MATHEMATICS OF COMPUTATION

Volume 78, Number 266, April 2009, Pages 1173-1191
S 0025-5718(08)02174-1

Article electronically published on September 3, 2008

NON-HYPERELLIPTIC MODULAR JACOBIANS
OF DIMENSION 3

ROGER OYONO

ABSTRACT. We present a method to solve in an efficient way the problem of
constructing the curves given by Torelli’s theorem in dimension 3 over the com-
plex numbers: For an absolutely simple principally polarized abelian threefold
A over C given by its period matrix €2, compute a model of the curve of genus
three (unique up to isomorphism) whose Jacobian, equipped with its canoni-
cal polarization, is isomorphic to A as a principally polarized abelian variety.
We use this method to describe the non-hyperelliptic modular Jacobians of
dimension 3. We investigate all the non-hyperelliptic new modular Jacobians
Jac(Cy) of dimension 3 which are isomorphic to Ay, where f € S3¥(Xg(N)),
N < 4000.

INTRODUCTION

In this article, we consider a 3-dimensional absolutely simple principally polar-
ized abelian variety A defined over the complex numbers. Due to the well-known
results about the moduli space of genus 3 curves, the abelian variety A is isomorphic
to the Jacobian variety of a genus 3 curve C defined over the complex numbers.
Moreover, Torelli’s theorem asserts, with respect to the attached polarization, that
the curve C is unique up to isomorphism. In the generic case, the curve C is
non-hyperelliptic. The problem of determining if the curve C is hyperelliptic or
not was first solved by Poor [28]. His approach consists of testing whether some
even theta constants vanish or not, i.e. the values of Riemann’s theta function at
even 2-torsion points. In the case of hyperelliptic curves, Weber [38], [39] also used
even theta constants to explicitly construct the Rosenhain model of the curve C'
with Jac(C') =~ A. Using only even theta constants seemed natural since Riemann’s
theta function always vanishes at odd 2-torsion points. The first use of odd 2-
torsion points for solving Torelli’s theorem is due to Guardia et al. [T, 18] [14],
who used a geometric property of derivatives of the theta function at odd 2-torsion
points. Based on this idea, we present a method to solve the non-hyperelliptic case
of Torelli’s theorem in dimension 3.
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We use this method to describe modular Jacobians of dimension 3. We im-
plemented programs in MAGMA to determine all 3-dimensional non-hyperelliptic
Q-simple new modular Jacobians of level N < 4000.

In what follows, the objects we are dealing with, when no field is specified, are

. . . Q . .
defined over C. For instance, ~ means isomorphic over C, and ~ means isomorphic
over Q.

1. PRELIMINARIES ON NON-HYPERELLIPTIC CURVES OF GENUS 3

In the following, let C' be a non-hyperelliptic curve of genus 3 defined over an
arbitrary field k and let {w1,...,w,} be a basis of the space Q*(C') of holomorphic
differential forms on C. The canonical embedding of C' with respect to this basis is
given by

¢p: C — P91
P +— ¢(P):=(wi(P):-:we(P)),

where w(P) = f(P) for any expression w = fdtp, with f,tp € k(C) and tp a local
parameter at P. The image ¢(C) of C' by the canonical embedding is a smooth
plane quartic, and conversely any smooth plane quartic is the image by the canonical
embedding of a genus 3 non-hyperelliptic curve. From now on, we restrict ourselves
to smooth plane quartics when we are speaking about non-hyperelliptic curves of
genus 3 and we denote (21 : x2 : x3) (or sometimes (z : y : z)) the coordinates in
the projective plane P2.

1.1. Dixmier invariants. To classify ternary smooth plane quartics (up to iso-
morphism over C), Dixmier [0] introduced a system I3, Is, Ig, [12, I15, 18, Iy of
invariants: For a general ternary quartic given by
g(z,y,2) = a1zt + da:2®y + 6asz’y? + daszy® + asy® + dasz’z + 120727y
+12agxy2z + 4agy3z + 6a10m222 + 12a11myz2 + 6a12y2z2
+aizrz” + dary?” + aisz,

the invariants I3 and Ig may be computed from:

I3(g) :=a1asa15 + 3 (ala%Q + asaly + al5a§)
+ 4 (a2a9a13 + a6G4014 —A109014 — A5A6013 — G150204) + 6azaioais
— 12 (arasai1 + az2a11a12 + agasaiz + asaiiaio + agaraio + aizasas
+ awsaras — (arasais + agaisaz + ar1asag + asai; + a10a§ + algag)) )

and

al as aio ar ae a2
as as a2 ag as a4
aipo a2 G155 A4 a13 411
ar ag a4 Q12 Q11 as
a6 ag @13 ail1 G0 ar
az a4 ail as ar as

For the definition of the other invariants Iy, I12, I15, I18, I27, see [6]. The computa-
tion of Iy, I12, I15, I1s, Io7 via explicit formulae is too exhaustive; for example, the
discriminant I57 has about 50,000,000 terms.

The plane quartic C' : g(z,y,2) = 0 has genus 3 if and only if the discriminant
Iz # 0 (see [6]). From the above Dixmier invariants we can deduce the following
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absolute Dixmier invariants:

I3 i _ Il i _ I3k iy — ISIs i _ I3ihs i — I31s
Iy 2 Iy 0 U3 Ip 0 4 Ly 0 % Iy > 6 Iz7 *

i =
Lemma 1. If two ternary smooth plane quartics C' and C' are isomorphic, then
Z](C):ZJ(C/) fOT’ jzl,,G

Proof. Let C' = C* with a € GL3(C) and D := det(«) # 0. From [32] we get the
following relations between I; and I ]'

I = (D)5 -1,

for j = 3,6,9,12,15,18,27. The lemma then follows from the definitions of ¢;. [
Remark 1.

