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CONVERGENCE OF APPROXIMATION SCHEMES
FOR NONLOCAL FRONT PROPAGATION EQUATIONS

AURELIEN MONTEILLET

ABSTRACT. We provide a convergence result for numerical schemes approx-
imating nonlocal front propagation equations. Our schemes are based on a
recently investigated notion of a weak solution for these equations. We also
give examples of such schemes, for a dislocation dynamics equation, and for a
FitzHugh-Nagumo type system.

1. INTRODUCTION

We are concerned with numerical approximation for nonlocal equations of the

form
(1.1) uy(z,t) = H[1>0](2, t, Du, D*u) in RN x (0,7),
’ u(-,0) = uo in RY,

which, in the level-set approach for front propagation (see [19] [I8] [12] for a com-
plete overview of this method), describe the movement of a family { K (t)}+cjo,7] of
compact subsets of RY such that

K(t) = {z € RY; u(x,t) >0}

for some function u : RY x [0,7] — R. Here u;, Du and D?u denote, respectively,
the time derivative, space gradient and space Hessian matrix of u, while 14 denotes
the indicator function of any set A.

The function H corresponds to the velocity of the front. In our setting, it
depends not only on local properties of the front, such as its position, the time,
the normal direction and its curvature matrix, but also, at time ¢, on the family
{K(s)}se[o,q itself. This nonlocal dependence is carried by the notation H[1,>0]:
for any indicator function x or more generally for any y € L>®(RY x [0,7]) with
values in [0, 1], the Hamiltonian H[x]| depends on x in a nonlocal way; typically in
our examples, it is obtained by a convolution procedure between y and a physical
kernel (either only in space or in space and time). In particular, H[x] is continuous
in space but has no particular regularity in time. However, the H[x] equation is
always well posed.

More precisely, we assume that for any xy € L>(RY x [0,77; [0, 1]) with bounded
support, H[x|(z,t,p, A) defines a measurable function of (z,t,p, 4) € RN x [0, T] x
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RV \ {0} x S, while for almost every t € [0,T], H[x](z,t,p, A) defines a continuous
function of (x,p, A). Here Sy denotes the set of real square symmetric matrices of
size N.

Let us specify the class of equations that we consider: first of all, we are in-
terested in front propagation equations, and therefore we assume that for any x €
L (RN x[0,T]; [0, 1]) with bounded support, the equation u; = H[x](x,t, Du, D?u)
is geometric, and that the upper and lower semicontinuous envelopes of the Hamil-
tonian H[x] with respect to (x, p, A) satisfy, for any € RY and almost all ¢ € [0, T},

(1.2) H[X]"(2,1,0,0) = H[x]«(2,t,0,0) = 0.

We also assume that this equation is degenerate parabolic, which means that for
any (z,p) € RN x RNV \ {0}, for almost every t € [0,T] and for all A, B € Sy, we
have
Hx|(z,t,p, A) < H[x](z,t,p,B) if A< B,
where < stands for the usual partial ordering for symmetric matrices.
The initial datum ug : RV — R is a bounded and Lipschitz continuous function
on RY which represents the initial front, i.e. such that

{UO > 0} = Ko and {Uo = 0} = 8K0

for some fixed compact set Ky C RY. Since in the level-set approach, the fam-
ily {K(t)}sejo,r) only depends on the 0-level set of ug (see [12]), we assume for
simplicity that there exists Ry > 0 such that

(1.3) up(z) = —1 if |z| > Ry,

where | - | denotes the standard Euclidean norm on RY. For computational rea-
sons, we ask the equation to preserve this property of compactness of the front.
Essentially, this means that there exists a continuous function R on [0, 7] such that
R(0) = Ry and the solution of u; = H[x](x,t, Du, D*u) with initial datum uo has
the following property:

x(z,t) =0 for a.e. (z,t) s.t. |z| > R(t) = u(z,t) = —1 for any (z,t) s.t. |z| > R(t).

Finally, for the same computational reasons, we point out that even though exis-
tence of solutions to (II]) is known in a more general setting (see [5]), in this article
we consider equations depending on the past, which means that H[x|(z,t, p, A) only
depends on {x(-,s)} for 0 < s <t.

The main issue linked with these nonlocal equations is the fact that they do
not satisfy a comparison principle (or, geometrically, an inclusion principle on the
fronts). Indeed, in general, the fact that {u; > 0} C {us > 0} does not imply that
H1gy, 03] < H[1{y,>0}]- A consequence of this absence of monotonicity is that
one cannot build viscosity solutions to (II]) by the classical methods, a comparison
principle being crucial for both existence and uniqueness of a solution.

