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FOURIER EXPANSIONS AND INTEGRAL REPRESENTATIONS
FOR THE APOSTOL-BERNOULLI AND
APOSTOL-EULER POLYNOMIALS

QIU-MING LUO

ABSTRACT. We investigate Fourier expansions for the Apostol-Bernoulli and
Apostol-Euler polynomials using the Lipschitz summation formula and obtain
their integral representations. We give some explicit formulas at rational ar-
guments for these polynomials in terms of the Hurwitz zeta function. We
also derive the integral representations for the classical Bernoulli and Euler
polynomials and related known results.

1. INTRODUCTION

The classical Bernoulli polynomials and Euler polynomials are defined by means
of the following generating functions (see [I, pp. 804-806] or [I8] pp. 25-32])

P o0 peg
(1.1) e Zf;n(gs)m (2| < 2n)
n=0
and
2eT2 & L
(12) el :;En(@m (I2| <),

respectively. Obviously, B,, := B,(0), E, := Q"En(
and Euler numbers respectively.

Some interesting analogues of the classical Bernoulli polynomials and numbers
were first investigated by Apostol [2, p. 165, Eq. (3.1)] and (more recently) by
Srivastava [20, pp. 83-84]. We begin by recalling here Apostol’s definitions as
follows:

%) are the Bernoulli numbers
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Definition 1.1 (Apostol [2]; see also Srivastava [20]). The Apostol-Bernoulli poly-
nomials B, (z; A) in « are defined by means of the generating function

2et? > L
(1.3) sV nzzan(x’ N—

(Jz] < 2m when A =1; |z| < [logA\| when A # 1)

with, of course,

B, (z) = B,(z;1) and B, (A) := B, (0; \),
where B,, (\) denotes the so-called Apostol-Bernoulli numbers (in fact, it is a func-
tion in \).

Recently, Luo and Srivastava introduced the Apostol-Euler polynomials as fol-
lows:

Definition 1.2 (Luo [I4]; see also Luo and Srivastava [I3]). The Apostol-Euler
polynomials &, (z; A) in = are defined by means of the generating function
2e"?

Ae? +1

(14) =Y e (< log(- ),
n=0 :

with, of course,

1
E,(z) = &,(x;1) and En (M) =27, (5, )\) ,
where &, (A) denote the so-called Apostol-Euler numbers (in fact, it is a function
in A).

Remark 1.3. In Definition [[J] and Definition [[2] the original constraints
|z +log A| < 27 and |z + log A| < 7, respectively, should be replaced by the condi-
tions |z] < 27 when A = 1; |z| < |logA\| when A # 1 and |z| < [log(—\)]| for the
referee’s clear and detailed argumentation. Hence, the corresponding constraints in
References [13], [14], [15] and [20] should also be such.

The Apostol-Bernoulli and Apostol-Euler polynomials have been investigated by
many people (see, e.g., [2], [], [B], 9], [13]-[17], [20] and [22]).

D. H. Lehmer [11] gave a new approach to Bernoulli polynomials, starting from a
function equation (Rabbe’s multiplication theorem). H. Haruki and T. M. Rassias
[10] provided the new integral representations for the Bernoulli and Euler polynomi-
als as well as using a similar function equation. Recently, D. Cvijovié [7] reproduced
the results of H. Haruki and T. M. Rassias in a different way and showed several
different integral representations for the Bernoulli and Euler polynomials.

In the present paper, we first investigate Fourier expansions for the Apostol-
Bernoulli and Apostol-Euler polynomials based on the Lipschitz summation for-
mula, and then provide their integral representations. We obtain some explicit
formulas for the Apostol-Bernoulli and Apostol-Euler polynomials at rational ar-
guments in terms of the Hurwitz zeta function. We also deduce the corresponding
uniform integral representations for the classical Bernoulli and Euler polynomials.
We will see that the results of Cvijovi¢ or H. Haruki and T. M. Rassias are the
corresponding direct consequences of our formulas.

