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NONLINEAR NONOVERLAPPING SCHWARZ WAVEFORM
RELAXATION FOR SEMILINEAR WAVE PROPAGATION

LAURENCE HALPERN AND JEREMIE SZEFTEL

ABSTRACT. We introduce a nonoverlapping variant of the Schwarz waveform
relaxation algorithm for semilinear wave propagation in one dimension. Us-
ing the theory of absorbing boundary conditions, we derive a new nonlinear
algorithm. We show that the algorithm is well-posed and we prove its con-
vergence by energy estimates and a Galerkin method. We then introduce an
explicit scheme. We prove the convergence of the discrete algorithm with suit-
able assumptions on the nonlinearity. We finally illustrate our analysis with
numerical experiments.

1. INTRODUCTION

Schwarz waveform relaxation is a new class of algorithms for domain decom-
position in the frame of time dependent partial differential equations. They are
well-adapted to evolution problems, designed to solve the equations separately on
each spatial subdomain on the whole time interval, exchanging information on the
space-time boundary of the subdomains, overlapping or not [6].

In particular, for the computation of wave propagation, it is of great importance,
due to numerical dispersion, to be able to handle local time and space meshes, and
this is allowed by these new algorithms. We presented the method for the linear
wave equation in [7] and [5]. When using overlapping subdomains and “classical”
Schwarz waveform relaxation (by a Dirichlet exchange of information on the bound-
ary) the so-defined algorithm converges in a finite number of iterations, inversely
proportional to the size of the overlap, which increases the storage and compu-
tational load. We therefore introduced optimized transmission conditions, relying
on the theory of absorbing boundary conditions, which improved drastically the
convergence of the algorithm.

This paper is a first attempt to extend the strategy to nonlinear equations. An
analysis of the classical Schwarz waveform relaxation algorithm for convection dom-
inated nonlinear conservation laws was performed in [4], but no other transmission
conditions have been used so far. We are interested here in the semilinear wave
equation. This equation intervenes in various phenomena as the dislocation in crys-
tals, laser pulses in plasmas, etc. (see for instance [13]). In the latter example, as

Received by the editor January 31, 2007 and, in revised form, March 27, 2008.

2000 Mathematics Subject Classification. Primary 65F10, 65N22.

Key words and phrases. Domain decomposition, waveform relaxation, Schwarz methods, semi-
linear wave equation.

The second author was partially supported by NSF Grant DMS-0504720.

(©2008 American Mathematical Society
Reverts to public domain 28 years from publication

865



866 LAURENCE HALPERN AND JEREMIE SZEFTEL

the laser wavelength and the Debye length of the plasma can differ by several or-
ders of magnitude, discretizations sufficiently fine to resolve the short scales yield
systems of equations far beyond the power of current computers. By using domain
decomposition techniques, decoupling different time scales becomes possible.

As a first step, the goal of this paper is to define new Schwarz waveform relaxation
algorithms for the semilinear wave equation. We introduce two nonoverlapping
algorithms. The first one referred to as linear uses the absorbing boundary condition
of the linear problem, whereas the second one referred to as nonlinear uses the
nonlinear absorbing boundary conditions designed by J. Szeftel in [12]. The paper
is organized as follows.

In Section 2 we introduce the definitions of the algorithms.

In Section 3 we prove the algorithms to be well-posed. For the precise analysis,
we use a fixed point algorithm with regularity estimates on a linear problem.

In Section 4 we prove the convergence of the algorithms. The proof is an exten-
sion of a clever trick in [8], already used for linear algorithms, either hyperbolic or
parabolic (see [7]). However, the nonlinearity requires a very fine analysis.

In Section 5 we design discrete Schwarz waveform relaxation algorithms. In each
subdomain, the interior scheme is the usual leapfrog scheme for the linear part,
with a downwinding in time for the nonlinear part. The exchange of information
on the boundary is naturally taken into account by a finite volume strategy. In
Section 6 we study the convergence of the algorithms by discrete energy estimates.

As it is always the case for nonlinear problems, the well-posedness and conver-
gence results hold only locally in time. Therefore numerical experiments are very
important to bypass the limitations of the theory. We present the results in Section
7, showing in particular that our nonlinear algorithm gives optimal results within
a large class of algorithms.

Remark. Due to the complexity of the mathematical theory, we restrain ourselves
to the one-dimensional case. The multidimensional study contains additional diffi-
culties due to the geometry and should be considered in a forthcoming paper.

2. PROBLEM DESCRIPTION

We consider the second order semilinear wave equation in one dimension,
(2.1) (02 = u = f(U,0u,0, U)
on the domain R x (0,7 with initial conditions ¢ (-,0) = p, 8, u (-,0) = q.

2.1. Absorbing boundary conditions for the semilinear wave equation.
The question of absorbing boundary conditions arises when one wants to make
computations on an unbounded domain: a bounded computational domain is in-
troduced, on the boundary of which boundary conditions must be prescribed. These
boundary conditions must be absorbing to the waves leaving the domain. A whole
strategy has been designed by Engquist and Majda for linear problems with variable
coefficients, using pseudo-differential operators [3]. Recently it has been extended
to nonlinear operators by J. Szeftel, in particular, for the semilinear wave equation
[12], using the paradifferential calculus of [I] and [9]. We introduce a family of
operators

(2.2) B*(g%)u = Oyu £ 0pu + g* (u),
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for C> functions g* such that g% (0) = 0. The linear absorbing boundary operators
are given by gt = 0. In the case where f(u,us, uz) = fi(u) + fo(u)us + f3(u)uy
with f; in C*(R), 1 < j < 3, and f1(0) = 0, the following nonlinear boundary
operators are given in [12]:

23 oWy [ G- Ok o= [+ ©

We replace the problem on the domain R by a boundary value problem in gy =
(a,b):
(0? — 0%)u = f(u, O, O,u) in Qo x (0,7T),

Bi(gi)a(aa ) = Oa BJr(ng)a(b’ ) = Oa
with initial values p and q. Such boundary conditions give well-posed initial bound-
ary value problems, and are absorbing provided the intial data is compactly sup-

ported in Qg; see [12]. Following the strategy in [7], we use such absorbing operators
for domain decomposition.