To overcome these difficulties, a notion of weak solution to (1) has therefore
been introduced in [4, [5]. It uses the notion of L!-viscosity solution, a notion of a
solution adapted to Hamiltonians H[x] which are merely measurable in time. We
refer to [14} [16] 17, 9} [10] for a complete presentation of the theory of L!-viscosity
solutions. Let us only give their definition:

Definition 1.1. Assume that H : (z,t,p,A) € RY x [0,7] x RV \ {0} x Sy

H(x,t,p, A) is measurable and defines a continuous function of (z,p, A) for almost
all ¢ € [0,7].
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We say that u : RY x [0,7] — R is an L!-viscosity subsolution (resp. superso-
lution) of

(14) { wi(e,t) = H(z,t, Du, D?) - in RN x (0,7),

u(+,0) = ug in RV,
if w is upper semicontinuous (resp. lower semicontinuous), u(-,0) < wug (resp >),
and if
(i) for any ¢ € C*(RY x (0,7);R) and any b € L'((0,T);R) such that the
function (z,t) — u(z,t) — ¢(x,t) — f(f b(s) ds has a local maximum (resp.
minimum) at some (zg,%y) € RY x (0,7),
(43) and for any continuous function G : RN x [0,T] x RN x Sy — R such that
H*(x,t,p, A) — b(t) < G(z,t,p, A) (resp. Hy(z,t,p, A) — b(t) > G(x,t,p, A))
for all (x,p, A) in a neighborhood of (zg, Do (z0, ), D*¢(x0,t0)), and al-
most all ¢ in a neighborhood of ¢y,
we have
¢t(l‘0, to) S G(l‘o, to, D(b(l‘o, to), D2¢(l‘0, to)) (resp. Z)
We say that u is an L!-viscosity solution of (I4)) if it is both a sub- and supersolution
of this equation.

With this notion, we can now recall the definition of a weak solution to (LI)):

Definition 1.2. Let u: RY x [0,T] — R be a continuous function. We say that u
is a weak solution of (L)) if there exists y € L>(RY x [0,77;[0,1]) such that:
(1) w is an L'-viscosity solution of
ug(x,t) = H[x|(z,t, Du, D?>u) in RN x (0,T),
u(+,0) = ug in RV,

(2) For almost all t € [0,T],

(1.5)

(1.6) Liuwnysor < X(48) € 1>y ae. inRY.

Moreover, we say that u is a classical viscosity solution of (L)) if, in addition, for
almost all ¢ € [0, 7],

lrucy>0y = Lw(,p>01 @€ in RY.

In [5], Barles, Cardaliaguet, Ley and the author proved a general result of exis-
tence of weak solutions for these nonlocal equations. In the framework described
above, the essential assumptions under which existence is known are the following;
they concern the local equation ([LH]), where the nonlocal dependence is frozen, that
is to say, 1{,>0y is replaced by a fixed function x € L>(RY x [0,77;[0,1]):

(A1) If x,, — x weak-x in L=®(RY x [0,77;[0,1]), and if Supp(x,) is uniformly
bounded, then for all (z,t,p, A) € RN x [0,7] x RNV \ {0} x Sy,

t t
| s s [ H G s A)ds
0 n=Tee Jo

locally uniformly in x, ¢, p, A.

(A2) A comparison principle holds for (LH): for any fixed y € L®(RY x
[0,77;[0,1]) with bounded support, if u is a bounded L!-viscosity subsolution
of ([LH) and v is a bounded L!-viscosity supersolution of (LH), then v < v in
RY x [0,7).
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These assumptions are the classical ingredients to carry out a stability argument:
assumption (A1) provides stability for L!-viscosity solutions under very weak con-
vergence of the Hamiltonians, thanks to a new stability result of Barles [3], while
assumption (A2) enables us to identify the limit by a comparison principle. This
is the idea of the proof of the existence result of [5]. We assume throughout the
paper that these assumptions hold, and we refer to [9] [I7] for conditions on H|[x]
under which (A2) holds.

We also point out that assumption (A2) implies that for any fixed y € L>(RY x
[0, T);1]0,1]) with bounded support, (5] has a unique continuous L!-viscosity so-
lution u : RN x [0,7] — R. Combined with (I2]), which shows that constants are
solutions of (IH)), it also implies the existence of uniform bounds on the solutions
of (L)), independent of x.

Considering this existence result, our motivation is to provide numerical schemes,
and a general convergence result, for these nonlocal and nonmonotone front prop-
agation equations with L' dependence in time. This work is inspired by [8] where
Barles and Souganidis proved a general convergence result for monotone, stable
and consistent schemes in the local framework. We also refer to the works of
Cardaliaguet and Pasquignon [I1] and Slepcev [2I] on the approximation of mov-
ing fronts in the nonlocal but monotone case.

This paper is organized as follows: in Section 2, we define a class of approxi-
mation schemes and prove the general convergence result. In Section 3, we give
two explicit examples of such schemes, for a dislocation dynamics equation and
FitzHugh-Nagumo type system (see B.I) and ([B.3)).

Notation. In what follows, | - | denotes the standard Euclidean norm on R or
SN, B(z, R) (resp. B(x, R)) is the open (resp. closed) ball of radius R centered at
r € RY. We denote the essential supremum of f € L>(R") with values in R, RY
or Sy, f € L®(R;R) or f € L®(RY x [0,T];R), by || f/lco-

2. CONVERGENCE OF APPROXIMATION SCHEMES

Let h = T'/n for some n € N* and Ay,..., Ay € (0,1) be our respective time
and space steps: a choice of h determines fixed A;’s by the relation A; = \; h for
A; > 0 fixed. We define for (iq,...,in) € ZN, z;, iy = (11A1,...,inAy) and

N

Qivooin = | [ Gk = 1/2) Ak, (i + 1/2) Ag).

k=1
Let us also define the space grid
I, = U {Ziy,in b
(41,...,in ) ELZN
and for x = (x1,...,7x) € RV, its projection on this grid,
Tp = ([l‘l/Al + 1/2]A1, ey [fN/AN + 1/2]AN) € IIy,
where [-] denotes the integer part, so that if x € @y, iy, then xp =z, iy.
For z € II;, k € N such that kh < T, u : II, —» R and x : II;, x [0,T] — [0, 1]

with bounded support, we define an approximate Hamiltonian Hp[x](z, kh, u) which
depends on

{X(fil,...,iwlh)}(il,...,z‘N)eZN,oglgk and {U(xil,...,m)}(z‘l,...,iN)eZN-
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We keep in mind that Hp[x|(x, kh,u) possibly depends on the entire history
{x(:,lh)} for I up to k.

