Lemma [A2] we have
o), 7 < Chi+(1+[%])(a*1)||G.Hm_1)K’ ifi>3,

(A.12) |
51, 5 < Ch 0o llmorx, if i =1,2.
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Substituting (A12) and (AIQ) into (A6 completes the proof for this case. O

The following result is concerned with the p-type error estimate of the R-T
elements on the reference element K see, for instance, [30, 31, Lemma 3.1].

Lemma A.5. Let the reduction operator ﬁK be defined in ([622) with & €
H™ Y(K). Then,

(A.13) lo — Rgally i < CE* o], &,
with k the degree of polynomials.

We have the following error estimates of the reduction operator Ry for the R-T
elements.

Lemma A.6 (LemmalZ4lin Section 7). Let o € H™ *(Q). The reduction operator
Ry, is defined by (61) and [622) for the R-T elements in Method 4 of Section 6.
Then,

(A14) lo — Ryollo < CET™ 32010 |1, ifm—1<p+1,
- o — Rpoo < Ck~m+32pt O EDeD)ig| 1 ifm—1>p+1,
with p = min(m — 1, k).
Proof. Thanks to the inequality (A13), we have, for any o € I'y(K),

lo = Ruollox < Clo - Ruolyz=Cl(e—v) - Ru(e — )|, 4

CE="*32[(g = 0)|l,1 &

A

This leads to

(A.15) lo — Ruollox < Ck™™7 inf |[(& —)|l,,_; -
vel,(K) ’
We now estimate the term on the right-hand side of (AJH). There are two cases
of which we need to take care.
(I) We first consider the case where m —1 < p + 1. For this case, one has
pw=m—1 < k. Then, it follows from the definition of the R-T elements (see
Method 4 of Section 6),

inf o, ,g= if |o-v|, %
(A.16) Bel,(K) ' Bel,(K) ko

< C(oul, ke + 102l k)

where &1 and @, are two components of @ = M 16 with 6 = o o F(£,7). Since
two components in the first row of matrix

M-l [ e tenn dy + dian
c2 4+ c12§  do + d12€

are linear functions with respect to n and constant functions of £, and two compo-
nents in the second row are linear functions with respect to £ and constant functions
of ), we can obtain, by the estimates ([2.2]) for the mesh parameters c;, ¢12, di and
d12, that

[&l]u,k,g + [&Z}p,lh(,n S C’h([a’]p,,f(,g + [&]H,Kﬂl) S C’hH”a”P«,K
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In the last inequality, we use Lemma [AJ] with [ = p. Inserting this inequality into
(AIT), we get
(A17) inf o -], _, g <Cho]lm 1k

el (K) ’

With ([AZT5), this proves the first inequality in (A4).
(IT) We now study the case with m —1 > 4 1. For this case, we have p =k <
m—1,

(A.18)
m—1 m—1
inf o—v ~ < inf o—v| -+ gl .+ Bl o).
BET,(K) | Hm_l’K 'Bel"k(f{)(“ ”HvK Z | ‘z,K Z | |1,K)

i=p+1 1=p+1

We take @ as the L? projection of & onto the space P, (K)? C T(K) in (AIS).
This leads to

m—1
(A.19) inf lo—o, x<CS |o] 4.

Using the fact that the four components of the matrix M ! are linear functions of
¢ and n as in the first part of the proof, and the estimates for ¢y, c¢12, di and di9,
one can prove

m—1 m—1 m—2
(A.20) Do, g<ChY 6]+ > |61
i=p =L 1=p—1
Combining inequalities (AIR)-(A20) with (A3) leads to
(A21) b o —oll,_, z < CRHOHEDE Do)
ocl'y ’
Substituting (A-21]) into (AJE) proves the second inequality of (A14]). O

APPENDIX B. ERROR ESTIMATES OF THE REDUCTION OPERATOR
IN H(rot) NORM

This section presents the proof of the H(rot) error estimates given in Lemma
and Lemma for the reduction operator Ry}. They will be presented in Lemma
and Lemma [B.4] respectively. We also provide the proof of Lemma [Z.10] and
Lemma [T.IT] for the H'-projection operators IT,. For the readers’ convenience, we
will recall them in Lemma and Lemma [B.6] respectively.

For the error estimates for the BDFM elements and BDM elements, we need the
following result [8] [7].

Lemma B.1. We have
(B.1) inf - o], e < ORI
pEPy_1(K) ’

For the BDFM elements in Method 1 of Section 6, we have

Lemma B.2 (Lemma [0 in Section 7). Let the reduction operator Ry, be defined
by @) and 68), and o € H™ (rot, Q). Then,

(B2) |[lroto —rot Ryolo < Ck™mHArHHEDE D o) i p> 3,
(B.3) | rot o —rot Ryollo < Ck™ " h o | grm-1(ror)y, 1= 1,2,

m-1,Kr 5= 0, 1.

where p = min(m — 1, k).
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Proof. Set w = rot(o — Ryo). Given K € J", it follows from Lemma [6.2] that

/ | rot(o — Ry0) |* dedy = / rot(o — Rpo)wdzdy
(B.4) K K
= | oite — Rgayidsdn < [Gi(e — Rl il 4

Since |||y z < Ch™H|wllo,x, this yields

(B.5) /K | rot(o — Ryo) |? dedy < Ch™2 /K | rot(6 — Rpa) | dédn.

