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ON THE COLLOCATION METHODS FOR SINGULAR
INTEGRAL EQUATIONS WITH HILBERT KERNEL

JINYUAN DU

ABSTRACT. In the present paper, we introduce some singular integral oper-
ators, singular quadrature operators and discretization matrices of singular
integral equations with Hilbert kernel. These results both improve the clas-
sical theory of singular integral equations and develop the theory of singular
quadrature with Hilbert kernel. Then by using them a unified framework for
various collocation methods of numerical solutions of singular integral equa-
tions with Hilbert kernel is given. Under the framework, it is very simple
and obvious to obtain the coincidence theorem of collocation methods, then
the existence and convergence for constructing approximate solutions are also
given based on the coincidence theorem.

1. INTRODUCTION

Singular integral equations (SIEs) with Cauchy kernel often arise in mathemat-
ical models of physical phenomena. In the past thirty years, various collocation
methods for SIEs with Cauchy kernel have been the topic of a great many of pa-
pers, most of which can be found in the two surveys [1l, 2]. D. Elliott successfully
studied the more complete analytic theory for these collocation methods in a series
of important papers [3]-[I0]. In [IIl 12], Du systematically introduced some sin-
gular integral operators, singular quadrature operators and discretization matrices
for singular integral equations with Cauchy kernel and gave a unified framework
for various collocation methods. Singular integral equations with Hilbert kernel are
also frequently encountered in physical and engineering applications. In this pa-
per, we shall consider the collocation methods for singular integral equations with
Hilbert kernel of the form

2m o 2
(1.1) a(t)go(t)+b(t)/0 cp(T)cotTTthJr%/o E(r,t)p(r)dr=f(t), 0<t<2m.

2T

In (1.1), the input real-valued functions a,b, f, k are Holder-continuous functions
with period 27 for their arguments, denoted as a, b, f, k € Har, A is a given constant,
and it is required to find the solution ¢ in the class Ha, (see Chapter V in [I3],
Chapter I in [I4]), the first integral is understood as the principle value integral
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with Hilbert kernel and at ¢t =0 (or ¢t = 27) as

27 T ) 2m—0 T
(1.2) /0 o(T) cot idT = 51E(§l+ : (T) cot 5(317’.

In 1978, S. Krenk discussed the numerical method for SIE (1.1) in the case that
a(t) and b(t) are constants [15]. In1983, for the same case, N. I. Toakimidis redis-
cussed it by using a somewhat different method [I6]. He gave the result on the equiv-
alence of the approximate solutions obtained by the direct and indirect quadrature
methods via concrete calculations, which is called the coincidence theorem in the
present paper. For general cases, in [I7,[I8] Du discussed the numerical methods for
SIE (1.1), and the existence and convergence were demonstrated on the basis of the
coincidence theorem which is established by applying again specific computation. In
[19], J. Saranen and G. Vainikko thoroughly examined the more general frame-
work of the collocation method with trigonometric trial functions and uniform
grid. There, optimal convergence order in the scale of periodic Sobolev space is
established, but only the case of index 0 is treated, a simple matrix form of the
method. Then, J. Saranen and L. Schroderus extended some of the results in [19]
to the scale of periodic Holder spaces [20].

In the present paper, we shall give a unified framework for various collocation
methods of SIE (1.1) and establish analytic theory for it. First of all we establish
some necessary preliminaries including some special concepts and symbols in §2-64.
Some singular integral operators, singular quadrature operators and discretization
matrices are introduced in §5-§7, which possess very interesting properties. These
results improve both the classical theory of singular integral equations and the the-
ory of singular quadrature with Hilbert kernel. Then, using these tools we give a
unified framework for various collocation methods of SIE (1.1). The direct quad-
rature method of the framework is stated in §8, which is convenient for practical
application. The indirect quadrature method of the framework is stated in §9, which
is rather good for theoretical analysis. In §10, we verify the coincidence theorem
of collocation methods that the approximate solutions obtained by the direct and
indirect quadrature methods are completely the same, which is very simply and
obviously obtained under the framework here. In §11 we establish the existence
and convergence for the approximate solutions based on the coincidence theorem.
In §12, some examples are given, which bring into being some earlier results.

2. NORMALIZED EQUATION

In the first place, we must separate a weight function from the output function
@ in SIE (1.1). This step is very necessary, if not, the numerical method for SIE
(1.1) will be only effective for the case that a and b are constants. To do so, we
need some special concepts and symbols used throughout this paper.

Let

(2.1) O(t) = argla(t) — ib(t)],

and take a continuous branch on [0,27]. Since a(t) and b(t) are real 2m-periodic
functions, then the number

(2.2) k= —[0(2r) — 6(0)]
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is an integer. We know that 2k is just the index of SIE (1.1) (see Chapter V in
[13]).
The mean value of © on [0, 27],

1 2w

(2.3) 0 O(7)dr,

2w Jo
is called the characteristic number of SIE (1.1) which plays an important role there-
inafter.

The canonical function X (z) and the fundamental function Z(t) of SIE (1.1) are,
respectively, [13]

1 27 _
exp{—/ [O(7) — k7] cot T Zar + m’z} , if Imz >0,
0

27 2
X(2)= 2
1 4 —
(2.4) exp{Q—/ [O(7) — k7] cot T Zgr - m’z} , if Imz <0,
T Jo
m T—1
Z(t) = exp {—/ [O(7) — k7] cot dT} € Hop, if Imt=0.
27T 0 2

We assume that SIE (1.1) is of the normal type, i.e.,

(2.5) r(t) = /a2(t) + b2(t) # 0.

The real-valued functions
Z(t) 1
2.6 t) = —= H. p )= ——
20 D=y 0= 70)
are called, respectively, the weight functions of the first kind and the second kind
associated with SIE (1.1).

S H27r

Let
(2.7) o(7) = wi(r)y(7),
then SIE (1.1) will become
b(t) [ T—t
a(t)wi(t)y(t) + — w1 (T)y(7) cot dr
(2.8) . 2n /0
+ — wy (T)k(T, t)y(r)dr = f(t), 0<t < 2m,

2w 0

which is called the normalized equation of SIE (1.1). Now we easily get the following
result.

Theorem 2.1. With the relation (2.7), the solutions of SIE (1.1) in Ha, are equiv-
alent to the solutions of SIE (2.8) in Hay.

3. QUASI-PRINCIPAL PART

The mapping w=e"* maps, respectively, the upper strip region S*={z: Im 2>
0,0 <Rez < 27} and the lower strip region S~ = {z: Imz < 0,0 < Rez < 27}
into the interior and exterior of the unit circle {w : |w| < 1} with the infinity
accumulation point z = 4004 of ST and the infinity accumulation point z = —o0i
of ST to w = 0 and w = oo, the straight lines Rez = 0 and Rez = 27 into the
upper and lower banks of the cut (0,+0c). Let ®(z) be a holomorphic function
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with period 27 on the upper complex half-plane C* = {z : Im z > 0}, denoted by
®*t € AS . Then (®1)*(w) = ®T(2) with w = €'* is just well defined and analytic
in 0 < |w| <1,so (®1)* has a Laurent expansion; thus we know easily that there
is also the unique expansion in series form for ®* [21]:

+oo
Ot (z2) = 2% e (Imz >0) with a; = Py /L Ot (2)e”Y*dz,
(31) L:={z:z=2+ir,0<z <27 with » > 0 being an arbitrary constant}
or L:={z: z2=2,0<z <27} while &% is continuous to [0, 27] .

We denote the whole complex plan by C. Let
+oo
ao —1jz
(3.2) PP [04] (z) = ) + Z;a_j e zed.
‘7:
We call it the principal part of ®* at z = +004. Obviously, it is an entire function

with period 27, denoted by P.P [®T] € As,, and
PP[0%] (~0i)=  lim _ PP[®F](z) =2

y——00,0<x <27 2 ’

lim [qﬁ(z) — PP [0t] (z)} - %

y——00,0<x <27

(3.3)

where x = Re z and y = Im z which is always so thereinafter. If
(3.4) lim emIPT(2) = A # 0,

y——+00,0<z <27
then we say that ®* has the pole of order m at z = 4o00i, which is just equivalent
to that (®T)* has the pole of order m at w = 0. In this case, we get
0, if m <0,

(3.5) PP[®T](2) =4 a0 <~ ijs _ ,
5+Za_je 2 (aem =A), if m>0.

j=1

If ®=(z) is a holomorphic function with period 27 on the lower complex half-
plane C~ = {z: Imz < 0}, denoted by &~ € A;_, similarly, it also has the unique
expansion in the series form:

+oo

y 1 3
P (2) = ijewz (Imz < 0) with b; = 2—/F<I>_(z)e_”zdz,

™

(3.6) T':={z: z=2—ir,0 <z <27 with r > 0 being an arbitrary constant}
or I''={z: z=2,0 <z <27} while &~ is continuous to [0, 27] .

We call

by & 3
(3.7) PP [37] (2) = 50 +Y bjer, zec
j=1
the principal part of ®~(z) at z = —oo4. Obviously, P.P [®7] € A, and
_ ‘ . _ bo
PP [ ] (+00i) = y~>+ol>l,{)n§z§2ﬂ' PP 0] (2) = 5

(3.8)
lim [qr(z) —PP (0] (z)} - %0

y——+00,0<zx <27



COLLOCATION METHODS FOR SIE WITH HILBERT KERNEL 895

Similary, if
(3.9) lim e""M*d(2) = B #£0,

y——00,0<x <27
then we say that ®~ has the pole of order m at z = —ooi. In this case, we get

0, if m <0,

(3.10) PP®](2) =< bo |, ~~, i B .
5} + ije’]Z (b, = B), if m>0.
j=1
If ®(z) with period 27 is a sectionally holomorphic function with the z-axis as
its jump curve, i.e., ®lc+ € A;, and ®|c- € A, and there exist the boundary
value functions (see Chapter I in [I3])
(3.11) (1) = lim ®(2) € Hyyy, @ (7)=

im
z—7,Imz>0,7TER z—7,Imz<0,7TER

(I)(Z) (S H27ra

where R denotes the set of all real numbers, then we denote it by ® € AH5,. By
(3.1) and (3.6) we have the following result.

Lemma 3.1. If ® € AHo,, then a_je™ "% + bje"? = asinjz + (3; cos jz with

a; = % ; i [(‘I’+(T) + <I>_(T)) cos jT + i(fI)+(T) - <I>_(7')) sian]dT,
B = % / ! [(CI>+(T) + @ (7)) sinjr +i(® (1) — D (7)) cosz] dr.
0
Let
(3.12) Q.P[®](z) =P.P [®1] (2) + PP [® | (z), z€C,
which is called the quasi-principal part of ®. If
(3.13) A= D0 A](:) = 0(:) - QPIE](:) (€ AHr),

they are respectively called the deficient number and deficient function of ®.

Lemma 3.2.

A(P) = %/0 7T[<I>+(7') — &7 (7)]dr = A[R](+001) = —A[P](—001).
Proof. These results follow from (3.1), (3.3), (3.6), (3.8) and (3.13). O

Lemma 3.3. If ® € AH5,, then

2
1 4 T

[+ (r) " (r)] cot Lar = &% (1) + & (1) — 2Q.P[3](0).

27 Jo

Proof. Let (1) = ®*(7) — & (7) (Im7 = 0), we consider the jump problem (see
Chapter I in [13])

(3.14) o(r)=¥t(r) =¥ (1), Im7=0.

It is evident that A[®] is a solution of the jump problem (3.14) and A[®](+o0i) =
—A[®](—oc0i) = A(P) by Lemma 3.2. On the other hand, let

(3.15) (H[@])(z) L/O#go(T)cot

4

T—Z

dr, Imz=£0,
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then the Plemelj formula holds for any ¢ € Ha, (see [22} 23], Chapter I in [13])

27 o
(B () = 50+ o [ et o

(3.16) teR.