The paper is organized as follows. In the first section we rewrite the definitions of
Apostol-Bernoulli and Apostol-Euler polynomials. In the second section we derive
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Fourier expansions for the Apostol-Bernoulli and Apostol-Euler polynomials. In the
third section we show their integral representations. In the fourth section we obtain
their explicit formulas at rational arguments in terms of the Hurwitz zeta function.
In the fifth section we deduce the corresponding uniform integral representations
for the classical Bernoulli and Euler polynomials and related results of Cvijovi¢

or H. Haruki and T. M. Rassias. In the sixth section we give some applications
(71)71,—1(271_)271,

sEnyr Dan 1

and remarks; for example, the classical Euler formula {(2n) =
obtained according to our method.

2. FOURIER EXPANSIONS FOR THE APOSTOL-BERNOULLI
AND APOSTOL-EULER POLYNOMIALS

In this section we investigate Fourier expansions for the Apostol-Bernoulli and
Apostol-Euler polynomials by applying the Lipschitz summation formula.
First we recall the Lipschitz summation formula (see [12] or [19]) as follows:
eZﬂi(n+p)‘r F(O() e—2mikp

(2.1) nJrzM;O (n+ p)— = (—2mi)e = (T+ k)’

where p € Z and R(a) > 1 or p € R\ Z and R(«) > 0; 7 € H is the complex upper
half plane and I" denotes the Gamma function.

Theorem 2.1. Forn=1, 0<z<landn>1, 0<z <1, A€ C\{0}, we have
n! ’ 2mikx

(2.2) Bu(w;A) = —0n(w; ) = 32 ) (%ril:——log)\)”

o0

nli™ Z exp [(727rkx + "7”) z]
AT | e~ (2mik + log \)™
N i exp [(2mkx — 2F) i]

(2mik —log \)™ |’

(2.3) = —Sn(a;N) —

k=1

where the symbol Z denotes the standard convention of a sum over the integers

that omits 0; 0, (x;X) =0 or (=1)"n!

according as A =1 or A # 1, respectively.

A% log™ A
Proof. For 0 <z <1, by (L3) and the generalized binomial theorem, we have
— . (QWiT)k71 AT - k 27mi(k+x)T
(2.4) ;Bk(x,A) Tl v ;A e

log A log |A
|7] < 1 when A =1; |T\<Mwhen/\5£1; %T>M .
2T 27

We differentiate both sides of (2.4]) with respect to the variable 7, by n — 1 times
and noting that By(x; A) = d1,x (see [13} p. 301]). Then we get

i)k_lTk_n (_1)77,—1(” _ 1)
(k—n)! 2miT™

!
01,0

25) Y BT

k=n

— —(27Ti)n_1 Z)‘k(k + x)n—leQTri(k'+x)7—7
k=0
where 4 5 is the Kronecker symbol.
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On the other hand, letting o = n, ju — @, 7 +— 7 + 82 in @), we find that

27

—2mikx &

(26) (_1)n(7’L _ 1)' Z (& ]n _ Z )\k+r(k + x)n—leZﬂi(k—i-z)r.

= [2mi(T + k) + log A prs

Combining ([2.3) and (2.6]), we obtain

i)k_lTk_n N y (_1)n—1(n _ 1)]

(k—n)! 2miT™

= 2m
A" Br(a; 3! - 01,2

k=n

e—27T’LkI

[2mi(T + k) +log \]"

= (=1)" Y n—D!Rr)" >

kEZ

Separating this k = 0 term in the above sum on the right side yields that

x . (27.”')1@717_]@771 n—1 An—1
(2.7) A ZBk(x;A)W:H) (n — 1)!(2mi)

k=n

’ ef2ﬂ'ikrw (71)1171(,”1 o 1)'(271_2)11,1
1—91.0).
) Z 27i(T + k) + log A" N (2miT + log )" ( 1)

Letting 7 — 0 in (2.7)) we are led at once to the assertion (2.2)) of Theorem 211
Noting that i = e™2", (—1)" = e~ "™ and via a simple calculation, then the
assertion (23]) of Theorem 2lis a direct consequence of ([2.2)). This completes our

proof. O

In the same manner, we may prove the following.

