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SHARPNESS IN RATES OF CONVERGENCE
FOR THE SYMMETRIC LANCZOS METHOD

REN-CANG LI

ABSTRACT. The Lanczos method is often used to solve a large and sparse
symmetric matrix eigenvalue problem. There is a well-established convergence
theory that produces bounds to predict the rates of convergence good for a
few extreme eigenpairs. These bounds suggest at least linear convergence
in terms of the number of Lanczos steps, assuming there are gaps between
individual eigenvalues. In practice, often superlinear convergence is observed.
The question is “do the existing bounds tell the correct convergence rate in
general?”. An affirmative answer is given here for the two extreme eigenvalues
by examples whose Lanczos approximations have errors comparable to the
error bounds for all Lanczos steps.

1. INTRODUCTION

The Lanczos method is widely used for finding a small number of eigenvalues and
their associated eigenvectors of a large symmetric matrix because it requires only
matrix-vector products to extract enough information to compute desired solutions.
There is a well-established convergence theory to go with the method in terms of
error bounds indicating how fast the computed approximations converge to a few
extreme eigenpairs. These bounds usually underestimate the rate of convergence,
however. In practice, often the observed convergence is (much) faster than these
error bounds suggest [7, 24, [27]. This paper investigates the attainability of these
bounds in general.

However, in finite precision without full orthogonalization, the Lanczos method
can behave very differently from what it is supposed to be in theory [4,[6]. Nonethe-
less the existing theoretic bounds which assume exact arithmetic are still very sug-
gestive as to what we may expect numerically. In this paper we assume exact
arithmetic.

By default, all vectors are column vectors. Given an N x N Hermitian matrix A
and a vector b of dimension N, the Lanczos process [20] may be compactly described
as follows:

(1.1) AXy, = XpHy, + frep,
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where X, is IV x k and has orthonormal columns with its first column being a scalar
multiple of b, fi (a vector of dimension N) satisfies X} fr, = 0, ey, is a k-vector with
all entries zero except its last entry which is 1, and Hy is k X k, real symmetric,
and tridiagonal. The eigenvalue problem for Hy, is then solved. Let (u,z) be an
eigenpair of Hy, i.e., Hyz = pz. An approximate eigenpair (u, Xpz), so-called a
Ritz pair of the Ritz value p and its associated Ritz vector Xz, is obtained for A.
Without loss of generality, we shall consider only the case when Hy, is irreducible;
namely, none of its off-diagonal entries is zero. It can be seen that

(1.2) the column space of X = Ky (A,b) & span{b, Ab, ..., A*¥=1p},

the kth Krylov subspace of A on b. Often we write K = Ki(A,b) for short when
A and b are evident from the context. Assume that A admits the following eigen-
decomposition:

(13) A:QAQ*a Q*Q:INa A:dlag()‘17)‘2a7)‘N)

Then @’s jth column Q. ;) is the eigenvector of A associated with the eigenvalue
Aj. For the sake of presentation, assume

(1.4) A <A <<

Naturally, we ask how well does an eigenvalue of Hy approximate A’s eigenvalue,
and how far is Q. ;) from Kp(A4,b). A well-developed theory for this is due to
Kaniel [10] and Saad [2I], and if more detailed information on A’s eigenvalue dis-
tribution is available, better bounds can be derived, too [20].

Consider A = diag(A1, Ag, ..., Ay) with either randomly or equidistantly dis-
tributed {\; };V;ll on [—1,—0] and Ay = 0 whose associated eigenvector is ey. If
the Lanczos algorithm is applied to A on a vector b of all ones, Figure [Tl plots

N -1 .
(1.5) NG |Tk1(5N)|2/smé(eN,le),

which is the ratio of a bound due to Kaniel [I0] and Saad [21I] for this case (see
Remark B.2)) over the actual sine of the angle Z(en, Ki), where

AN — A1 Ky +1
= 77 6N = )

)\N - )\Nfl KN — 1
and Tyn_p is the (N — 1)st Chebyshev polynomial of the first kind. This figure
indicates that the bound of Kaniel and Saad can dramatically overestimate the
actual sine of the angle as k varies.