- 1 27 T—t
H - - — K
(Hie)) () = ~50(0)+ 7= [ elr) ot Ttar,
Thus (H[yg]) is also a solution of the jump problem (3.14) and (H[p])(400i) =
—(H[¢]) (=00 i) = A(®) by using Lemma 3.2. Thus, §(z) = (H[g])( A
Azr and §(400i) = 0, s0 6(z) = 0. This is to say that ®(z) = (H[y])(2)+Q.P[®](2);
so, again by the Plemelj formula (3.16), the proof is completed. O

4. TRIGONOMETRIC AND PARATRIGONOMETRIC POLYNOMIALS

Let HI denote the class of all trigonometric polynomials with real coefficients
of degree not greater than n and regard H! = {0} if n < 0, and let HI* denote
the class of all trigonometric polynomials of degree n (n > 0). Let HI (a) denote
the family of trigonometric polynomials of the form

(4.1) f(t) =cpsin(nt +a) + T,_1(t), Th1€HL |, 0<a<m, n>1.

¢n, is called the coeflicient of the highest term. Clearly, f is of degree n if and
only if ¢, # 0 (n > 0). HI*(a) denotes the family of trigonometric polynomials
of degree n in HI (o) (n > 0). Obviously, HI (0) = {0} and HI (o) = R (a # 0),
HI*(a1) N HI*(ag) = 0 while a; # az and n > 0. Moreover, we regard HI *(«)
with any « as the set of all nonzero reals and HI* = HI (a) = HI*(a) = {0} if
n<0.

If f is Holder-continuous and f(t+27)=—f(¢), we say that it is 27-antiperiodic,
denoted as f € Hy,. If

(42)  f(0) = laysin(G + 1)t + by cos(j + 1] with a2 + b3 #0,
=0

then we call it a paratrigonometric polynomial of degree (n + %) and write f €
Hgil, where the coefficients a;’s and b;’s are real. Let Hqﬂ_l denote the class of
2 2
all paratrigonometric polynomials of degree not greater than (n + %) Obviously,
HT | C Hy, and regard HY , = {0} if n < 0. Let HZ , (a) denote the family of
n+§ 7’L+§ n+§

all paratrigonometric polynomials of the form

(4.3) ensinf(n+ 3)t+a] + T, _1 (1), Tn,%eH,f,;, 0<a<m, n>0.
2

cn is called the coefficient of the term of degree (n+ ). If ¢, # 0, we denote it
€ ng;l(a). Obviously, ng;l(al) N ng;l (ag) =0 while oy # aa. We also regard
2 2 2
Hgi% :HZI% (o) :HTZ_% (or)={0} while n<0.
Lemma 4.1 (see [24, 25]). If F € H{(a) (k > 0), G € HT*(B) (r > 0), then
2 2

FG e H{E*k+r)([7r/2+a—|—ﬁ]ﬂ) where [V], denotes the number congruent to ¥ (mod )
2

in [0,7).
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Lemma 4.2 (see [25, 26]). If f € HI*(a) (n > 0) with the highest coefficient
cn, F(1,t) = [f(1)— f(t)] cot TT_t, then F(7,t) = cy [ cos(nT + )+ cos(nt + )] +

Z?;ll [A;(t) sin(n—j)7+B;(t) cos(n—j)7| where Aj, B; € H]™*.

Lemma 4.3 (Euclidean division formula). If ng €HI;(B) (£>0) and Fi;e Hfj,
2 2 2
then there uniquely exist Q1 (—0) EH?(J _p and R such that F1 ;= GEEQ%U_@) +R,

where REH;([W/Z + O]r) when (j — ¥¢) is even and R € Hl([ 1) when (j—4) is
odd.

Proof. The uniqueness is clear. For the existence, if j < ¢, then the conclusion is

also obvious. If j > ¢, there is qy(;_g) € H;T(j_g) ([7/2+a—p]r) such that Fy;—
2
Gge q1(i—e) EH;T(j,l) by Lemma 4.1, then using the inductive method the proof is
2 2

completed. 0

Lemma 4.4 (Factorization). If Iy -EHT* (j>0) and Fy;(to) =0, then Fi1;(t) =
sin 3 (t— t0)Q1(j—1)(t) where Q1(;_1y GHl(] -

Proof. Taking G5 (¢ ,(t)=sin3 2(t — to) in Lemma 4.3, the proof is immediately com-
2
pleted. O

Example 4.1. This example is used frequently thereinafter. Let X be the canonical
function of SIE (1.1) and € the characteristic number of SIE (1.1). By the Plemelj
formula we know

XH(r) = X7 (1) = =2ib(T)ws (7),

Xt(r) + X7 ()—2a() 1(7),
(X7HH(7) = (X717 (1) = =2ib(r)wa(7),
(X™HH () +(X )7 (1) =2a(r)wy(T).

This implies that o; and §; in Lemma 3.1 are real, while ® = X. Moreover, noting
that

(4.5) lim [e7"*X(z)] =(—1)%e", lim  [e"*X(z)] =(—1)%e.

y——+00,2ER y——00,2ER

B

(4.4)

,_.

Now we get, by (3.5),(3.10), (4.4) and Lemma 3.2,
QPX]e HI  ([r/2-0]x),  QP[X' e HI*([r/2+0]),

(46) 27 2m
800 = 5o [ bepman A = o [ brustnar

2mi
in particular,

) QPX](r) = QPX (1) =cosb, A(X)=-A(X"")=isind,
’ if k=0,

In general, we may get, in the same way,
QPIXTC] e BT, (ja—0]y), QP [X T2 BT, (la+6]),

(4.8) for T, € H"(a) (r>0).
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5. SINGULAR INTEGRAL OPERATORS

We introduce the singular integral operators (SIOs)

(An®) = a0+ 2 [ i) eor T
(5.1) o 2
(By)(0) = altust)y) ~ 52 [ wnlr)y(r)cor Ttar
and their adjoint operators
652 (A" y)(t) = a(t)wi(t)y(t) + % /0 : wi (T)b(r)y(7) cot = % tdr,
(B9)(0) = altywa0(t) = 5= [ wnlrb(r)ur) ot 5t

Remark 5.1. For convenience thereinafter, here we denote the adjoint operator of
A as B*, of B as A*, but as A’ and B’ in general texts (see Chapter V in [13],
Chapter I in [14]).

Remark 5.2. A, B, A*, B* all are SIOs from Ho to Hoy, ie., A, B,A* B* : Hoy —
Hsy,.

Theorem 5.1. Let T € AHa., then (A'T)(7) = Q.P[XT]|(r), (B*T) (1) =
Q.P [XflT] (7).

Proof. Taking, respectively, ® = XT and ® = X ~!7T in Lemma 3.3 and using (4.4),
the proof follows. O

Again, we introduce the integral operators

Dly :—/ d1 Tt ( )dT,

(5.3)
D))= [ war)is(r, ()i
where
. dr(r,1) = {QP[X] () -QP[X] (1) eot T —inr(x7),

do(r.1) = {QP[X](7) ~ QPIX](0) } eot o —in(x).

Remark 5.3. By (4.6) and (4.7) in Example 4.1 and quoting Lemma 4.2, we easily
see that

(5:5) di(t) € Hi((0]x),  do(t) € HL ([-0]x);
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writing By (1) = 2(=1)"T!sin(k7 + ) and By (1) = 2(—1)""!sin(—k7 — 0),
then

!

dy(7,t) = Byu(r)+ Y [A1;(t)sin(k—j)7+ By ;(t) cos(r—j)7]
j=1
+ [Biu(t)—iA(XN) ] if k>0,
(5.6) w1
do(T,t)= B1 k(T +Z [As ;(t) sin(k—7)T+Ba ;(t) cos(k—j)7]

+ [Bow(t)—iA(X 1) ] if k<0,
di(1,t) = —iAN(X) = —sinf, da(7,t) = —iA(X ) =sinf if k=0,
where A j, By j, Aa,j, B2 j are some trigonometric polynomials of degree j.
Theorem 5.2. AB=1+bDy, BA =1—-0D;, where I is the identity operator.

Proof. We only prove the first equality since the other is similar. By Remark 5.2
the compositions of A and B are well defined. By the Poincaré-Bertrand formula
(see Chapter I in [13] or [14]), Theorem 5.1, (5.3), (4.6) and the equality

(5.7) cot avcot B = cot(3 — a)[cot o — cot F] — 1,
we get
(ABY)(@) = @ @B + 2 [ wn@atryuatr) o
4 izg;y(x) + % /0 " wa(P () {% /0 T o (O(8) cott_QT cot t_Txdt} dr
= y(z)+ %/Ozﬁwg(f)y(r) {[(A*l)(r) ~(A"1)(@)] cot = —z'A(X)}dT
= y(z) + % /O " wa (T)y(7) { {Q.P[X](T) - Q.P[X}(x)} cot T2 _ iA(X)} dr.

O

Remark 5.4. From (5.6) in Remark 5.3 we know D;: Ha, — HI([0],) and Dy :
Hyr — HT _([-6],). In particular, if £ > 0, then Dy = 0, this is to say that A has
the right inverse B (but no left inverse). If x < 0, then Dy = 0, this is to say that
A has the left inverse B (but no right inverse). If x = 0, then

sin 6 sin 6

5 [ (e and D)) = 52 [ walmy(riar

Corollary 5.1. Ima (D) = H([0],) and Ima (D3) = HL, ([-0],). If K # 0 or
k = 0 with [ = = 77/2 then ker(A) =bHZI ([0].), ker( )=bHZ, ([-6],), D1bT¢ =

0 DT~ =177 where T? € H ([0]x) and T=! € HT ([<0]x). If K = 0 with
[Q]ﬁ # /2, then ker(A) = 0 and ker(B) = {0}. The symbols Ima (-) and ker(-)
denote, respectively, the image set and the kernel space of an operator.

Proof. (I) By Remark 4.5 we have Ima (D7) C HI'([0],). (II) If y € ker(A), then

BAy = 0 which implies y = bDyy € bHI([f],) by Theorem 5.2, i.e., ker(A) C
bHT([0]x). () If k # 0 or k = 0 with [0], = 7/2, then A(bT?) = bA*(T?) =

(Day)(t) = —
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bQ.P[XTY =0 for T € HI(#) by Theorems 5.1 and 5.2, (4.7) and (4.8), i.e.,
bHT([0]x) Cker(A). In particular, we have bT? = bD;(bT?) by (II). Again noting
b # 0 (does not vanish for some ¢) in the cases discussed now, hence T¢ = D (bT?),
this is just H ([0],) C Ima (D). (IV) For the case £ =0 with [0], #7/2, Ima (D)=
HT([0):) is clear by Remark 5.4 and fo% wy (7)dT > 0. Moreover, if Ay = 0, then
y = bDyy by (T), which implies 0= A (bD;y) =bDyA*1=cos § bD;y since cos 6 is
a nonzero constant; finally y=0D,y=0, i.e., ker(A)={0}. Similarly, the assertions
for B and Dy may be proved. O

Corollary 5.2. If K # 0 or k = 0 with [f], = 7/2, then bDy and —bDy are
idempotent, D1 and Do are left zero divisors of B and A, respectively, bD1 and
bDy are right zero divisors of A and B, respectively, i.e., D1B = 0, D;A = 0,
AbD; =0 and BbDs = 0.