(i) Recently, Ohno gave a complete system of invariants to classify ternary
smooth plane quartics up to isomorphism [26, [10]. Unfortunately, we be-
came aware of these results only once our computations were done. For
this reason, the Dixmier invariants were used throughout this paper.

(ii) After necessary adjustments, Dixmier-Ohno invariants can be extended to
any field of characteristic different from 2 and 3.

1.2. Shioda’s normal forms. Let C' be a smooth plane quartic defined over the
field k. For any point £ € C(k) we denote by T¢ the tangent line to C at . The
intersection divisor (C - T¢) is of the form

(C-Tg)=26+¢+¢"

for some &', ¢"” € C(k). The point & € C(k) is called an ordinary flex (resp. special
flex or hyperflex) if

(C-Te) =36+ ¢ for some & #& (resp. (C-Tg)=4E).

The ordinary and special flexes are exactly the ordinary and special Weierstrass
points of the curve C. The hyperflex of a plane quartic with exactly one hyperflex
has to be rational since it has to be Galois invariant. According to [37], a k-rational
smooth plane quartic with a hyperflex has generically a k-rational flex since the
locus of smooth plane quartics with two or more hyperfexes has codimension one
in the locus of smooth plane quartics with a hyperflex. However, one can find k-
rational families of quartics with at least two hyperflexes which are not defined over
k. For instance, the roots in k of the irreducible degree four polynomial f(x) € k[x]
provide hyperflexes (not defined over k) of the curve with affine model y* = f(x).

In what follows, we say that the pair (C,¢) is defined over k if C is a curve
defined over k and £ a k-rational flex of C'. In the case of smooth plane quartics we
have the following propositions:

Proposition 1 ([35]). Let k be an arbitrary field of characteristic # 3. Given
a plane quartic with an ordinary flex (C,&) defined over k, there is a coordinate
system (x,y,z) of P? such that (C,€) is given by

(1) C: 0=y’2+y(poz® +p1z°z +2°) + qoz* + @ 2%z + 22°2” + gzz2® + qua?,
E=(0:1:0), Te: z=0.

Moreover, the parameter

A = (po,P1, 90, 41, G2, 43, q1) € k7
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is uniquely determined up to the equivalence
A= (pi,g;) ~ N = (ph,q)) <= pi =u®™"
for some u # 0.

Proposition 2 ([35]). Let k be an arbitrary field of characteristic # 2,3. Given a

plane quartic with a special flex (C,&) defined over k, there is a coordinate system

(7,9,2) of P? such that (C,&) is given by

(2) C: 0=1y%24+y(po2® +p12°x + poza?) + qoz* + 2% + g22%2® + 2,
E=(0:1:0), Te: z=0.

pi, ¢;=u""Ygq;, (i=0,1,j=0,1,...,4)

Moreover, the parameter

A= (po,p1, P2, %0, 1, q2) € K°
is uniquely determined up to the equivalence

A= (pi,gj) ~ N = (ph @) <= pi = P'pi, gy =u*"Vg;, (i,j =0,1,2)
for some u # 0.

A curve with an equation of the form () or () is called a normal form and we
denote it by C¢. Indeed, a flex of a plane quartic is generically an ordinary flex.
The coefficient ¢4 in the normal form (J) is generically different from 0. In this case
we can uniquely normalize C¢ by letting g4 = 1. Even if ¢4 = 0, it is always possible
to describe (C,¢) by a unique normal form Cg. If, for instance, £ is an ordinary
flex and q4 = 0, p1, g3 # 0, then by choosing u = Z—i we then have a unique normal
form

0 =19’z +y(po2® + pi 2% + 23) + ¢)2* + ¢ 2% + ¢4z 2® + ghza’,
where p} = ¢5.

With this argumentation, we were able to compute up to a certain precision a
Q-rational model of the curve X4, from a Riemann model over C (see Example[I]

in Section H):

2 99
Xigo + 0=y’z+y(a’ - 2157 " 1594303° )

2 3 L 22 3 151 4

187" T To6s3” © T 1782060"° T 10460353203 °

Note that one cannot view A in the above propositions as a set of invariants for
the curve C since A depends on the flex £ under consideration.

2. MODULAR JACOBIANS AND MODULAR CURVES

Let N > 2 be an integer and Xo(N) the associated modular curve of genus g.

Let S2(N) be the set of cusp forms of weight 2 for the Hecke subgroup T'o(N).
The map

W S2(N) — QU (Xo(N), f(r) — 2mif(r)dr
induces an isomorphism between the vector spaces Sz(IN) and Q' (Xo(V)).

If M|N and d|27, then z + d - z induces a morphism Xo(N) — Xo(M), which
also induces morphisms Sy(M) — S2(N) and Jo(M) — Jo(N), where Jo(N) :=
Jac(Xo(N)). The old subspace S$'4(N) of So(N) is defined as the sum of the images
of all such maps Sa(M) — S3(NN) for all d and M such that M|N, M # N and
d| 2. Similarly, we define the old subvariety Jo(N)° of Jy(N). Let S3°¥(N) be the

orthogonal complement to S$'4(IN) with respect to the Petersson inner product in
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So(N). For n > 1 with ged(N,n) = 1, there exist correspondences T;, on Xo(N),

which induce endomorphisms of S3(N) and of Jy(NN) known as Hecke operators,

also denoted by T,,. There exists a unique basis of S5V (V) consisting of eigenforms

with respect to all the T}, (for gcd(N,p) = 1), i.e. cusp forms f = g+ Y ;5 aiq’
such that T,,(f) = anf whenever ged(n, N) = 1. The elements of this basis are
called newforms of level N. Given the newform f =g+ ,5, a;q’, let Ky = Q(ay,)
be the real algebraic number field generated by the coefficients a, of f, let I; =
{01,...,04} be the set of all isomorphisms of K into C, and let {f7*,..., f7¢} be
the complete set of newform conjugates to f over Q. Shimura [33][34] attached to the
newform f € S3°V(N) a subvariety Ay of Jo(N) defined over Q with the following
properties: Ay is a simple factor of Jo(N)"*™ over Q, dim(Af) = d and Q!(Ay) ~
Yoo I Cw(f?). Furthermore, Ay is absolutely simple if f does not admit a twist,
in particular, Ay is absolutely simple for square-free module N. The definition of
Ay directly implies the existence of a surjective morphism

mw Jo(N)W ——== Ay .
Let Bjs be a basis of non-conjugate newforms. Then

JO(N)newg H Af and JO(N)oldg H H A;O(%),
feBN M|N,M#N f€Bu

where o((n) denotes the number of positive divisors of n.