We consider approximation schemes of the following form: for any k € N such
that (k+ 1)h < T, and for any x € II;, we set

2.1) up(z, (k4 1)h) = up(x, kh) + h Hp[1gy, >03] (2, kb, un (-, kh)),
’ up(x,0) = uo(x).

We finally extend uy, to a piecewise constant function on RY x [0, T] by setting for
any (z,t),

up(x,t) = up(zp, [t/h]h).
In particular we have for any = € RV,

up(z,0) = ug(zp).

Let us now state our assumptions on Hp; in what follows, C7? (RN;R) denotes
the set of C? functions on RY such that the norm
(2.2)

¢l = 8lloc + 1 Délloc + [D*¢lloc = sup |¢(2)| + sup [D(z)| + sup [D*¢(z)]

zeRN zeRN zeRN

is finite. Let us first state an assumption on the behavior of H, with respect to its
last variable, which represents space derivatives. It is a trivial assumption which
is linked to the fact that the equation u; = H[x](x,t, Du, D?*u) is geometric for
any fixed x; it will be satisfied for all reasonable schemes at no cost, so we state it
separately:

(HO) Consistency with respect to derivatives: (i) For any x € IIj, k,h with
kh <T,u:1I;, - R, A € R, and any function x : II, x [0,7] — [0, 1] with bounded
support,

Hplx](x, kh,u+ X) = Hp[x](z, kh,u) and Hy[x](z, kh,0) = 0.

(#4) There exists r € N* such that for any « € I, k, h with kh < T, for any
X : Hp x [0,T] — [0, 1] with bounded support, and for all u,v : II, — R,

if u(y) =v(y) Yy € Iy s.b. Vi, |z; —yi| <rdy,
then Hp[x](x, kh,u) = Hp[x|(x, kh,v).

We easily deduce from this and (3] that there exists R = Ry +rT+/N max \; such
that if uy, is defined by the scheme ([2)), then uy (z,t) = —1 if z € RV \ B(0, R), for
all ¢ € [0, T]; hence we only need to consider functions x with uniformly bounded
support. This shows in addition that the domain of space computation is uniformly
bounded. In particular we set B, (RY x [0,77;[0,1]) to be the set of functions x
defined on RY x [0, 7] with values in [0, 1] such that Supp(x) C B(0, R) x [0, 7]
and x is constant on each of the sets Q;,,.. iy X [kh, (k+ 1)h).

Our assumptions are the following:

(H1) Hj, is conditionally monotone: For any x € I, k, h with kh < T, for any
X € Br(RY x [0,7T7;[0,1]), and for all u,v : II;, — R,

u<v = u(x)+ hHpx](z, kh,u) < v(z) + h Hyx](z, kh,v).

(H2) Hy, is stable: There exists L > 0 such that for any = € II;, k, h with
kh < T, and x € B, (RN x [0,T];[0,1]), the solution u, of (Z1I)) satisfies

|up (x, kh)| < L.
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(H3) Hy, is consistent with H: For any z € RY and ¢ € CZ(RM;R) such
that Dé(x) # 0, if x5 € Bur(RY x [0,7];[0,1]) is such that x;, — x weak-* in
L®(RYN x [0,77;[0,1]) as h — 0, then

[t/h]—l +
hoy Hy[xal(wn, 1h, ) — i H(X](z, s, D(x), D*¢(x)) ds
=0

locally uniformly for ¢ € [0,7] (the sum is set to 0 if ¢ < h).

(H4) Regularity: For any compact subset K of RY x CZ2(RY;R), there exist
uniformly bounded moduli of continuity my, such that for any h > 0, (z, ¢), (y, %) €
K with x,y € II;, for any k, h with kh < T, and any x € B, (RN x [0,7T7];0,1]),

|Hn[X](, kh, ¢)—Hu[X](y, kh, V)|
< mu(|lz — yl + |D¢(z) — DY (y)| + |D*¢(z) — D*¥(y))),

and such that mp(n) — 0 as h,n — 0.

Assumptions (H1) to (H3) are the classical assumptions introduced by Barles
and Souganidis in [8]. Moreover (H3) is the discrete equivalent of (A1) on the weak
convergence of the Hamiltonians. As a matter of fact, the proof of our convergence
theorem is based on the proof of the stability result of [3], the key assumption of
which is (A1). Finally assumption (H4) appears naturally alongside (H3), just
as in the continuous case (see [3]).