Proof. If k=#0 or k=0 with [0],=m/2, AbD; =0 and BbDy=0 are just the results
of Corollary 5.1. Thus (AB)? = A (I -bD;)B = AB, i.e.,, AB is idempotent, so
is bD5. Noticing BAB =B — DB and BAB =B + BbD; = B, thus D;B = 0.
The rest of the proofs are obtained in the similar way. O

Theorem 5.3. If x > 0 and N, € HE([0]) is a given trigonometric polynomial,
then under the condition D1y = N, Ay = f possesses the unique solution y =
Bf +0N,. If kK < 0, the condition of solvability for Ay = f is Dof = 0, and
Ay = f possesses the unique solution y = Bf when the condition of solvability
is fulfilled. If k = 0 with [f], = m/2, the condition of solvability for Ay = f is
Dy f =0, and under the condition D1y = N where N is a given constant, Ay = f
possesses the unique solution y = Bf 4+ bIN while the condition of solvability is
fulfilled. If kK = 0 with 0], # /2, then Ay = f possesses the unique solution

b 27
y:Bf—bsecﬁDgf:Bf—Etanﬁ/ wo(7) f(7)dT.
0

So we call D the unisolving operator and D5 the restricting operator.

Proof. When « > 0, obviously y = Bf+bN, implies Ay = f by Remark 5.4 and
Corollary 5.1, as well as Dy = N, by Corollaries 5.1-5.2, conversely, if Ay = f
and Dyy = Ny, then Bf = (BA)y = y—bD;y by Theorem 5.2, i.e., y = Bf +bN,.
When k < 0, if Ay = f, then Dy f = 0 by Corollary 5.2, and y = B f by Remark 5.4,
conversely, the latter two equations imply Ay = f by Theorem 5.2. When x = 0
with [0], = 7/2, if Ay = f with Dyy = N, we then have that Dy f = (D2A)y =0
by Corollary 5.2 and y = Bf +bN from BAy = Bf by Theorem 5.2 and Corollary
5.1, conversely while Dy f =0 and y=Bf+bN, then Ay= f by Theorem 5.2 and
Corollary 5.1, as well as D1y = N by Corollaries 5.1 and 5.2. When « = 0 with
0] # 7/2, if Ay = f, then y is unique from ker(A) = 0 in Corollary 5.1, and if
y = Bf —bsecdDyf (its other form above may be obtained by Remark 5.4) then
Ay=ABf — A(bsecODyf) = f +bDof —bDof = f. O

Remark 5.5. From Theorem 5.3, we now know that A has neither a left inverse nor
a right inverse if x = 0 with [0}, = 7/2, and A has the inverse A~ = B —bsec §D,
if k=0 with [0], # 7/2.
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Remark 5.6. When k£ < 0 or k = 0 with [0], = /2, Daf = 0 is equivalent to
f Lo HT ([-0],), i-e.,

27
(5.8) /0 wa(T)h_n(F)f(r)dr = 0 for any h_peHT, ([~0]),

which is clear from (5.6) in Remark 5.3.

Remark 5.7. Obviously, for STE By = f we also have results similar to those for
SIE Ay = f discussed above. For example, its condition of solvability when x > 0
or K =0 with [f], = 7/2 is

2m
(5.9) /0 w1 (T)he(T)f(T)dr =0 for any h, € HL ([0],),

which is denoted by f 11 HI ([0],). When k = 0 with [f], # 7/2, then By = f pos-
sesses a unique solution y = A f—bsectD1f,ory = Af— % tan 6 fo% wy (1) f(7)dr.

Thereinafter we assume always that b in SIE (2.8) is a trigonometric polynomial
of degree p.

Theorem 5.4. If T, € H'*(a) (r > 0), then A(T,) € HI* ([a—0],) for r>r+pu
and B(T,) e HY, ([a+0]) for r>p—k.

Proof. The first result is clear from (AT,)(t) = Q.P[XT,|(t)— 5= fil w (7)[b(1) —

b(t)]T,(7) cot Z5td7 and (4.8) in Example 4.1. The second result is similarly proved.
]

We will need a kind of singular integral operators with cosecant kernel. For
y € Hor, we introduce

(A7) (t) = a(t)w: (t)7(t) + b2(—7tr) / ’ w1 (7)y(7) esc T th,
(5.10) b(t) O% T—1
(BY) (t) = a(t)w2(t)7(t) — o / wa(7)Y(T) esc dr.
0

The singular integral with cosecant kernel for § € Ho, is written as

2m 2m
-1 —1
/ 7(7) esc T 5 dr = / 7(7) sin T 5 dr
(5.11) 0 0

2m
-1 —t
+ / y(7) cos Tl ot ” dr,
o 2 2

where the first integral is a proper integral and the second integral is a singular
integral with Hilbert kernel. Obviously, A and B map Hy, into Ho, and possess
properties very similar to those of the SIOs A and B. For example, in a way similar
to Theorem 5.2, only substituting the equality (5.7) by the equality

(5.12) cscaese § = cse(f — a)[cot o — cot F],

we can get the following result.
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Theorem 5.5. AB=I1+bD;, BA=1-0bD; where

_ 1 2 T
(D.7) (1) = /0 wi (V)5 {QP [X71] (1) — QP [X 1] (1)) esc

T or

dr,

—t
T dr.

— 1 27 B
(D2y) (t) = g/ wa(7)y(7) {Q.P [X] (7) — QP [X] ()} csc
0
Remark 5.8. The conditions of solvability of By = f and Ay = f are, respectively,

2m
(5.13) Dif=0 or / wl(T)EFF%T(T)dT =0 forany h._1 € H .,
0 "2 e

2
(5.14) Dof =0 or / wy(T)h_, 1 f(r)dr =0 forany h_, 1 € HL .
0

bl —K—3

6. SINGULAR QUADRATURE OPERATORS

In this section, we construct some singular quadrature operators (SQOs) which
possess some properties similar to those of SIO A and B in the last section.

Definition 6.1. Let n = m + 2k, A, (7) is a (half) trigonometric polynomial of
degree n/2 with all simple zeros a,; (j = 1,2,--- ,n) lying in [0,27), /(7)) is
a (half) trigonometric polynomial of degree m/2 with all simple zeros G, ; (j =
1,2,--- ,m) lying in [0, 27). We call (A, Vm) & pair of (half) trigonometric poly-
nomials associated with (A, B), or simply, a pair of TPs, if and only if it satisfies
the relationship

AN, =Vmy BUm =240, O, Ly HY, 7 Lo HY, when n is even,

(6.1) _ _
AN, =Um, Bvym =24, whenn is odd.

There are many such pairs of TPs. Some examples may be found in [17, [21] [26]
and shall be given in the final section of the present paper. It must be pointed that
the conditions given in (6.1) are not independent each other. To show this, we give
an example as follows.

Example 6.1. While n = 2 and x > 0 or k = 0 with § = 0, by Remark 5.4,
Remark 5.5 and Remark 5.7, we know By, =A, == AN, =Vm, LNn Ly HE ([0]5)-
Moreover, by Theorem 5.1 we get

/0 " wn(7) B (1) Ty () dr = / s () T (1) (AT (7
(6.2)

27
= /0 wa(T) Vm (7) QP [XT,] (7)dr.

In this identity taking 7, € HZI([r/2 + 0].), by (4.8) we get V., Lo HI =
Ny Lly HE ([1/2 4 6],), and finally A, Ly HE. Similarly, while n = 2¢ and x < 0
or kK = 0 with § = 0 we get By,, = A, and V,,, Lo HY, from AA, =/, and
Np Ly HY'. While n=2¢ and k=0 with §#0, we know that, by using Theorem 5.2,
we get A, 11 HI and v7,, Lo HI from By, =/, and AN, =Vn,.

Lemma 6.1. Let n = 2¢ be even. If (An,/m) 8 a pair of TPs, then

(63) JAVHE] HTax{O,K}’ Vm-L2 HTaX{O,—R}'

m m

Proof. This follows from Example 6.1 above. (]
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If h, (1) = CH?ZI sin TT]’ a half-trigonometric polynomial, where ¢ # 0 is a

constant and ¢;’s are pairwisely different points in [0, 27), we denote the discretiza-
tion operator at the set of its zeros ¢; (j = 1,2,--- ,n) by

(64) er = (f(tl)i o 7f(tn))T7
and the trigonometric interpolation polynomial of normal form for f at the zeros
t; (j=1,2,---,n) by [26]-[28],

b, -1 . .
Z (T)) cse 5 Lf(t;) if n=20—1 is odd,

6.5) (L) () =1¢ T3

li
> 2712((;) cot = _2 b ft;) if n=2C is even.

Let
T 1 <
(6.6) b=5-5> b

Obviously, by Lemma 4.1,

{ HI ([¢]x) if n=2¢
h, €

(6.7) Hf_% ([7/2 + ¢lx) if n=20—1.

Thus we have [27],

(6.8) ker(I — L") { HE ([m/2+¢lz), if n=2C,

HT |, if n=20—1.

If (A, Vm) is a pair of TPs, now we construct some quadrature formulae. For
the proper integral

1 27\'
(6.9) Uf = / wi (7) f(r)dr,

27T 0
let
(6.10) QY f = ULL f = ERUrs
where

. A:(an, i)
(611) EnAU — (un,la N ,Un,n) with U"J = m,
2m T—Z .
wy (1) Ay (7) cot dr, if nis even,
0

(6.12)  AX(z) = zeC.

2 _
/ w1 (T) Ay (7) csc T—2zd7', if n is odd,
0
Ar is called the associated function of A, with respect to the weight w;. We
approximate QfU f to Uf and denote the remainder by
(6.13) RV =Uf-QYF.
Obviously, by (6.8)

H ([7/2+¢1],), if n=2¢ T 1L
] AU :) YA w/ I - _z .
(6.14) ker(Rn ){Hsz if 0= o201, ¢1=75 P O,
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Similarly, for the proper integral

(6.15) Vi= g [ s
let

(6.16) QY f = VLY f = EYVry f
where

Vs, so-called the associated function of 7, with respect to the weight ws is given
as follows

T —Z

2
/ w2 (T) Vm () cot dr, if m is even,
618) T =1{ 7 2 cec
/ wa(7) Vm (7) csc dr, if m is odd,
0

Definition 6.2. If H,z_l - ker(RﬁU), but there exists some T}, € H,z such that
RAYT, # 0, then we define the quadrature formula (6.13) to have trigonometric
precision of order (k—1), denoted as pr(QfU) =k-1.

Definition 6.3. If pr(QfU) =k—1and H] (o) C ker(RfU), we say (6.13) is of
HI'(a) type, denoted as ty(QfU) = Hl' ().

The two definitions above are seen in [27] in detail. The meanings of the
pr(Qy V) and ty(QXV) are similar and obvious. Now we know the following
result from (6.8).

Lemma 6.2. pr(Q3Y)> [251] and pr(QYY) > [Z5L] where [z] is the integer
part of x. When n=2( is even, then ty(Q5Y) D HI ([m/2+ ¢1],) and ty(QY,") 2
HE  ([7/2+ ¢2],) where ¢y is given in (6.14) and

(6.19) b2 =2 2> s

Since (A, Vm) is a pair of TPs, we have a better result.

Lemma 6.3.
pr@3) 2 mos (3] (3] ¢ o} onton@) > { 2] 2] ).

