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PROPORTIONALLY MODULAR DIOPHANTINE INEQUALITIES
AND THE STERN-BROCOT TREE

M. BULLEJOS AND J. C. ROSALES

ABSTRACT. Given positive integers a, b and ¢ to compute a generating system
for the numerical semigroup whose elements are all positive integer solutions
of the inequality ax mod b < cx is equivalent to computing a Bézout sequence
connecting two reduced fractions. We prove that a proper Bézout sequence
is completely determined by its ends and we give an algorithm to compute
the unique proper Bézout sequence connecting two reduced fractions. We also
relate Bézout sequences with paths in the Stern-Brocot tree and use this tree
to compute the minimal positive integer solution of the above inequality.

1. INTRODUCTION
A proportionally modular diophantine inequality is an inequality of the form
(1) axrmodb < cx,

with a,b and ¢ positive integers. A nonnegative integer x is a solution of such
an inequality if the remainder of the division of az by b is less than or equal to
cx. The set S of nonnegative integers which are solutions of () is a numerical
semigroup (see [5]), that is, S is a subset of the set N, of nonnegative integers,
which is closed under addition and such that 0 € S and its complementary N\S is
finite. Not every numerical semigroup is the set of solutions of an inequality like
([ (see also [5]). Those fulfilling this condition are called proportionally modular
numerical semigroups.

In [5] proportionally modular numerical semigroups are characterized. Let us
introduce some notation that is used there to give such a characterization. The set
of nonnegative reals will be denoted by R{. Given a subset A C R{ we will write
(A) for the submonoid of (R{, +) generated by A. The elements in (A) are then
linear combinations of the elements in A with nonnegative integer coefficients.

Given reduced fractions ¢ < 7, with positive numerators and denominators, the
semigroup S ([1 ﬁ]) is the numerical semigroup associated to the closed interval

s’ v

[f, %} That is,

Received by the editor January 3, 2008 and, in revised form, April 4, 2008.

2000 Mathematics Subject Classification. Primary 11D75, 20M14.

Key words and phrases. Diophantine inequation, numerical semigroup, Stern-Brocot tree.
This work was partially supported by research projects MTM2005-03227 and MTM2007-62346.

(©2008 American Mathematical Society

1211



1212 M. BULLEJOS AND J. C. ROSALES

Then, it is proved in [5] that the proportionally modular numerical semigroup S
coming from an inequality like () is

([t

and conversely, any numerical semigroup S ([%, %]) is the set of solutions of an

inequality like (). In this case a = us, b = ru and ¢ = us — rv.

Thus, the problem of solving a proportionally modular diophantine inequality
is reduced to that of finding a system of generators of a proportionally modular
numerical semigroup, which is always in the form S ([g, %]) This problem is
reduced further (see [6]) to that of finding a Bézout sequence connecting the reduced
fractions ¢ and .

A Bézout sequence is a sequence of reduced fractions

aiq a9 Q.
(2) ™ < by << b

with positive numerators and denominators, which, moreover, satisfies the identities
ai+1bi —ain_l =1,7¢€ {1,...,/€— 1}

The number of terms, k, is the length of the sequence and the fractions ﬁ—ll and Z—:
are respectively the left and right ends of the sequence. In [0] it is proved that any
two reduced fractions with positive numerators and denominators can be connected
by a Bézout sequence and, moreover, if (2)) is a sequence connecting % and ¥, that

iIs L =% and £ = % then
s v b’

b1
S([C ED =(r=ay,a2,...,a; = u).

)
S v

Hence the problem of solving an inequality like () is reduced to that of finding a
Bézout sequence connecting two reduced fractions. We devote this paper to giving
algorithmic methods to find such sequences.

A Bézout sequence with ends = and ¥ is called proper if it has no proper subse-
quences with ends ¢ and 7 that are Bézout sequences. It is clear that any Bézout
sequence can be reduced (by dropping terms) to a proper one. We say that the
sequence (2)) has decreasing numerators if a; > as > --- > a; and that it has
increasing denominators if by < b < -+ < by. In Section [2] we see that any proper
Bézout sequence can be obtained by joining a Bézout sequence with decreasing nu-
merators to a Bézout sequence with increasing denominators. We also prove that
a Bézout sequence with decreasing numerators is completely determined by its left
end and its length, and dually a Bézout sequence with increasing denominators is
determined by its right end and its length. We then deduce that any two reduced
fractions are connected by a unique proper Bézout sequence. In Section Bl we use
the study of proper Bézout sequences done in Section [2to give an algorithm (with
similar complexity to Euclides’ algorithm for the calculus of greater common di-
visors) for the computation of the unique proper Bézout sequence connecting two
given reduced fractions.