Theorem 2.2. Forn=0, 0<z<landn>0, 0<xz <1, AeC\{0,—1}, we
have

o(2k—D)miz
AT L= [(2k — 1)mi — log A"
2-plittt | S exp [(2Hw — (2k + 1)7z) i
A = [(2k + 1)mi + log A"

28 Ewn=12

(2.9) -

oo

exp [(— 27 + (2k + 1)7z) ]
,;) [(2k + 1)mi — log A]" ™

By Theorem 2.1l and Theorem 2.2] we can deduce respectively the Fourier ex-
pansions for the classical Bernoulli and Euler polynomials as follows:

Corollary 2.3. Forn=1, 0<ax <l andn>1, 0 <z <1, we have

Tl' ’ eZﬂikr
2.1 = —
(2.10) Bn(x) (2" o
2.n! X cos (27rkx — M)
2.11 =— 27,

k=1
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Corollary 2.4. Forn=0, 0<z <1l andn >0, 0 <z <1, we have

2-n! e(2k—1)miz
2.12 E,(z) =
( ) (x) (mi)n+1 2k — 1)n i
kEZ
(2.13) _4onl Ssin [(2k + D — B
. T ogntl ~ (2/€ T 1)n+1

Remark 2.5. Replacing 7 by 7+ lgii)‘ + 1 in (1) and applying Ey(z; \) = )\%_1 (see,

for details, [I3]-[I5]) when we prove the assertion (Z38) of Theorem

Remark 2.6. We define the n-th Apostol-Bernoulli function as
(2.14) Bo(x:)) = Bo(:0) (0<z <1), Bp(z+1;)) =A"B,(x;)),

which is also called the quasi-periodicity Apostol-Bernoulli polynomials. For any
r € R,r € Z, we have

(2.15) Bn(z;\) = A B, ({z}; A),  Bulz+ 1 X) = A" By (2 M).

Here the notation {z} denotes the fractional part of z, and the notation x| denotes
the greatest integer not exceeding x.

Clearly, the Apostol-Bernoulli polynomials By, (z;A) (0 < 2 < 1) are the quasi-
periodicity functions in z with period 1. One of the special cases of the quasi-
periodicity Apostol-Bernoulli polynomials is just Carlitz’s periodic Bernoulli func-
tion [3 p. 661] for A = 1.

Remark 2.7. We define the n-th Apostol-Euler function as
(2.16) En(z;N) = En(zs0) (0<z < 1), Elz+1;0) = A" (x3N),

which is called the quasi-periodicity Apostol-Euler polynomials. For any z € R, r €
Z, we have

(217)  E (x)) = (—D)EINEE (2} n),  Enlz+rN) = (=1)"ATTE, (3 ).

Obviously, the Apostol-Euler polynomials &,(z;\) (0 < 2 < 1) are the quasi-
periodicity functions in x with period 1. One of the special cases of the quasi-
periodicity Apostol-Euler polynomials is just Carlitz’s periodic Euler function
[B, p. 661] for A = 1.
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Remark 2.8. We employ a useful relationship [15] p. 636, Eq. (38)]

2

(2.18) En(z; A) = i

By A) = 2" By (gv )‘2)]

to ([222)) and (23)), respectively; we can also arrive at the corresponding (2-8]) and

29).

Remark 2.9. Throughout this paper, we take the principal value of the logarithm
log A, i.e., log A = log |A|+iarg A (—7 < arg A < 7) when A\ # 1; We choose log1 =0
when A = 1.

3. INTEGRAL REPRESENTATIONS FOR THE APOSTOL-BERNOULLI AND
APOSTOL-EULER POLYNOMIALS

In this section we give the integral representations for the Apostol-Bernoulli and
Apostol-Euler polynomials with their Fourier expansions. For convenience, we take
A= e2™E (¢ e R, €] < 1) in this section.