Proof. We only prove the first conclusion. When n = 2/—1 and « > 0, noting
that A, € HKT_*l and using the FEuclidean division formula in Lemma 4.3, we get
2

H[TJM_1 :AnH’;";%@HE_r So, by Lemma 6.2 and (5.13) we know RﬁU (HZM_I) =

{0}. When n = 2/, noting that A, € H* ([¢1].) and using the Euclidean division
formula, we get HZ‘,—max{O,ﬁ} :AnHiax{O,n} @ H} ([v/2+ ¢1],.). Thus, by Lemma

6.1 and Lemma 6.2 we know RSV (Hﬁ-max{o,ﬁ}) = {0}. O
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Now we set up the quadrature formulae of D; and Dy, respectively,
QP )(E) = ERPr(ry f
= (U/n,l dl (an,la t) ; Un,2 dl (an,27 t) y oty Unn dl (an;ru t))rﬁfa
QY2 f)(t) = EY P2 ()ry f
= (/Um,l d2 (5m,17 t) ; Um,2 d2 (5777,,27 t) y s Umym d2 (571,717 t))rxf

Lemma 6.4. pr(QﬁDl) > [%] and pr(Q,ZD2) > [%], where the definitions
pr(QfL‘Dl) and pr(Q,VnDQ) are similar to Definition 6.2. In particular, Q,?le:
DLy f, QuP2f=D,Ly f.

Proof. When x < 0 and & = 0 with [#], = 0, since D; = 0 and Q5P* = 0 by (5.6)
and Remark 5.4, we agree that pr (QSD 1) = 400, thus the conclusion required is

trivial. For the case of K > 0 and k = 0 with [f], # 0, by Lemma 6.3 and (5.5), the
conclusions required follow. O

(6.20)

(6.21)

From [27] we may obtain the singular quadrature operators (SQOs) Q5 for A
and QY7 for B .

mlt
(622 (@817) (0 = F= o) 4 b0 B 0
where
AA Qn1—1 Qpo—1 Qpp — 1
(6.23) E;7(t) = | up1 cot —=———, Uy 2 COt ———, -+ | Uy, COt — ,
’ 2 ’ 2 ’ 2

and

ANy (t
(624 (Q52F) (0 = S5 1)~ MO B> 05 f
where
(6.25) EYB(t)= (vm,l cot %, V.2 cOt %, S+ Upm Ot %) .

Definition 6.4. While (A,,, \/,,) is a pair of TPs of SIOs (A, B), then (Q44, QY.?)
given by (6.22) and (6.24) is said to be a pair of associated SQOs relative to (A, B).

Remark 6.1. We easily obtain

Un,jb(an,j):% (j=12,--,n),
(6.26) B A (B B
Vm ke O(Bm k) = T (o) (k=1,2,---,m).

For example, by (6.1) and (6.11) we get

1 *
Vm(Qn,j) = e blan ) O, () = 2 A, (i j) Do, )t -

Let C5.(hy,) denote the family of continuous functions with period 27 and pos-
sessing derivates at the zeros of h,. By Remark 6.1 we may obtain the following
conclusion.

Remark 6.2. QfA (Ch (AN — Ch (Um) and QYB : Ch (7m) — Ch(A).
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From [27] or directly using Lemma 6.3, we also obtain the following result.
Lemma 6.5. pr(Q,%A) > [%] + max{0,x} and pr(QZB) > [%] + max{0, —x}.

Now we assume that n is sufficiently large. The following theorem is completely
parallel to Theorem 5.2.

Theorem 6.1. Q54QYEZ =1+0QYP2, QYVEQL4A =1-0bQ4501.

Proof. Only prove the second equality. The compositions of Q44 and QYZ are
just reasonable by Remark 6.2. First suppose f € ker(r%'), we get QV2Q24f = f.
For a general function f, we then have

QYEQAAf=f—LYf+BALSf  (by Lemma 6.5 and Theorem 5.4)
=f—Lof+ (X —-0bDy)L5f  (by Theorem 5.2)
=f-bQ5P f  (by Lemma 6.4). O

Remark 6.3. If k > 0, then QYP2 = 0 by (5.5), this is to say that Q44 has the
right inverse QY E. If x < 0, then Q5P = 0 by (5.5), this is to say that Q44 has
the left inverse QYZ. If k = 0, then Q5P1 = —sin§ QLY and QY2 =sin QY
by (5.6).

Using Theorem 6.1 and Lemma 6.5, we may get the following results, which are
parallel to those in the last section and their proofs follow trivially in a completely
analogous way to that used there.

Corollary 6.1. Ima(Q5P1) =HI([0]x) and Ima(QY,"?) =HT, ([-0]:). If c#0
or k=0 with [0] =7/2, then ker(Q5*)=0bH! ([0],), ker(QY®)=bHT, ([-0]~),
QLPWT, =T, when T, € H ([0],), QY 20T . = —T_,. when T_,, € H, ([-0]5).
If & = 0 with [0], # 7/2, then ker(Q5*) = ker(QY,?) = {0}.

Corollary 6.2. If k # 0 or k = 0 with [0], = 7/2, then bQ5P and —bQY,P2
are idempotent, Q,%Dl and QY2 are right zero divisors of QYP and Q,%A, re-

spectively, bQ5 Pt and bQY.P? are left zero divisors of Q54 and QY.B, respectively,

e, QAPIQYP =0, QYPQAM =0, QAADQAT = 0 and QYPHQY: = 0.

Theorem 6.2. If x > 0 and N, € HE([0]) is a given trigonometric polynomial,
then under the condition Q,%Dly = N,, QfAy = f possesses the unique solution
y=QYBf+bN,. If k < 0, the condition of solvability for Q5>4y = f is QY P2f =0
and it possesses the unique solution y = QY B f when it is fulfilled. If k = 0 with
[0]x = /2, the condition of solvability for Q54y = f is QY2 f = 0 and when
it is fulfilled it possesses the unique solution y = QY f + bN under the condition
Q4L Py = N where N is a given constant. If k = 0 with [0], # 7/2, then Q5%y = f
possesses the unique solution y = QY B f — bsec0QY P2 f.

Remark 6.4. If k = 0 with § # 7/2, then we know (Q,%A)_1 =QVB-bsecod QY2 =
QVB —btan6 QY", by Corollary 6.1 and Theorem 6.2.

m Y

7. DISCRETIZATION MATRICES

In this section, we discuss the compositions of the associated SQOs and the

discretization operators. Applying r¥ to Q44 we get

(7.1) rYQAAf = At f
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where the (m,n) matrix A, , is just

anj — Bmpk .
b(ﬂm,k) Uy, j COL %a if Q5 7é ﬁm,ka

Vrm (Brm.k)
A (o)

(7.2)  Amn = (arj), ak;=
=20 (ﬁm,k) Un,j, if Qp 5 = ﬁm,lv

In (7.2), the case o, j # Bm,k is obvious. If o, j = Bk, from Remark 6.1 we know
b (ﬁm,k) Up, 5 = 07 SO,

Q5 —t

o [
ak,j = tl{@rﬂk An(t)
o Vin (ﬁ?’mk)

= MmPmk) gy .
A;L (anyj) b (ﬁm,k:) Un,,j

+ b(t)up,j cot
(7.3)

Remark 7.1. If oy j = By i and w,, ; # 0, then ag j = a(ay, ;) wi (ay,,;), from (6.1)
and (7.3).

The matrix A,, , arises from discretizing Q24 by rY. We call it the discretiza-
tion matrix of Q45“. By analogy, discretizing QY by r2', we also have

(7.4) ro QY2 f = By mry f
where the (n, m) matrix B,, ,, called the discretization matrix of QY7? is

b (an,j) U COL O‘m%ﬁm,r’ if Qn 5 # 5m,r7
(7.5) Bn’m - (bj,"')7 bj,T‘ - A;Z (an)J)

+ 20 (o j) Uy A i = Binyre

Vo (Bm.r)
Remark 7.2. If ap j = By r and vy, # 0, then b, = a (Bmr) w2 (Bm,r) -

Definition 7.1. (A, Bnm) in (7.2) and (7.5) is called the pair of associated
matrices of (Q44, QY7).

Lemma 7.1. Let (A n, Bnm) be the pair of associated matrices and let Iy, de-
note the unit square matriz of order k. Then Ay, By m = In, when £ > 0 and
BymAmn = I, when k < 0.

Proof. We only prove the first equality. From Remark 6.3, we have Q54QYE f =
f. Applying r¢ to both sides of this equality, we get rYf = rYQ54QVEf =
Am,nerZBf = Ay nBrmIy, f by (7.1) and (7.4). Noting that ry, f is arbitrary,
finally, Ay, nBrom = L. O

First, we treat the case of Kk > 0. We arbitrarily choose 2k different points
Bmm+k (K=1,2,---,2k) in [0, 27), only requiring that

2K
(76) 792 = l;r - ;Zﬂm,m+k] 7é [9]71'
k=1 ,T
Let
2K - ﬁ
(7.7) Va(r) = [[ sin T%”
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Then the trigonometric interpolation of f in HI ([f],) on the zeros of Va, is (e.g.
see (2.4) in [27])

2Kk
(L3 f) (1) = 3 Vir (D) (Bonme)
k=1

(7.8)
N Tﬁﬁm,,m,ﬁ—k
Vau(r)sin( gm0 —9;) . _
with Vg (1) = — ( > )cscT Pk
Vi, (Bm,m+k) sin(0—vs) 2

Discretizing Q5”1 by the discretization operator ry, at the set of zeros of Va,, we
get

(7.9) Y, QP f = Ay nrl f,

where the (2k,n) matrix Agy ,, is

(7.10) Asin = (@miky)  With  amik; = tnj di(an g, Bmmtk)-
Applying r2 to bLy, f we get

(7.11) vy (bL3.f) = Bty f,

where the (n,2k) matrix B,, o, is

(7.12) By ok = (bjmgr) With bjmir = b () Vir (anj) .

Let the partitioned matrices (square matrices of order n)
j— Am n j—
(713) An = AQ;-;n 3 B, = (Bn,ma BTL,?K)'

Lemma 7.2. Let k >0, A, and B, be as above, then A,B, = 1I,.

So A, and B, are called the supplemented matrices of A,,,, and B, ,, respec-
tively.

Proof. By Corollary 6.1 and noting LY. f € HT ([0],), we have Q5P (bLY, f) =
Ly, f. Thus, by (7.9) and (7.11) we get ry, f = ry, (L3, f) = r3, Q" (bL3,.f) =
Aoty (BLY,. f) = AswnBnawty, f- Noting that ry, f is arbitrary, finally, we get
Az nBn o = In.. Let Oy ; denote the (k, j) zero matrix. By Corollary 6.1, (7.1)
and (7.11), we have O,, 1 =Y. Q54 (bLY, f) = Apmrs (bLy,. f) = ApnBm 2xTy, f
ie, AnmBmas = Opae. By Corollary 6.2, (7.9) and (7.4) we get Oapn
= I‘ganDlean = A2n,nr$Q%BJc = A2K,7LB7L,mryvnf7 S0 AQn,an,m = O2r€,m~
Finally, noting Lemma 7.1, the proof is completed. (]

By analogy, when x < 0, we arbitrarily choose (—2x) different points o, nix
(k=1,---,-2K) in [0, 27) with

—2K
T 1

(7~14) ¥ = [5 - 5 Zan,n+k] # [_9}7”

k=1 .
and set

—2K

. T —0pn

(7.15) A_ow(T) = H sin %

k=1
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We know that the trigonometric interpolation of f in HZ, ([~6].) on the zeros of
A_a is [27]
—2K
(Lé%f) (T) = Z /\—H,k(T)f (an,n+k)
(7.16) h=t
N_2x(T) sin(iT_a;‘"*’“ —9—191)

. T« k
with A_. k (7)= - csc Uilan
ok (7) N o, (i) sin(—6 — 1) 2

Discretizing Q472 by the discretization operator r”\,, at the set of zeros of A_a,,
we get

(7.17) r0, QY2 f = Bogmrf,
where the (—2k,m) matrix
(718) B72/<a,m = (anrj,r) with bn+j,7‘ = ’Um,rd2 (an,nJrja 5777,,1")-
From
(719) r’r?l (_bLi\Z%f) = Am7*2ﬁri\2nfa
we get (m, —2k) matrix
(7.20) Am,—ow = (aknts)y  knrj = =b(Bmk) Arxj (Bmk)-
Let
B
(721) B,, = ( B—ZZ:Lm )7 Am = (Am,na Am,72/<;)~

In exactly the same way, we may prove B,,A,, = I,,. So, we still call A,, and B,,
the supplemented matrices of A,, , and B, ,,, respectively.