In Section F] we give a characterization, in terms of Bézout sequences, of when
two fractions in the Stern-Brocot tree are one descendent of the other. This char-
acterization will allow us to give another method, based on the calculus of paths
in the Stern-Brocot tree, to compute the proper Bézout sequence connecting two
reduced fractions.



DIOPHANTINE INEQUALITIES AND THE STERN-BROCOT TREE 1213

The multiplicity of a numerical semigroup S is the smallest positive integer that
is in S and the Frobenius number of S is the greatest integer that is not in S. The
Frobenius problem consists of giving a formula to compute the Frobenius number
of S in terms of its generators. If S = (ni,ng), then the Frobenius number of S
is nina —ny — na (see [8]), but for numerical semigroups generated by more than
two elements the Frobenius problem is still open (see [4]); there is no hope for a
similar formula when n > 3 since the problem of computing the Frobenius number
is computationally difficult [3].

In [7] an algorithm is given (with similar complexity to the Euclidean algorithm)
to compute the multiplicity of a proportionally modular numerical semigroup and
it is also proved there that if we have a formula to compute the multiplicity of the
proportionally modular numerical semigroup S([%,%]), in terms of £ and %, the
Frobenius problem will be solved for numerical semigroups that can be generated by
three elements. In Section [Blwe relate the multiplicity of the semigroup S( [%, %]) to
the common ancestor in the Stern-Brocot tree of = and 7 and we give an algorithm
(also with similar complexity to the one of Euclides’) to compute this ancestor
and also the multiplicity of the corresponding proportionally modular numerical
semigroup.

2. BEZOUT SEQUENCES

We begin this section by establishing some notation. Given integers a, b and ¢

we denote
a a a a
— | =ma IS <f} and FW: '{GZ;f< }
L}J mx{:c <y n b min { p =7

We will write ¢ = bmod ¢ if @ — b is a multiple of ¢ and a = bmodc if a < ¢ and
a = bmod c. We also will write a = b~ ' modc if 0 < a < ¢ and ab = 1 mod c.

Let us note that given a Bézout sequence with decreasing numerators

a ¢
(3) g<ga
cb—ad =1 and a > c, then

d b
4 2=
(4) - <=

is a Bézout sequence with increasing denominators. In this sense we see sequence ()
as a dual of sequence ([B)). Every Bézout sequence with increasing denominators has
a dual Bézout sequence with decreasing numerators (obtained by inverting every
fraction and reversing their order). It follows that any result for a Bézout sequence
with decreasing numerators has a corresponding dual, whose proof is obtained just
by considering the corresponding dual sequence.

Lemma 2.1. A Bézout sequence with decreasing numerators has strictly decreas-
ing denominators and a Bézout sequence with strictly increasing numerators has
increasing denominators. Moreover, if

a a
a_ a2
by b

is a Bézout sequence with a1 = ag, then ay = as = 1.
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Proof. Recall first that all numerators and denominators in Bézout sequences are
positive integers. Given a sequence
ai az
b b
with a2b1 — CleQ =1.
e If a; > ag, then Z—ll < Z—Z implies by > bs.
o If a1 < ag, then 1 = asby — a1by > ashy — agby = ag(bl — bz) and 2 < as.
Therefore by — by < 0, and so by < bs. Obsgrve :E?t the denominators can
< =1 -

be equal, as it happens with the sequence ¢ -

e If a; = ao, then the equality 1 = asb; — a1b2 implies a; = as = 1.

We have the following dual result.

Lemma 2.2 (Dual of Lemma 21]). A Bézout sequence with increasing denomina-
tors has strictly increasing numerators and a Bézout sequence with strictly decreas-
ing denominators has decreasing numerators. Moreover, if

al as

J— < J—

b1 bo
is a Bézout sequence with by = by, then by = by = 1.