(2.4)

2.2. A general nonoverlapping Schwarz waveform relaxation algorithm.
We decompose the domain (a, b) into I nonoverlapping subdomains Q; = (a;, a;41),
a; < a; for j <iand a1 = a, ary1 = b, and we introduce a general nonoverlapping
Schwarz waveform relaxation algorithm. An initial guess {hf’o}lgig I+1 1s given.
For k > 1, one step of the algorithm is

uf(-0)=p, Oul(-0)=qin O,
(2.5) B~ (g7 )uf(as,) = by *7Y, B (g )uF(ais, ) = k7 in (0,T),

%

hi 't =B (g7 )uf y(ai,), h7F =BT (g )b, (ai,) in (0,7),

3

where B*(g*) are given in ([ZZ). For ease of notation, we defined here hi"* = 0
and hilf = 0, so that the index ¢ in (Z3]) ranges from i = 1,2,...,I. In the sequel,
we call linear transmission condition the choice g* = 0 and nonlinear transmission
condition the choice ([23). For the classical linear homogeneous wave equation, it
has been proved in [7] that the algorithm converges optimally if 7" is small enough
(which means in two iterations, independently of the number of subdomains), and
the transmission operators B* are given by B* = 9,£0,. This behavior is due to the
finite speed of propagation, together with the fact that these operators are the exact
Dirichlet-Neumann operators in this case. In the nonlinear case, the propagation
still takes place with the finite speed, but we can use only approximate Dirichlet
Neumann operators. Therefore the classical Schwarz algorithm with overlap is still
convergent, and for our nonoverlapping nonlinear algorithms, we will use energy
estimates.

3. WELL-POSEDNESS FOR THE SUBPROBLEMS

The study of the nonlinear problem relies on an iterative linear scheme. Therefore
a first step for the definition of the algorithm is to study the nonhomogeneous initial
boundary value problem for a general domain Q = (a_, ay),

(02 — 0*)u = f(u, Opu, Opu) in Q x (0,T),

(3.1) B~ (g )ula_,") =h~, Bt(gNular,-)=hT,
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with initial values p and gq. We will use for j < 2 the spaces
(3.2) Vi(Q,T) = {u e L>®(0,T; L*(Q)), 0% € L>=(0,T; L*()), |a| < j}.

In formula ([3.2)), « is a 2-index in N2, the first coordinate in « stands for the time,
and the second one stands for the space, so for instance 0%u = dyu for o = (1, 1).
V;(Q,T) is equipped with the norm [|ul|y, 7y = max|q<; [|0%ul| L (0,1:22(0))-

Theorem 3.1. Let p be in H*>(Q) and q be in H'(Q). There exists a time T* such
that for any T < T*, for h* in H*(0,T) with the compatibility conditions

(3.3) h(0) = glax) £ p'(ax) + g (p(az)),

@) has a unique solution u in Va(Q, T), with dyu(a, ) and dyu(ax,-) in H(0,T).

Furthermore, there exists a positive real number C* such that

el iy + D D 10%ulas, )iz o)

+ |o¢‘=1

(3.4)
< C* (Il 20 + llall ) + E ||hi||?11(o,T)),
X

where T* and C* depend on the data p,q, f, g%, h*.

This result was first proved in [I2] with homogeneous boundary conditions (i.e.
h* = 0). The additional difficulty comes from the boundary conditions, and we
give here the main steps of the proof. It relies on the construction of a sequence of
linear problems of the form

020 — 02u+u=Fin Qx (0,T),

(3:5) (O — Dyi)(a_, ) = H-, (Oyii+ 0yi0) (as, ) = H.

Proposition 3.2. Let p be in H2(Q) and q be in H'(Q). For any positive time T,
let F be in H'((0,T) x ), and H* be in H*(0,T) with the compatibility conditions
(3.6) H*(0) = qlax) £ p'(ax).

Then, B.A) with initial data p and q has a unique solution @ in Vo(Q,T), with
dvi(as,-) and dyu(ax,-) in HY(0,T). Moreover, we have the following bounds on
the solution

||ﬂ||%/2(Q,T) + Z(Hatﬂ(ai» ')”%Il(O,T) + [0z ti(ax, ')||§{1(0,T))
£

(3.7) < Cre" (IF 30,20 + 101720

Y NHE 0.0 + P32y + gl @)
T

where Cy is a universal constant.

Proof. We start with the a priori estimates. We multiply ([B.3) by ;@ and integrate
by parts in 2:

1d

Ea(natﬁ('vt)\&?(m + a7 ) + (@ra(a—, 1) + (Bralay, t))?

= (F (1), 0yii(-,)) 20y + H™ (t)dyii(a_, ) + H (£)dypii(a, t).
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Using the Cauchy-Schwarz inequality on the right-hand side, together with the
inequality af < % a? + % B? for all o, 3 € R, and finally integrating in time, we
obtain

t
100, 1) 2y + 10,1 2y + / (Bvia_, ) + (Brii(ay, 5))?] ds
t t
< / 84ii(-, )|y ds + / IFC,8) 20 ds

122 + P13 + / [(H(5))2 + (H*(s))?] ds.

By Gronwall’s Lemma, we deduce that

t
185 (-, ) 172y + 12, O)l|7r +/O [(Dra(a_,s))? + (Dra(ay, s))*] ds
< " (1FII720myx0y + NallZz0) + 121310y + D IHE 12 0.1)
T
which gives

(3.8) max 1% F e 0,72 () + 10s0(as )T 20,y + 0eti(as, ) I720.m)

< " (IF 2 q0.myxe) + lalZa gy + 1Pl @) + D IH 122 0,7))-
+

Differentiating in time in 35), we now apply (B8) to 0,4, and obtain:

(3.9)  max 10%0eil| T (0 7:12 () + 107 (0=, L2017y + 107 Eas, VT2 g0,

< e ([0cF |32 0.1y x0) + 1073(, 0)I72(0) + llallzr oy + Z 10:H*(|720.7)-
X

We must estimate 924(-,0) in the right-hand side of ([3.3). We multiply (335) by
024, integrate in space using the boundary conditions, and evaluate at time 0:
187 a(-, 0) 1720y + (p, 02074(-,0)) + (p, DFia(-,0))
+ q(a_)afﬂ(a_, O) + q(a+)8t2a(a+7 0)
We integrate by parts in the second term, and rewrite the equality as
= (H™(0) — gq(a-) + dup(a-))dfala—,0)
+ (H(0) — qlay) — 0up(ay))dFa(as, 0) + (F(-,0), 07a(-, 0)).

The boundary terms on the right-hand side vanish by the compatibility conditions,
and we get

1020, 01120 = (82p — p + F(-,0), 02(-, 0).