To the best of my knowledge, there is no study in the past regarding the sharpness
of the existing error bounds for the symmetric Lanczos method. Perhaps this is due
in part to the fact that these bounds were established with a technique basically the
same as the one for obtaining the error bounds for the conjugate gradient method
(CG) [3, B, 22 24, 26]. The latter were argued to be (locally) sharp [I} 5] and
more recently (globally) shar [16, 18]. Consequently the existing error bounds

KN

I This concept of local and global sharpness is coined by [I8] based on the consideration that
the sharpness claim in, e.g., [I} [5], is in fact in the sense that for each iteration step k there is
a linear system Az = b (depending on k) on which the kth CG residual attains the bound. It
turns out that for such Az = b, CG computes the exact solution in the very next iteration [10]! In
[16] [18], however, it is demonstrated that there are linear systems Az = b on which CG residuals
are comparable to the existing bounds for all iteration steps.
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FIGURE 1.1. The Lanczos Algorithm for Az = Mz with A =
diag(A1, A2, ..., An) on b, the vector of all ones, where {)\j};v:_ll is ei-

ther equidistantly (left plot) or randomly (right plot) distributed.

for the Lanczos method could also be sharp at least for the first Ritz value, thanks
to Sleijpen and van der Sluis [24] Theorems 6.1 and 6.2].

The main contribution of this paper is to show that the existing error bounds
for the Lanczos method are indeed sharp in general, despite Figure [Tl The same
conclusion was also reached in the unpublished technical report [16], where exam-
ples were constructed with the Chebyshev zero nodes. Here with the help of the
Chebyshev extreme nodes, we are able to devise examples for which the existing
error bounds are much closer to the actual sines.

This paper strives to produce difficult problems for the Lanczos method, but
it does so from a different perspective from Scott [23], where efforts were made to
select a perverse starting vector b to delay the convergence until the last step. Since
the theory of Kaniel and Saad guarantees fast and noticeable convergence provided
the starting vector has a nontrivial component in the direction of the eigenvectors
associated with the extreme eigenvalues which also have nontrivial gaps from the
rest of the eigenvalues, any perverse starting vector of Scott’s choice must have a
negligible component in the direction of the desired eigenvectors. On the contrary,
this paper and [16] assume the nontrivial components in all eigenvector directions
and seek certain eigenvalue distributions so as to almost achieve the existing error
bounds.

It is worth mentioning that in the potential-theoretic approach, Kuijlaars [12} [13]
studied which eigenvalues are found first given how A’s eigenvalues are distributed
as N — oo, and what are their associated convergence rates as k goes to oo while
k/N stays fixed.

The rest of this paper is organized as follows. Section [2] presents some prelimi-
nary material that will be used frequently later. SectionBlinvestigates the sharpness
of the existing error bounds for eigenvectors associated with the two extreme eigen-
values, while Section Ml is concerned with eigenvalues. Finally, concluding remarks
are given in Section [
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Notation. Throughout this paper, C"*™ is the set of all n X m complex matrices,
C" = C™*!, and C = C'. Similarly define R"*™ R", and R except replacing the
word complex by real. I,, (or simply I if its dimension is clear from the context) is
the n x n identity matrix, and e; is the jth column of an identity matrix with a
compatible dimension in the context. The superscript * denotes conjugate transpose
while T denotes transpose only. We shall also adopt a MATLAB-like convention
to access the entries of vectors and matrices. i : j is the set of integers from ¢ to j
inclusive and 4 : i = {i}. For a vector v and a matrix X, u;) is u’s jth entry, X ;)
is X’s (i, )th entry, diag(u) is the diagonal matrix with (diag(u)); ;) = u(); X's
submatrices X j.¢.i:5), X(k:e,:), and X, ;.5) consist of intersections of row £ to row £
and column ¢ to column j, row k to row £, and column 4 to column j, respectively.
The generic norm || - ||z is the usual ¢, norm of a vector or the spectral norm of a
matrix.

2. PRELIMINARIES

The mth Chebyshev polynomial of the 1st kind is

(2.1) T (t) = cos(m arccost) for |t| <1,
1 mo ] m
(2.2) -3 (t+ve-1)"+ 5 (t-ve-1) for [¢] > 1.

It frequently shows up in numerical analysis and computations because of its nu-
merous nice properties; for example, |T,,(t)] < 1 for [t| < 1 and |T},(t)| grows
extremely fastd for [t| > 1. We will also need [I8]

1+t t+1 1
(2.3) ‘Tm (1—J—rt>‘ - ’Tm (ZEJ_F—J’ =S [A"+A7M] for 1#£8>0,
where
(2.4) af VITL s

L de
VE=1]

Tn(t) has m + 1 extreme points in [—1, 1], the so-called mth Chebyshev extreme
nodes:

(25) Tjm = COS 'ﬂjm7 ﬁjm = %ﬂ-a 0<j<m,

at which |T, (Tjm)| = 1. Given a < 3, set

B—a>07 T:—g—’__i.