The next proposition shows how to add an element to a Bézout sequence so that

the resulting sequence is also a Bézout sequence.

Proposition 2.3. Given a Bézout sequence with decreasing numerators and right
end ¢, if b > 1, then there is a unique reduced fraction that can be joined to the
right of the sequence in such a way that the resulting sequence is also a Bézout

. : : . . 1 . _ b"!'moda
sequence with decreasing numerators. This fraction is = if a =1, or a7 modb
ifa>1.

Proof. Given the sequence

al an
— < —
b1 b
the equality asby — a1b2 = 1 implies
azb; = 1mod a; and —a1bs = 1modb;.

Moreover:

e If ay =1, then as =1 and by = b; — 1.

e If a1 > 1 then, by Lemma 21l a; > as and so asb; = 1 moda; implies
as = bl_1 mod a;. Also by Lemma 2.1] b; > by and so —ajbs = 1 mod by
implies by = (—ay) "' mod b;.

Therefore, if we have a Bézout sequence with decreasing numerators and right
end § with b > 1, to get a one term longer Bézout sequence with decreasing

numerators, we can only join to the right of the sequence:

e The term ﬁ whenever a = 1, or

—1
e The term (_ba)_r?igi‘éb whenever a > 1.

The following corollary is an immediate consequence of Proposition 2.3
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Corollary 2.4. A Bézout sequence with decreasing numerators is completely deter-
mined by its left end and its length. Therefore, there is at most one Bézout sequence
with decreasing numerators connecting two fractions and, any Bézout sequence with
decreasing numerators is proper.

The corresponding duals of Proposition 223 and Corollary 24 are the following.

Proposition 2.5 (Dual of Proposition 23). Given a Bézout sequence with increas-
ing denominators and left end 5, if ¢ > 1, then there is a unique fraction that can
be joined to the left of the sequence in such a way that the resulting sequence is also
a Bézout sequence with increasing denominators. This fraction is <= whenever

1
_ (—=d)" ' mod ¢
d=1, or c~Tmodd

whenever d > 1.

Corollary 2.6 (Dual of Corollary 24]). A Bézout sequence with increasing denomi-
nators is completely determined by its right end and its length. Therefore, there is at
most one Bézout sequence with increasing denominators connecting two fractions,
and any Bézout sequence with increasing denominators is proper.

We know from [6] that any two reduced fractions § < § can be connected by

a proper Bézout sequence and that any proper Bézout sequence, such as (@), is
convex in the sense that there is an h € {1,...,k} such that

ayr Zag 2 -2 ap < appy < -0 < ag.

We may now refine the above as follows.

Theorem 2.7. Let § < ¢ be reduced fractions. Then, there is a unique proper

Bézout sequence connecting them, which is obtained by concatenating a Bézout se-
quence with decreasing numerators and left end § with a Bézout sequence with
increasing denominators and right end 3.

Proof. We know (see [0]) that there is a proper Bézout sequence connecting both
fractions:

a ay a9 ap, ag C
5 B=9-=—"< =< <—<- < —=-
(5) {b by b by, bx. d}’
which is convex, a; > ay > -+ > ap < apy1 < -+ < ag. We can assume that

ap # apy1, otherwise h is replaced by h + 1. Then apy1 # 1 and Lemma 2Tl yields
ap+1 < ap42. Recursively, we have

ap < apy1 < - < ag.

By using again Lemma[ZTlwe have by, < bp1q < --- < by and therefore the sequence
(@) is obtained by joining the Bézout sequence with decreasing numerators and left
end %

b

a a a2 ap
Bio=-="——< -2 <o < —
dec b bl b2 bh )
to the Bézout sequence with increasing denominators and right end £,
Qap, Qar C
Bine=—— << -—=-.
inc bh bk d

a

If we prove that h and k — h only depend on § and §, then Corollaries 4] and
complete the proof of this theorem.
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Let us suppose that we can find another proper Bézout sequence

Bie.
r_J)je_a 2 oo % _C
(6) B _{b & <d2 < <dh’ < <dk~' d}’

B!

inc

with c; > ¢ca >+ > cpr < cpryr1- -+ < ¢ which also connects  and .