Using the Cauchy-Schwarz Lemma, we obtain

107a(-,0)||2() < 102p — p+ F(-,0)[| 2()-
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We replace the term [|874(-,0)||12¢0) in (B8), and we deduce the second a priori
estimate:

(3.10) max 1007 0,712 () + 107 @@, W20y + 107 0(as, T2 0,m)

< 3GT(HatFH%Z((o,T)xQ)JFHF(',0)||2L2(Q)+Hp||312(9)+\|Q||311(Q)+Z 10 HF[172(0.7)-
X

We still need to estimate the mixed derivatives 0., % in the interior and 9,;% on the
boundaries. We use the equation, which gives in the interior

1022l oo 0,122 () < 10kl Lo 0,1:22(2)) + 18l Lo 0,722 () + | F ]| Loe (0,722 (02)) -

We now introduce the inequality
||FH%°°(0,T;L2(Q)) < 2(||F('a0)||i2(9) +TH8tFH%2(O,T;L2(Q)))7
and by (3.I0) and (3.8), we get, using that eZ > 1 and e? > T,
||6m71||2Lw(o,T;L2(Q)) < 156T(HF||%11(0,T;L2(Q)) + ||F('a0>||2L2(Q)
+ ||p||%12(9) + HQHZHl(Q) + Zi: ”Hi”%{l(O,T))'

As for the boundary term, we get, for instance, on the left boundary

0czti(a—,)|l20,1y < Oweti(a—,-)|lL2(o,r) + [10:H ™ || L2(0,7)-

Squaring the inequality, and adding the term coming from the right boundary leads
to

Z 10t @(ae, |72 0,y < 2Z(H5ttﬁ(aia Nz + 10H 720,15
X T

which provides the last estimate announced in the proposition. The well-posedness
is then derived in a standard way by the Galerkin method. O

The solution @ of the nonlinear subdomain problem is now defined through an
iterative scheme. The initial guess is ug = p. At step k, u; being known, we define
(3.11)

F(w) = w+ f(w, 0w, dyw), GF(w) = gt (w(ax,-)), HF(w) = h*T — GF(w).
Ug+1 1s the solution of the linear initial boundary value problem (B3) with data
fr = F(ag), g = GF(ax), hif = H(u), and initial data p and g. The proof of
convergence for the sequence @y, is written in detail in [I2]. The uniqueness follows
from the result:

Lemma 3.3. There exists a real positive increasing function 6 such that, for any
time T, for any v in Va(Q,T), 0°F(v) is in V1(Q,T), G=(v) and H(v) are in
L>(0,T). Moreover, for vy, va in Va(Q,T), we have
(3.12)

75 (01) = HF (0)ll L= (0,1) < O(I[v1lvaey + [[2llvs @, o1 = v2llvi .1,

[F(v1) = F(v2)llvi .y < 0Uv1llva,r) + llv2llvam)llvr — v2llvy@.r) -

As a consequence, we have the well-posedness of problem (2.4).
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Corollary 3.4. Let p be in HZ(Q) and q be in H}(Q). There exists a time T > 0
such that for any T < T, 24) has a unique solution @ in V2(Q,T), with 0“u(a, -)
and 0%u(b,-) in HY(0,T) for |a| = 1. Furthermore, there exists a positive real
number C* depending only on the size of ) such that

|l . + Y 10%@(a, oy Y 10%ab, )i e
lal=1 |a|]=1

< C* (Il 2@ + gl g)-
4. CONVERGENCE OF THE ALGORITHM

We now study the convergence of the Schwarz waveform relaxation algorithm
@3). In order to define the algorithm, we need a regularity result:

Proposition 4.1. For anye, 0 <e <1,

Va(Q,T) € C°(0,T; H*~“(2)) N C'(0, T; H' ().
Proof. By using extension operators in time and space, it suffices to prove the result
in R x R. We make use of the Littlewood-Paley theory (see for example [2]). In

particular, there exists ¢ and x two tempered distributions on R, with ¢ supported
in (—8/3,-3/4)U (3/4,8/3), x supported in (—4/3,4/3), and

X(E)+ Y p(279%) =1, V€€ R,

q>0

We define the dyadic projectors A, by their action on a function u,

(4.1) A_ju = x(D)u, Aqu = ¢(279D)u for ¢ > 0,
where D = —i0. These operators give an equivalent norm in H*(R),
1
3
ol = (3 2 1a,uP)
q=—1

They can also be used to define the Zygmund spaces
Cl={ueS [lul- = sup 27| Agul* < +oo}.
q=>-1
C; coincides with the usual Holder space when r is not an integer. For any positive

r, we know that W™ the space of functions in L*> with derivatives of order up
to r in L, is included in C;. Therefore we have

Va(R,R) C C°(R, H2(R)) N CL(R, H(R)) N C2(R, LX(R)).
We need an interpolation lemma. O
Lemma 4.2. For any positive o, 3,a,b, for any 8, 0 <0 <1,
C*(R, H*(R)) N CP (R, H*(R)) c T =08 (R, Hoo+(1-0b(R)).

Applying the lemma with successively («, 3,a,b) = (0,1,2,1) and («, 8, a,b) =
(1,2,1,0), we find for any 6,6 in (0, 1),

Va(R,R) € CI(R, HHO(R)) n €27 (R, H” (R)).

Since for any € > 0 we have C¢ C C% and C!*¢ C C!, this concludes the proof of
Proposition 411
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Proof of Lemma L2l Tt relies on the convexity of the exponential function

sup 22j(9a+(179)ﬁ) Z 22k(9a+(170)b)”A§AiuH2

Hu”29a+(1—9)ﬁ Gat(1—6)b =
Cx (R,H ®) >0 et

where A; (resp. AY) is the Littlewood-Paley operator acting in the time (resp.
space) variable.

9 (1-0)
Z 22k(9a+(1—9)b)”A§A?€:u”2 Z ((22ka”A§ ?C:u||2) <22kb||A§A£UH2) >

E>—1 E>—1

( Z 22ka||A§» ﬁuHQ)e( Z 22kb“A§A£u”2)179.

E>—1 E>—1

IN

Therefore we have

2
||uHCfa‘F(l*@)ﬁ(R’HQa-%—(l—Q)b(R))
) 0 . 1-6
< (sup 92ja Z 22kaHA§ iuHZ) (Sup 92i6 Z 22kb||A§Azu||2)
j=—1 E>—1 j2-1 k>—1
which gives

) 0 9 1-6
CS(R,H“(R))) (||u||cf(R,Hb(R))) - O

a0 rosa-ongayy < (I
Theorem 4.3. Let p be in H3(Q) and q be in HE(Q). There exists a time Ty < Ty
such that for any T < Ty, for any initial guess hf be in HY(0,T) with the com-
patibility conditions h; (0) = q(aiy1) + p'(air1) + g+ (p(aiy1)) and h; (0) = g(a;) —
P'(a;) + 9~ (p(ai)), the algorithm [Z1) is defined and converges in \J; Va(2:,T) to
the solution u of ([24).