Throughout the rest of this paper, w and 7 are always defined this way when the
interval [a, 8] is specified; otherwise they can be any two numbers. The linear
transformation

(2.6) w=

(2.7) He)= 2t = (zagﬂ)

2In fact, a result due to Chebyshev himself says that if p(t) is a polynomial of degree no greater
than m and [p(t)| < 1 for —1 <t <1, then |p(t)| < |Tm(t)| for any t outside [—1,1] [2} p.65].
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maps z € [a, ] one-to-one and onto ¢t € [—1,1]. With its inverse transformation
x(t) = w(t — 1), we define the so-called mth translated Chebyshev extreme nodes on

[, B] as

(2.8) Tim = W(Tjm —7), 0 < j <m.

It can be verified that 7g,, = 8 and T, = a.

3. EIGENVECTOR CONVERGENCE

Let us look at how close Q. ;) is to Kr(A,b). It can be seen that
(3.1) sin Z(Q(. 5y, Ki) = fel)lcli 1Qc.5) — zll2-
Given any number v, this can be turned into the following minimization problem:
min [|Q(. jy — dx—1(A)bll2
Pr—1
= min Q. ;) — Yr-1(A —vI)b||2

Pr—1
= minfle; — Yt (A = v1)QY2
k

(e; diag(g)VkT,N)U”%

Iin 1Q.5) — =2

(3.2) = min ||
’u,(l)zl

where ¢j_1 and 1,_; denote polynomials of degree at most k — 1, u € CF*! with
its first entry w(q) forced to be 1 always,

(3.3) g=Q"b,
and
1 1 1
(3.4) e
: kN = : : . : J
Y R

a kx N rectangular Vandermonde matrix with a; = A\;—v (1 <4 < N). That Q. ;
is close to KCp, (A, b) as measured by sin Z(Q. ;), Cx) does not necessarily imply that
there is a Ritz vector that approximates @)(. ;) well. For that the reader is referred
to [9], where it is proved that, under suitable separation conditions, if Q. ; is close
to KCr(A, b), then there is a Ritz vector that approximates Q. ;) well.

For k > N, Ky, is either the entire space CV (RY) or is A’s invariant subspace.
The former case implies

0= xrg}& 1Q¢.5) —zll2 = ul(ill)igl 1(e; diag(g)VkT,N)UH%

and the latter case implies

Iin Q.5 — 2=

1, if 9i) = 1.

So it suffices to restrict 1 < k < N — 1 from now on.

Equation [B2)) points to a new direction to analyze the convergence behavior
of the Lanczos algorithm, i.e., by studying the minimization problem on its right-
hand side. This will be the approach we will take from now on. Inequality (B3]
in the next theorem turns out to be equivalent to an existing bound but expressed
differently, as explained in Remark We present it here for completeness. The
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sharpness of the inequality will be investigated afterwards (only for the case of
j=N).

Theorem 3.1. Let the Hermitian matriz A have eigendecomposition (L3) with
Y, ordered as in (L4), and let Ky = Ki(A,b) as in (L2) and g = Q*b as in
B3). Then for1 <k <N —1,

(3.5) sin Z(Q..5), Kx) <

€

1/1+e§

where (set ynv = sy =1 by convention H;V:NH(- )=1)

N N
i — A1 ki +1
Kj = )\AJ_X ;05 = 7_1,7j: IT Gi=2. 6= T Qi =29,
VEEAVES | Kj i=j41 i=j+1
;= Vi lgi—1ll2 € — X
T gl 7 1 Teim(v—5)(65)]

Proof. Tt suffices to bound the right-hand side of [82) with v = 0. For w and 7
in (m) with [Oé,ﬁ] = [)\1,)\]'_1}, |Tk—1—(N—j)(>\i/w + T)‘ S 1 for 1 S ) S j — 1.
Let v € CF+1 with vy = 1 and vy = §¢jo for 2 <4 < k + 1, where the ¢; are
coefficients of ¢* in