We are going to prove that neither of the following cases can be true, and then
the unique remaining case is h=h' and k —h =k' — h'.

(i) If h < A’ and k—h < k' — 1/, then Corollaries 2.4 and [Z6l imply that Bge. &

Bl.. and B;,. C B, .. Therefore, the sequence () is a Bezéut subsequence

of (6) which contradicts that (€) is proper. A similar contradiction arises
when h < h’ and k —h < k' —h'.

(ii) If h < b’ and k' —h' < k—h, then in view of Corollaries 2:4 and 226 we have
that Bgee & B, (as aleft tail) and B, . C By, (as a right tail). Therefore,

mc —

a
Gh — Chognd S — Zh=W4h' and we have
bn dp dh/ bk—k’+h’

Ch 2 Cht1 =+ " 2 Cpy
and

chp = ap < ap1 < -0 < Ag—k/'+h' = Cp,

which is clearly a contradiction. The same holds for h < b/ and k' — I/ <
k — h.

(iii) The proofs for the cases b’ < h and ¥’ —h' < k —h, or ¥ < h and
k' —h' <k — h are as in (i) but interchanging sequences (@) and (H).

(iv) The proofs for the cases b/ < h and k —h < k' — k', or ¥ < h and
k—h <k’ — 1 follow as in (ii) but interchanging sequences (6) and (&l).

O
We conclude this section by noting that the element a; found in Theorem R2.7]
above is an invariant of the semigroup S ([%, 5])7 in fact, aj is the multiplicity of

the semigroup. Also, two other invariants of the above semigroup were also found,
namely h and k.

3. AN ALGORITHM TO COMPUTE THE UNIQUE PROPER BEzOUT SEQUENCE
CONNECTING TWO REDUCED FRACTIONS

As we have proved in Theorem [2.7] the proper Bézout sequence connecting two
reduced fractions is obtained by merging a Bézout sequence with decreasing nu-
merators with a Bézout sequence with increasing denominators. Thus, Proposition
(Proposition [Z3]) shows that a Bézout sequence with decreasing numerators
(increasing denominators) is completely determined by its left (right) end and its
length. These propositions also give us a recursive method to compute the terms of
such Bézout sequences. We begin this section by computing the longest Bézout se-
quence with decreasing numerators (increasing denominators) and fixed left (right)
end, but first we give a couple of lemmas that simplify the computation of the terms
in such sequences.
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Lemma 3.1. Given a Bézout sequence with decreasing numerators
a1 ag as
— < =< =,
by by b3

then bs = —by mod bs. Moreover, if ag # 1, then ag = —a; mod as.

Proof. The Bézout condition asserts that asb; — a1b2 = 1 = agby — asbsz. Then, by
taking mod b, and mod a3, we have

asby = —asbs mod by and — a1by = azbs mod as,

respectively. Moreover, as is a unit module by and b, is a unit module as, so we
also have

bs = —b; mod by and a3z = —a; mod as.
Lemma [2.1] ensures that b; > by > b3, and thus b3 = —b; mod by. Moreover, if
as # 1, then Lemma 2] also implies a; > as > a3. Hence a3 = —a; mod as. O

Dually we obtain the following.

Lemma 3.2 (Dual of Lemma B]). Given a Bézout sequence with increasing de-

nominators
a1 a2 as

— < =< =,
b1 ba b3
then a; = —azmod as. Moreover, if by # 1, then by = —bs mod bs.

The next proposition gives the longest Bézout sequence with decreasing numer-
ators and a fixed left end.

Proposition 3.3. Let B be the longest Bézout sequence with decreasing numerators
and left end 3.

(i) If a =1, then the sequence B is
1 1 1
<

(i) If b =1, then the sequence B only has the term, .

(iii) If a > b, then the sequence B has strictly decreasing numerators, the ceiling

function, (—], is constant on B and its right end is -5

(iv) If a < b, then the sequence B has right end %, it has ﬁ as a term and
the floor function, L—J, is constant on the inverses of the fractions in the
subsequence of B with right end L—iJ

a

Proof. The cases a =1 or b =1 are clear.