Definition 1 ([13, 2]). An abelian variety A over Q is said to be Q-modular of
level N, if there exists a surjective Q-morphism

v:Jo(N)—A.
In that case, we say that A is new (of level N), if there exists a Q-morphism
v Jo(N)PV —— 4.

The following diagram is then commutative:

Jo(N) - /A
Jo(N)

new

Definition 2 ([I3] 2]). A non-singular curve C' defined over Q is said to be Q-
modular of level IV, if there exists a non-constant Q-morphism

m: Xo(N) ——=C.

The curve C' is then said to be new of level N if its Jacobian Jac(C) is new of
level N.
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For a modular curve C, the following diagram commutes:

Jo(N) Jac(C)

T

XO(N) Tr—»c’

The modularity of the Jacobian does not imply (in general) the modularity of
the corresponding curve (cf. [I3] section 7]).

The well-known results of Wiles et al. [41l, [36] about (new) modular elliptic
curves (over Q) implies that there are infinitely many new modular curves of genus
1. In contrast to new modular curves of genus 1, for each g > 2 the set of new
modular curves of genus g (up to isomorphism) over Q is finite and computable [2],
and in the case of genus 2, [2, [13] provide a complete list of new modular curves.

3. EXPLICIT VERSION OF TORELLI’'S THEOREM IN DIMENSION 3

3.1. Abelian varieties over C. An abelian variety A of dimension g defined over
the complex numbers can be viewed as a pair (C9/A, E) where A is a full Z-lattice
in CY and FE is a non-degenerate Riemann form on the lattice A. The Riemann
form F induces a polarization on A. The abelian variety A is principally polarized
if there exists a symplectic basis {A1,..., A2y} of A, such that the Riemann form E
with respect to this basis has the following representation:

(Eij) = (B, Mj)<ij<og = ( 7?99 %’ )

If the polarization is principal, the lattice A = Q179 + 2579 is isomorphic to the
lattice Z9 + QZ9, where Q; == (A4 (i _1)gs - > Mg (i—1)g) € C9¥9 and Q == Q510
The period matrix €2 of A is in the Siegel upper half-plane

Hy = {z € C99 : 2" = 2,9m(z) > 0}
and the symplectic group
A

SP<29aZ)1:{’Y = ( C g )E GL(2g,Z)| v*Jy=J where J::( 7%9 %9 )}

acts on C9 x H, by
(2,9) := ((CQ+ D)2, (AQ + B)(CQ + D)™ 1).

The period matrix of the principally polarized abelian variety A and the cosets
Sp(2g,Z)<2 represent the isomorphy class of A in Sp(2¢,Z) \ H,.
The set of 2-torsion points A[2] of A, i.e. the kernel of the isogeny

2]:A— A, a+—2a

is given by
1., 1, 5] .
A2 = zmziQé +§€ | m = . with d,e € Z9 mod 277 ;.

The 2-torsion point z,, is said to be even (resp. odd) if de! = 0 mod 2 (resp.
et =1 mod 2).
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The Jacobian variety of a genus g curve C' defined over the complex numbers is
principally polarized.

Let us denote by Cy the d-fold symmetric product of C, which can be identified
with the set of effective divisors of degree d on C' and by II the normalized degree
g—1 Abel-Jacobi map, II : Cy_; — Jac(C), whose image II(Cy_1) is precisely the
theta divisor ©, i.e. the zero locus of Riemann theta function

0(z,9Q) = Z exp(mi(nQn® + 2nz)).

nez9

To the analytic theta characteristic E] with 6, ¢ € Z9 mod 279, we will attach

the holomorphic theta function

QH . CY x Hy — C
€

defined by
011 (0 = 3 exp (mi ((n+ 20)2n + 20) +2(n+ 26)(x + 3¢
6z, .—nEdepng n2 n2226
= ex 7T—iéQétJr i ( +i) -0 +195t+6—t§2
= p 1 mi0(2 5 z 5 5 .
The map

Et

1
(Z9 mod 279)* — Jac(C)[2], m = [ﬂ — Zpy = EQét + 5

is a bijection between the set of analytic theta characteristics and the set of 2-torsion
points of Jac(C).
The functions

€

oﬂ (0,9) : H, — C

are called theta constants and are said to be even, if de! = 0 (mod 2) and odd
otherwise. All the odd theta constants vanish due to the fact that

0 m (—2,Q) = (—1)*¢ m (2,9).

They are exactly 2971(29 + 1) even and 297 1(29 — 1) odd theta constants.
The choice of the basis wy, . ..,w, of the space of holomorphic differential forms
on C provides the canonical map from C to P9~!, given by

¢: C — P91
P — ¢(P):=(wi(P):--:wy(P)).

Note that if the curve and the differentials are all defined over the same number
field K, then the canonical map is also defined over K. The following result relates
the canonical images of certain divisors with their images through the Abel-Jacobi
map:
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Proposition 3 ([17]). Let Pi,...,P,_1 € C(K) such that the divisor D = P, +
.-+ Py_1 satisfies (D) = 1. The equation:

0 00 X
(3)  Hp(X1,...,X,) = (

FeND)). g (D)) ) 0 R

determines a hyperplane Hp of P9=1 which cuts the curve ¢(C) on the divisor ¢(D).