N

deo1(t) = [ (=) x Tho1o vy (t/w + 1),
i=j+1
and ¢ € C is to be determined such that & g(;)( = —|£ g(;)C|, where ¢ = ¢r_1(A;).
Then

min, [(e; diag(9)ViinJullz < |[(e; diag(g)Vien)vll2

1/2

IN

(€17} llga:s-vlI3 + (1 = lge€ 1))
Now it is clear that |¢| should be chosen to minimize the last quantity above, which
gives

€| = 196
'7]2‘||g(1:j71)||§ +19¢)¢I?
and
. , Yillgasi-n 2
(3.6) min (e diag(g)Vily)ulls < — —LZI 0 .
= V2 l9as- 13 + lgs P
Now by (2.0),
ﬁ—l—T— 2)\]‘ _)\j,1+)\1_ﬁj+1
w _)\j—lf)\l )\j_lf)\l_lijf].’
and thus || = ¢; [Tk_1-(n—;)(0;)|, and we have (B.5]). O

Remark 3.1. Tt is known that the eigenvalues at both ends are often the first few
to emerge from an application of the Lanczos method. But this is not reflected by
Theorem B.1] because for small j and huge N, 7; and ¢; not only complicates the
bound by (B.5]) but also may significantly offset the effectiveness of [T}, _1_(n—;)(d;)]-
A remedy for generating better bounds for small j is by applying the theorem to
—A upon noticing K (A4,b) = Kx(—A,b). Thus any conclusion on approximating
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the largest eigenvalues by the Lanczos algorithm has a counterpart for the smallest
eigenvalues. Owing to this property, we in this paper will focus only on approxi-
mating the largest eigenvalues and their associated eigenvectors.

Remark 3.2. Inequality (B3] is equivalent to an existing bound of Kaniel and Saad
[20, p. 270] because sinf < e/+/1 + €2 is equivalent to tanf < e for 0 < 8 < /2.

In the rest of this section, we will investigate the attainability of the bound by
B3) for j = N only. Before we present our main result, Theorem B2 for the
section, we shall introduce some notation and establish two lemmas. Throughout
the rest of this paper, we set

(3.7) n=N-—-1,
and define

k=1

ST ()2, for 1<k <n—1,
(3.8) V=3

S T())?, for k=mn,

i=0

where Y, means the first term is halved, while for >~ both the first and last terms
are halved.

In its present general form, the next lemma was proved in [I6} [I8]. It was also
implied by the proof of [8, Theorem 2.1]. See also [19].

Lemma 3.1. If Z has full column rank, then

(3.9) ‘ milnl | Zul|l2 = [elT(Z*Z)flel]—uz
wn)=

Lemma 3.2. Leta < 8 <0, and let Vi, n have nodes o; 11 = T

o, (0<i<n-1)
on [, 8], and ay = 0. o € C is a given number and nonzero.

(1) For
et [ o/V2, forie{l,n},
(3.10) 96 = { o, for2<i<n-—1,
we have for 1 <k <n,
2 —1/2
(3.11) min |[(ex diag(g)Viy)ull, = [1—|—M
) o k,N 2 P} 7,k 5
[ucy|=1 Hg(ln)HZ
where T = —(a + B) /(8 — «) is given by (2.0).
(2) For
(3.12) o det | O (/178 1 ql, forie {1,n},
. © or\2/ITH oyl for2<i<n-—1,
we have for 1 <k <mn,
—1/2

|9(N)|2

|2
”g(lzn)”%

(3.13) min ||(en diag(g) V' n)ull, = {1 + o | Te—1(7)

[ugy|=1
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where K = «/B > 1, and

(3.14)
n— 2(k—1 2[(n—1)—(k—1
l<l 1+L~1 ~ o 1 1+A/{( ) 4 A2l(n=1)=(k=1)] -
2 2 Ai(n_l) N 1 > Pg—1 2 Ai(n_l) n 1 S 1.
Proof. Set

: 0 dia )V
Z = (en diag(9)Viiy) = (1 ifi()lerif)) k,n) 7

since ay = 0. It can be seen that Z has full column rank if g; #0for1<i<n.
Then by Lemma B3] we need to compute [e] (Z*Z) e 2 We have

T
A A 1 gy €1
gner  lganPerel + VinGnVi,

- 1 1 - 1 g(N)e"lf
B gEkN)el In Vk,nGndTn In ’

where Vj,, is the complex conjugate of Vi, and G, = [diag(g(1.))]*diag(g(1:n))-
Therefore

1
* — 1 —9(N eT 1
el (Z*Z) ey = 6?( (I) 1> ( {Vk GV ]1> (gsz)el 7)e

-1
(3.15) = 1+lgmw et [VinGnVin] 1.