Case 1) If @ > b. Then 1 < § and so, for any fraction % in B, we also have
1< ge

Given two consecutive fractions in B,

ai Aj41

9

b; bit1

if a; = a;41, then the equality a;11b; — a;b;41 = 1 implies a; = a;11 = 1, and this
contradicts 1 < Z—Z Therefore, the sequence B has strictly decreasing numerators.
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Thus, if b;41 = 1, then we have % = Q11 — b%_, with b; > 2, and so {%—‘ =

Gip1 = [ZI;], if b;x1 > 2, then we have % = % + ﬁ, which also leads to

] = [5=2].

To conclude (iii) we use Proposition 23] and Lemma B.1] to add recursively new
terms to the right of ¢ until we get a Bézout sequence with decreasing numerators
whose right end has 1 as denominator. Note that the ceiling is constant and equal
to (%] on the terms we are joining and so the last term we can append to the right

of the sequence is Lﬂ
Case 2) If a < b. Given two consecutive fractions in B, as above, if a; > 1 and

a;+1 = 1, then we have b; —a;b; 11 = 1. So Z—L = bi+1+a%_ and UT@J =bip1 = {—Z:jJ

If a;+1 > 1, then a; > a;41, and bivn _ by 1 implies B—J = {biﬁ

ait1 a; ;@41 ai+1 |°
To conclude (iv) we use Proposition and Lemma B to add recursively new
terms <, with [2] = ||, to the right of ¢ until we get a Bézout sequence with
decreasing numerators whose right end has numerator 1 (and denominator LEJ)
Then we append terms, to the right, with numerators 1 and decreasing denomina-

tors, until we reach % The sequence B is

I

2] &1
To produce the longest Bézout sequence with decreasing numerators and left end

the reduced fraction % (a1 # 1 and by # 1), we proceed as follows.

O

==

S

Case 1) a; > by. First we calculate ag = bfl mod a; and by = (—a;) ! mod by,

and recursively we take a;19 = —a; moda;y; and b;42 = —b; mod b;; until we
reach [‘;—11—‘ with the a’s (and 1 with the b’s).

For example, to get the longest Bézout sequence with decreasing numerators and

right end % we calculate
a; b;
131 50
76 = 50~ mod 131 29 = (—131)"! mod 50
21 = -131mod 76 8 = =50 mod 29
8 = —76mod 21 3=-29mod8
3=—21mod8 =[] | 1=—-8mod3

So the sequence is

131 76 21 8 3
(7) =

— < =< < =< —.

50 29 8 3 1
Case 2) a1 < b;. As in the above case we first calculate ag = bfl mod a; and
by = (—a1) 'modb;, and recursively we take a;1o = —a; moda;y; and b o =

—b; mod b; 1 until we reach u—llJ with the b’s (and 1 with the a’s). Finally, we add
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terms to the sequence with 1 as numerators and strictly decreasing denominators
until we reach %
For example, to get the longest Bézout sequence with decreasing numerators and

left end % we calculate

a; b;

34 111
19=111"'mod 34 | 62 = (—34) ' mod 111
4 =-34mod 19 13 = —111 mod 62

1 =—-19mod4 3=—-62mod 13 = ||
1 2=3-1
1 1=2-1

So the sequence is

34<19<4<1<1<1
11 " 62 13 "3 2 1

In the same way, the dual of Proposition gives the longest Bézout sequence
with increasing denominators and right end 3.

Proposition 3.4 (Dual of Proposition B.3)). Let B’ be the longest Bézout sequence
with increasing denominators and right end 5. Then:

i) If d =1, the sequence B’ is
(i) If ; q

072<cfl<c
1 1 1’

=] =

(ii) If ¢ = 1, the sequence B’ only has the term é.