Remark 2.1. Under assumption (HO) (i), if (H1) holds, then it also holds for all
functions u and v such that u(y) < v(y) for any y € IIj, with |z; — y;| < rA; for all
i=1,..., N, that is, also for functions that are comparable only locally. Indeed in
this case, we can change u and v to 0 out of the set {y € I}, | |x; — y;| < rA; Vi=
1,...,N}. This provides new functions @ and ¥ such that @ < @ in IIj, whence,
using (H1),

(2) + h Hu[x)(, kh, @) < 5(z) + h Hy[x] (2, kb, 9).

U
But a(z) = u(x), Hp[x](z, kh,@) = Hp[x](z, kh,u) thanks to (HO) (ii), and the
same holds for v. This proves our assertion.
In the same spirit, we notice that assumption (H4) also holds for two functions ¢
and v in C2(R¥; R), because one can always modify ¢ and v to obtain new functions
in C2(RY;R) without changing the values of Hy[x](z,kh, ¢) or Hp[x](y, kh, ).

Let us now state our main result:

Theorem 2.2. Assume that assumption (A2) holds. Let uy be a bounded and
Lipschitz continuous function which satisfies [L3). Let (up)p be defined by the
scheme ([Z1)) satisfying assumptions (HO) to (H4).

Then there exist hy, — 0, u € CO(RYN x [0,T];R) and x € L=(RY x [0,77;[0,1])
such that up, — u locally uniformly in RN x [0,T], 1{u, >0y — X weak-x in
L®RYN x [0,77;[0,1]) and (u,x) satisfies [L5).

Moreover, any such (u,x) satisfies (L), so that u is a weak solution of (LII).
If in addition [LI) has a unique weak solution u, then the whole sequence (up)
converges locally uniformly to u in RN x [0,T).

Proof. By compactness of L>=(RY x [0,77];[0,1]) for the weak-* topology, we can
find x € L>=(RY x [0,T);[0,1]) and (h,,) converging to 0 such that

Ly, >0} = x weak-x in L®(RY x [0,77;[0,1]).
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By the stability assumption (H2), there exists L > 0 such that |Jup|lc < L for any
h. We can therefore set
u(x,t) = limsup™ (up, )(z,t)
= limsup{up; (xn, knhy,) | (hy,) C (hn), zp — x with 2, € 1T,
k,h! — t with k,, — 400},

which defines a bounded upper semi-continuous function on R™ x [0,7]. Let us
prove that % is an L'-viscosity subsolution of (LH). We could prove in the same
way that w(x,t) = Uminf{un, (v, knhy,) | (hy,) C (hn), 20 — @, kph;, — t} is a
bounded L!-viscosity supersolution of ().

Step 1. We first prove that for any € RY, 7(x,0) < ug(x). To do this we adapt
the proof of the same statement in the proof of Theorem 3.1 of [5]. First of all, ug
is Lipschitz continuous, so that for any fixed 0 < € < 1, we have, for any z,y € R,

|z —yl* | [[Duollsce?

2¢2 2 '
We fix z and set ¢(y) = |z — y|?/(2¢2). Using the above inequality, the function
defined by

uo(y) < uo(x) + [[Duollool — y| < uo(z) +

2
el bha) = wo(a) + 0(y) + 12U 4 0.,

satisfies up, (y,0) = uo(y) < 9:(y,0) for all y € II,. Moreover, using (HO) (4),
we see that 1. is a supersolution of ([2.) associated to Hp,[1(y,, >0}] in the ball
B(z,e + rTv/N max i), provided that C. is large enough, namely as soon as

Hp, [1{uhn20}](ya khna¢) <C:
for all y with |z — y| < & + TV N max \; and kh,, < T.

This condition can be fulfilled using (H4) and the fact that Hp,, [1 (4, >0}](y, khn,0)
= 0 (assumption (HO) (7)). Indeed, for some uniformly bounded moduli of conti-
nuity, we have

Hy, [Liu,, >03)(y, khn, 9) < m, (IDe(y)| + | D*¢(y)])

for any n € N, y € II;,, such that |z —y| < ¢ + rTv/Nmax); and kh,, < T.
The function ¢ does not belong to CZ(RY;R), but using Remark 21 we recall
that (H4) can also be applied to two functions in C?(RY;R). By the conditional
monotonicity assumption (H1) (using again Remark 27]), we obtain that for any
y € I, satisfying |y — | < & + (T — hy,)V/N max \;,

Uh,, (y; hn) < e (y; hn)-
Reproducing the argument, we get that for any y € 11, with |y — x| < e and k, h,,
with kh,, <T,
Up,, (ya khn) < (ya khn)a
and in particular
2
u(z,0) < limsup™e(x,0) = ugp(z) + %.

Sending ¢ to 0 proves the claim.
Step 2. Now let ¢ € C2(RYN x (0,T);R) and b € L*((0,T);R) be such that

(z,t) = u(x,t) — ¢(z,t) — /0 b(s)ds
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has a local maximum at some (g, ) € RY x (0, T). Let G be a continuous function
such that for almost all ¢ in a neighborhood of ¢y, for all (z, p, A) in a neighborhood
of ($0, DQS(an tO); D2¢(CC0, to)),

H[x]"(z,t,p, A) = b(t) < G(z,t,p, A).
To check the L'-viscosity subsolution property, we have to prove that
d(z0,t0) < G(z0,to, Dd(o,t0), D’ (z0, t0)).