For g as in @I0), G, = |o|*diag(271,1,1,...,1,271), and Li [17, Theorem 5.3]
yields thatd

1 1-1/2 -
(316) |:6’1T (Vk,nGnd’I,‘n) 61:| = ||g(1n)||2 (2\117,19) 1/27
which, together with (BI5), leads to (3I1)). For g as in (BI12),
G = |ol*diag(1/75% 1|, 2/ 1|, 2/175 - 2/ I a1/ 171 i )

and Li [I7, Theorem 5.4] yields thatd

g1 -
(317) [ (VenGaVil) ] = gz et [T (77
which, together with (BIH), leads to (313). O

Theorem 3.2. Suppose A is Hermitian with its first n eigenvalues {\; };.Z:l being
the translated Chebyshev extreme nodes in [a, 8] = [A1, An] and its last eigenvalue
AN > A, and suppose A admits an eigendecomposition [L3)) and g = Q*b. Let
T (0 <i<n-—1) be the translated Chebyshev extreme nodes in

in—1
[Oé,,@] = [)\1 — )\Na)\n — )\N]

3Li [I7, Theorem 5.3] is really for o = 1. But since |o|? can be factored out in Gy, one still

has ([3I6). This comment also applies to (3IT).
4Li [I7, Theorem 5.4] was stated for all /" ; .| > 0, but it is not hard to see that the theorem

holds for all Titil n—1 < 0 because V} ,, with all nodes negative can be turned into one with all
nodes positive by pre-multiplying the diagonal matrix diag(1,—1,1,—1,...).
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Apply the Lanczos algorithm with A on b as in (ILI). We have

(3.18)

—1/2 —-1/2

\QN |2
(N) 2,k

t W}

Ig N |2
(N) 25

(n=1)ct ]

where 0y 1s as in Theorem [3.1],

S Sinl(Q(:,N),]Ck) § |:]- +

c1 = min

Vg Vg i ool

{
{

V2|91, V2|g(m max |g(¢)|} :

co = max

Also

9 |2 o
OO 2, Tea 0P

< Siné(Q(:,N)ka)

(3.19) {1 +

~1/2

|9(N)‘2 ) 2
Pr—1 |Tk71(5N)| )

¢ci

where ¢ = Zggign—1 2/17F 11, pr—1 as in BIA) with k = ky = Av —M1)/(Ay —

An), and
—1/2 .
ol 2772 i 7 T}
~1/2
¢y = max{,/|’r(§rn_1| lgcyls A/ 11 il 19yl 2 v nax e |9(z’)|}-

Proof. In (B2), take v = Ay, and Vi y with nodes a; = A, — Ay (1 < i < N).
Then

< Jie

» min{ 7l

sin Z(Q:.,ny, Ki) = r(n)igl [(en diag(g)VkTN)u\|2,
U1y=

Note that {a;}¥, are the same as the ones in LemmaB2land 7 = —(3 + )/(8 —
«) = dn. It can be seen that

(3.20) nin, [(en diag(g)Vion)ullz < i [(en diag(g)Viin)ull2
< min_ [[(en diag@)VIEN)UH%
u(1)=1
where
(3.21)
~ [ e/V2, forie{l,n}, ~ [ ea/V2, forie{l,n},
9@ = i, for2<i<n-1, 96 = ca, for2<i<n-—1,

and g(ny = g(v) = gy~ Item 1 of LemmaB.2 and ([3.20) give (B.I8), upon noticing
that (n —1)cf = |g(1.m) |13 and (n —1)c3 = ||g1.) 3. The inequalities in F20) also
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FIGURE 3.1. Ratios of the upper bound by BX) for j = N over
sin Z(Q(..ny, Ki). Left: g = (27/2,1,1,...,1,277/2,0.1)T; Right: g is
random and ||g||2 = 1.

hold for
i 03\/%’ for i € {1,n},
G I 2, for2<i<n-1,
(3.22) ) ey [, fori € {Ln},
96) = e f=2—, for2<i<n-—1,

and again g(v) = g(v) = g(n)- Item 2 of Lemma B2l and [B:20) give (3.19), upon
noticing that (¢ = [[g(1.n) |13 and Cci = (|G 13- O

Theorem [B.2]leads to two examples that can demonstrate that the existing bound
—-1/2

|9(N) \2

(3.23) i £(Q) K0 < 1+ 7200 73 (o)
Hg(l:n)HQ

by Theorem 3.1l for j = N is rather sharp in general.