3.2. Explicit version of Torelli’s theorem in dimension 3. An isomorphism
between principally polarized abelian varieties (A1, E1) and (As, Ep) is an iso-
morphism between the varieties A; and As which conserves the polarization (i.e.
transforms E; into Fs). An isomorphism between two curves C; and Cy induces
(up to translation) an isomorphism between their (principally polarized) Jacobians
Jac(C1) and Jac(Cq). Furthermore, Torelli’s theorem [40] asserts that the Jacobian
Jac(C') with its principal polarization E determines the curve C' up to isomorphism:
If (Jac(C), E) and (Jac(C"), E') are isomorphic as principally polarized abelian va-
rieties, then the curve C' and C’ are also isomorphic. By Torelli’s theorem the
curve C' is completely determined by its principally polarized Jacobian Jac(C'). If
we just consider Jac(C') only as an unpolarized abelian variety, then there could
exist a curve C’ non-isomorphic to C but with the same unpolarized Jacobian
[20, 21, 111, [19].

The following theorem holds in the case of absolutely simple principally polarized
abelian variety of dimension 3:

Theorem 1. An absolutely simple principally polarized abelian variety of dimension
3 over the complex numbers is the Jacobian of a genus 3 curve. This curve is unique
up to isomorphism.

In the following we are interested in finding an efficient algorithmic method to
make Torelli’s theorem explicit in dimension 3:

For a given absolutely simple principally polarized abelian variety A of dimension
3 given by its normalized period matriz U, decide if A is the Jacobian of a hyper- or
a non-hyperelliptic curve C of genus 3, and if so find the equation of such a curve.

The following theorem gives us an answer to this decisional problem, whether
the curve C' (in Torelli’s theorem) is hyperelliptic or non-hyperelliptic:

Theorem 2. Let Q) € Hs be a period matriz of an absolutely simple principally
polarized abelian variety of dimension 3. Then

(1) Q is hyperelliptic if and only if exactly one even theta constant vanishes in
Q.
(2) Q is non-hyperelliptic if and only if no even theta constant vanishes in €.

A non-hyperelliptic curve of genus 3 defined over a field of characteristic different
from 2 has exactly 28 different bitangents, where bitangents are lines [, such that the
intersection divisor (I-C') is of the form 2P 4 2@Q) for some (not necessarily distinct)
points P, @ of C. There is a canonical bijection between the set of bitangents and
the set of odd 2-torsion points of the Jacobian Jac(C) (see [16]). Due to Proposition
Bl the bitangent associated to the odd 2-torsion point zg is given by the line with
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equation:

90 90 0 S Y
(4) (8_,21(Z0)’ 8_,22(Z0)’ 8_23(20)> 0 T2 =0.

zs3

Definition 3 ([7]). Let S = ([e;]);_; _; be a subset of characteristics. The subset
S is called a principal set if

(i) every odd characteristic can be written as [¢;] or [e;] + [e;], @ # j, and
(ii) every even characteristic can be written as [0] or [e;] + [¢;] + [ex], with
distinct i, 7, k.

(o 01 o 11 o 10 (111
Q=11 01| @71 10 ®7 |1 11| %" ]lo0o01
10 0 101 110
STl1 00 “Tlo1 1] “T]o0o1o0

We denote by 3; the bitangent associated to [¢;] and by 3;; the bitangent associ-
ated to [€;] + [¢;]. The set (5;) forms an Aronhold system, i.e. a set of bitangents
with the property, that the intersection points (with the quartic) of three arbitrary
bitangents in this set are never on a conic [7].

After performing some adequate linear transformations, we may suppose

B1:x1 =0, 0O : a1xy1 + asxs + azxz = 0,
. — . I / A _

(5) B2t 29 =0, Be : alx1 + asxe + azzs =0,
. — . " " 1 .

B :x3 =0, B afx1 + agry + agws =0,

Bs:x1+ 29+ 23 =0.

It is well known as a classical result since the first work of Riemann [30], how
to construct a quartic for which the (3;);=1,.. 7 are one of its Aronhold systems.
Recently, Caporaso and Sernesi [4] as well as Lehavi [22], 23] proved that such
a quartic is uniquely determined by the set of the 7 bitangents (8;)i=1,..7. In
the following theorem, we describe the Riemann construction in order to find the

equation of a plane quartic with given bitangents associated to a principal system
(cf. [31]):

Theorem 3 (Riemann, [30]). The curve C is isomorphic to the quartic (which we
call a Riemann model)

(6) VZ1U1 + \/T2v2 + /T3v3 = 0,

where vy, v, v3 Satisfy

v+ v 4+v3+21+22+23=0,
CARE Z—z + Z—z + kaixq + kasxs + kasxs =0,

ay
v v v /v, /W) /) _
a—i+a—z+a—z+ka1x1+ka2x2+ka3x3—0,
b4 Y2 g—§+k”a’1’x1+k”a’2’x2+k”ag’xg:O,

77
ay as
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with k, k', k" solutions of

11 4
1 1 l
1 r 1T A\ 1
a a/ a//
3 3 3
ap af adf Ak -1
/ 1 1./ _
az a5 agy Nk =1 -1
! " 11111
az as aj Ak -1

The 28 bitangents can be expressed through the following equations:

51:‘7;1:07 52:‘7;2:07 53:x3:07
Boz:v1 =0, Pig:va=0, [Bia:v3=0,

Ba: a1+ 22 + 23 =0, Bs : a1w1 + azxe + azwz =0,
B : ahxy + ahxo + akrs =0, Br:afzy +afas + afxs =0,
Pra i1+ a2 + 23 =0, Pis : g+ + kagas + kagzs = 0,
616 N % —+ k/aél'g —+ k/a/gl'g = 0, 617 : ;jfi/ —+ k”agﬂfg —+ k”ag’xg = O,
Bag : xy +vg + 23 =0, Pas : karzy + 2 + kazws = 0,
Boe : k'alxy + Z—Z +kazrs =0, [or:k'afz1 + 72 + kE'afzs =0,
B34 1 X1 + 22 + 03 =0, Bss ka1x1+ka2x2+ = =0,
36 :k’a’lx1+k’a’2x2+;’—i =0, fBs7r:k'alzi+ kK afxs + ,, =0,
. T T2 T3 i
667 o 1— ka2a3 + lfkagal + lfkalag - 07
557:1k”’+1 1:/2 /+1 ka/3 :07

656 : 1— k”a”a” + 1— k:”a”a” + 1— k”a”a” = 07

ﬂ45 : a1 (1— kazag) + az(1— kagal) + az(1— kalag) =0,
. V1 —
Pae - Gy + o v T st~ O

547 : a’l/(lfkagag’) + al(1— k” 7o) + oy (1— k” 7oy =0.

Remark 2. By Riemann’s notation \/z1v1 + /2202 ++/Z3v3 = 0, we mean the plane
quartic with equation (z1v; + Zove — 23v3)? — 4w 29019 = 0.

Let A be an absolutely simple principally polarized abelian variety of dimension
3 given by its torus representation A = C3/(7Z3 4+ Q7Z3) with Q := Q;'Q, € Hj.
The following procedure could be used to reconstruct the equation of the Riemann
model of a plane quartic C'/C with Jac(C) ~ A:

(i) From the computation of the 36 even theta constants given by A, we decide
if A is the Jacobian of a non-hyperelliptic curve C' using Theorem 2

(if) If A ~ Jac(C) for a non-hyperelliptic curve C, then we can efficiently com-
pute the derivatives of the theta function evaluated at odd 2-torsion points
ze;(6; € S). With (@), we then compute the equations of the 7 bitangents
(; of the Aronhold system S.

(ili) Using linear transformations, we rewrite the 7 bitangents §; associated to
[€;)i=1...,7 in the form given in (B). With Theorem [it is an easy task to
compute the equation of the Riemann model of a curve C'/C with Jac(C') ~
A.



NON-HYPERELLIPTIC MODULAR JACOBIANS OF DIMENSION 3 1183

Remark 3. For a genus 3 non-hyperelliptic curve C defined over a field k of char-
acteristic different from 2, the field of definition k' of the 28 bitangents of C' is
exactly the field of definition of the odd 2-torsion points of its Jacobian, so the
maximal degree of the extension k’'/k is the order of Spg(F2) which is equal to
1451520 = 28-27-10-8-6-4 (cf. [24]). This maximal degree occurs generically for
curves defined over Q. In order to obtain an equation defined over smaller fields
extension, it is more appropriate to study models arising from Shioda’s transforma-
tions which lead to equations defined over an extension k" of k of maximal degree
24.

4. NON-HYPERELLIPTIC MODULAR JACOBIANS OF DIMENSION 3

Our goal in this section is to apply the method described in the previous sec-
tion to describe all the principally polarized 3-dimensional abelian varieties Ay of
Jo(IN)*W N < 4000, which are Jacobian of non-hyperelliptic curves of genus 3.

As an optimal quotient of the Jacobian of X((N), the abelian variety Ay has
a natural polarization induced by the canonical polarization defined on the Jaco-
bian Jo(N). We will consider this natural polarization Hf on Af to check if Ay
is principally polarized. The computations for Ay were performed in MAGMA [25]
using the package Mav [I5] written by Gonzdlez-Jiménez and Guardia. We are
then able to test if the polarization H is principal, and we can also compute the
period matrix 2y relative to the polarization Hy. After computing theta constants,
we use the method described in the previous section to compute (in the case that
Ay is absolutely simple) the equation of a curve C such that Jac(Cy) ~ Ay. In our
computations, we had to use the first 20,000 Fourier coefficients of the newform
f € S3°V(N) to reach the precision required to find rational Dixmier invariants.
For more technical details on the precision of our computations (of the Riemann
model and the associated Dixmier invariants) see [27].

We looked at all the abelian varieties Ay of Jo(N)™*V with N < 4000. Table [II
provides the number of abelian varieties A; which are principally polarized, hy-
perelliptic, and non-hyperelliptic modular Jacobians of dimension 3. These results
are not surprising, indeed a generic curve of genus 3 is non-hyperelliptic and the
moduli space of hyperelliptic curves of genus 3 has codimension 1 in the moduli of
curves of genus 3.

TABLE 1. Principally polarized Ay with dim Ay =3 and N < 4000

#Af 3334
# p.p. Ay 79
# p.p. and hyperelliptic A 12
# p.p. and non-hyperelliptic Ay 67

Unfortunately, numerical evidence indicates that the models are, in general, not
defined over Q. The Dixmier invariants are defined over Q as expected. However,
it is a difficult task to solve the following problem:

From a complete set of given Dizmier-Ohno invariants {i1,...,i12} defined over
a field k, compute a model of a smooth plane quartic C defined over the same field
k which has exactly these invariants.
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However, if modular Jacobians are also expected (as in [I4} [12]) to be described
by curves with small integer coefficients, we may try to compute the equations of
such models by brute force.

For the special case of modular Jacobians Ay ~ Jac(Cy) which admit a model
Crat defined over Q with a Q-rational flex, we can use the following deterministic
algorithm to compute such a Q-rational equation:

(i) Compute all the 24 flexes &1, ..., &2 of Cy.
(ii) For each &;, compute the unique Shioda normal form Cg, relative to (C,&;).
(ili) The curve (Cy,¢) admits a Q-rational model if and only if one of the above
equations C¢, has only Q-rational coefficients.