(iii) If ¢ < d, the sequence B’ has strictly increasing denominators, the function

(—1 is constant on the inverses of the fractions in B’ and its left end is [fi]

c

(iv) If ¢ > d, the sequence B' has left end %, it has L—fj as a term and the

function L—J is constant on the fractions in the subsequence of B’ with left
[4]

T -

end

Then to produce the longest Bézout sequence with increasing denominators and
C1

right end the reduced fraction - (c1 # 1 and di # 1) we proceed as follows.
Case 1) ¢; < d;. First we calculate dy = cl_1 mod d; and ¢3 = (—d;) ! mod ey,
and recursively we take d;12 = —d; modd;;; and c¢;49 = —¢; mod ¢; 1 until we

reach H—i—‘ with the d’s (and 1 with the ¢’s).
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For example, to get the longest Bézout sequence with increasing denominators
and right end % we calculate

¢ d;

35 46
19 = (—46)"'mod 35 | 25 = 35~ mod 46

3 =—-35mod 19 4 = —46 mod 25
2 =—19mod 3 3 =-25mod4
1 =—3mod2 2=—4mod3 = [3%]

So the sequence is
1 2 3 19 35
2°3°1°% 1%
Case 2) ¢; > dj. As in the above case we first calculate do = 01_1 mod d; and
c2 = (—d1)"'mod ¢y, and recursively we take d;yo = —d; modd;,; and ¢; o =
—c; mod ¢; 1 until we reach {%J with the ¢’s (and 1 with the d’s). Finally, we join

terms with 1 as denominators and strictly decreasing numerators until we reach %

For example, to get the longest Bézout sequence with increasing denominators
131

and right end 2, we calculate

Ci d;

131 47
39 = (—47)"'mod 131 | 14 = (—34)"' mod 111

25 = —131mod 39 9 = —47mod 14
11 = —39mod 25 4=—-14mod?9
8 = —25mod 11 3=-9mod4
5=—11mod8 2=—4mod3

2=-8mod5 =[] |1

1=2-1 1

So the sequence is

(8) 1<2<§<§<E<§<§<E
1 1 2 3 4 9 14 47"

We summarize the above results in the following algorithm.

Algorithm 3.5.
INPUT: Two reduced fractions § < 5.
OuTrUT: The unique proper Bézout sequence with left and right ends § and § respec-
tively.
(1) Compute Bigec, the longest Bézout sequence with decreasing numerators and
left end 3.
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(2) Let By = {5} and 7 the left end of Bine.

(3) While 7' ¢ Bigec compute the unique element T that can be joined to
the left of Bine to get a one term longer Bézout sequence with increasing
denominators, and replace B;p. with {%} U Bine.

(4) Let Bycc be the subsequence of Biaec with left and right ends § and 2,
respectively.

(5) Return the concatenation of Bye. and Bine.

4. THE STERN-BROCOT TREE AND BEZOUT SEQUENCES
The Stern-Brocot tree provides a recursive method to list all reduced fractions
£ with = and y positive integers [2].
" To build the Stern-Brocot tree we start with the expressions
01
10
m

. . . . . / .
representing 0 and infinity. Between two adjacent expressions “* and 7%, we insert

. . ’ . .
its mediant ’Ziz . We recursively obtain sequences
0_1_1
1S1<70>
O 1 -1 -2 -1
1<3<1<71<7%
0o_1_1_2_1_3_2_3_1
153<2<35<1<2<1<71<0>

which are all Bézout sequences (see [2]). Finally, we connect a mediant with the
two fractions used to compute it:

N

/

1
3

AN

3
I

Any reduced fraction appears just once in the Stern-Brocot tree. There is an
easy algorithm to obtain the path between 1/1 and any other fraction m/n (see

().
Algorithm 4.1.
While m # n do
If m<n
then (output(L); replace n with n —m)
else (output(R); replace m with m —n)

For example, the path between 1/1 and 11/5 is RRLLLL, which means: from
1/1 take right to 2/1 then right again to 3/1, then left to 5/2 and so on.
To see where a path W leads, we only have to replace L and R in W by the

matrices
11 1 0
L= <0 1> and R = <1 1) ,
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and so by multiplying we obtain a new matrix W. Then the path W leads to the
fraction represented by
0 1 1
G ow()
(see also [1]).
For example, the path W = RRLLLL leads to the fraction represented by the
that is, L.

product
0 1 1 11
(¢ s () (4)
5
We now point out two properties of the leaves in the Stern-Brocot tree.

o If % and % are respectively the left and right sons of =,

m

then,

is a Bézout sequence. Hence
mryp, m
nr n
is a Bézout sequence with decreasing numerators, and therefore with strictly
decreasing denominators. Analogously,
m mpg

n nr

is a Bézout sequence with increasing denominators, and thus with strictly
increasing numerators.
e In the situation

| 3

m
/ ' \
L Mp
n

L R

3

we have a Bézout sequence
m

L<mLR:mL+m<T<mRL_ ,
n, Ny p n, +n n Mgy Ng+n Ny
and therefore
My M
n n

LR
is a Bézout sequence with decreasing numerators, and
m _ Mer
no ng,

is a Bézout sequence with increasing denominators.