Example 3.1. Let A be as described in Theorem [3.2] such that ¢; = c2; namely, g
takes the form of (3I0). Then (BI8) becomes an equality

\g(N)|2

(3.24) sin Z(Q(:7N), Kr) = |:1 + 3
g 13

]
To compare the right-hand side of (3:23]) and that of (3:24]), we notice that

1. .
(3.25) IT.0n) = 5 [Aky + 2]
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by @23). It can be seen that

L < RHS of (3:23) < 2Usy k
S RES of @) ~ \| TTr1(on)

and at the same time if |gv)| > 0 and Ky > 1,

RHS of (8.23) PAE N
RHS of (m) ‘kal(aN)P
as N > k — oo. Here and in what follows, the notation ay n ~ br,ny means

ag,N/bkn — 1as N >k — co. Now for 1 < k <n —1, by (320) and writing A
for A, for short,

1 Lo —2i
s b = 54—;1 [A% 424 A%
1A% —1 1 1A72F 1
e LU b e
and for k = n,
1 =1 1
_ = 24 24— 2(n—1) —2(n—1)
Usym = +Z4 [A% 42+ A7 - 2 [AN D 244 ]
1A% —1 1 1A™27—1 1
= = 4 (k-1 4= — [N p o A2 D ]
4A2—1+2( )+4A—2— 51 et ]
Therefore for N > k — oo,
(3.26)
2A2 _ 1+RN _
RHS of (m 2\1}61\7,19 AZT1 T 2 Yrn for k <n 1,
RHS of [3.24) |The—1(0n)[? APyl _ /ifAN

for k =n.

A-1 7 2 ¥Ry’
The left plot in Figure Blis for the leftmost ratio for xx = 10 and 10? and N = 50.
Our asymptotical analysis in (8:26) shows up in the plot:
1+Ekn [ 1.6551, for ky = 10, v1+ky [ 1.3188, for ky = 10,
V2 i 24597, for iy =10%, B my | 22472, for my = 10°.
The right plot in Figure B.lis for a random unit vector g. It, too, indicates that
the existing bound by ([BH]) for j = N is fairly tight.

Example 3.2. Let A be as described in Theorem [3.2 such that c3 = c¢4; namely, g
takes the form of (B12)). Then ([B.I9) becomes an equality

~1/2
9g(
(327) sin Z(Q ICk) 1+ L)‘Z Pr_q |Tk 1(5N)|
lga:n I3
It can be seen that
| < RHS of (B:ZSI)
— RHS f(B_._’_)Z) Pr— 1’
and at the same time if |g)| > 0 and Ky > 1,
RHS of [3.23)

1
RHS of @27 ~ P#1
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{7‘;}1“:| as translated Chebyshev extreme nodes, ?»“<7»N

1.45 T T T T T T T T T
1.4F k
A,
3 AA AA
= 1.35F A A E
] 8
o, <k, =10" 195 |/llg I, =0.0057394 A
=} SF A B
S A5, =10%, [g, x|/l l, =0.0032275 7
3 N
2 lasf : e
E A
3 B
2 12f N=50 R ]
= 1.15F A | A
' ¢
) :
2]
.g 1.1}F Q(N)—0~1 A Al -
& a
A
105 A 1
A
1 AAAAAAAAAAAAAAAAAn L L 1 1
0 5 10 15 20 25 30 35 40 45 50
k

FIGURE 3.2. Ratios of the upper bound by (&I) for j = N over
sin Z(Q(:,ny, Kx) for g as in BI2) with o = 1.

as N >k — o00. But 1 < p,;_ll < \/5, which means the ratio is bounded uniformly
by v/2. Figure B2 plots the ratio with o = 1 and g(x) = 0.1.