Proof. We first prove that the algorithm is well defined: with the assumptions on
hE in the theorem, we know by Theorem Bl that ([Z35) defines in each Q; a u! in
Vo (0, T), with 0yul (ai, -), Opul(air1, ), Opul(a;, ) and dul(aiy1,-) in HY(0,T) for
T < T}. Furthermore, by Lemma B3] B~ (97 )ul_;(a;,-) and B (g% )u} 1 (ai1,-)
are in H'(0,T). As for the compatibility conditions, we have

B~ (g_)uzl—l(ah O) = }ii%(atu%—l(ai’ t) - 893“1'1—1((12') t) +9 (u%—l(a’i’ t)))v
and by Proposition 1] we can pass to the limit and get
B (g7 )ui_1(ai,0) = q(a;) — p'(ai) + g™ (p(as))-

This, together with the same regularity result on a;y1, permits the recursion.
We define for T' < min(T}, min;(7;*)), for k > 1, the quantities (with u; = /g, )
for1<4,j<I,j=iorj=1i—1,

= Fluk) — Fu),
W =g (Wb (@) — g (us(ar)),
P = g (uh (i) — g7 (uj(aig)).
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The operator F is defined in (BI1)). The error ef in Q; at iteration k is a solution
of

(4.2) (07 — 92)el + e = £ in Q; x (0,7),
(4.3) (O — Bu)el + 1 = (0 — Du)el =) + hi7 !y on {ai} x (0,7),
(4.4) (8 4 0y )€k + hk = (0 + D)k + hfljﬁ on {ai41} x (0,7),

with vanishing initial values and ef = 0, e}, =0, h1 0 =0, h]; ;_1 = 0. In order

to get a new energy estimate in (2;, we multiply ([E2) by O;e¥ and integrate by
parts:

d
(45) o Eae i) = 0 0uer (ais1, ) — OrefOue (ai, )] = (FF, Oeef)

with Eq(u) = %(Hatuﬂiz(m + ||8zu||2L2(Q) + ||u||%2(9)) We rewrite the boundary
terms using the boundary operators:

1
Oreronef (aier,) = (0 + 00)ef (aivr, )+ hiH)?

(B¢ — Bu)ek (arsn, ) + My )2+ RE, ),

1
_atei?aﬂﬂe?(aiv ) = Z((at - 81) k(a“ ) + hk )
((8t+8> (al7'>+h1 11) +Rzz 1-

The remainders R}, and R}; ; will be evaluated later. We insert (8] into (£.T),
and obtain

d 1 _
B, (eh) + 10— ek (@, )+ W) + (0 + ek () + )2

1 _
((@ +0p)ef (aig1, ) + hET)2 + Z((at — 0p)el(a, ) + by
+sz+1+R11 1+(ivatef)'

Using the transmission conditions (€3], ([£4), we get

(47) = 2((0: + On)e fﬂ (ai41,7) + hi&iﬁ)
1 1
+ Z((at—a JebHai, ) + R T)?
+R'Ijz+1 +Rzz 1 +( ik7ate§)'

We sum (7)) on the indexes 4, 1 <4 < I and integrate in time. We translate the
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domain indexes in the right-hand side. Defining

Fao, (ef) = 1000 = 0.)ek (@si1,) W02 + (0 + Du)eb (as, ) + 1),

we get, since the initial data vanish,

ZEQ /ZEdQ ds</ ZEdQ )(s)ds

=1

(4.8)
+/0 E(Rﬁi+l+Rﬁi—l)(5)d5+/o ;( k 9,ek)(s)ds.

Differentiating the equation and the transmission conditions in time yields the
bound on del:

(4.9)
I

ZEm el / ZEaQ (Dsel) dS</ ZEaQ (Oref 1) (s)ds
0
+/ Z(Rﬁi+1+éﬁi . ds+/ Z(atff“,attef)(s)ds.
0 ;=1 =1

We now estimate the remainders. We start with R

k):

iir1 (ignoring the superscript

1
n

and we get a bound on the integral of R; ;1:

Riit1= —hii(2(3t€i+3x€z‘)(ai+1, ')+h;‘~:i)+hi_+1,i(2(atei_8$ei)(ai+1v ')+hi_+1,i)]a

t
3 2 2
| R < UM, )+ I )

1
+ 5 (lorei(aisa, I,

H™2(0,t) +[l0zei(aisr, )|

H™3(0,1)

)-

We can treat Ri7i_1,ﬁ’i7i_1, and Ri71_1 the same way and obtain

t
3 2 2
.. < =
A Rz,zfl(s)f 4(” Z’L||H2(Ot +|| i— 1ZHH2(0t))

1 2 2
+ g UBeeilas, Ty o+ 10seilas )Ty )
t
~ 3 - 2
/0 Riit1(s) < 1(” thu i, t)Jr”athiJrlxi H%(o,t))
1
+ §(||3fei(ai+1, -)||2_%(07t) + [|0ztei(aiva, ')Hir%(o,t))’
b 3
/0 R;i—1(s) Z(” ih iill g o4 )+||8t i— 1Z”H2(ot))
1 2 2 2
+gl0Fes(ai, M -y o )+ 18seei(ai )l -y o )-
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At point a;, for instance, by the Trace Theorem, there is a constant C3 independent

of T, such that for any a with |a] = 1, we have

10%€i(as, )l -3 ., = N10%€ilai, 20,0 < CallO%eill r @ix 0,00
[0%0ei(ai, ')||H—%(0 y = [0%ei(ai, ')||H2(0 S < Csl|0%€ill 1 (0, % (0,0))

which gives our first bounds on the remainders:

3
)+ 7||€i||%12(9ix(07t))’

t
1 2 —
| Resato)s < SUREIZy ) + Iy,

2y 0)t

b 1 9 _ C3 2
Rugsa(s)ds < ORIy o+ 10002 ) + Sl

i HH2(Qi x(0,t))"

We now insert the previous estimates in (48] and (£9). By Cauchy-Schwarz in-

equality we get

(4.10) ZEQ / Z Epq, (e
t 1 I
_ C3+1
< / S Boo () (s)ds + 0 S ek oo 0.

=1 i=1
1<~ [t
#3301t (s)ds
i=170
3 I
= 2 2
+4Z(| || Ot)+|| ’L+1 z|| Ot))

Ic72 k4 2
+ - Z ||h HHZ(Ot +||hz 1Z||H2 Ot))

(4.11) ZEQ 8,56 /ZE@Q (9t6 s)ds
C2+1g
<[ 5 Eon, @uct s + LS 1200y

1=

0 =1

1 t
1
#5330 [ 101410 ()
i=1
3 I
+ 7 UORE Iy 100055,

+7 Z IIWL’“II2 +||5t sy

)

i3 0,0

)-

H2 (0,t)
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Adding (I0) and (#II), we can write

I

S (Bo (¢h) + B, (3reh) / zEaQ )+ Eon, (0ret)) (s)ds

1=1 .1 I

S/ Z Epq, (i ") + Epq, (Oref ™ ))(S)ds+(c32+1)Z”eé€”?{2(ﬂix(0,t))
3 [: 1=1

s 2 2 2

+4Z;(|| || Ot)+||h‘z+lz Ot)+\| 3 [ Ot)+\| i 11||H (Ot))
317

3 : 2 e 2
+2 71<||at FI 3 o TIORGOSy o IORES ISy )
)

Z 3 ”fik”%?(QX(O,T)) + ||3tf¢k||2L2(Qx(o,T)))~

We now estimate the quantities involving the hfji Refining the results in Lemma
B3l we have a real positive increasing function 6o, such that