Theorem 3.1. Forn=1,2,..., 0 < R(z) <1, |£| <1, £ €R, we have

(3.1) Bu(w;€7™) = —Ap(x;€)
—omize /°° U(n;z,t) cosh(2w&t) + iV (n; x, t) sinh(27&t)
0

tndt
cosh 27t — cos 27z ’

—ne

—1)n!
where An(x;f) =0 or M according as € =0 or £ # 0, respectively, and
e2mieg (2mig)n
Uln;x,t) = [COS (27mc — n—;) — cos (%r) eﬂm} 7

V(’I’L;.’L‘, t) = |:Sin (27rx — ’l”L_ﬂ') + sin (n_ﬂ—) 6727“} ]
2 2
Proof. Returning to (Z2)) and setting A\ = €™, k> —Fk yields

i nle~2mizé ' e 2mike
B, (x;e*™) = A, (2;€) — (—2mi)" (k+&m

Using the known integral formula

o0 |
(3.2) /0 the M dt = % (n=0,1,...; R(a) > 0),

nmi

and noting that (f%)n =e2 and (—1)" = e "™ then we have
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. ne—Zﬂiz{ > ) oo
Bu(w;€”™) == Ap(0;8) — =9 Y e 2 [ gl (Ol gy
(—2mi)™ 0
k=1

oo

E 27rzkw/ tnflef(k;,f)t dt

k=

727r7,:v§ 0o
—&tyn—1 —(2miz+t)k
Ap(z;6) — (27m)n{/0 e 't Ze ( Wk dt

k=1

o S
+ (_1)n/ efttn—l Z e(ZﬂiI—t)k dt}
0

k=1

—2mix€ [es] —2mix

ne e

_ . _ —&tyn—1

= An(x, ) (_27.”)n { /0 et — e—Qﬂ'ime t dt

o] eZTrix ¢t 1
n n—
+ (71) A et _ eQﬂ'iIe t dt

— 27 § o0 nmi —2mi -t
e e
0

2(2m)n cosht — cos 2wz

® o= ";"i eZTri:v _ eft
+/ ( ) gerpn=t gz \.
0 cosht — cos2mx
It follows that we make the transformation ¢ = 27u, and after simplification we
obtain the desired ([BI]) immediately. This completes the proof. O

We can obtain the following integral representations for the Apostol-Euler poly-
nomials by a similar method.

Theorem 3.2. Forn=1,2,..., 0<R(z) <1, [§| < %, ¢ € R, we have

(3.3)  En(w; ™) = 2¢—2miat
> X(n;x,t) cosh(2mét) + 1Y (n; x, t) sinh(27&t)

" dt,
cosh 27t — cos 27w

where
X(n;a,t) = [e‘” sin (wx + %) + €™ sin <7T.’L‘ — %)} 7
Y(na,t) = {6_’” cos (mc + %) —e™ cos (wx — %)} )

On the other hand, we can also arrive at the following different integral repre-
sentations for the Apostol-Bernoulli and Apostol-Euler polynomials.

Theorem 3.3. Forn=1,2,..., 0<R(z) <1, || <1, £€R, we have

) 2n6727riw£
.27 — _ .
(3.4) B (z;e”™) Ay (z;8) + =R

></ U'(n;x,t) cosh(€logt) — i V'(n; x,t) sinh(€ log t)
0 t2 — 2tcos2mx + 1

(logt)"* dt,
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(71)”11!

U'(n; 2, t) = @E( -_—)—mm(%wy
V/(n;z,t) [sm( ) +tsm(n27r)} .

27t | =27t

Proof. First we substitute cosh 27t = “—5—— into ([B.I). Then we see that

where A, (2;€) =0 or according as € =0 or & # 0, respectively, and

(3.5)  Bu(w; ™) = —Ap(x;€) — 2ne 77
. /oo U(n; x,t) cosh(2m&t) + iV (n; x, t) sinh(27&t)
0

tn 1 dt.
e2mt 4 =27t _ 9 cos 2w

Then making the transformation u = e =2 in ([3.5), we easily obtain formula (3.4]).