4. EIGENVALUE CONVERGENCE

A is Hermitian; so is Hy = X; AX},. We expect the largest eigenvalue py, of Hy,
best approximates Ay. We have

. 2*Hpz o 2 X;AXz Ay 4+ ma u (A= AnIu
= max =maxXxX ——— = max ———
Hk = Z*z = 2 X;Xpz N ek uru
[Pr—1(A = ANT)B]" (A — AnT)[pr—1(A — AnT)b]
= AN + max ,
N [Pr—1(A = AND)B]*[pr—1(A — ANT)D]

since K (A,b) = Kr(A — An1,b). Substitute A = QAQ™* to get

Idiag((\wT — A)Y/2g) Vi ull3
[diag(g)Viyul}

(4.1) 0> pr— Ay = —min
u

where g = Q*b as before, a; = A\; — Ay (1 < i < N) are the nodes for Vi n, and u
is the vector of coefficients of ¢y_1. Recall n = N — 1. For w and 7 in (Z0) with
[a, 8] = [a1, an], [Th—1(aj/w+7)] < 1for 1 <i < n. Let v € CF with v(;) being
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the coefficient of 2°=! in Ty_1(z/w + 7). We have

T M) 2dingl) Vil (T — A)2diag(o) Vil
u ||diag(g)Vk1:Nu||§ N Hdiag(g)VkTNvH%
< AWW-M)p

1
l9vyv)l?
)Ilgu;n)II% 1
lgv)? | Tr—1(7)[?

(4.2) (An — A1

Now by (2.0),
ap + ay kN +1
T: = :(51\[7
a1 — Qp Ky — 1

and by (23) and (1)), we have
(4.3) 0< Ay — ik < (Anv — Ai)ens

where Ky, dn, and ey are as defined in Theorem Bl Inequality (Z3) is an existing
result of Kaniel and Saad [20]. Theorem Tl below presents a slightly sharper result
due to an anonymous referee.

Theorem 4.1. Let the Hermitian matriz A have the eigendecomposition (L3) with
N, ordered as in ([L4), and let K = Ki(A,b) as in (L), g = Q*b as in B.3),
1 <k <n, and py is the largest eigenvalue of Hy,. Then

2

€
4.4 0< Ay —ur < (An — A N__
( ) >~ AN Nkf(N 1)14’6%\/

Proof. Letting y; denote the closest unit vector in K to Q. n), apply Sun [25]
(2.4)] to get

(4.5) 0 < Ay — ik <Ay — ¥i Ay < (v — M) sin® Z(Q(. vy, Ki),
which, combined with Theorem Bl leads to ([@A]). O

We need the following lemma before presenting our main theorem in the section
that shows the bound by (£4]) is very sharp.

Lemma 4.1. Let a < § <0, and let Vi, y have nodes o1 = 75,4
on |a, f], and any = 0.
(1) For g asin (BI0),
. ldiag(gon) Vilulld _ [\ loowl? -
1 . T 2 = + 5 2 T,k 5
u [|diag(g) Vig vullz lgamll2
where T = —(a + B)/(8 — «) is given by (Z0) and ¥, is defined as in
B.3).
(2) For g as in (312,
min . D
w |diag(g) Vk,N“”z

(0<i<n—1)

(4.6)

|9(N)|2 —2

47 p_ Tk, T 2:| ,
(47 g8 Pt T ()l

:{H

where pg_1 s defined as in BI4) with k = /B > 1.
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Proof. Notice that Vi vy = (Vi €1) to get

[diag(g) Vitxull3 = [|diag(gi:n)) Vitaull3 + lgvyua %,
and thus

. -1
Idiag(gcrom) Vil ullf lgen
|diag(g ) el (|diag(g(1:n)) Vit ull3
Therefore

 diag(g) Vil
W diag(o) Vv ul?

1—|—ma

9 —1
|g U(1)|
||d|ag( ln))Vanu||%

1
minyy, -1 [|diag(gen)) Vi ull3

-1

(4.8) = |1+|gm)

For g as in (10), diag(g(1.n)) = odiag(27¥/2,1,1,...,1,27%/2), and Li [I7, Theo-
rem 5.3| yields that

min ||diag(g(1m) Vityull3 = (n = D)]ol® (2%rp) ™" = llgaam I3 2%rs)

[ugy|=1

which, together with ([£J]), leads to (£). For g as in (312)),

2
deglsqm) “"agw s \/ - \/ s
n— n— n—

\/ n 2n— 1| \/ n 1In— 1|>

and Li [I7, Theorem 5.4] yields that

i [diag(am) Viluul§ = g0l 21 [Toms (7)),
Uml=

which, together with (@), leads to (1. O
Theorem 4.2. Assume the conditions of Theorem B.2, and let c1, ca, c3, ¢4, C,

and Oy be the same as defined there. Let py, be the largest eigenvalue of Hy,. Then
for1<k<n,