2 ko2
IR, 3 g+ HORREIZ
<050 Y (10%uill7zx 0.y + 10%uf 122 @x 0,1)))
D“:Z‘(gg)
X Z Haa@f”%?(ﬂx(o,:r))
lof<2
a#(0,2)
which gives
(4.12)
I

> (Eo,(ef) + Eq,(0ref) /ZEaQ ) + Eaq, (9se})) (s)ds
g/ Z Eoq,(ef ") + Eaq, (Ore; ")) (s)ds

+ 293 Z Hﬁauilliz(m(o,n) + HaaufH%ﬂ(Qx(O,T))))||e§||%{2(ﬂi><(0,t))

la|<2
a#(0,2)
I

1
+ Z §(||ff||2L2(Qx(o,T)) + \|3tff||2L2(Qx(o,T)))a
i1

with 03 = 303 + C3 + 1. We now evaluate the terms on the right-hand side. We
first note that

t
lleg 1320 0,0) < /0 (Eq,(€F) + Eq, (0:€) + [|0caey |12 (0,)) s,
and evaluate HamefH%Q(QiX(O’t)) by equation (£2)):

Hameﬂﬁz(mx(o,t)) < 3(H3tt€f||2L2(mx(o,t)) + ”6?”%2(&%(0,15)) + ||fik||%2(§27¢><(0,t)))’
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from which we deduce

t
lef 120 x 0,8 < 4/0 (Eq, (ef) + Eq, (8i€))ds + 3| fF 11720, x (0.0))-

There remains only in ([@I2]) that

(4.13)
I

Z(EQ( “) + Eq, (0,€") /ZEOQ ) + Eaq, (9s€}))(s)ds

i=

/ Z Eoa, (51 + Eaq, (9:¢"1))(s)ds

2493 Z ||8aui||2L2(Qx(o,T)) + ||8auf||2L2(Qx(o,T))>)

lal<2

a#(0.2)

< [ Bo(eh) + B0 0]

I

+ 2(393( Z ([[0%u; H%Z(QX(O,T))

1=1 || <2

a#(0,2)
HOuf 172k 0,m) + D) IFE I 2ax 0,7y + 106 F 122 @ 0,0))-

Again, as in Lemma [3.3] there exists a positive increasing function 64 such that
IFE (@) + 10efE (2, )220
<63 ( Z (0%uill72 () + 10%uf 17 20)) Z 10%€5 1172 (y;

|a|<2 la|<2

a#(0,2) a#(0.2)

the latter sum means that no term 9., are present, therefore we can bound the sum
by twice the energy. Furthermore, we know that the energy of @ is bounded on the
interval (0,7). Thus there exists a new positive increasing function 65, depending
on u, such that

T2y + 10 () F 20
< (03(Eq,(e}) + Ea,(0ref) (Ea, (ef) + Ba, (0:ef)(1).
We insert ([4.14) into ([{I3]), and get (with a new function 6g)

I

Z(EQ( ) + Eq, (0ef) / Z Eoq,(ef) + Eaq, (0r€¥))(s)ds

i=1

(4.15) < / Z Eaq, (eF™1) + Eaq, (8:eF~1))(s)ds

(4.14)

+Z / (6B (cF) + B, (91e))) (o, () + En, (91e})) (s)ds.

For clarity we define

I I
B, = (Eq,(ef) + Eq,(0e})), Ef = (Bog,(ef) + Eoq, (9eef)),

i=1 i=1
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and we can rewrite (EI5) as
t t t
@) Eb0+ [ Biods< [ B s+ [ (Bl (o) EL ()
0 0 0

. . =g K
Summing in k, we define Eff, = > | E¥ .. and we have

K i K K ¢ K K
Emw+AEumw§£www+A%wm@wm@w

Now let C' > 0. If ¢ tends to 0, fg E}(s)ds +tCHs(C) tends to 0. Therefore there
exists a T} such that fOTl E}l(s)ds + T1CHs(C) = C, and so we have for t < T},

K
Eint

(t) < C.

We conclude that u¥ exists on the time interval (0,7}), and that Zle(EQ7 (eF) +
Eq,(0eF)) tends to 0 when k tends to infinity; the sequence u} converges to @ on

(0,71) in each subdomain in the norm of energy. O

5. A FINITE VOLUME DISCRETIZATION

We use here a finite volumes scheme, which has been described in [7] for the
linear one-dimensional wave equation, and extended to the nonlinear boundary
value problems in the frame of absorbing boundary conditions in [11]. We restrict
ourselves to uniform meshes in time and space.

5.1. Discretization of the subdomain problem (B.I)). The domain 2 x (0,7")
is meshed by a rectangular grid, with uniform mesh sizes Az and At. There are
J + 1 points in space with Az = (ay —a_)/J, and N + 1 points in time, with
At = T/N. We denote the numerical approximation to u(a— + jAz,nAt) by
U(j,n). We introduce the notations:

(5.1)
. U(,n+1)—-U(j,n _ . U(,n)—U(g,n—1
D U(Gm) = 7V A)t G by ugomy = Y1) At(J ),
T U@G+1,n)—U(j,n) — oy _UlG,n)-UG—1,n)
Dz U(],’I’L) - ACL' ) DCL‘ U(]vn) - Al’ )
. Uj+1,n)—-U(—-1,n . U(j,n+1)—-U(j,n—1
DR um) = TIFLW UG =L gy gy = Um0 UG =]),
D;,U(jjn):3U(],n)—4U(],n—1)+U(],n—2)

2At ’
—wrr. N _ DT U(G,n) for n > 2,
D UG,n) = {D; U(j,n) for n =1.

The last finite derivative in (5] is a second order approximation of dyu, to be
used in the nonlinear term, in order to design an explicit scheme.
The scheme in the interior gives

(5.2) (Df D — D} D;)U(j,n)— f(U(j,n), Dy *U(j,n),DIU(j,n)) =0
in [1,J —1] x [1, N —1].
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We define the discrete initial value as

P(j) = pla— + jAz), Q(j) = q(a— + jAx),
and we obtain the initial scheme
(5.3)
At

(D} — 5D D7 )UG.0) = Q) + 5 IPG)LQG).DIQU)), in (1T 1]

For the boundary conditions, we define the discrete boundary operators as:
(5.4)
- - 0 o AT
B~ (f,g7)U(O,n) = (Dy — D + 7Dt Dy )U(0,n)

- %f(U(Ovn)vD;* U(Ovn)vD;_ U(Ovn)) +g_(U(0,n)),

Az . Ax
EDt )U(O»O)—E (0)

~ 8L 1(P(0),i0), DF PO) + 9~ (),

B~ (f,g7)U(0,0) = (D — D} +

(5.5)
BHJ.g*) ULn) = (D + D; + 52D} D YU(m)

= SL U n), DF U ), Dy UG ) + 67 (U1, m),

Ar Ax
EDt YU(J,0) — A (J)

= B P(),Qu(1), D; P()) + 9" (P().