To bound the right-hand side of (B.H]), we note from the definition of R # (E3) that
(B.6) /K rot(Ry; 6 — &)wdédn =0, Vi € Py_1(K).

Since r/o\tlA%R& € Pk_l(f(), this implies that r/o\tIA%K& is the projection of rot &
onto Pk_l(K). Let f[k_l denote this projection operator. This means
I'/O\tﬁk& = ﬂk_lr/o\t o.

Given 9 € Pp_1(K) and @ € P,_(K), we have

—~

|rot & — I _irot &g = [|[rot & —  — 1 — Ij_1(rot & — & — )]|o.
This observation and (B lead to

(B.7) [rot(6 — Rgo)|o i < Ck~™%t inf |rote — (]| I
VEP,_1(K)

We remain to estimate the right-hand side of (B.Z)). We need to take care of two
cases.
(I) We first consider the case p =m — 1 < k. Then,

(B.8) inf |lrot& — o, , g < Clrot&]|, z-
bePe_1(K) ’ -

In view of rot & = JKIGE\O' from Lemmal[62land the fact Jx = Jo x +J1,xk§+J2, k1,
we get, for any i +j5 > 1,

(B.9) otitote ; o Firot o i o+~ lot o dOtitot o
aEion LK Tgei—1gni 12K Tggigni—t T UK Togions

This and the estimates for Jx, Ji x and Jo g from (Z3) yield

(B.10) vt &, x < Ch**°[rota|, | z + Ch*[rot o], ;.

An application of Lemma leads to
rot &, z < Chiotls

|rot o, 5 SChTe it p=1,2.

Combining (B5), (B7), (B:8), and (BI1)) ends the proof for this case.

=Dl rot o], ke if u> 3,
(B.11) | 1 2
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(IT) We now study the case px = k < m — 1. For this case, we have
(B.12)

m—1
inf [lrote — o, ;5 < inf (frote—df,z+ Y [otol], z)
DEPr_1(K) ’ DEPE—1(K) ’ i=p+1 ’
m—1
<C Z [rot &|; -
=p
Applying (B.9) and ([23) and Lemma[A.2] leads to
m—1
3 Jrot o,z < ChHetE @D ot o,y g, i > 3,
(B.13) -
> fote|, g < Ch*||rot o flm—1.x, if p=1,2.
=
Inserting (B.I12)) and (BI3) into (B.) then completes the proof. O
Next, we have the following result [8| [7].
Lemma B.3. We have
(B.14) inf -0k, g <CETTYa, s = 0,1

0k E€EQK—1(K)
For the R-T elements, we have the following error estimates.

Lemma B.4 (Lemma [T.8in Section 7). Let roto € H™1(Q) and Ry, be defined
by 1) and [©22) for the R-T elements. Then,

| rot(o — Rpo)|lo < Ck™" T h* T (o || grm—1(ror), m — 1 < p+ 1,
(B.15 e
Irot( — Ryo)llo < Ck~™H A HED O D || s oy m— 1 2 4 1,
with p = min(m — 1, k).
Proof. First, a similar argument at the very beginning of Lemma proves
(B.16) / | rot(o — Ryo) |* dedy < Ch*2/ | rot(6 — Rpa) |? dédn.
K K

In what follows, we will bound the right-hand side in (B.I6), there are two cases of
which we need to take care.

(I) We first consider the case m — 1 < pu + 1, which implies y = m — 1 < k. By
the definition of Ri{ defined in ([G.22), it is easy to see that

(B.17) / rot(R; & — &)idédn =0, Vi € Qp_1(K).

K
Since r/o\tl?lk& € Qk,l(f(), this implies that r/o\tl?tk& is the projection of rot &
onto Qr_1(K). Similar arguments in Lemma [7.8] and (B14) yield

Irot (& — Rga)lly x < Ck™™ ' inf |rote —oll,,_, &
DEQL—1(K)
(B.18) =Ck™™ inf rote -], &
PEQr—1(K) '

< Ckm N ([rot o], g ¢ + 1ot o], & ,)-
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Thanks to Lemma [6.2] we have
rot, & = Jgtot .
An application of (B.9) with the estimates of J; x and Jy  from (Z3) leads to

[rot o, e < CR**°[r0ta],, ¢+ CH[10L0], 4 o

[r/o\t ‘ﬂu,f(,n < Ch2+a[1€t\a]ufl,f(,n +Ch? [m]uﬁm'