() |2 e
(4.9) O — An) {1 + ﬁ MW, i ]
< AN — Bk
lg(nv)l? e
< (>‘N - )\1) |:1 + ( _ 1) 2\115N7 :| ’
g N
(4.10) (Av = An) |1+ ca P |The—1(6)]

< AN — g
—1/2

2
g _
< w2 [1+ 290 52, 7o
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Proof. Let T' = AyI — A. Tt can be verified that Ay — A, <||T||2 < Ay — A1 Thus
|diaglgm) Vit ulls - _ [T/ diag(g) Vil ull3
diag(g) Vilyulls = |ldiag(9) Vil yull3

(4.11) (An — An)

< (AN =M
|diag(g) VkT,‘NU’”%
It can be seen that, because of ([@LF]),
(4.12)
Idiog(Gn) VIR ldiaglon) VIR diag(@am) V%, ul3
m T 2 Sl . T o2 S — o e
u  [/diag(g) Vk,NUH2 u  |[/diag(g) Vk,Nu||2 u [|diag(9) Vk,N“Hz

where g and g are either given by ([B:21]) or by (8.22)) and g ) = g(n) = g(n) always.
As in the proof of Theorem B2, 7 = dn for [a, ] = [A — An, An — An]. Ttem 1 of
Lemma A1), (@I1), and @I2) give #J), upon noticing that (n — 1)¢f = ||g(1.n) |13
and (n — 1)c3 = [[g(1.:n)||3- Item 2 of Lemma €I, II), and @I2) give @I0),

upon noticing that 3 = [[ga.n) |3 and ¢cf = [[ga.n) [I3- O

Similarly to our analysis in Examples B and [3.2] Theorem will also lead
to examples for which the existing result (£3)) tells the correct rate of convergence
to Ay. The details are omitted. Kaniel and Saad obtained similar bounds on

approximating other \; by Ritz values [20]. Their sharpness in general remains to
be studied.

Remark 4.1. Between Theorems and 2] one implies the other with slightly
weakened inequalities. In fact we have
(4.13) (AN = A)e? < An — e < Ay — Ap)e?,

where ¢ = sin Z(Q(., ), Kx). The second inequality in (£I3) is a consequence of
[@EH). To see the first inequality, let y be the corresponding Ritz vector to ux. By
[15, Theorem 2.1] or [I1, Theorem 4],

AN — [k

AN — An

which leads to the first inequality in (@I3]). We note in passing that the subspace
version of (@) can be found in [T4].

e< Siné(Q(:,N)ay) <

Remark 4.2. That the existing error bound for py, tells the correct rate of conver-
gence to Ay also follows from two equivalence theorems between CG convergence
and the convergence of the first Ritz value, due to Sleijpen and van der Sluis [24]
Theorems 6.1 and 6.2], and a recent result of the author’s [I8] Theorem 2.1]. In
fact the Hermitian matrix H constructed according to [24] Theorem 6.1] from the
matrix in [I8, Theorem 2.1] relates to the Hermitian matrix A in Example by
H = pA+ vl for two real numbers p and v. However, the implied bounds by [24]
Theorem 6.1] are weaker than those in Theorem The details are omitted.

5. CONCLUDING REMARKS

It is often observed that the existing error bounds for the symmetric Lanczos
algorithm for symmetric eigenvalue problems are very good in indicating the accu-
racy of the computed solutions for the first few iterations but after that the bounds
overestimate the actual errors often too much to be of much use. Is this always the
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case? We have devised examples for the symmetric Lanczos algorithm to demon-
strate that the computed solutions have errors that are comparable to the existing
error bounds at all iteration steps for the two extreme eigenpairs. This implies that
the existing bounds cannot be improved in general unless further information upon
the problems becomes available.

We only succeed in dealing with the largest and smallest eigenvalues and their
associated eigenvectors by showing that the existing bounds are sharp, modulo
modest factors. The situation for approximations to any other eigenvalues and
their associated eigenvectors can be very complicated, and we suspect that the
existing bounds would probably not be sharp, even after modulo modest constant
factors.

The foundation of this paper is built upon an explicit evaluation of certain min-
imization problems for the translated Chebyshev extreme nodes, similarly to [16]
where the translated Chebyshev zero nodes were used. This idea is extendable
to evaluate the minimization problems that are the same in form but involve the
translated zero nodes of an orthogonal polynomial; see [I7, Section 6].

In passing, we also obtained a slightly improved error bound in (£4) over (£3),
an existing result of Kaniel and Saad [20].
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