B (f,g")U(J,0)= (D] +D; +

We define the boundary data as
(5.6)
N 1 tn+AL/2 N N ) At/2 N
" (n):—/ WE(r)ydr, 1<n<N,H (0)2—/ W (r)dr.
At Jy, —at)2 At Jo
The discretization of problem (B.J) is now given by (£2), (B3], with boundary
conditions

(5‘7) B_(f,g_)U(0,~) =H", B+(f,g+)U(J,-) =H" in I[O,TLS N]]v

where the discrete boundary operators B* are given in (5.4)), (5.5).
Our numerical computations indicate that this scheme is second order both in
space and time.

5.2. The discrete Schwarz waveform relaxation algorithm. The equation is
now discretized on each subdomain §2; x (0,7), ¢« = 1,...,I separately, using a
uniform mesh with sizes Az and At. There are J; + 1 points in space and N + 1
grid points in time in subdomain Q;, with Az = (a;4+1 —a;)/J; and At =T/N. We
denote the numerical approximation to uf(ai + jAz,nAt) on €; at iteration step
k by UF(jn).

The problem in domain €2; is now defined through boundary data HljE k_l, com-
ing from the neighboring subdomains €2;11. Therefore, we define the extraction
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operator from domain £2; to his neighbours as:

(5.8)
BH(f.g") Uil0m) = (DY + DF ~ 52D¢ D7 )U(0.m)

+ S5 FU0,7), Dy Ui(0,m), DF U(0,1)) + g (Ui (0, ),
B*(£.9)Ui(0,0) = (Df + D} — 327 )U:(0,0)

A A

+ 37 @i(0) + S (Pi(0). Qu0), DF Pi(0)) +¢" (P(0),
(5.9)
~ Az

B (.97 m) = (D) = D7 = D D Ui Jim)
+ S5 FUT ), D7 Uiy m), D Uiy m)) g™ (U m),
B(£,97) Uil4,0) = (Df —D; — 25D ) U 0) + 35Qu(7)

At
+ S SR, Q). Dy Pi(H)) + 97 (P,

The discrete Schwarz waveform relaxation algorithm on subdomains €2;, i =

1,...,1 is defined as follows. An initial guess {H?’i}lgig is given. For k£ > 1, we
solve
(5.10)

(Df Dy = D Dy ) Uf = f(UF, D" UF, Dy UF) in 1,5 = 1] x [1, N,

UF0)= P (DF — 5EDE DI IUR0) = Qi+ SEF(PL Qe DY@ n 1, — 1]

B~ (f,g7)UF0,) = H*=' | BY(f,g")UF(Ji,) = H " in [0,n < N],

H " =B (f,g )Ula(Jier,) , BPY = BY(f,") UL (0,-) in [0,n < N].

(3

As in the continuous algorithm, we set U} = 0 and U}, , = 0.

We denote by U the discrete approximation of problem (2.4)), obtained by solving
G2), E3), @10 on Q = (a,b) with J = Zle J; intervals of length Az, and H* =
0. Each subproblem is an explicit scheme, thus has a unique solution. Therefore
the Schwarz waveform Relaxation Algorithm is well defined. If it converges, the
limit in each subdomain is denoted by V;. It satisfies the same scheme as U at
initial time, in the interior and on the exterior boundaries. At point a; it satisfies
for any n > 0,

B~(f,97)Vi(0,n) = B=(f,g7 Vi1 (Jic1,n) , BY(f,g")WViei(Jim1,n)
= B (f,g")Vi(0,n).

Theorem 5.1. Suppose that f is affine in the third variable Oyu. Then, if the dis-
crete algorithm converges, it converges to the discrete approzimation U of problem

@4).

Proof. Since pis in H2(2) and ¢ is in H'(£2), they are both continuous and we have
for any 4, V;(0,0) = P;(0) = V;_1(Ji-1,0) = P;_1(Ji—1) = p(a;), and Q;—1(Ji—1) =

(5.11)
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Q;(0) = g(a;). We write the transmission conditions (&.I1]) for n = 0. The nonlinear
terms containing ¢ on both sides cancel out, and we have

(512) (Df —Df + 32 DF Wil0,0) ~ Fra(a) — 52 fplas), alai), D pla))

= (DF ~D; ~ JIDF Wi 1,o>+%q<ai>+%ﬂp(ai),q(ai),z};p(a»),

(513) (Df +DF — 32D V0,00 + Fra(a) + 52 f(plas), alai), D pla))
(DF +D; + 527 Wi (i1,0) — Soa(ar) — 2 f(pla).ala0), D pla).

Adding (512) and (5.13) yields D;" V;(0,0) = D;f V;_1(J;_1,0), and hence V;(0,1)
= Vi_1(Ji—1,1). We define now V(j,n) for 0 < j < J as V(j,n) = V;(j,n) if jAz
= a;+jAz, with 1 < j < J;. With the assumption on f, since DY = (D} +D; )/2,
we can rewrite (B.12]) as
_ Az _ Az 0
(Df —D; — 255D )V (i 0) + 25 () + A f(pla) ala), DY plai)) = 0,

with j; = Ji + - -+ + J;, which, when multiplying by —Z,AA—Z, proves that V is the
solution of (53) at any point, and therefore U and V coincide at time 0 and 1. A
simple recursion with the explicit schemes now proves that, for any n, for any ¢,
V;(0,n) = V;_1(J;-1,n), and therefore U = V. O

Remark. The assumption on f in Theorem BII is fulfilled when f(u,us, uy) =
fiw) + fa(uue + fa(w)ug
6. CONVERGENCE OF THE DISCRETE ALGORITHM

According to Theorem [5.I] we suppose that f is affine in d,u. We introduce the
linear transmission operators defined by

T+ = B¥(0,0), T* = B*(0,0).

We note U; = U/q,. With these notations, the error UF = UF — U; is the solution
of the linear problem

(6.1) (D} Dy —Df Dy +1)UF =FF, in [1,J;—1] x [1,N]
with the initial value UF(j,1) = UF(4,0) = 0 and the transmission conditions
T-UF0,) + G =T U (Jica, )+ G2y 7Y, in [0,N],

THUF( T, )+ GHF =TTUF N0, + GHF™Y, in [0,N].

(6.2)

The remainders are given by
Ff = f(UF, D;*UF, D2 UF) - f(U;, Dy * UF, D2 U;) + UF for n > 1,

G = =S 1H0.) + 7 (UF0,) — (000, ),
(6.3) Gt = %fik—l(Ji—lv )+ 97 (U (Jie1,7) = 97 (Uiea (Jim1, ),
G = = RL ) + g (OF ) — g (O, ),

Gt = B2 500 + 07 (05 0.) — g (0ia (0,),
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and G;t ®0) =0, é;t ¥(0) = 0. For n = 0, the centered derivative in z is replaced
in the expression of F¥ by a forward or backward derivative.