DIOPHANTINE INEQUALITIES AND THE STERN-BROCOT TREE 1223

The next proposition extends the above two properties. Its proof is constructive
and it will furnish the basis for an algorithmic method to connect two reduced
fractions by a proper Bézout sequence.

Proposition 4.2. Given reduced fractions < ¥:

(1) The fraction % is a descendent of  in the Stern-Brocot tree if and only if

< and 3 are connected by a Bézout sequence with decreasing numerators.

(2) The fraction % is a descendent of = in the Stern-Brocot tree if and only if

< and ¢ are connected by a Bézout sequence with increasing denominators.

Proof. Note that if we consider the path

@ my, Mpg mLR.?.R
K ) AR
non, Mg nLR.?.R

in the Stern-Brocot tree, with 1 < i, we have

with

m m m_ ., m
Lo~ LR trin 0
o g nLR,?,R n
. m ) m
LRIR __ LRIZIR +
- Y
. n . n
LRJI.R LRITZIR +

for all 1 < j <. Hence, by induction,

J
LRIR -

) n
LRI.R

is a Bézout sequence with decreasing numerators. Dually, given the path

with 1 <1,

(T Mp Mgy mRL.?.L)
) ) Yyt b
n Ng Ngp TLRL.?.L
E RLJI.L
n .
RLJ.L

is a Bézout sequence with increasing denominators, for all 1 < j < 4.

(1)
(9)

Let us suppose that % is a descendent of ¢ and let

u C1 C2 Ck r
P=(-=—,—,...,—=-
<U dy’ dy’ " dy, 5)

be the descending path in the Stern-Brocot tree connecting both fractions.
Then ¢y = ur and dy = vy. To get a Bézout sequence with decreasing
numerators connecting both fractions, we remove from P the fraction 2—:’
whenever the fraction ﬁ is on its right, 1 < ¢ < k — 1. The resulting
sequence (sorted in descending order) is a Bézout sequence with decreasing
numerators connecting = and .

Dually, if 7 is a descendent of =, and

P=(-=—-,"2... "=

(S bl b2 ’ bk v
is the descending path in the Stern-Brocot tree connecting both fractions,
then as = rr and by = sr. To get the Bézout sequence with increasing

r o ap a ay u>
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denominators connecting both fractions, we remove from P’ the fraction

‘;—Z whenever the fraction % is on its left, 1 < ¢ < k — 1. The resulting
sequence is the Bézout sequence with increasing denominators connecting
“and .

Conversely, since any two reduced fractions £ and ¢ appear just once in the
Stern-Brocot tree, there is a unique path connecting both fractions. If we call 2*

to the common ancestor of £ and 7, then

r
- < =<
S n

m

v
Thus (in view of the first part of this proof) £ and ™ are connected by a Bézout
sequence with decreasing numerators, and -+ and ¢ are connected by a Bézout se-
quence with increasing denominators (and so, by Proposition [Z3] strictly increasing
numerators). Since any two elements are connected by a unique proper Bézout se-

. : T u A

quence (The(?remIZZI) the unique way of connecting s aI.ld - b}./ a Bézout sequence
with decreasing numerators or a Bézout sequence with increasing denominators is
that 7 = = or 7% = =, respectively, and so * is a descendent of 7 or vice versa. [J

We can use the Stern-Brocot tree to get the proper Bézout sequence connecting

two reduced fractions g < % as follows:

e First apply Algorithm [£1] to obtain the paths P; and P, connecting % to
= and 7, respectively.

Then take P as the beginning common part of P; and Ps.

The right end 7 of the path P is the common ancestor of < and .

The paths P;\P and P,\P (obtained by deleting P in P; and P», respec-

tively) connect ™ to = and ¥, respectively.

Finally, apply the method in Proposition to P1\P and P»\P to obtain

the Bézout sequence with decreasing numerators and the Bézout sequence

with increasing denominators connecting -+ to ¢ and ¢, respectively, and

S
join both sequences.