We can assume without loss of generality that the maximum is strict and global and
that supyc(o 1) [|¢(+,t)[| < 4o00. Let us set for simplicity x;, = (z0), and introduce
the functions
[t/h]—1
foiteh > Hu[lg,so)l(zn, th, ¢(-,t0))

=0
t
- /0 HIx]* (0, 5, D0, t0), D*é(0, t0)) ds.

Two cases arise: if Dg(xg,t9) # 0, then for almost every s € [0, T1,
H[X]*(mo’ S, D(b(.’L‘Q, to), D2¢($0’ to)) = H[X}(Io, S, D(b(xf)a to), D2¢(x0a tO))v

and by the consistency assumption (H3), we know that f,, () — 0 as n — 400,
locally uniformly for ¢ € [0,77].

If Dp(xo,t0) = 0, then a result by Barles and Georgelin [7] shows that we can also
assume that D2¢(xg,t9) = 0. In this case, H[x]*(xo, s, Dp(z0,t0), D*¢(x0,t0)) = 0
for almost every s € [0,7], thanks to (L2). Assumption (H4) and the fact that
Hp[1gy,>01)(2nh,1h,0) = 0 (assumption (HO) (7)) imply that for some moduli of
continuity mp,,

[t/h]—1
h Y Hallg,>0)) (@, h ¢(- t0))| < Tma(|Dd(an, to)| + [D*¢(n,to)]) — 0,
=0

because xj, — xg, Do(zh,to) — Do(x0,t0) = 0 and D3¢(zp,tg) — D>¢(x0,t0) = 0.
In particular, fp, (t) — 0 as n — 400, locally uniformly for ¢ € [0, T].
In both cases, the functions

vp, (2, t) = up, (2,t) — (a2, t) — /0 b(s)ds — fn, (t)
satisfy
limsup™(vp,, )(z,t) = u(x,t) — ¢(z,t) — /0 b(s) ds.

By a standard stability argument, there exists a subsequence of (h,,), still denoted
(hy,) for simplicity, and a sequence (zy,, knhy) — (20, t0) of global maximum points
of vy, with =, € Il; . We set

gn = Up,, (xny knhn)v
so that

(2.3) up, (z,t) < ¢(z,t) + /0 b(s)ds + fn, (t) + &,
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for every (z,t) € I, x {0,...,[T/hnlh,}, with equality at (z,,k,hy,). Now the
definition of the scheme (2I]) shows that if k,, > 1, then

Unp,, (xna knhn) = Up,, (xna (kn - 1)h’ﬂ)
+ hn th [1{uh,n 20}]($m (kn - 1)hm uhn('v (kn - 1)hn))

Replacing uy,,, in this expression thanks to (23], and using the assumption (H1)
of conditional monotonicity of the scheme, we therefore have

knhy
(s ) + / b(s) ds + fin, (Fuha) + €
’ (kn_l)hn

< (@, (kn — Do) + / bs)ds + fo, ((kn — i) + &0
0

(kn—1)hn

+ hn, th [l{uhnz()}}(xna (kn - 1)hna ¢(a (kn - 1)hn) + / b(s)d‘s
0

+ fhn ((kn - 1)hn) + gn)a
which, using assumption (HO) (), reduces to

Enhn
Oz, knhy) + /0 b(s)ds + fn, (knhp)

(kn—1)hn
< G, (ki — D) + / b(s) ds + fi, ((kn — 1))

+ hy, th [l{uhnZO}](‘rnv (kn - 1)hn7 ¢(7 (kn - 1)hn))‘

Replacing fp, by its value, this transforms into

¢(xn; knhn) - (b(xfu (kn - 1)hn)
b,

1 knhn
S -

3 {H[X]*(:co, s, Do(xo, to), D2¢(x0, to)) — b(s)} ds
n J(kpn—1)hy,
+ Hp, Ly, >03](@ns (Bn — Dhy, ¢(, (K — 1)hn))
= Hp, L, >3 (@n, s (kn — Dhn, (-, o))

‘We now use the definition of G to deduce that
(b(xna knhn) - (b(xnv (kn — 1)hn)

hy,

1 knhn

< — G(zo,s, Dé(z0,t0), D*¢(z0,t0)) ds
b J e —1)h

+ th[l{uhngo}](l"m (k'n - 1)hn; d)(; (k'n - l)hn))
- th [l{u;LnZO}](l'hn, (kn - 1)hna (rb(, tO))
Since ¢ and G are sufficiently regular, we have

(@n, knhn) — ¢(Tn, (kn —Dhn) 1

knhn
—/ G(z0, 8, Dp(0, to), D*p(x0, t0)) ds
ha h S (k1)
notho b1 (w0, t0) — G(20, to, D (20, t0), D*P(0,10)).
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To conclude, it therefore suffices to prove that
Hp, Ly, >0 (@n; (kn — Dhn, o, (kn — 1)hy))
— Hp, [Lun, >0} (@n,,, (kn = 1), 6(-, to))
has a nonpositive upper limit as n — +o0o. But as n goes to +o0o0, x, — o,

xp, — o, and @(-, (kn, — 1)hy) — ¢(+,to), so that thanks to assumption (H4), we
have for some moduli of continuity my,, ,

‘th[]-{uhnZO}](xm (kn — 1)hp, (-, (kn —1)hy))
— Hp, 1w, >0y, (kn — D)hn, ¢(-, t0))]
< ma, ([tn = Tn, | + [D¢(@n, (kn — 1)hn) — Do(zn, , to)]
+ ‘D2¢(xm (kn — Dhy) — D2¢(xhn7t0)|)7

which converges to 0 as n — 400, and the result follows.