We define now a discrete energy as follows. We consider sequences of the form
V ={V(j)}o<j<s in R/T1 and we define a bilinear form on R’*1 by

J J—1
(6.4) an(V,W) = AIC(Z D, (V)()- Dy W)(G) + Z V(W)

For a mesh function V of time and space, we define

_As
2

J—1

> (D7 V(Gn)? + (D V(j,n+1))%),

j=1

Ep(V)(n) =aa(V(-,n),V(,n—1)),

Ex(V)(n)
(6.5)

E =FEg+ Ep.

The quantity Ek is a discrete kinetic energy, and Ep is a discrete potential energy.
The following lemma gives a lower bound for £ under a CFL condition, and hence
shows that F is then indeed an energy. The proof is classical ([7]) and is omitted
here.

Lemma 6.1. For any n > 1, we have

A2 At
(6. B0 > (1- 55 - 55 ) Bx()o).
Hence, under the CFL condition
A2 A
. —+ —<1
(6.7) A2 + 7 <L

E is bounded from below by an energy.
The following energy estimate is obtained by a discrete integration by parts:

Lemma 6.2. For any V solution of

(6.8) (Df Dy —DfD; +1)V=F, 1<j<J-1,1<n<N\,
we have for any n > 1,
(6.9)
E(V)(n)—-EV)n-1)+ %[(T*V(O,n)f + (T V(J,n))?]
J
_ %[(T‘V(O, )2 + (TTV(J,n)3] + zAtAx;F(j, n)DOV (j,n),

and formn =0,
(6.10)

Ex(U)(0) + E(U)(0) + %[(TW(Q 0))* + (T~U(J +1,0))%]

J
= ST 00,00 + (THU(L0)) + aa(P.P) + 282 Y QU)DF U(.0).

j=1

These estimates are obtained by multiplying (6.8)) with DY V'(j, n) and integrat-
ing by parts [7].

We now state the main result of this section.
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Theorem 6.3. Suppose that f is affine with respect to O,u. Defining the quantities
(6.11)
RE(n) =G (n)(GF () +2T UL (0,n)+ G, (n)(G7F(n) + 2T UF (i, n))
—G )G () +2T UF(0,n)) =G F () (G () +2T 4 U (43, ),
and assuming that there exists a positive constant M such that for any iteration
number K, any domain ; and any discrete time n, the following estimate holds:

J
_ 1 _
(6.12) 20a ) F(j,n) DY Uf(j.n) + S RY (n) < ME(U)(n),
j=1
then, for At sufficiently small, the discrete Schwarz algorithm converges in the
energy norm.

Remark. Assumption (6.12) is technical, and will be proved in Corollary in a
special case.

Proof. We apply (6.9), (6.10) to Uk. Since the initial data vanish, every term in
(610) vanishes. Thus E(UF)(0) = 0, and we rewrite (6.9) as
E(Uf)(n) — E(Uf)(n —1)
At~ - ~ ~ ~
+ ST 0EO,0) + G M) + (T 0F (T m) + G o))

At - _ _
613) = 2N TR0 + G )+ (TR m) + G )]
< At
+20tAz Y | fF(j,n) DY Uf (j.n) + =5 Ri(n).
j=1
We now insert the transmission conditions (6.2), translate the indices in the right-
hand side, and add the contributions of all subdomains. We define a total internal
energy and a total boundary energy as

Bf(n) = Y E(OF)(0), Bh(n)

A

5 2 LTTUE0,n) + G () + (T UK (i) + G F ()],

With these notations we can write
Ef(n) — Ef(n—1) + Ej(n) = B} (n)

(6.14) ! Ji _ At

+ 2AtAx *(,n)DY UF(§,n) + = RE(n)].
;[ ;f(])t (jn) + 5 RE()]

We now sum up (BI4) for 1 < k < K, and define EX(n) = Zszl Ek(n):

Ef(n) = Eff (n — 1) + Ef (n) = Ej(n)
(6.15) v - k(s 0 77k ; Lok
FAIY S A0 3" G DY UEGon) + 5 RE)]
k=1 i=1 j=1
Under assumption (6.12]) we deduce that

(6.16) EX(n) — EX(n—1) < Fo(n) + MALEE (n).
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The recursive inequality is easy to solve. For At sufficiently small, M At < 1, and
since Ex(0) = 0, we get

n N
(6.17) Ef(n) < MY " Fy(p) < MY Fy(p).

This proves that sup, <y E’f (n) is bounded as K tends to infinity. Therefore we
have

I
(6.18) Vn < N, E(UF —U)(n) — 0 as k — +oo,
i=1

which concludes the proof. O

We are able to prove the assumption ([G.I2]) in the case of the linear transmission
conditions.

Corollary 6.4. Suppose that f is affine with respect to O,u. For At sufficiently
small, there exists a time T such that the discrete Schwarz waveform relazation
algorithm (510) with linear transmission conditions (i.e. g& = 0) converges to the
discrete approzimation U of problem (Z4) on (0,T).

Proof. Here the remainder R¥(n) reduces to
and the estimate ([6.12) amounts to proving that for any kK < K, n < N,

Ji
(6.20) Az fE(G,n)DY UL (j,n) < MyE(UF)(n).

j=0
If f is globally Lipschitz in both variables, this is merely an application of the
discrete Cauchy-Schwarz lemma. O

7. NUMERICAL RESULTS

7.1. Remarks on overlapping versus nonoverlapping Schwarz waveform
relaxation algorithms and variants. The original Schwarz algorithm, designed
for elliptic equations, uses overlapping subdomains (Q; = (a;, b;) for 1 < i < I, with
a; < ajp1 < by < biy1), with an exchange of Dirichlet data on the boundary, and
the convergence factor depends on the overlap [10,8]. For hyperbolic problems, due
to the finite speed of propagation, it is easy to see that this “classical” algorithm
converges in a finite number of iterations, given by N = [¢T'/L] where c is the
wave speed, and L the size of the overlap. In the linear case, absorbing transmission
conditions have the same property, but the convergence is drastically improved, even
without overlap. In one dimension, for sufficiently small 7', only two iterations are
needed for convergence, independently of the number of subdomains, [7], and in
two dimensions, the absorbing transmission conditions with optimized coefficients
can reduce the error after two iterations by a factor 20 [5].

In the nonlinear case, we have theoretical convergence results on the linear al-
gorithm for sufficiently small T. However, we will see that the linear algorithm
outperforms the classical one on large time intervals as well, and that the nonlinear
algorithm performs even better.
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Our experiments concern the space domain 2 = [0, 4], simulating R with linear
absorbing boundary conditions at each boundary. The time interval is [0,2]. € is
divided in two subdomains. The initial value is supported in (0,2), with p(z) =
23(2 — z)3, the initial velocity is ¢(z) = 32%(2 — x)?(z — 1). This is a good test
since the solution is supported in the first subdomain at t = 0 and escapes in the
second domain before the end of the computation.