In fact, this method gives us an efficient algorithm to test (and compute) if a given
curve C'/C admits a model (C, &) defined over Q. With this algorithm we are also
able to determine the structure of the automorphism group Aut(C) of C : An
automorphism ¢ # Id of C fixes at most 2¢g — 2 = 8 points of C, i.e. ¢ cannot act
trivially on the set of Weierstrass points of C. The normal forms C¢, and Cg, at two
distinct Weierstrass points &1, &2 are equal if and only if & = & for a ¢ € Aut(C).

In the following, we label the genus 3 curves coming from Q-simple new modular
Jacobians A; of level N by X4, where N denotes the level of X4 and the letter A
denotes the position with respect to the ordering given as output of the MAGMA-
function SortDecomposition.In the appendix (see Table ) we listed out all Q-
simple quotients Ay of Jo(NN)"*™ with N < 600, as well as their Dixmier invariants.
In the thesis of the author [27], this table was extended to N < 4000.

Remark 4. As an abelian variety of the GLo-type, the abelian variety A; has
exactly 2™ isomorphic classes of principal polarizations over Q, where 0 < M <
[K;: Q]—1 (see [I1]). We only studied A; with respect to its canonical polarization
Hy¢. However, it is clear that another non-isomorphic principal polarization Py of
the absolutely simple variety Ay should give a non-isomorphic model C’ for which
the Jacobians Jac(C) and Jac(C”) are both isomorphic to Ay as unpolarized abelian
varieties. It is also possible to have non-hyperelliptic curves and hyperelliptic curves
of genus 3 whose Jacobians are (as unpolarized abelian varieties) isomorphic to Ay,
f € SBV(N).

To conclude, we illustrate our algorithm with the following example.

Example 1. Let N = 369 = 3241 and f be the newform in S5°¥(369) with
Fourier expansion

f=a+ag®+(a®>=2)¢" + (—a—2)¢° + (—a® —a+2)q" + (—2a” — 2a + 2)¢° + O(¢""),

where a® + 2a® — 2a — 2 = 0. The modular abelian variety A ¢ is absolutely simple
(it can be checked using MAGMA that the newform f has no CM and thus Ag
is absolutely simple (cf. [12])). Furthermore, A; is isomorphic to a torus which
has a symplectic basis {A1,...,A¢} such that the intersection pairing H; has the
representation

0 A
(Hy(Ais Aj))1<ii<e = ( A Of > € 75%¢

1The newform f =g+ 3,55 aiq’ € S (N) has complex multiplication (CM) if there exists
a non-trivial character x of Gal(Q, Q) such that a, = x(p)ap for all primes p not dividing N.
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with diagonal matrix
Ay=8-1d,

that means, Ay is a principally polarized abelian variety, which has the torus rep-
resentation C3/(Z3 + QZ?) with period matrix

0.55467 -+ - +3.07521...7 —0.79883 .-+ 0.11922...17 0.85186 - -+ 0.79061 .. .17
Qf = —0.79883 - +0.11922.. .4 0.74004 - - - +0.43861...7 —0.04497--- —0.32299...4 .
0.85186--- +0.79061...7 —0.04497--- —0.32299...7 0.65132--- 4+ 0.97328 .. .1

Using Theorem[I} there is a curve Cy of genus 3 with Ay ~ Jac(CY). Straightforward
computations with an appropriate precision for computations over the complex field
show that no even theta constant vanishes and Theorem 2l implies that C'y is non-
hyperelliptic. By equation (), the bitangents associated to the canonical Aronhold
system S = (¢;) (cf. page 1181) have the equations

B1:0=mz— (1.62009 - — 0.88123
B2:0=mx— (1.62009- -+ 0.88123. ..
Bs3:0=x— (1.18597--- — 0.01375..
Bs:0=mx— (0.13444--- — 0.32339 ..
Bs:0=x+ (2.88498 - + 2.57527 ..
Bs:0 ==+ (0.02710 - + 0.18672..
Br:0 ==+ (090241 — 1.65452 . .

which become

...1)y + (0.60794 - - - — 1.09289 . ..
i)y + (0.60794 - - - 4 1.09289 . ..
i)y 4 (0.07649 - - - 4 0.00738 . .
i)y + (0.79703 - - - — 0.39889 . ..
L)y + (2.95024 - - — 6.21143 . ..
L)y 4 (0.75712 - - - — 0.74717 ..
i)y — (2.06151 - - - 4 1.61189 ...

i)z,
i)z,
L)z,
i)z,
i)z,
L)z,

L)z,

B1:0==x,

B2:0=uy,

B3:0=z,

Ba:0=z+y+z2,

Bs:0=a+ (0.99571 -+ 0.01530...4)y + (0.99050
Bs : 0=+ (0.99999 - - - + 0.00218.. . .3)y + (0.99655
B7:0=x+ (1.00406 - - - 4+ 0.01543...%)y + (0.98864

S —0.00242. . .4)z,
-+ 40.00029 ...4)z,
-+ —0.00065. ..4)z,

after performing the adequate linear transformations.
Using Theorem [B] we compute the Riemann model for the canonical embedding

of Cy, and obtain

Cy: (zv1 +yvo
where
vy = (2.41739--- + 0.67174...4)z + (1.39123 - - -
vo = —(1.55957 - - - + 0.16076 . .. 3)x — (0.52956 - - -
v3 = —(1.85781- - + 0.51098 . .. 1)z — (1.86167 - - -

— Z’U3)2 = 4xyvivsy,

+0.65332...4)y + (1.40882 - - - + 0.65261...1)z,
+0.15658 ... 1)y — (1.54558 - - - 4+ 0.14781 .. .1)z,
+0.49673 .. .4)y — (0.86323 - - - + 0.50480 .. . 1)z .