Step 3. We just proved that W is a bounded L!-viscosity subsolution of (LH),
while u is a bounded L!-viscosity supersolution of (). The comparison principle
(A2) for this equation then implies that @ < u in RV x [0,T), while the converse
inequality is a direct consequence of their definition. This shows that in RY x [0, T),
W = u coincide with the unique continuous L!-viscosity solution u of (L), and
that (up, ) converges locally uniformly in R x [0,7) to u. Since of course we can
extend H[x] by 0 after time T', and use the previous argument on the extended time
interval, we deduce that the convergence of (up, ) to w is in fact locally uniform in
RY x [0, T]. This finally proves the convergence of (uy,,, 1{u,, >0}) to a couple (u, x)
which satisfies (LH]).

Moreover, x being taken as the weak-* limit of (1{%”20}), we can prove as in
[5] that for almost all ¢t € [0, 77,

Tiuo>0y < x5 1) < Tguep>0,

which means that (u, x) also satisfies (LO). In particular u is a weak solution of

(LI

In fact, this proof shows that any sequence (up,) of solutions of the scheme
1) admits a subsequence which converges locally uniformly to a weak solution of
(TI). As a consequence, if this equation has a unique weak solution, then the whole
sequence (uy) converges locally uniformly to the weak solution w of (ITJ). (]

3. APPLICATIONS

3.1. Dislocation dynamics. We are interested in particular in the dislocation
dynamics equation (see [20] 2] 4] and the references therein), namely

(3.1) up = [co(+ 1) * Liu( >0 (2) + 1z, t)][Dul  in RN x (0,7),
' u(+,0) = ug in RV,

where the nonlocal part of the velocity is defined by the space convolution
co(+t) x Liu(py>0y () = /RN co(® =y, 1) Liu( 101 (y) dy.

We assume that ¢y and ¢; satisfy the following assumptions, under which (A1) and
(A2) are satisfied (see [, [B]):
(D)(i) co € C°([0,T); L' (RM)), 1 € CO(RN x [0, T]; R).
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(#) For any t € [0,T], co(+,t) is locally Lipschitz continuous and there exists a
constant C' > 0 such that || Dcol| poo (jo, 77,01 mV)) < C.
(iii) There exists a constant C' > 0 such that, for any =,y € RY and ¢ € [0, 7],

ler(z, ) <O and  [er(z,t) — ea(y, )] < Clo —yl.

Under these assumptions, there exists a weak solution of (3.1]), as proved by Barles,
Cardaliaguet, Ley and Monneau [, Theorem 1.2] or Barles, Cardaliaguet, Ley and
the author [, Theorem 3.3]. We are going to study the convergence of the following
approximation algorithm proposed by Alvarez, Carlini, Monneau and Rouy [I] for
N = 2, which is a particular case of ([Z)). In [I], the authors prove short time
existence of a classical viscosity solution to (B.]) and provide a convergence rate for
their scheme. We do not obtain such a rate but prove convergence of this scheme
to a weak solution of ([B.I)) for long times. We set, if © = x;, . ;5 € I,

Hy[x](z, kh, ¢)

- Z a(ll_.jlvaZN_]N7k)X(]1A15a]NANakh) |Dh|(¢)(x)

Jise-sJNEZL
+ c1(z, kh) |Dp|(¢)(x),
where

(mus-.m, ) =/ coly, kh) dy,
Q

and |Dy|(¢)(x) is a monotone approximation of |[D¢(z)| adapted to the sign of the
velocity, such as the one proposed by Osher and Sethian [I9] and used in [I]: let

(e1,...,en) denote the canonical basis of RY; then for = € Iy,
N 2 2 1/2
|Dul(6)(2) = {;max <—¢(‘” - 2_ d’(“’),o) + min <—¢(x) _zfa” - 6’),0) }

if the sum of the nonlocal term and ¢;(x, kh) is nonnegative, and

N ) )y 1/2
Dh|(q§)(1:):{;min (W+Z—W’O) + max (W,o} }

otherwise. In particular, Hj, satisfies (HO) with » = 1. Let M > 0 be such that
H60(~7t)HL1(RN) +|er(z,t)| < M for any (z,t) € RY x [0,T].

The CFL condition to ensure the conditional monotonicity (H1) of the scheme is

h
(3.2) V2NMK§1 foranyi=1,...,N.
The discrete convolution in the definition of Hj, is efficiently computed using the
Fast Fourier Transform; see [I]. We now state our convergence result:

Theorem 3.1. Let ¢y and ¢ satisfy (D), and let ug be a bounded and Lipschitz
continuous function which satisfies (L3). Let us fix space steps A; = \j h for any
i=1,...,N, for some constants \; > 0 such that B.2) holds.

Then there exists h, — 0 such that (up,) converges locally uniformly to a weak
solution of @) in RY x [0,T).
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If in addition we have
(D’) There exist ¢,¢ > 0 such that, for any x € RN and t € [0,T],
|co(z, )] <@,
0 <c< —lleols,O)llLr@ny +er(w,t) < leo(- )|y + iz, t) <,

then the whole sequence (uy) converges locally uniformly in RN x [0, T to the unique
weak solution of [B.1]).