Note that the Schwarz algorithm can be viewed as a fixed point algorithm applied
to the interface problems

(Hf_vHZ_) = (§+U2(07')7§7U1(J17')) = A(Hf—vHQ_)

In all cases, the stopping criterion in the algorithm will be on the residual res®
for A. We also compute the exact discrete solution in €2, and measure the discrete
global error E¥ in L>(0,T, L*(Q)).

7.2. The classical overlapping Schwarz algorithm. In this case, Q; =(0,2+L)
and Q9 = (2,4). The stopping criterion pertains to the residual for the interface
problem:

1/2
resh — (Il(u’f“ )@ L3+ - )2, ->||%2) -

We run the computation until the residual res® is equal to zero. The theoretical

AzxT
= 1, while

minimal number of iterations for the discrete algorithm is N¢ = [ AL

T
the continuous one is Njj, = [z]

We start with the nonlinear term f(u,us,u,) = u®. Table [l gives the number
of iterations Ncomp needed to achieve convergence (i.e. the error is zero), together
with N2 and N, for a fixed overlap equal to eight grid points. At and Ax vary
with At/Az kept constant, such as to fulfill the CFL condition. The speed of
convergence is a decreasing function of the stepsize. It is in accordance with the
discrete theoretical convergence speed for large stepsize, and with the theoretical
continuous speed for small stepsize. This is due to the fact that the smaller the
stepsizes are, the closer the discrete algorithm is to the continuous algorithm.

Table 2] shows the convergence behavior of the algorithm for fixed stepsize, as
a function of the overlap. The number of iterations needed to reach convergence
decreases with the size of the overlap, and the behavior is similar to the continuous
one for fine mesh, to the discrete one for rougher mesh.

We show on Figure [l the convergence history of the classical Schwarz algorithm
for various values of the mesh size and an overlap equal to eight grid points. We

TABLE 1. Number of iterations to achieve convergence for the clas-
sical Schwarz algorithm, L = 8Ax

Ar | 2/100 17100 1/200 17400
At | 2/120 17120 1/240 17480
Neomp | 16 29 54 105
NZ [ 16 31 61 121
NS | 13 26 51 101
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TABLE 2. Number of iterations to achieve convergence for the clas-
sical Schwarz algorithm as a function of the overlap

overlap L | Ax 2 Az 4Az 8Azx 16Ax
Neomp 1220 111 56 29 15
Ng 241 121 61 31 16
o 201 101 51 26 13

Az = 1/100, At = 1/120
overlap L | Ax 2 Ax 4Ax 8Azx 16Ax
Neomp | 61 31 16 9 5
NG 61 31 16 8 4
Ng, 51 26 13 7 4

Az = 4/100, At = 4/120

check in each case that the error E* vanishes together with the residual. Further-
more, we can see that the error decays very slowly for many iterations, and reaches
zero in a few iterations, independently of the mesh size (three or four in all cases).
The behaviour is very similar to what happens for the linear wave equation: only
the finite speed of propagation produces convergence, which takes place when the
signal has left the domain. The algorithm behaves similarly for other nonlinearities.

~ ' Ax=001
Ax=001 i 1 o !
x=0. i | - - -Ax=0.005
- - —Ax=0.005 ' ~ ! - - Ax=00025
i 1 L
- - Ax=0.0025 | 10

0 20 40 60 80 100 120 10
Tteration

0 20 40 60 80 100 120
Iteration

FIGURE 1. Variation of the residual res® (left) and the error
E*(right) as a function of the iteration number k.

7.3. The nonlinear nonoverlapping Schwarz algorithms. We will see in this
section that our strategy greatly improves the performances of the classical Schwarz
algorithm. Note that, whereas the classical algorithm only converges in the pres-

ence of an overlap, and the smaller the overlap, the slower the convergence, our
algorithms are run without overlap.

Here the residual is given by

1/2
res* = <|(G+”““ =GP F) (a1, )7 + IG T = Go M) (e, ')|2L2> '
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Residual
Error

1 15 2 25 3 3.5 4 4.5 5 1 15 2 25 3 3.5 4 4.5 5
Iteration Iteration

FIGURE 2. f = u®. Left residual, right: error. *: Az = 1/100,
At = 1/120, o: Az = 1/200, At = 1/240, $: Az = 1/400,
At = 1/480.

FIGURE 3. f = u?u,. Top: residual, bottom: error. Solid: linear,
dash: nonlinear.

We start with f = u3. In this case the transmission operators are the same and
linear, since g* = 0. We have proved in Corollary that there exists a final time
T for which the discrete algorithm is convergent.

In the forthcoming computations, the theoretical and numerical data are the
same as before. Figure 2l plots the convergence history for various mesh sizes. The
computation is stopped as soon as the residual reaches 0.510~7. We see that the
algorithm converges very rapidly, independently of the mesh size.

We consider now the case f = u?u,, and nonlinear transmission conditions,
ie. gF(u) = +u3/6. In Figure Bl we plot the convergence history for various
mesh sizes. The computation is stopped as soon as the residual reaches 0.51077.
Both the linear and the nonlinear transmission conditions behave very well. The
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Error

— global behavior
¥ linear

nonlinear

oot

FIGURE 4. f = u?u,. Variations of the error as a function of the
nonlinearity coefficient 4.

convergence takes place in five iterations with the linear transmission condition, in
four iterations with the nonlinear one.

We also can vary the nonlinearities in the transmission conditions, we use a real
parameter §, and g* = +6u®. The nonlinear strategy corresponds to § = 1/6,
whereas the linear one is obtained for 6 = 0. We draw in Figure [] the error curves
after three iterations for the same initial values as before, the mesh sizes are Az =
1/100, At = 1/120. We observe that the nonlinear strategy corresponds precisely
to the optimal numerical value of the parameter ¢, validating the high frequency
approach. We have carried out the same computations in the case f = u?u;. We
do not display the results here since they are very similar.

8. CONCLUSION

We have presented a linear and a nonlinear Schwarz waveform relaxation algo-
rithm without overlap for the semilinear wave equation. On the continuous level, we
proved the convergence for sufficiently small time intervals. We designed a discrete
algorithm, in such a way that, if convergent, the algorithm converges to the dis-
crete solution in the whole domain, which we prove when the nonlinearity is affine in
Oyu. In that case we proved the convergence for the linear transmission condition.
Numerical experiments highlight the fast convergence to the discrete full domain
solution in a large time domain in both linear and nonlinear strategies, without
overlap. Furthermore, we have shown that our nonlinear transmission conditions
give optimal results within a large class of transmission conditions.
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