Lemma 7.3. Let k <0, A,, and By, be given by (7.21), then A, By, = I,.

When £ = 0 (n = m) with [0]; # 7/2, Ay, given in (7.2) is a square matrix,
denoted as A,,. But we use B,, in the present case to denote the following square
matrix
(7.22) B, = By — tané (rfb) EYY = {bj, —tan@ v, . b(an )},

where By, ,, and EYV are given in (7.5) and (6.17), respectively, which is called the
supplemented matrix of B,, ,,,. Obviously, by Remark 6.4

(7.23) 5 (QYE — sec 0vQY,P?) f = B,ry, f.

Thus, by Remark 6.4 one can show rsf = r5 (QYZ —secbQy?) Q2Af =

B, rY Q24 f = B,A,r>f, i.e., ByA, = I,. Thus, we also have the following
result.

Lemma 7.4. If k=0 with [0, #7/2, then A,B,=1I, where By, is given in (7.22)
and A, =Ap, » in (7.2).

When x =0 (n =m) with [0], = 7/2 (sinf = £1), let

(7.24) Apyin = ( ggg > Byni1 = (Bpm, —sinfrsd),
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where A, ,, E2Y and B, ,, are, respectively, given in (7.2), (6.11) and (7.5). Let

Q] v
(7.25) Apirg = ( Smoe W’) ., Bini1=(EYY,0),

where EYV is still given in (6.17). Finally, we set

B
(726) An+1 = (An+1,n7An+1,1)a BnJrl = (Bnm—i_l) 5
1,n+1

which are called the supplement matrices of A,, ,, and By, ,,, respectively.

Lemma 7.5. If K = 0 with [0], = 7/2, then Api1Bpy1 = Int1 where Apyq1 and
By+1 are given in (7.26).

Proof. (I) I‘,%f = rr%[QyLBQﬁAJF bQﬁDl]f = [Bn,mAm,n*Sina (rﬁb) Er%U} I‘y%f =
anHAnH,nrﬁf by Theorem 6.1, Lemma 6.3 and (7.24), i.e., By nt1Ant1n = In.
(I) By Corollary 6.1, (7.4), (7.24) and (7.25) we may get O,, 1 = —sinfr5 QY Pb=
—sind B, ;rYb = By ni1An+11. (II) By Corollary 6.2, Remark 6.4, (7.24) and
(7.25) we have 0 = QYP2Q44f = sind EYVrYQLAf = sin EYV A, x5 f =
—sinf B177L+1An+17nr$f, i.e., Bl,n+1An+1,n = Ol,n- (N) We have 1:—Q,ZD2b:
—sinf EYVrVb= Bin+1A4n+11 by Corollary 6.1, (7.24) and (7.25). The proof is
now completed by (7.26). O

Theorem 7.1. Let 6, = (851,002, 0nn) » fo = (fats Frozs- s fam) - If
Kk > 0, then A,0, = fn has the unique solution 6, = By f, where A, and B, are
the supplement matrices given in (7.13). If k < 0, then the condition of solvability
for Ap n0n = fm 18 B_oxmfm = O_2.1 and it possesses a unique solution 0, =
B fm when the condition of solvability is fulfilled, where Ay, 5, Br.m and B_o, m,
are given in (7.2), (7.5) and (7.18), respectively. If K = 0 with [0], # ©/2, then
A6, = fn, has the unique solution 6,, = By, f,, where A, =A,,,, and B,, are given
in (7.2) and (7.22). If kK =0 with [0], = ©/2, then the condition of solvability
for Apiindn = fas1 s Bipt1for1 =0 and it possesses a unique solution &, =
B 41 frt1 when the condition of solvability is fulfilled, where Ay11 n, Bpny1 and
Bi 41 are given in (7.24) and (7.25), respectively.

Proof. (I) The proofs for the cases of x > 0 and x = 0 with [§], # T are obvious
by using Lemma 7.2 and Lemma 7.4. (II) For the case of k < 0, if Ay, 0 = fim,
then, using, respectively, By, ,, and B_sx m, by Lemma 7.3 we get 6, = By mfm
and B_ox m fm = O—_25.n6, = O_2,1. Conversely, if B_g, m frn = O_2x1, let 6, =
Bn,mfma then, by Lemma 7.3 we get Am,nan = Am,an,mfm+Am,—2f€B—2mmfm =
A B fm, = fm where Ay, _o,; is given in (7.20). (I) The proof for the case of k = 0
with [0], = 7/2 is similar to (I). O

8. DIRECT QUADRATURE METHOD

In this section, we introduce the direct quadrature method of SIE (2.8) rewritten
in the form

1 27
=5 /0 w1 (7)k(T, t)y(T)dr.

From Remark 6.2 we know that, in general, QY? is not defined if f € Ha,.
This is not convenient in applications, therefore we must firstly improve QYZ.

(8.1) (A+XK)y=f with (Ky)(¢)
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We introduce the interpolation operator LY, (f + LY f), which possesses the
interpolation property and differentiability at the zeros of v/,

(8.2) eyl f=rf,  Lyf€Co(Um)

For example, the trigonometric interpolation polynomial operator LY given by (6.5)
is just one.
We introduce again the operator Q4K as

(QAKF) (1) = BAK (1)l f

= (n (L) (@)t (L) (o)) 75 f
where
(8.4) (LK) () = (LK) (),

namely, applying LY to k(r,t) for the second variable ¢ while the first variable 7
is treated as a parameter we obtain the function LYk of two variables which is
sometimes also denoted as (LY k)(7,1).

Remark 8.1. Obviously, Ima (Q5%) C Cy. (Vm)-
Again applying the discretization operator ry to (8.3) we get

where the (m,n) matrix
(86) Km,n = (k‘@j) with ki,j = un,jk(ozmj,ﬁ,m).

Now we introduce the direct quadrature method. We must separately consider
four cases for the index k.

The case of x > 0. In this case, by Theorem 5.3, in order that SIE (8.1) has a
unique solution, we must further require that

(8.7) Dy =N, € H! ([0]x) (a given trigonometric polynomial).
In the system of equations (SE)
(A +K)y = f,
(88) { Dly:Nﬁv

replacing the operators A, K, D; and f with Q44, Q42K, Q4P and LY f re-
spectively, we may construct the system of two functional equations

Q2 +2QR ")y = Ly f,

QﬁDlyn = Vg,
which is called the (direct) approximate equation (AE) of SE (8.8). Its solutions are
called the (direct) approximate solutions of SE (8.8). Discretizing the first equation
by ry and the second equation in (8.9) by ry,, we get a system of linear algebraic
equations, which is called the (direct) numerical equation (NE) of AE (8.9) and SE
(8.8),
where A,, is given in (7.13) and

Ko I‘yn T

(811) K?’L(O ’ )a fn( \/]5 >7 5n:(5n,1;5n,2;"'35n,n) )

o

(8.9)
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where K, ,, is given in (8.6) and O, ,, is the (k,n) zero matrix. The solutions of
NE (8.10) are called the (direct) numerical solutions of AE (8.9) and SE (8.8).

We point out that there is a very interesting relation between the approximate
solution and the numerical solution. Obviously, if y, is an approximate solution,
then d,, = r2'y,, is just a numerical solution. Contrarily, if §,, is a numerical solution,
we construct the extension operator

Ap(t)
Vm (t)

Since ,, is a numerical solution, the above E5*d,, is exactly well defined and E5'd,, €
Cy.(Ay) by (8.2) and Remark 6.1. Moreover, we may show that it possesses the
interpolation property

(8.13) r2E26, = 6.

(812)  (ER6)(0) = [(L1)(8) = BOESA(1)5, — ANELE (£)5,]

To prove this, let § denote a function which possesses r2d = 6, for example, the
trigonometric interpolation polynomial. Then we have

2E2s, = x5+ 22 (L5 - (@24 +0Q2%) o] | o -,

m

by (8.12), since ¢, is a numerical solution.
Remark 8.2. Now the first equation in (8.9) may be rewritten as
(8.14) Yn = BTy

Therefore, by (8.13) E5 4, satisfies the first equation in (8.9) if &, is a numerical
solution.

Remark 8.3. Noting (7.9) and (8.13), we know ry, Q5 P1ESS,, = Ag, nr5ES6, =
Aoy nbn = 13, N,. Again, by Corollary 5.1, Q2P1ES6, € HT ([0],); finally, by
the uniqueness of the trigonometric interpolation on HI ([6],) [24, 26], we get
QLPIES S, = N, ie., ESS, satisfies the second equation in (8.9) .

Combining Remark 8.2 and Remark 8.3, we know E2'6,, is an approximate so-
lution. Thus, we may solve AE (8.9) via solving NE (8.10). More precisely, noting
(8.13) and (8.14) we have the following theorem.

Theorem 8.1. Let F'P be the set of the (direct) approzimate solutions and EP the
set of the (direct) numerical solutions , then the extension operator ES : EP — FP
given in (8.12) and the discretization operator v4 : FP — EP are inverse to each
other.

The case of k < 0. In this case, prescribing that (8.1) has a solution, by The-
orem 5.3 we see that the following constraint condition must be satisfied:

(8.15) Dy [f — AKy] =0.

Now we cannot directly construct the first functional equation in (8.9), because
it is difficult to ensure its solvability when x < 0. In fact, by Theorem 6.2 if it has
a solution ¥,,, then necessarily

(8.16) QoP2g* =0 with g* =LY f - AQ5Ky,.
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In general, (8.16) does not follow from (8.15). A reasonable method is to consider
both (8.1) and the constraint condition (8.15). It may be seen that the solution of
(8.1) must be the solution of the equation

(8.17) (A+2K)y = f +bDs(f — AKy).
In this equation, replacing the operators A,K,D,, f with Q54 Q4K QYPz2,
LY f, respectively, we construct the functional equation

Q2" +2AQEK + QY2 QR K yy, = f*

(8.18) =LY +bN_. (N_.=QyP2f e HE, ([-0])).

Discretizing (8.18) by ry, we get the system of linear algebraic equations

(8.19) (Amn + A + MK, )00 = fr, =135 f7,

m

where Ay, n, K n are as before, and the (m,n) matrix

)
K;kn,n = (k;j), k;'k,j :b(ﬂm,i)un,jkiﬁ(ﬂm,i)a
)

(8.20) , . :
K, =QYP2ki e HE, ([=0]x) , k' =k(apj,t).

Remark 8.4. K7, .r2 f =ty (bQYP2Q5K) f.

m,ntn

Now, we call (8.18) and (8.19) the (direct) approximate equation (AE) and
the (direct) numerical equation (NE) of (8.17), respectively. Their solutions are
called the (direct) approximate solution and the (direct) numerical solution of (8.1),

respectively. If §, is a numerical solution, by setting the extension operator
(8.21)

An(t) * *
(EL0,)(t) = o) {f (t) - [b(t)E,?A(t) + AESK(t) + Ab(t) EAK (t)] 5n}
where
(822) ESK* (t) = (un,l k* (an,la t) 7un,2k* (an,27 t) y T 7un,nk'* (an,n7 t) )

with k*(7,t) = (QYL* LYk, ) (7, 1)

in which the first variable 7 is always treated as a parameter, then Theorem 8.1
still holds and the proof follows from working in a way analogous to that in the
case k > 0.