Up to a certain precision, the curve Cy has the Q-rational Dixmier invariants

. 79

11 = 512318473 »
. 7%.6353

13 = 236.316.413 7

- 7%.43-4662331
5 = 934.315.413

. —7"97

%2 = 518321473 >

. 7°.73-31337

14 = 536.318.413 >

. —73.1307-1601-5303
6 = 932.316.413 .



1186 ROGER OYONO

We note that by using Shioda’s transformations at the ordinary flex

& = (0.60900---—0.79316...7¢: —1.62391--- + 0.77629...7: 1)

with tangent line
Te: 0= —(0.03895 -+ 0.02027...1)z — (0.03870- - - + 0.01924...4) — (0.03799 - - - + 0.01975...%)z

we obtain the model
Cci: 0= vz 4+ y(z® —9,14494 .. .10 *22% — 1.37989...10 °2%) — 9,14494 .. .10 22

+5.08052...10 2222 4+ 2.09075...10 622> 4+ 1.44354...10782*,

which is, up to a certain precision, the Q-rational curve with the equation
) 2 3 1 5, 10 3 151 4

2 2
0=14° 3_ 2 . S .
vE Y@ - ™ Thomsa” ) " aasr® T Toos3” © T a7s2069”° T 10460353208 °

For some modular Jacobians, we get additional bad reductions for the curve Cy at
some primes p not dividing the level N. For all the modular Jacobians Jac(Cy) ~ Ay
of level N < 4000, whenever this phenomenon appears, the discriminant of the
smooth plane quartic C'y always admits a factor p'# at such primes p (cf. Appendix).
At this time, the author cannot give a reasonable explanation for this phenomenon.

5. CONCLUSION

Initially, our intention behind the computation of the equations of genus 3 non-
hyperelliptic new modular curves with Q-simple Jacobian was based on their pre-
sumably attractive application to cryptosystems based on the discrete logarithm
problem (DLP) on finite abelian groups. Generically, the fact that a curve C' is
secure lies on the fact that the group order #Jac(C)(F,) has a large prime divisor.
The computation of #Jac(C)(F,) is thus an important milestone for testing the se-
curity of those cryptosystems. From this point of view, modular Jacobians provided
attractive groups for the DLP. Then by using the characteristic polynomials xr,
of the Hecke operators T}, acting on the Tate module of A, the Eichler-Shimura
relation enables us to compute #A¢(F,) at primes p with good reduction by

#Af(Fp) = x1, (0 + 1)

Moreover, there exists fast algorithms for performing the group law on the Jaco-
bians of non-hyperelliptic curves of genus 3 (see [8, @, [3, 29]). Meanwhile, Diem
and Thomé [5] provided a method to solve the DLP on Jacobians of smooth plane
quartics which has an heuristic complexity of O(g), where ¢ is the number of ele-
ments of the finite field F,; this attack makes the use of non-hyperelliptic curves of
genus 3 in comparison to other cryptosystem (ECC and HECC see for example [I])
at this time no longer competitive. In fact, the size of the parameters should then
be enlarged by about 50% (i.e. ¢ ~ 2%!) to maintain the security level.
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6. APPENDIX: TABLE OF NON-HYPERELLIPTIC NEW MODULAR JACOBIAN