Proof. We check the assumptions of Theorem 2.2] but will assume to avoid rep-
etition that ¢; = 0; the treatment of the term c¢; is similar to, but easier than,
the treatment of the convolution term involving ¢o. To check assumptions (H2) to
(H4), we first notice as in [I] that for z € II;, and x € B,(RY x [0,T];[0,1]),

Hy[x](2, kh, ¢) = {co(-, kh) » x (-, kh) () } | Dn|(¢) ().

Assumption (H2) is satisfied with L = |luo||c, by a simple comparison with the
constant solutions =£||ug||eo- It only remains to prove assumptions (H3) and (H4).
Let us pick z € RN, ¢ € C2(RY;R), x5 € Br(RY x [0,7T7]; [0, 1]) such that y, — x
weak-* in L (RN x [0,77;[0,1]), and let us prove that

[t/h]—1

he Y {col 1% xn( 1) (@n)} |Dal(6) (2n) ds

=0

h—0

[ a9 5 xte5)(@)} Do) ds
0

locally uniformly for ¢ € [0,7]. We decompose the difference of the two above terms
as

[ s vt @b ) s
[ el /110 0 5) @ 18 (0)n) ~ (Do) s
PO [ oo l5/110) 0 5) 0 — eo5) 2 01C8) )} s
PO [ {enls) a0 o) 5) 0} s

t
+|Do ()| / {co(-8) % xn(:,8)(@) — co(-,8) * x(+, s) ()} ds.
0
By definition of | Dy | and regularity of ¢, the first term of this expression satisfies
[t/h]h
/ {co(-, [s/hIh) * xn (-, s)(@n) } [ Dal(¢)(xn) ds
t

< |t = [t/hlh| MV2N |[Dg|loc < MV2N [|D¢|los b,
while the second is estimated by
/O {co(-, [s/h]h) % xn (-, ) (zn)} (| Dnl(¢)(zn) — [DP(x)]) ds
<TM | |Dp|(6)(n) = [De(x)| | — 0.
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The third term is, in absolute value, less than

|D¢>(=’E)|/O lleo(-, [s/hlh) = co(:, 8) [l 1wy ds < | Do ()| T'm(h),

where m is a modulus of continuity for ¢g € C°([0, T]; L*(RY)). We estimate the
fourth term by

|Dp(x)| T C |ap, — x| < g T C|D¢(z)| (max A;) b

using the facts that ||Dcol| e (jo,r);01 m)) < C and

YAt 1Y N
|z, — z]? < Z (71) = ZZA? h* < Z(max)\i)2 .
i=1 i=1
Finally, the last term is equal to

6@ [ [ cola=9.5) Canlon ) = x(w.9)} duds,

which converges to 0 as h — 0 by definition of the weak-* convergence of (x) to
X- This convergence is a priori merely pointwise in time but we notice as in [4]
Remark 5.2] that the bound

/ co(x —y,s) xn(y,s)dy| <M
RN

valid for any (z,s) € RN x [0,T] and h > 0 implies that the convergence is in fact
uniform, by Ascoli’s theorem.

To check (H4), let K be a compact set of RY and let R be a positive constant,
and let us fix 7,y € KNIy, k € Nwith kh < T, ¢,9 € CZ(RY;R) with |l¢p—9|| < R
(]| - || is defined by 22)) and x € B (RN x [0,7T7];[0,1]). We want to prove that

|Hulx](2, kh, ¢)—Hp[x](y, kh, )|
< mn(lz =y + |Do(x) — DY (y)| + [D*p(x) — D*¢(y))),

for some uniformly bounded moduli of continuity my. To do this we write

Hy[x]|(x, kh, ¢) — Hp[x](y, kh, 1))

={co(", kh) x x (-, kh)(2)} [ Dnl(¢)(z) — {co(-, kh) * x (-, kh)(y)} | Dn|(4)(y)
={co(-,kh) * x(-,kh)(z)} |Dpl()(z) — {co(, kh) x x(-, kh)(2)} [Do()]
+{co(-skh) * x (-, kh)(2)} [D(2)| — {co(-, kh) x X (-, kh)(2)} | Do (y)|
+{co(- k) * x (-, kh)(2)} |[Dd(y)| — {co(, kh) x X (-, kh)(y)} [Dd(y)]
+{co(, kh) x x (-, kh)(y)} [Dé(y)| — {co(, kh) * x (-, kh)(y) } [DY(y)|
+{co(, kh) x x (-, kh)(y)} [DY(y)| — {co(-, kh) x X (-, kh)(y) } | Dn|(¥)(y)-
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By definition of |Dy,|, the first and the last terms of this equality are respectively
estimated by

M 1 ID4I(6)a) ~ Do) | < M V2N 52 max )

V2 D% e (mi i)

<M @ (|| D?¢| 0o + R) (max \;) h.

and M | [Dp|(¥)(y) = [DY(y)| | < M

The second term is easily dominated by
M N ||D?¢|os |2 — y]
by regularity of ¢, while the third term is, in absolute value, less than
Clz =yl Ddlloo,
because || Dcol| Lo (o,77;11(rv)) < C. Finally, the fourth term is estimated by
M (|D¢(y)| — Dy (y)]) < M |Dé(x) — Dy (y)| + M [Dd(x) — Do (y)|
< M |Dg(x) — DY(y)| + M N | D*||os |2 — yl.