This completes the proof. O
Similarly, we obtain
Theorem 3.4. Forn=1,2,..., 0 <R(z) <1, [§| < %, ¢ € R, we have
Jo—2minE

(3.6)  En(z; ™) = (—1)"

7Tn+1

/ X'(n;z,t) cosh(2€logt) — i Y'(n; x,t) sinh (26 log t) (log £)" dt
tt — 2t2cos2mx + 1 % ’
where
X'(n;x,t) = [tQ sin (mc + %) + sin (m: - %)} )
Y’(n;x,t) _ {t2 cos (mz + n?w) — COS (71’:C - n?ﬂ)} .

Remark 3.5. For any integers ¢, we see easily that By, (z;e?™(+8) = B, (z; e2™%),
En(x; 2UHE)) = & (x;¢*™€).  Therefore, the Apostol-Bernoulli polynomials
B,,(z; €2™%) and the Apostol-Euler polynomials &, (; €27%) are the periodicity func-
tions in £ with period 27. In view of this observation we say that £ may take any
real numbers in Theorem B.I} Theorem [(3.41

Remark 3.6. We can also prove Theorem 2T and Theorem 2.2l by Theorem B.I] and
Theorem [B.2] respectively, in an inverse process.

4. EXPLICIT FORMULAS FOR THE APOSTOL-BERNOULLI AND APOSTOL-EULER
POLYNOMIALS AT RATIONAL ARGUMENTS

In this section we obtain some explicit formulas for the Apostol-Bernoulli and
Apostol-Euler polynomials at rational arguments. We can see that some known
formulas of Cvijovi¢ and Klinowski are the corresponding special cases of our for-
mulas.

The Hurwitz-Lerch zeta function ®(z,s,a) defined by (cf., e.g., [2I, p. 121,
et seq.])

oo

(4.1) B(z,500) =Y

o (n+a)®

(a € C\Zgy; s € Cwhen [z] <1; R(s) > 1 when |z| =1)

n
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contains, as its special cases, not only the Riemann and Hurwitz zeta functions

1 1 =1
(4.2) C(s) :=®(1,s,1)=((s,1) = Cls,= | = —
25 — 1 ( 2) —
and
(4.3) ((s,a) = ®(L,5,a) = » (n%a) (R(s)>1; adZy)

n=0
and the Lerch zeta function (or periodic zeta function)

2nmi€

(4.4) (€)=

n=1

€ eR; R(s) > 1),

- _ e27ri§ i) (62ﬂi€, s, 1)

but also such other functions as the polylogarithmic function

oo n

(4.5) Lis(z) ==Y % =2 B(z,3,1)

(s€C when |z]<1; R(s)>1 when |[z]=1)

and the Lipschitz-Lerch zeta function (cf. [21, p. 122, Eq. 2.5 (11)])

oo

e2n7ri§
(4.6) #(&, a,s) = Z

n=0 (n + a)s

(a € C\Zy; R(s) >0 when ¢ e€R\Z; R(s)>1 when ¢£€7Z),

=0 (62’”5,5,@) =:L (&, s,a)

which was first studied by Rudolf Lipschitz (1832-1903) and Maty4ds Lerch (1860-
1922) in connection with Dirichlet’s famous theorem on primes in arithmetic pro-
gressions.

Recently, H. M. Srivastava made use of Apostol’s formula (see [2, p. 164])

B, (a; 62”5)

(47) ¢(£; a, 1- n) = ®(62ﬂi£7 1- n, a’) = - n

(neN)

and Lerch’s functional equation (see [2, p. 161, (1.4)])

(4.8)
b(€a,1—5) = L&) {exp Kls - QaE) m} 6 (—a,&, s)

(2m)® 2

o[ (ke 21 - ) i 0110}
(seC; 0<&<])
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to derive the following formula of Apostol-Bernoulli polynomials at rational argu-
ments (see [20, p. 84, Eq. (4.6)]):

(4.9)
B (5:67) = ey {§< (5 e | (5 - 2552
(5251
(4.10) (njglN\{l}; geN; peZ; £€R).