The case of k =0 with [f], = 7/2. Assume (8.1) has a solution, then the con-
straint condition, by Theorem 5.3 and (5.9),

(8.23) Vg=0 with g=f— Ky,

must be satisfied; moreover, in order to find the determined solution we need the
unisolving condition

(8.24) Uy =—Ncsch (N is a given constant and csc = +1).

For the discussion of the numerical solution under the present case, we must keep
an eye on both the constraint condition (8.23) and the unisolving condition (8.24).
Obviously, the solution of (8.1) is the solution of the equation (8.17). As before,
from

(8.25) { (A+AK)y = [ +bDs(f — AKy),

Uy = —Ncscb,
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we get the (direct) approximate equation (AE)
Qe +AQR " + Absin 0 QY Q™) yn = £
(8.26) where (Ly, f)+ bsin6QY," f,
Q4Yy,, = —Ncsc,

and the (direct) numerical equation (NE)

(827) (An+1,n + /\KTH-LYL + AKZ-&-Ln) 5” = f;+1
where A, 11, is given in (7.25),
— Km,n * — K:IITL

froi = Bmt) s (Bgm) s —Nescd)”

with Ky, , as (8.6) and K, , as (8.20).

In the present case, we call the solutions of (8.26) and (8.27) the (direct) approx-
imate solution and the (direct) numerical solution of (8.25), respectively. If we set
the extension operator the same as (8.21), then Theorem 8.1 still holds.

The case of k =0 with [0], # 7/2. Treating (8.1) as before, we obtain the
functional equation and the linear algebraic equation

(8.29) Q2" +2QR ") yo = Ly f,
(830) (An + )‘Kn) 511 = fn = (f (ﬁm,l) 7f (ﬁm,Q) y T af (6m7m))T

where A, = A,,, and K,, = K,,,,, given in (7.2) and (8.6), respectively, are the
square matrices since m=n.

As before, (8.29) and (8.30) are called, respectively, the (direct) approximate
equation (AE) and the (direct) numerical equation (NE) of (8.1). Their solutions
are called the (direct) approximate solution and the (direct) numerical solution
of (8.1), respectively. If 4, is a numerical solution, by still setting the extension
operator EZ as (8.12), then Theorem 8.1 holds again.

9. INDIRECT QUADRATURE METHOD

In the present section, we discuss the indirect quadrature method. When « >0,
applying B to both sides of (8.1) and taking into account the unisolving condition
(8.7), (8.8) becomes as, by Theorem 5.3,

(I+\L)y = F = Bf +bN,

9.1 27
O with (Ly)(t) = (BKy)() = 3= [ wi ()i y(r)ar
where
U(7,t) = (Bk.) (t) = (Bk) (7, 1)
9.2 2 v
©:2) = a(t)ws (t)k(r, ) — % /O wa(2)k(r, z) cot *—L da.

In the above Bk, we also treat 7 as a parameter.

In the case of k < 0, noting Theorem 5.2, Remark 5.4 and Corollary 5.2, applying
B to (8.17) we again obtain (9.1), but we must treat N, = 0 in (9.1) (this is just
in agreement with what we agreed before).
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Similarly, in the case of k = 0 with [0], = 7/2, applying B to both sides of
(8.17) and taking into account the unisolving condition (8.24), by using Theorem
5.3, Remark 5.4 and Corollary 5.2, we still obtain (9.1) by treating No = N given
in (8.24).

In the case of k = 0 with [0], # /2, applying B — bsec D> to both sides of
(8.1), by Remark 5.5 we also obtain (9.1) with the understanding of

b(t) tan 6
27
We call the Fredholm integral equation (9.1) the regularizing equation, respec-

tively, of (8.8) when x > 0, of (8.17) when x < 0, of (8.25) when x = 0 with

0] = 7/2, of (8.1) when k = 0 with [0], # 7/2, with the understanding for [ and
N, in (9.1) and (9.2),

9.3)  U(rt) = (Bk,) (1) — /O (kD) No— — tandV .

(9.4) I [ given in (9.2), when kx # 0 or k =0 with [0], = 7/2,
’ “ | { given in (9.3), when x =0 with [0], = 7/2,
N, given in (8.7), when k > 0,
0, when xk < 0,
(9:5) Ne = N given in (8.24), when k = 0 with [0], = 7/2,
—tanf Vf, when k = 0 with [0], # /2.

In this way, the discussion below shall be valid for all cases of the index k.
Remark 9.1. From Remark 5.2, F' and [ are functions in Hs, for all cases of k.
Instead of (9.2), we use the operator
06) (Qaty) (t) = Bt (t)riy
= (unal (an,1,t) s un ol (@n,2,8) - s Unnl (Ann, t)) roy,
then (9.1) becomes
(9.7) (I+2Q5F) y =F.
Again, setting
(QTELTk. )7, 1)—b(t) tan 0(QY LYk, (),
(9.8) ln(T,t)= if k=0 with [0],#7/2,
(QYPLYk.)(r,t), otherwise,

where
An(t)
VBV T 1) = Vi) (T,
(99) ~bE) 3 ot Ut Z LTk ) (7, 0 ),
Jj=

(QVYLYENT) =QYY LY kr =Y vm i (L ke ) (7, U ).

j=1
In (9.6) replacing ! by ,,, we have
(QRtry) (1) = Eptr(Dryy

(9.10)
= (un,lln(an,lv t) ;un,an(an,Z; t) [ ;un,nln(an,n; t)) rfy
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Remark 9.2. We easily see l,(7,-) € C4 (A,) by Remark 6.2, so Ima(Q5Lm) C
Cor(Bn).

Remark 9.3. From (8.3), (9.9) and (9.10) we get Q4L =[QNZ —btan QY| QL K,
while x = 0 with [0], # 7/2 and Q5 = QYVPQAK, while k # 0 or k = 0 with
0] =m/2.

Remark 9.4. If kK # 0 or k = 0 with [0], = 7/2, applying Q44 and Q5P to

Q4L =QYPQAY, we get QA1QAT =QEK +1QY QLK and Q471 QE T =0
by Theorem 6.2 and Corollary 6.2.

Now we construct the functional equation
(9.11) I+ 2Q5L") y, = F, = QYPLY f + bN,, (N, in (9.5)).

(9.11) is called the approximate equation (AE) of (9.1) or, respectively, the
(indirect) approximate equation of (8.8) under the case k > 0, of (8.17) under the
case £ < 0, of (8.25) under the case k = 0 with [0], = 7/2, of (8.1) under the case

k = 0 with [0], # 7/2. Its solutions are called the (indirect) approximate solutions,
the set of which is written as F7I.

Remark 9.5. FI C CJ (A,), namely, in essence we find the approximate solutions
in Cy. (Ay).

Discretizing (9.11) by r,?, we get a system of linear algebraic equations as

(9.12) (I, + AL,)6, = v5F,,
where the square matrix of order n is
(9.13) L, = (l,;) with 1, =upln(@nr, an ).

Remark 9.6. r5Q%1n = L,r%.

(9.12) is called the numerical equation (NE) of AE (9.11), or respectively, the
(indirect) numerical equation of (8.8) under the case x > 0, of (8.17) under the case
k < 0, of (8.25) under the case k = 0 with [0], = 7/2, of (8.1) under the case k =0
with [0], # 7/2. Its solutions are called (indirect) numerical solutions. E! denotes
the set of the (indirect) numerical solutions.

Now working in a way analogous to that used in the last section, we can easily
show that, between the (indirect) approximate solutions and the (indirect) numer-
ical solutions there exists the following relation.

Theorem 9.1. FEither both the (indirect) approzimate solutions and the (indirect)
numerical solutions exist or neither exists. If they exist, then they are in one-to-one
correspondence: t5 being a one-to-one operator for FT — ET E2 being a one-to-
one operator for ET — FT and they are inverse to each other, where the operator
EZ is an extension operator as follows:

(9.14) (E26,)(t) = F,(t) — AE2E~(t)6, if 0, € EL.

In the direct quadrature method and indirect quadrature method, we only require
that the interpolation operator Ly satisfies (8.2). Therefore, we may choose the LY
according to the input condition and the requirement of the problem. There are two
useful choices of LY (the other will be introduced in another paper). If the input
functions f, k € Cy_, for the higher trigonometric precision, sometimes one chooses
LY =1 (the identity operator). For the general case that the input functions f,k
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are in the class Ho,, we take LY = LY the trigonometric interpolation polynomial
operator given in (6.5).

Obviously, under any choice for LY | the numerical solutions are always the same.
We call the approximate solutions for the case LY = I the approximate solutions
of the first kind, i.e., Nystrom’s interpolation approximate solutions. For case
Ly = LY, in Remark 10.2 of the next section we will see that the approximate
solution is just the trigonometric interpolation polynomial at the zeros of A, via
the numerical solution, which is called the approximate solution of the second kind.
In the framework given here, both the approximate solutions of the first and second
kinds are the natural interpolation solutions via (8.12) or (8.21) or (9.14).

10. COINCIDENCE

In the present section, we shall verify that the direct quadrature method and the
indirect quadrature method stated above are equivalent. Due to this reason, we
only need to discuss the existence and convergence of the (indirect) approximate
solution and the (indirect) numerical solution. Such a coincidence technique is first
studied by Ioakimidis [I6] for the simplest case that a and b are constants. Here
we discuss it in a quite simple and obvious way, so the results are more general and
accurate.

Theorem 10.1. If k>0, then (8.8) is equivalent to the regularizing equation (9.1).
If k<0, then (8.17) is equivalent to the reqularizing equation (9.1). If k=0 with
(0] =7/2, then (8.25) is equivalent to the regularizing equation (9.1). If k=0 with
[0 #7/2, then (8.1) is equivalent to the regularizing equation (9.1).

Proof. These conclusions directly result from Theorem 5.3 and Corollaries 5.1 and
5.2. For example, when k < 0, let f# = f — AKy + bDo(f — AKy) in (8.17), then
D, f# =0 by Corollary 5.1, thus (8.17) has the solution y if and only if y is the
solution of (9.1) by Theorem 5.3 and Corollary 5.2. g

Theorem 10.2. If £>0, then AE (8.9) is equivalent to AE (9.11). If k<0, then
AE (8.18) is equivalent to AE (9.11). If kK = 0 with [f], = 7/2, then AFE (8.26) is
equivalent to AE (9.11). If K = 0 with [0], # /2, then AFE (8.29) is equivalent to
AE (911). In a word, FP = FT.

Proof. These conclusions directly result from Theorem 6.2 and Corollaries 6.1 and
6.2. For example, when k=0 with [0], =7/2, let

== (0Qe X +20sin 0 QYY QR ) yn

in (8.26), noting QYP? = bsin6 QY. , then QY2 f# =0 by Corollary 6.2. Thus
(8.26) has the solution y,, if and only if y,, is the solution of (9.11) by using Theorem
6.2, Corollary 6.2 and Remark 9.4. O

Remark 10.1. In passing, we point out an interesting fact. While k < 0, from
Theorem 10.2 we see that, to solve AE (8.18) it does not need to know N_, and
k? . introduced in (8.18) and (8.20), since they do not arise in (9.11). This shows
that the method here is both complete in the theoretical analysis and convenient
in the actual computation.

Theorem 10.3. If k > 0, then NE (8.10) is equivalent to NE (9.12). If k < 0,
then NE (8.19) is equivalent to NE (9.12). If k = 0 with [0], = 7/2, then NE (8.27)
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is equivalent to NE (9.12). If k = 0 with [0], # 7/2, then NE (8.30) is equivalent
to EN (9.12). In a word, EP = ET.

More precisely, we give some lemmas. These lemmas imply Theorem 10.3. For
simplicity, we use some pictographic symbols, for example, let us denote to apply
B, to both sides of (8.10) by B,, x (8.10).

Lemma 10.1. If k>0, A, and B,, are given in (7.13), then B, x(8.10)=(9.12)
and A, x (9.12) = (8.10).