Using Lemma [AJ] with [ = u — 1 and [ = p, respectively, we get from the above
two inequalities that

(B.19) [0t &), ¢ + [0t &), ) < CRFF|o]| s ot k) -

Inserting (B.19) and (BIS) into (BI8) proves the first inequality.
(IT) We now turn to the case m —1 > g+ 1. This means p =k < m — 1. It

follows from (B.I4)) and (B.I7) that

(B.20)
|rot(& — Rg&)llgx < CE™™ ' inf  |rot& —ol|,,_, &

DEQLK—1(K)
m—1 m—1

<Ck™™' inf (ot — |, x+ Y [rota |z + Y |rotd |, z).
0€Qr-1(K) i=pt1 i=pt1

Let © be the projection of rot & onto the space Py_1(K) C Qp_1(K) such that we
get

m—1
(B.21) [rot(6 — Rgo)llg 5 < CE™™ )" |rote |, 4 -
i=p

— —
Using rot & = Jxrot o, (Z3) and (B9) again, one can prove

m—1 m—1 m—2
(B22) Y [rota|x < CR(Y[1oto |,z +h* Y7 |rote | z).
i=p i=p i=p—1
Thanks to Lemma [A2] this leads to
m—1
(B.23) S [0t e |, g< ChEHHIHED D gl oy .
i=p

Substituting (B:2I) and (B23) into (BI6) completes the proof of the second in-
equality of (B.IH) O

In the following, we present the error analysis for the H!'-projection operators
I,

Lemma B.5. Let the discrete rotation space ©y be defined in Method 1, or in
Method 2, or in Method 3, of Section 6, and let II; be the usual H'-projection
operator from H*(Q) N H(Q) to ©y,. Then,

(B.24) I — )|, < Chmm e pet D=5 gy
for any 4 € H™(Q) N H () with m > 2. Where s = 0,1, y = min(k + 1,m).
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Proof. Since the case with s = 0 can be proved in a similar way, we only consider
the case of s = 1 for Method 1. Let IT denote the corresponding interpolation
operator on the reference element K [7], [§]. Then, we have

M=o = Y [ IV~ ) Pdndy
¢
(B.25) Kesmt o
<O ) M= 4
KeJh

Given any ¥ € ©4(K) and w € ©(K), one has,
(B.26) [T —p|, g = [U(h—0) — (=), g = [((—0—) — (Y~ —)|, 1

This, together with (B.I) and the construction of the space ©(K), leads to

I — 9|, ¢
(B.27) <Ok~ i;e(ialif(K) ¢ — 0|, g, forany de€ OL(K).
(D) If p=m < k+1, then
B29) = i (6l < O
An application of Lemma yields
(B.29) %g%ﬂé—wmkgcwﬂﬂﬁmewmx-

Inserting (B:27)) and(B:29)) into (B:25)) proves the result for this case.
(IT) If p = k + 1 < m. For this case, we have

m m

(B30) inf |lp—dll,, < inf (=8, c+ Y [lg+ D 18] %)

DEO(K) PEO(K) i=p+1 i=p41

We take © as the projection of ¥ onto the space (P,J_l(f())2 C ©4(K). This gives

(B.31) inf ¢ =9, <CY_ 1Pl &

DEO(K) =

Thanks to Lemma [A.2] we get

. N ERTRYESE N
(B.32) Ael@nf(k) I = Bll,, & < ChEIHERIOD gl e
VEO
A combination of (B:25), (B27) and (B.32)) completes the proof. O

Lemma B.6. Let the discrete rotation space Oy, be defined in Method 4 of Section
6, and let TI;, be the usual H'-projection operator from H?(Q) N Hy(Q) to ©y,.

Then,
(B.33) I — s < CR™™ 0 %[l m, if m < pu+ 1,
' |Tep — ||y < Ck™mHsprt IS D=8 gy ifm > i+ 1,

for any 4 € H™(Q) N H(Q) with m > 2, u = min(m,k+1) and s = 0,1.
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Proof. We only give the proof for the case of s = 1. First, proceeding along the
same line at the beginning of Lemma [Z.10] we can show

-yl = — )|’ dzd
T — 2 Z/Klvmhw ) Pdudy

KeJh
(B.34) <C Y Mg -9f
KeJh
< Op~m+2 inf ¢ — 9|2 .-
Koo PEOK(K) m.K

M Ifp=m<p+1<k+2. Since Q(K)? C O (K), we apply Lemma A1 to
deduce

inf b — D - <C bl ] -
(B35) 136@;6([%) ||¢ Hm,K ([d"];hK»ﬁ [¢]N7K;7])
< CH' el

A substitution of (B:38) into (B.34)) proves the result for this case.

(IT) If = k + 1 < m. For this case, one can prove the result by using a similar
argument as in the second part of Lemma [Z.10l

A summary of the two parts shows the assertion. O
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