Below we obtain similar formulas by using Fourier expansions for the Apostol-
Bernoulli polynomials and Apostol-Euler polynomials, respectively.

Theorem 4.1. Forn € N\ {1}, g e N, p € Z, £ € R, |£] < 1, the following
formula of Apostol-Bernoulli polynomials at rational arguments
(4.11)

o (5 -89 - e e ]33

#3 o (58 o (- 202 ] |

(=1)"n!

holds true in terms of the Hurwitz zeta function, where A, (x;€) =0 or W

according as € = 0 or € # 0, respectively.
Proof. We employ formula (2Z3]),

1 | & —ork nw 0 Inkr — 2T
Ba(w;A) = —dn (w5 A) — 2 [Z expl(“2rke + F)i] | 5 expl(emhe - 3 )2]17

AT e~ (2mik + log \)™ = (2mik — log A)™

so that, in view of the definition (41]) and the elementary series identity

[e's) L o
(4.12) FR=3"3"fltk+j)  (teN),
k=1 j=1k=0
we find the formula:
(4.13)
Bo(w: ) = — 6 2) — AT
’ e (2mil)n

¢ 2mij — log A nmw
& [ 2mite ,, ZMW T 054 {(2 o _) }
X > (e 1, 977 )exp mr— )i

J

4 ..

. 2 log A

£ 320 (entte n ZELRER o [ (omge )
j=1

Setting A = exp(27i), « = g, ¢ = g in [@I3), we then obtain the assertion of
Theorem [£1l This completes the proof. O
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If we make use of the equivalent of ([Z9) as

2. nlintl exp [(ZHr — (2k — 1)mz) 4]

Az = [(2k — )mi + log A"

En(z; N) =

. = exp [(— 252w + (2k — V) i
exp n 17T—|— — Dz
* Z [(2k — 1)mi — log A"

k=1
and the elementary series identity ([£.12), by an analogous method, we provide that

Theorem 4.2. For n,q € N, p € Z, £ € R, [¢] < 1, the following formula of
Apostol-Euler polynomials at rational arguments

P omic) _ 2. n!
e <q’e )_ (2¢m)+1
q . .
25 +26—1 n+1 (2j+26—-1)p\ .
(4.15) X {jz_:l(<n+1,2q >exp[( 5~ . >m]
q . .
+;C <n+1,2j 722;7 1>exp Kn;rl + (2 2;1)p> m’] }

holds true in terms of the Hurwitz zeta function.

Upon the special cases of ([I1) and [@IH), for £ = 0, are respectively the
following known results given earlier by Cvijovié¢ and Klinowski.

Corollary 4.3 ([6, p. 1529, Theorem A]). Forn € N\ {1}, ¢ € N, p € Z, the
following formula for the classical Bernoulli polynomials

py__2n J 2jpm_ nw
B”(q)_ (2QW)"Z<(n’q>COS( q 2)

holds true.

Corollary 4.4 ([6l p. 1529, Theorem B]). For n,q € N, p € Z, the following
formula for the classical Euler polynomials
~ 1\ (& Dpr o
q 2

P 4. n' 1
£ (5) = a6
holds true.

Remark 4.5. We may also prove formula (T3] by applying the relationship ([2I8)
and Theorem E.T1

Remark 4.6. In view of Remark[3.5] we say that £ is any real number in Theorem [T
and Theorem

Remark 4.7. Obviously, Srivastava’s formula (£9)) is an equivalent with our formula

EIDD.
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5. INTEGRAL REPRESENTATIONS FOR THE BERNOULLI AND EULER POLYNOMIALS

In this section we will see that Theorem 5.1l and Theorem below involve the
results of Cvijovi¢ or H. Haruki and T. M. Rassias.

By @BJ) and (B3) for & = 0, it follows that we give the uniform integral repre-
sentations for the classical Bernoulli and Euler polynomials, respectively.