As OF Jo(N)™*¥, N < 600

curves | Dizxmier invariants curves | Dixmier invariants
A . _o39 A S 83°
Xo7 11 = 353327973 Xiag 11 = 353.327.1493
. 52.237 . 837.1823
12 = 357 329.973 12 = 357.329.1493
. 23%.109 . 5-83%.239.947
13 = 339 324,973 13 = 541.324.1493
. —235.106649 . 83°.432110321
4 = 337.325.973 14 = 5aT.325.1493
. 7.13.23%.29.47 . _ 7.83*.236140337759
5 = —532.323.973 15 = T 538.323.1493
P 7-23%.4446899 ie — 5:-7:17:23.83%.230.853-58049
6 — "529.322.973 6 — 236.322.71493
B . 11° A S 79
X109 1 = 553327.1093 Xis1 11 = 3533271513
. 117472 . 777617
12 = 3557.329.1093 12 = 357.329.1513
. 11%.101-1259 . 7%.23.251.577
13 = 54373241093 %3 = 543.324.15(3
. 11°.5894347 . 7°.11.1621-5087
t4 = 5103251003 4 = 510325 1513
js — 11°-5087-10889 is = —74.31.37-113-587-6733
5 = T337.323.1093 5 = 237.323.1513
s — 5-113.39330808093 i — 73.38767-945648167
6 — T 536.322.1093 6 — T 336.322.1513
C . -1 B . 518
X113 1 = 353.327.1133 X169 11 = 353.327.136
L 13-61 . 5779
12 = 3573201133 12 = 357329136
. —19-23-269 . 5'2.155887
13 = 343.324.1133 13 = 543.324.136
iy — —.—836063 in = 510.11.216829
4 = 239.325.1133 4 = T339.325.136
. _ 5-13-38562143 . 58.131.463-69847
15 = 5373231133 15 = T 337.323.136
. —11.37-62711911 . _ 58.89.162518641
16 = —536.322.1133 16 = T 536.322.136
A S 71° B - —17°
X7 1 = 3533271573 X179 11 = 353.327.1793
. —43.717.139 o 178.89
12 = 357 329.1573 12 = 357.329.1793
in = 7-71%.13933 in = 53.13.177
3 = 240.3241273 3 = 24T.324.1793
. —7.71°.23840251 . —7.17%.89.227
4 = —5a1 3251573 %4 = 5aT 325.1793
. 13.71%.1336920521 . 17°.41.2478937
5 = T 538323.1973 15 = T538.323.1793
P 53.713.607-3251-26681 e = —173.36829407137
6 — 236.322.1273 6 — T 236.322.1793
B S —17° E S 7°
X139 11 = 353.327.1393 Xis7 11 = 337327 113172
o — 13-177-349 o — —77.59
2 = 257.3291393 2 = 248.329.113.173
. —7-175.41.367 . 5.75.157.283
13 = 5133271393 13 = 335.324.113.174
. —7.17°.2835667 . —75.13.16456963
4 = —570.325.1303 4 = 336325.113.172
js — 5:7-17°-383-12161 is = 74.111770067821
5 = T 231.323.1393 5 = 34.323.113.17%
. 7-11-173.53-149854519 . —73.37.131-181-101419
6 = — 36.322.1393 6 = 332.322.113.174
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curves | Dixmier invariants curves | Dizxmier invariants
F R Gals Vit D . 79
X203 11 = 253.327.293 X369 11 244 318 413
o — 53.72.177.283 o — —77.97
2 = T257.329.293 2 = 248.32T 413
. _ 5.7-175.353.29327 . 76.6353
13 = T 313.324.593 13 = 336.316.413
. 72.17°.487.216577 . 7°.73.31337
14 = T5I0.325.993 14 = 536 318 .43
is = 174.6737-8849-359417 i 74.43.4662331
5 = 236.323.7.293 5 = T231.315.413
. 17%.149-131679238350523 . —73.1307-1601-5303
6 = 336.322.72.593 %6 932.316.413
A . 59.2279 E . 79
Xs17 11 = 353.355.73.313 X369 11 242318413
o — —58.2277.342821 i —77.
2 = T357.357.73.318 2 = 348.32T .43
in — 56.2275.439.3871663 i 76.6353
3 — T 939.352.73.313 3 — $36.316.413
s — 55.19-113.227°.3181.4410097 i 75.73.31337
4= 24T.353.73.313 4 = 23631841
. 5%.227%.3264116968231423459 . 74.43.4662331
5 = 238.351.73.313 15 = "531.315.413
. 53.2273.11320571-514794731537767 . —73.1307-1601-5303
16 = 236.350.73.313 16 932.316.413
A . 59.79 A i —1
X339 %1 = 353.327.3393 X3ss 11 = 536,327,973
. —57.77.433 . —233
12 = 357.329.3303 12 = 350.329.973
in = —56.76.43963 i 5293513
3 = 239.327.32393 3 = 24T.3241.973
. —5°.75.509-112481 . 624203
4 = T 3a1.325.3393 14 = 335 325,973
is — —54.74.27827.3496799 i 71-3533-300997
5 — T 238.323.2303 5 — T538.323.973
e = —5%.73.68503144613 i —29.409326261863
6 — 236.322.2393 6 236.322.97
A S —-11° B ; 1819
)(295 11 = 253.327.53.593 }(436 11 = 237.318.1114.1093
o — 117.13.181 i —5-23-113-1817
2 = 357.329.53.593 2 = 242.320.1114.1093
. —7-115.23203 . 1816.4727066557
13 = 3a2.324.53.593 13 = 535.315.1114.100%
s — —72.115.370631 i 181°.499.56343733
4 — 53T.325.53.503 4 — 333.315.1114.1093
. 7-11°.19.769-2287 . 151-181%.381481-538018951
15 = 338 323.52.593 t5 231.317.1112.1093
i = —7-113-197-415664659 i = 1813.239273-480133-133676033
6 — 7 536.322.53.593 6 232.314.1114.1093
C . —19° A . 31°
X329 11 = 353327.73.473 Xis2 11 = 3703471133
. 5.197-1181 . 13-17-317.521
12 = 357.329.73.473 %2 = 53T .343.1133
. —19%.29.61.67 . 316.157.336931631
13 = 530.324.73.473 13 = T 517.338.1133
i, — —13-19°.701.7723 i 5-31°.71-53551058051
4 = T2aT.325.73.473 4 218.339.113°
is — 194.163061001821 is — 5-314.774401181277897891
5 = T338.323.73.473 5 222.337.1133
i6 = 5.19%.41.7369-904573 ie = 7-23-313.421.10301727084532427

236.322.73.473

222.336.1133
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curves | Dixmier invartants
E S 3067°
Xi7s U1 = 353327 56 19°
i 479-30677 15937
2 257.329.56.193
i 193-3067%-115419877
3 239.324.56.19°
i 41.3067°-41903-2234129
4 237.325.54.193
i 13-397-479-3067+.6619-8887-25349
5 232.323.56.193
. 30673-1587899065951933060901
16 229.322°55.193
le] . 3067°
Xi7s 11 = 353.327.56.193
i 479-30677-15937
2 257.329.56.193
i 193-3067%.115419877
3 239.324.56.19°
i 41-3067°-41903-2234129
4 237.325.54.193
i 13-397-479-3067%*-6619-8887-25349
5 232.323756.193
. 30673-1587899065951933060901
16 229.322.55.193
xXB i 59.379.43133°
511 1 253.330.78.1114.733.10114
i —58.377.263-431337.197689-6021091
2 257.332.78.1114.733.10114
i 56.13.376.431336.142702121-25535098000501
3 243.328.78.1114.733.10114
i 55.17.37°.577-43133%.3563719-164875199-160402791737
4 239.328.78.1114.733.10114
i —54.132.37%.43133%.41153760466703282853288413280589099
5 233.324.78.1114.733.10114
. —53.373.43133°.688333-28685999-3031471393386674295606558437642759
%6 236.326.78.1114.733.10114
XH i = .5t
567 1 253.39.73
. 5-17
12 257.312.73
. 5.3821
3 242.38.73
i 17-8363
4 241.39.5.73
i 52.313
5 238.36.73
. —19-83-11119
6 = 536.37.52.73
A . 599
X596 (& 255.327.1493

12
13
14
15

16

13-23-73-3597
257.329.1493
23-3599.89348191
247.322.1493
52.3595.39644905697
245.325.1493
47-3594.370708577229919
242.323.1493

13-19-3593.16529.794641-2599117
240.322.1493
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