If we apply the above procedure to % and 2—77, we have:

e P =RLLLRRRRRRR, P, = RRRLRRRRR.

e P=R.

e The common ancestor is the right end of P, that is, %

e The sequences P,\P = LLLRRRRRRR and P,\P = RRLRRRRR con-
nect % to % and %, respectively.

e If we apply the method in Proposition to the paths P;\P and P,\P,

we obtain the sequences

33 LRRRRRRR 4 L 3 L o
25 3 2 1

and

=
—

R 3 RL 7 R 11 R 15 R 19 R 23 R 27
1 2 3 4 5

and the Bézout sequence connecting % to % is

§<%<§<g<§<Z<E<E<B<Q3<27
2 3 2 1 1 2 3 4 5 6 7
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5. THE MULTIPLICITY OF A PROPORTIONALLY MODULAR NUMERICAL SEMIGROUP

In this section we apply the study we have done in the previous sections to give
two algorithms. The first one computes the common ancestor in the Stern-Brocot
tree of two reduced fractions and the second one computes the multiplicity of a
proportionally modular numerical semigroup.

Algorithm 5.1 (To compute the common ancestor).
INPUT: Two reduced fractions § and 5.
OuTpruT: The common ancestor in the Stern-Brocot tree of ¢ and 5.

(1) (ar,b) = (@,b), (c1,di) = (e,d), M = ((1) (1))
(2) If by < a1 and dy < c1, then

1 0
(a1,b1) := (a1 — by, b1), (c1,d1) :=(c1 —dy,dy), M:=M (1 1)

and goto 2.
(3) If a1 < by and ¢y < dy, then

1 1
(al,bl) = (al,bl — al), (Cl,dl) = (Cl,dl — al), M =M <0 )

and goto 2.
(4) Return mediant(M), where
Ma21  Maa ma1 + mag

. mi1  Mi2 mi1 + mi2
mediant = —

Proposition 5.2. If ™ is the common ancestor of the reduced fractions § < ¢
in the Stern-Brocot tree, then m is the multiplicity of the proportionally modular

numerical semigroup S( [%, 5] ).

Proof. Note only that by Proposition the common ancestor of 7 and 3 in
the Stern-Brocot tree is a term of the longest Bézout sequence with decreasing
numerators and left end §, and also a term of the longest Bézout sequence with
increasing denominators and right end 5. Then by Theorem 2.7 the unique Bézout
sequence connecting ¢ and ¢ has the form

a ay as ap m ag c

—E Sl < K =

b by bo bn n b d
with

a=a1>a22> 2ap=m<apy1 < --a = C.
Furthermore, S( [%, ﬂ) = (a1, a2,...,0ap,...,a) and then m is the smallest positive
integer that is in the semigroup S([%,$]) which is, by definition, the multiplicity
of the semigroup. O

Algorithm 5.3 (To compute the multiplicity).
INPUT: Two reduced fractions § < 5.
Ourput: The multiplicity of the proportionally modular numerical semigroup
s([2.5)).
(1) (alvbl) = (avb)’ (Clvdl) = (C’ d)a (mlam2) = (0, 1)'
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(2) If by < ay and dy < ¢y, then
(@1,b01) == (a1 —b1,b1), (c1,d1) = (c1 —dr,d1), (m1,mg2):= (mi+ ma,ms)

and goto 2.
(3) If a1 < by and ¢; < dy, then

(alabl) = (a17b1 - (11), (Cladl) = (Cladl - 61)7 (m17m2) = (m17m1 +m2)

and goto 2.
(4) Return my + ma.

For example, to compute the smallest positive integer that is solution the of the
inequality 50z mod 131 < 3z, we compute the multiplicity of the proportionally

modular numerical semigroup S([23L, 13L]). Algorithm gives
(1)

(a1,b1) = (131,50) — (81,50) — (31,50) — (31,19) — (12,19),
(2) (c1,d1) = (131,47) — (84,47) — (37,47) — (37,10) — (27,10),
(3) (m1,m9) =1(0,1) — (1,1) — (2,1) — (2,3) — (5,3).

(4) mi1 + mg = 8.
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