Proof. We prove the the first conclusion, since the second follows by it and Lemma
7.2. First, we have L,rly = r2Q5ty = r2QVEQLEy = B, n.rvQ4%y =
Bn’meynrﬁy, by Remark 9.6, Remark 9.3, (7.4) and (8.5), thus, L, = By m Km -
So, from (7.13) and (8.11) we get L,, = B,, K,,. Second, we get r5 F,, =r5 QY. PLY f+
rr? (bNy) = Bpmry, [ + rr? (bL3, Ni) = Bty f+ Bn,ZKrE/HNK = By, fn by (9.11),
(8.2), (7.11) and (8.11). So, r4F,, = B,, f,,. Now, the proof is completed. O
Lemma 10.2. Ifx <0, Ay, and By, are given in (7.2) and (7.5), then By, X
(8.19) = (9.12) and Ap,p x (9.12) = (8.19).

Proof. We prove the second conclusion, since the first one follows by it and Lemma
7.1. First,

Am,nLnrfy:Am,nrﬁQany:rZQﬁAQSImy:rZ (QﬁKy'i'anV@Lh QﬁKy)
by using Remark 9.6, (7.1), Remark 9.3 and (8.5), thus A, nLn = K + Kp,
from Remark 8.4. Second, by (9.11), (7.1), Theorem 6.4 and (8.18),

A X Fy = 1. QAAF, =1, QAAQT LY f =, (LY.f +6QEP f) =5 fr O
Lemma 10.3. If k = 0 with [0], = ©/2, then By 41 X (8.27) = (9.12) and
Aptin x (9.12) = (8.27) where A, 41 and By, 41 are given in (7.24).

Proof. We prove the the second conclusion, since the first one follows by it and
Lemma 7.5. By Remark 9.4, Remark 6.3, (6.10), and Remark 9.6 and noting
sinf = 1, we have

0=Qp"Qptry =£QRUQR ry=E"rp QR ry
=+E2Y L. ry, ie, ESVL, =04,.
Noting that the equality A, nL, = Kpn+ K, , still holds in the present case in

m,n

exactly the same way to the last lemma, and by (7.24) and (8.28), (10.1), we get
(10.2) Anyinln=Knpin+ K,
By (6.10) and (9.11), Remark 6.3, Corollaries 6.1 and 6.2, we have

(10.3) ESUrSF, =QAVF, =—cscH QLD (QZBLZf + bN) =—Ncscé.

(10.1)

Noting that the equality A, ,r5 F, =ry f* still holds in the present case in exactly
the same way to the last lemma and (7.24) and (8.28), we finally get

(104) AnJrl,nrr?Fn = f:+1‘
Now, by (10.2) and (10.4), the second conclusion follows. O

Lemma 10.4. If k = 0 with [f]. # ©/2, then B, x (8.30) = (9.12) and A, X
(9.12) = (8.30) where A,, and B,, are given in (7.2) and (7.22), respectively.
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Proof. We prove the the second conclusion, since the first one follows by it and
Lemma 7.4 in exactly the same way to Lemma 10.1. The equalities B, K, = L,
and B, fn, = rf F, still hold in the present case. For example, B, f,, = B,rY LY f =
rs [Q,VnB—btane QZV] LY f=r2F,. O

Theorem 10.4. If kK > 0 or k = 0 with [0, # 7/2, the extension operator defined
by (8.12) and the extension operator defined by (9.14) are the same. If kK < 0 or
k =0 with [0] = 7/2, the extension operator defined by (8.21) and the extension
operator defined by (9.14) are the same.

Proof. By Theorem 8.1 (holds for any case), Theorem 9.1, Theorems 10.2 and 10.3,
we know that all extension operators defined in §7 and §8 are the inverse operator
of r2: FP — EP | so they are the same. O

Remark 10.2. If LY = LY is the trigonometric interpolation operator given in (6.5),
we may see that, LY f, EAX f* and EAX” in (8.12) and (8.21) are all trigonometric
polynomials. From this and noting that n — m = 2 is even, we know that E2J,,
given in both (8.12) and (8.21) are trigonometric polynomials of degree [%] at most,
so E&6, is given in (9.14).

Some researchers studied the various coincidence theorems for a simple case such
as (2.8) with the constants a and b, but they all first proved EP = E!| which is
based on Theorem 8.1 and obtained by very technical calculation, then they ver-
ify Theorem 10.4 and finally obtain the coincidence Theorem 10.2. This way is
complex and difficult, and we can find the general law with difficulty. Under our
framework the coincidence Theorems 10.2-10.4 are obtained by applying the ab-
stract properties of SIOs, SQOs and DMs associated with SIE (2.8) in a completely
parallel way, hence can be applied more generally.

11. EXISTENCE AND CONVERGENCE

Suppose that there is a sequence of pairs (A,,, V) of TPs of SIOs (A,B), say
{&n, Vm - We discuss now the existence and convergence of the approximate solu-
tion and the numerical solution. It suffices to discuss the existence and convergence
of the indirect approximate solution by Theorems 10.2-10.4 and Theorem 9.1, pro-
vided that A is not an eigenvalue of (9.1), hence (9.1) possesses a unique solution.
Therefore, by using Theorem 10.1, (8.8) also possesses a unique solution when k > 0
and (8.1) also possesses a unique solution when x = 0 with [f]; # 7/2 . When
k < 0, (8.17) possesses a unique solution but (8.1) has possibly no solution. In this
case we further assume that (8.1) is solvable, thus it only possesses a unique solu-
tion. Similarly, when x = 0 with [0], = 7/2 we also assume that (8.1) is solvable,
thus (8.1) under the unisolving condition (8.24) possesses a unique solution. We
again suppose that the spaces considered are equipped with the Chebyshev norm
I - ||, namely, the maximum of the absolute values of a function [34]. We will quote
the theorems in [29] [30] with the same technical term there.

Lemma 11.1. Suppose that the sequence {Q,?U} 1s uniformly bounded, then the

sequence {QﬁL} pointwisely approrimates the operator L, and {I + )\QQL} 18 sta-
ble.

Proof. By Remark 9.1 we may denote the modulus of continuity of I(7,t)y(t)
as w(ly,-). We then have ||(L—Q5L)y| < 12(|[U]|+ Q&Y w (ly,2/n) by
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Theorem 5.1 in [30]. Observing that {Q4Y} is uniformly bounded and ||U| =
Ul, thus, we know that the sequence {Q4*} pointwisely approximates the op-
erator L. Again noting [|Q5L|| < [I1| |Q&Y|, [(Qaty) (t1) — (Q4Ty) (t2)] <
lyll ||Q&Y||w (I, [t1 — t2|) and the (uniform) continuity of I by Remark 9.1, as well
as using the Arzela-Ascoli lemma, we see that the {Q47} is globally totally con-

tinuous. Therefore, {I+ AQZ5%} is stable by Theorem 2.3 in [30]. O

Theorem 11.1. Suppose (C1), the sequence {Q,%U} is uniformly bounded, (C2)
lim, o |F — Fp|| = 0 and lim,, . ||l — I,,]| = 0, then the numerical solution and
the approximate solution uniquely exist for sufficiently large n, and the latter uni-
formly converges to the solution of SIE (9.1) with (9.4) and (9.5).

Proof. Q8% — Q21| < QAU 1~ tall < constlli—Ln] — O (as n — o),
thereby, by further using Theorem 2.4 in [30] and Lemma 11.1 here, {I + )\QfL"}
is stable. By (C2) and Theorem 2.5 in [30], the proof is completed. O

We must demonstrate that (C1) and (C2) are satisfied when we use Theorem
11.1.

Remark 11.1. If {QSU} is a sequence of nonnegative operators, i.e., un ; > 0(j =
1,---,n), then we have HQSUH = Z;l:l un; = Ul; of course, it is uniformly
bounded. The example will be given in the next section.

For (C2) in Theorem 11.1 we give two useful lemmas. From Theorem 5.2 in [27]
we have the following.

Lemma 11.2. If f € C}_ (i.e., ' € Car), then

IBf = Q721 < const (IVII+ Q7Y [) w (£ 5)-

In particular, If {QZV} is uniformly bounded, then lim,, . ||Bf - QZBfH =0.

Lemma 11.3. If f € HY (with the Holder index v in Hay), pr(QzBLz) > (2]
and HQ,V,LBLZH = o(mt), then lim,, . HBf - QEBLZJCH = 0.

Proof. Denoting the best approximate trigonometric polynomial of degree not

greater than v = [mT’l] of f by J, and f,(7) = f(7) — J,(7), then, by the Jackson

theorem [31), 32], || f,|| < 12w(f, 1), hence,

T

I(Bf)(®)| < 12|B1||w(f, %) +|15]] / wz(T)W |:(T—t> cot TT_t] dr

—
1\, Cllwll [
w T
< 12||B1|w(f, ;>+ = / P (0O<e<p)
—
(by Lemma 5.2 and (5.5) in [27] or cf. [33], Hilfssatz 2, Sect. 2, Kapitel 2)

_ CalB1, Collu]
- vH S

(C,C1, Cy are some constants only depending on p and €).
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Again, [|[(QYPLY) S| < |QVELY| I/l < Cov=+||QYPLY,|| where Cs is also a
constant only depending on p and e, and [B—Q,YLBLZ}J” = {B—QZBLZ}J”,, by

IH(QZBLZ)ZU.&LhmﬂHwHBf—QzBLZszﬁ O

Quoting the above lemmas and Theorem 11.1 we have the following two theorems
for the existence and convergence of the approximate solutions.

Theorem 11.2. If f € C}_, k € CL. x Cy. (i.e., k has continuous partial
derivatives), {Q,%U} and {Q,an} are uniformly bounded, then the approzimate

solution of the first kind exists uniquely and converges uniformly to the solution of
SIE (9.1) with (9.4) and (9.5).

Theorem 11.3. If f,k € HY ., {Q2Y} is uniformly bounded and ||QY,PLY| =
o(m#), then the approzimate solution of the second kind exists uniquely and con-
verges uniformly to the solution of SIE (9.1) with (9.4) and (9.5) while K#0 or k=0
with [0]r =mn/2. If k=0 with [0] #7/2, further assume | QY ||=o(m"), then the
approximate solutions of the second kind exist uniquely and converge uniformly to
the solution of SIE (8.1).

Remark 11.2. How to check ||QYPLY|| = o(m"), more precisely, how to estimate
the order of ||QYPLY||. This problem is rather difficult, it will be studied in another
forthcoming paper.

If we take L)Y as the Lagrange interpolating polynomial operator LY, let

Vm(T) csc - ﬁmJ

, if m is odd,
. _ 2 V;n (ﬁm,j) 2
A1) gy =g Sl S
m cot ™) if m is even.
2 V;n (ﬁmyj) 2
Then
[CHAHI0]
“ b(t) [* T—t
(11.2) = Z [a(t)wl(t) Vm,j () — % Vm,;(T) cot dT:| f (Bm,j)
j=1 0
< llaw:[|Em + [[bljom,
where
Z | Vm,j || (the Lebesgue number of LY),
(11.3) = ,
1 g T—t
O = Z g/o wa(T) Vm,j (T)T dr||.
Jj=1
Again, we have by Remark 6.1 that
vBIv c t—Bimg
(114) (QYPLYH(E) =) <A [6(t) ~b(Bm.)] cot === j o f (Bim.5)

j=1



922 JINYUAN DU

where
: t— B
m [An(t)_An(ﬁm7J):| cot %7
if n is even,
(11.5) A”’hj (t) - 1 t— 5m,j t—ﬁm,j
m Dy (t) =Dy (Bim,j) cos 5 csc —o,
m I,
if n is odd.
So, we also get
AL6)  IQUELTI < pm + 20 s o= Al Am = 3 o

For some {v/,,}, used often, we easily estimate |QYZLY | by estimating %,,, oy,
pm and A, (see §12).