Theorem 5.1. Forn=1,2,..., 0 < R(z) <1, we have
® cos (2 — L) — 727 cog (BE

(5.1) By(z) = fn/ (2re — %) — e SCF) 1 gy
0 cosh 2wt — cos 2mx

Theorem 5.2. Forn=1,2,..., 0 < R(z) <1, we have

 emtsin (rx — ™) + e "tsin (mz + T
(5.2) En(z) = 2/ (e~ %) (72 + %) g
0 cosh 27t — cos 2mx

Remark 5.3. Theorem [5.1] and Theorem above show the uniform integral rep-
resentations for the classical Bernoulli and Euler polynomials which were never
found in the classical literature, for example [I], [8] and [18], etc. So these uniform
formulas are interesting in this subject.

By B4) and B8) for £ = 0, we easily find the following additional integral
representations for the classical Bernoulli and Euler polynomials, respectively.

Theorem 5.4. Forn=1,2,..., 0 < R(z) <1, we have

n L cos (27r:v — M) — tcos (M)
5.3 B, (z) = (-=1)" 2 2 (logt)"*dt.
(5:3) (z) = (=1) (2#)”/0 t2 — 2t cos 2wz + 1 (log #)

Theorem 5.5. Forn=1,2,..., 0 < R(z) <1, we have

(54)  En(z) =

4 /1 sin (7T.’£ - ”T”) + % sin (mc + ”T’T) (log )" dt.
0

1"
(=1) rrtl t4 — 2t2cos2mxr + 1

We see easily that Theorem [5.4] and Theorem imply the main results of
Cvijovi¢ [T, p. 170, Theorem 1] or H. Haruki and T. M. Rassias [10, p. 82, Theorem

(ii) (iv)], L.e.,

) Banl) = (20" (22(:)21 /01 e f::?;xt Ty (og )™ dt,
e
7 Fonl) = (=07 7;”1 /01 th Et;t 251217;1 g (log)*" dt,

09 B R

On the other hand, Theorem 5.1l and Theorem also imply the classical integral
representations for the Bernoulli polynomials and Euler polynomials, respectively
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(see [18| pp. 27, 31]):

(5.9) Bop(z) = (=1)"*1(2n) /Oo

o cosh2mt — cos2mx

cos 2mx — e~ 27t

t2n71 dt,

sin 2wx

t2n72 dt,

(5.10) Bon_1(z) = (—1)"(2n — 1) /OOO

cosh 27t — cos 27
sin mx cosh 7t

2" dt
cosh 27t — cos 27z ’

(5.11)  Ean(z) = 4(-1)" /OOO

cos mx sinh 7t -

(512)  Ean_i(z) = 4(-1)" /Oo

o cosh2mt — cos2mx

Remark 5.6. If we make an appropriate transformation u = e~2™ in (5.9) and
(ETIT), and make a suitable transformation v = ¢=™ in (E.I1I) and (5.12), respec-
tively, then we can directly obtain (E5)—(ES); i.e., the main results of Cvijovié
or H. Haruki and T. M. Rassias are only a very simple transmogrification for the
corresponding classical cases (BLO)-(EI2). Therefore, in view of this reason, we
say that (BB)—(E8) are not new integral representations for the classical Bernoulli
polynomials and Euler polynomials.

6. FURTHER OBSERVATIONS AND CONSEQUENCES

By formula ([23]) of Theorem 2] for = 0, we obtain the relationship between
the Apostol-Bernoulli numbers and the Hurwitz zeta function as follows:

6.1)  B.(\) = % {(-1)”( <n 1- kﬁj) +¢ (n lgijﬂ .

Letting A = 1, n — 2n in (GI)), we at once produce the following famous Euler
formula (see, e.g, [, p. 807, 23.2.16]):

(1) 2mpn

2(2n)! Ban.

(6.2) ¢(2n) =
On the other hand, we define zeta functions as

' Ul 2k 26+ 1)

Setting A = €2™% in ([2.9) of Theorem 2.2 we have

5= G 2(k_+1)1)n (€ €R).

k=0

oo n+1

2 nl > exp [(Z7 — (2k + 1)mz) i

L 2migy _
Enl; €7) (2k + 26 1 1)+

- 7rn+1 eZTri&w

(6.4)

< exp [(—2Hw + (2k + 1)7z) i
4 Z p (- ( )mx) i

2 @k —2¢ + D)o
Taking « = 1 in (64) and noting that &, (A) = 2"&, (3;A) and (63), we readily
obtain the following relationship between the Apostol-Euler numbers &, (e7%) and
the zeta function f(n;§):

, ontlin . p)
(6.5) En(e¥™) = [B(n+1;8) + (=1)"B(n + 1; =¢)]

ﬂ-nJr 1 efrif
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or

6.6 oM+ 1; on 4 1—g) = TV (T o

(6.6) B(2n +1;8) + B(2n + ,—f)—w(§) 2 (€77%).

Further putting £ = 0 in (€0), we arrive directly at the following well-known
formula (see [Il p. 807, 23.2.22)):

RS Ce Eatias
(6.7) fln+1) = ;;) (2k + 1)2n+1 — 2(2n)! (5) Eon-

We can also obtain the formulas (6.2) and (6.7) by (£11) and ([@IH), respectively.

By Theorem [BI] Theorem B2 Theorem and Theorem [B.4], respectively,
we easily find the following integral representations for the Apostol-Bernoulli and
Apostol-Euler numbers:

(6.8)
Ba (€)= =An(0;¢)
/OO cos (%) (1 — e~ ™) cosh(2m&t) + isin (%) (1 4 e~2™) sinh(27&t)
-n " dt,
0 cosh27t — 1
2n
2mi€ — .
Bn(e ) AL (0;8) + =nn
y /1 cos (%) (1 — t) cosh(& log2t) — i sin (%) (14 t) sinh(¢log t) (log )™ dt,
. 2 _ot11
(6.10)

gn(eZﬂiE) — 2n+2e—7ri§

" dt,

y /°° cos (") cosh it cosh(2m&t) + isin (") cosh it sinh(2m&t)
0 cosh 27t + 1

(6.11)
gn(eZTriE) — (71)n o

y /1 cos (%) cosh(2€ logt) — i sin (%) sinh(2¢ log t)
0 241

2n+2ef7ri§

(logt)™ dt.
Further setting ¢ = 0 in ([G8)—(611]), respectively, we deduce the integral represen-
tations for the classical Bernoulli numbers and Euler numbers as follows (see, e.g.,
[18, pp. 28-32]):
B, = —ncos (%) / t"te ™ esch(nt) dt
0
3 2 ! (logt)"—1!
= cos onr n / (log ) dt,
2 Jenr ), 11—t

E, = 2" cos (n%r) / t"sech(mt) dt
0

3 ont2 b "
=cos [ 1 / (log) dt.
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Recently, Garg et al. [9] gave an extension of Apostol’s formula ({7 as
(6.12) B, (a;A) = —n®(A\,1—n,a) (meN, AeC, [N <1, aeC\Zj).
By (L4) and the binomial theorem, we have

oo

> Z
gn ‘A k (k+a)z
7;) (@ N)7r n! )\ez 1 Z

oo

(6.13) =S Z Mkt ay| 2
n=0 :

B o oo (_/\)k i
_T; 2};}(194—61)*” n!’

Hence, we also obtain the following interesting relationship between the Apostol-
Euler polynomials and the Hurwitz-Lerch zeta function:

(6.14) En (a;A) =20(—X,—n,a) meN, AeC, [N\ <1, aeC\Zy).

We can prove Theorem 2.1] and Theorem 2.2 respectively, by applying the rela-
tionships (612) and (6I4) in conjunction with Lerch’s functional equation (J)).
The same as with the elementary series (£12)), we may also prove Theorem (1] and
Theorem 2] respectively.
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