12. EXAMPLES

We give only three examples, more general examples will be introduced in an-
other paper in order to keep this paper within reasonable bounds.

Example 12.1. We discuss the numerical solution for the dominant equation with
constant coefficients

(12.1) ay(t)—l—%/o Ry

Now k = 0, a — ib = re’® where 6 is the characteristic number of (12.1), wy(t) =
(%) (t) =1.
If [0] = 7/2, then this equation becomes (noting @ = 0 and taking b = 1)

t
dr = f(t), 0<t<2m.

1 2m
o

Under the constraint condition and the unisolving condition

dr = f(t), 0<t<2m.

(12.2) y(7) cot =

1 2 1 2
(12.3) Dy f(r)dr =0, 2—/ y(t)dr = N (N is a given constant),
™ Jo ™ Jo
(12.2) possesses the unique solution
1 2

(12.4) y(t) = F(r) ot

Pz

t
dr + N.

We take A, (t) = sin gt and v/, (t) = cos gt, then (A, V) is a pair of TPs and

27 2+ )m 1 )
(12.5)  an,; = P Bn,j = T Un S U = s = 0,1,---,n—1.

We easily know that the numerical solution and approximate solution of the first
kind for SIE (12.2) are

1 n—1 ﬁn
2

(126) yn(an,])zng(ﬁnk)COt k+N7 j:0517"'5n_1;

ﬂnk

(12.7) yn(t) = f(t) co t - = Z F(Bns) cot T2 bn
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If [0]x # /2, we rewrite (12.1) for simplicity in the form

a b 2 T—t f(t)
12.8 e y(? +7/ T) cot dr = ———.
(12.8) Va2 +b? y(?) 2mva? + b2 Jo y(7) 2 Va2 + b2
In this case, it possesses the unique solution
a b 2 T—1 2
12. )= 5—=5f(t) — =—5——5¢ t d dr| .
(129) 90 = 55l O - 5 | [ It ars [ pmar]

We take A, (t) = sin gt and ,(t) = sin (gt — 9), then (A, /) is a pair of
TPs for SIE (12.9) and
2(Jm + [0]x) 1

9
(12.10) aw:%, 571,]4:#, uw:vn,j:ﬁ, j=0,1,---,n—1.

According to the prior proceeding, the numerical solution and the approximate
solution of the first kind for SIE (12.8) are, respectively,

b n—1 am_ . 611, b2 n—1
(1211 yn(ns) = Gy 2 S (Bu) ot =05 28 4 oy oy D T )
(12.12)
B f(t) b n—1 t_ /Bn’k; n—1
yn(t) = a+bcot 2t n(a®+b?) kZ:O F(B,g) cot 5 T kZ:O F(Bnr)

This simple example is just the result given in [I6] by Ioakimidis; but he did not
discuss the convergence for the approximate solution. Here, noting Z?:_Ol [un, | =

Z;:g |vn ;] = 1 and the foregoing result

(12.13) lim ||y —yn]| =0 for fedCi,
n—oo

so, the convergence is very clear.

Example 12.2. We still consider SIE (12.1). If [0], = 7/2, now we take more
generally

(12.14) An@):sm(gt+§), Vn@):C%(gt+ﬁ>,

where ¥ is an arbitrary real number. Then, (A, V) is a pair of TPs for SIE (12.2)
and

_ 2 —[9]x) _2(jm+m/2—[V]x) !
(12.15) miT T Png= n » Ung=Unj =0

j=0,1,--+ ,n—1.

Under the constraint condition and the unisolving condition (12.3), the numerical
solution is still (12.6) with «, ; and 8, ; given in (12.15) and the approximate
solution of the second kind for SIE (12.2) is, by (11.5)

n—1

(12.16) Un(t) =D A () f(Bnk)

k=0
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with
(—1)7 n. n ™ t—0n,j
- {cos<§t+§+[ﬂ]9—cos(§ﬂw+§+[19]7)}cotT,
if n is even,
(12.17) A, ()=
_l cos Tl(t - ﬁn,k) — cos t— 5n,k cse t_ﬁn,j
n 2 2 2 7
if n is odd.
If [0] # w/2, we take
. n n
(12.18) Ay (t) =sin <§t+19) . Val(t) = cos (§t+1970) ,

then (An, Vn) is a pair of TPs for SIE (12.8) and

2 [0.) , _ 20mtn/2-[9—6]s)
Qp 5= ; ﬂn,]— ’
(12.19) n ) n
Un,j=Un,j = j=0,1,---,n—1

Now the numerical solution is still (12.11) with «, ; and 3, ; given in (12.19), and
the approximate solution of the second kind for SIE (12.9) is

n—1 2 n—1
(12200 pu®) = S Ak F Buk) + ——— S F(Buk),
= na(a® + b2) P

where A, ;. is still (12.17) with a,, ; and f§,; given in (12.19).

In this example, taking ¢ = 0 we get the result in [I5] by Krenk. He also did
not give the convergence for the approximate solution. In fact, the approximate
solution of the second kind is convergent in any case, i.e., lim, o ||y — yn|| = 0 for
f € Har. To do so, by using the foregoing result in the present paper, it is enough
to prove the following lemma.

Lemma 12.1. For any case mentioned above, we have p, = Z;:OlHAnJH
<2(m+1nn).

Proof. For illustration, we consider the case of A,, ;(t) given in (12.17). For fixed t,
we use the symbol 73 to denote the congruent point of 7, lying in [—7+¢, 7 +1).
By this view, we rearrange {(8n;),,j =0,---,n—1} as {8,k = 1,---,n}
according to B, 1 < B, o < -+ < f3;, ,. Obviously,

2
12.21) G6F 8, =T for k=1,---,n—1, GB:,<t<p: for certain /.
n,k+1 n,k n n,f n,l+1

Writing
nk () = A j(8) when B = (Bn ),

0—2 n
Fi(t) = Z A k()] Fat) = Z A% L)
k=1

k=043
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with the assumptions Fj(t) = 0 if £ < 3 and F»(t) = 0 if £ > n — 3, we have, for
odd n,

1 1 -1 t—p;
(A5 (0] = = |2sin o =) sin (t—,@;k)csc#
12.22
( ) t_ﬁ;:,k Csct_/@;’k < E
- 2 2 -2

In the last inequality we used [sinz| > 2|z| for |z <
inequality and (12.21), we get

E

. Then, also using this

-2 i * * *
1 k1 n(t — t— . t— .
Fi(t) = > Z / {cos % —cos — ”’k] csc — 2F Qg
k=1 ok
. 1 [Pre—r po 2 t—t5_
(12.23) < —/ cse xdx:——lncot#
L — m

2 .o
< ——Insin — <Inn.
s 2n

Similarly, ||Fz|] < Inn. For even n, the proof is obtained by working in a similar
way. O

Example 12.3. We have seen that, in the above examples, the TPs (A, Vm)
all are just some orthogonal polynomials. Now we consider the general SIE (2.8).
First, we set up the inner product space L?Ul [0,27] and L;ﬁ [0, 27], respectively,
with the inner product

(1224)  (f.g): = / (D) (gl dr,  (f.9)] = / " wn(20) f(r)g(r) dr.

It is well known that, by applying the Gram—Schmidt orthogonalization process to
the system of linear independent polynomials {1,sin7,cosr,--- ,sin(n—1)7, cos(n—
17, sin(nt+9)} (0 < ¥ < 7), we may get the orthogonal trigonometric polynomial
T (7) in L2 [0, 2] (see [34]), i.e.,

Y (1) = esin(nt + ) + terms of lower degree, ¢ # 0,
(12.25) {

(M), T,); =0 for T, € HL ,.
Similarly, we also may get the orthogonal trigonometric polynomial A, in
L2, [0,27],
. /n
AY(r) = csln(ET + 0) +8y1(r), 31 € HY |, c#0,

(12.26)
(A2,Y,), =0 for T, €H]_,.

Remark 12.1. If ¢ = 1 in (12.25) and (12.26), we say that they are monic. The
monic ITY uniquely exists in each class H (¢). The monic A” uniquely exists in
each class H g (9). Sometimes we simply write them as IT, and A,,.

Lemma 12.2 (Du [26]). II,(7) = aH?Zl sin(T - %O‘n,j) where a # 0 and o, ;s
are distinct points in [0, 27).

Lemma 12.3. A, (1) =1L, (§) =a[[}_; sin =52, where I1,, is as above.
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Proof. When (n + j) is even, for any o we have, by Lemma 12.2,

(12.27) /027r w1 (27)IL, (7) sin(j7 + o) dr = /027r wy (7)1, (;T) sin(‘;T + 0> dr.

Thus, the proof is completed by the uniqueness of the monic orthogonal trigono-
metric polynomial. O

Remark 12.2. By changing w; to ws, we also introduce the inner product space
Li;g [0,27] and L;'f2 [0,27], then we may obtain similar results. 7= denotes the
orthogonal polynomial in the class H% (¢9) on quz [0, 27].

2
Lemma 12.4. Let n = 2¢ be even, let /\, be an orthogonal polynomial in the
class HY (9) on L2 [0,27] and let <7, be an orthogonal polynomial in the class
HE ([9—0]:) on LEUQ [0,27]. Then AN, = a/m and By, = b2, where a and b
are nonzero constants.

Proof. We only prove the second conclusion. It results directly from (6.2) and
(4.8). O

Lemma 12.5. For even n large enough, By, = A\, and AA,, = </, are equiva-
lent.

Proof. By, = A, implies AA,, = V., + DoV = Vi by Theorem 5.2 and
(5.5). O

Lemma 12.6. Letn = 2¢—1 be odd, let A\, be an orthogonal polynomial in the class
H[T_l on Lil [0,27] and let 7., be an orthogonal polynomial in the class Hf_ﬁ_l
2 2

on wa [0,27]. Then AA, = a</,, and B/, = b/, where a and b are nonzero
constants.

Proof. Introducing the operator
(12.28)

2w —r
J @) = alayor@ Ty @+ [ o) Ty ) ese”

1 1
2 2m 2

(7) and Cj(7) = cos 5T} _

1
2

AT,

writing S;(7) = sin §7;_ (1), by (5.10) we have

1
2

T o

+ sin% [A*S)] (z) + cos% [A"Cy] (z),

[K Tj_%} (@) = = /O%wl(T)b(T)Tj_ (T)sngxdT

hence, by Theorem 5.4 and Lemma 4.1,
- T
(1229) A TJ c H 11 for ij

max{jfﬁJrE,E

1
2

Again noting

2w 2w
(12.30) / w1 (1) (BYm) (1) T(7)dr = / wa () Vm (z) {A *T} (z)dz,
0 0
thus, B/, = bA,. Similarly, we may prove AA,, = a\/,. O
Moreover, we also have

Lemma 12.7. Bvy,, = A, and AA,, = /., are equivalent for odd n large enough.
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Summing up the above discussion, we get the main result of this example.

Conclusion. Let A, be an orthogonal polynomial in the class H:’é on Liu [0, 27],

take <7 = AN, while n is even and </ = AL\, while n is odd. From the above
discussion we know that (Ap,m) is just a pair of TPs for SIE (2.8). Under this
scheme, we get the results in [17] and [18] by installing the foregoing proceeding in
the present paper to SIE (2.8).

Remark 12.3. In [I7], we have proved the convergence of approximate solution of the
first kind, because u,, ; and v,, ; are all positive. The convergence of approximate
solution of the second kind depends on the condition ||QYPLY ||=o0(n"), which is
now an open problem. We guess that it is true for the present case.
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