This proves (H4) and concludes the proof of the first part of Theorem [311

For the convergence of the entire sequence, we use the result of [6] which states
that under assumptions (D) and (D), then (3] has a unique weak solution. The
convergence of the whole sequence (uy) to this solution then follows from Theorem
a

3.2. A FitzHugh-Nagumo type system. We are also interested in the following
system:

uy = a(v)|Dul in RN x (0,7),
(3.3) Qv —Av=g"(v)lpzoy +9 (0)(1 = 1sey) inRY x(0,7),
u(+,0) = ug, v(-,0) = vy in RY,

which is obtained as the asymptotics as € — 0 of the following FitzHugh-Nagumo
system arising in neural wave propagation or chemical kinetics:

{ uf —eAu® = e f(uf,v),

3.4
(3.4) vi — Av® = g(u®,v%)

in RY x (0,T), where for (u,v) € R2,

flu,v) =u(l —u)(u—a)—v (0<a<l),

g(u,v) =u—v (v >0).
The functions «, g* and g~ : R — R appearing in (3] are associated with f and
g. This system has been studied in particular by Giga, Goto and Ishii [I3] and
Soravia and Souganidis [22]. They proved existence of a weak solution to ([B3).
Moreover in [22], the convergence of the solution of (34) to a solution of [B3) as

€ — 0 is proved.
If for x € L= (RN x [0,7T);[0,1]), v denotes the solution of

{vt —Av=gT(v)x+g ()1 —x) mRN x(0,T),

3.5
(3:5) v(+,0) = vy inRY,



APPROXIMATING NONLOCAL FRONT PROPAGATION EQUATIONS 139

and if ¢[x](z,t) := a(v(z,t)), then Problem ([B3]) reduces to

{ut(x,t) — [Lusoy) (2, 0)[Du(z, )] in RN x (0,T),

3.6
(3.6) u(-,0) = ug in RV,

which is a particular case of (II]), where ¢[x] depends on x in a nonlocal way in
both space and time. In [5], Barles, Cardaliaguet, Ley and the author were therefore
able to recover the existence result of [13] 22], and in [6], they proved uniqueness
in the case where o > ¢ in R for some ¢ > 0.

Let us state the assumptions satisfied by the data; they imply that (A1) and
(A2) hold (see [A]):
(F) (i) « is Lipschitz continuous on R,

(ii) g* and g~ are smooth on R™, and there exist g and g in R such that

g<g (r)<g*(r)<g forallrinR.
We set v = max{|g|, [g]}. Moreover we assume that

1) Pl < +o0 and  [|(g7)P]lec < +00 fori=1,2,3.

(iii) wvp is of class C® on RN with || D7vg|ee < 400 for any j =0,...,5.

Here we want to propose a numerical scheme to compute a weak solution, or the
weak solution if a > 4§, of (B3)-(B). To solve the heat equation part

vy —Av =g (v)x + g~ (v)(1 - x),

we use an approximation scheme that we write in the following abstract form: we
build functions v; : RY x [0,7] — R, such that v, is piecewise constant; i.e., for
any (z,t) € RN x [0, T, v, (x,t) = vy (zn, [t/h]h), and such that for any k € N with
(k+1)h <T, for any x € I},

{ vp(x, (k+ 1)h) = Sk[x](z, kh, vp),

(37) Uh(x, 0) = 'U07h(x)a

where Sy, [x](z, kh,v) depends on {x(Zi,,....ix,lh)}(iy,...in)ez~ for I € N up to k +
1, and on {vn(Ziy,...in> M) }iy,....ixyezy for I € N up to k. Moreover vy p, is an
approximation of the initial datum vyg.

The scheme solving the heat equation being fixed, we then use our scheme (2]
in the following form: for any k € N such that (k + 1)h < T, and for any « € I,
we set

(3 8) ’(Lh(l', (k + 1)h) = uh(m7 kh) + hOé(’Uh(l', kh))|Dh|(uh(a kh))a
' op(z, (k 4+ 1)h) = Sp[1qu, >03](z, kh,vh),

with the initial condition

vp(x,0) = vo p(x).

{ up(z,0) = ug(z),

We recall that |Dy|(¢)(x) is the monotone approximation of |[D¢(x)| used in the
previous section. We easily see that this scheme is of the form (ZTI), where
H[x](z,kh,u) depends on x through all the values x(-,lh) for 0 < I < k. We
now formulate assumptions on the functions S;, which will guarantee convergence
of (B.8)) according to Theorem
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(S) (i) There exists M > 0 such that for any fixed xy € B,(RY x [0,7T];0,1)),
the solution v, of ([B) satisfies, for any = € II;, and k € N with kh < T

|vp(z, kh)| < M independently of h.

(i1) If xn, € Br(RY x[0,T7; [0, 1]) is such that x; — x in L= (RY x[0,T7;[0,1])
for the weak-* topology as h — 0, then the solution v;, of [B7) associated to xp
converges pointwise to the solution v of [BH) in B(0, R) x [0,T], where we set
R = Ry + TN max I; and Ry is given by (L3).

(ii7) For any compact subset K of RV there exist uniformly bounded moduli
of continuity my, such that for any h > 0, z,y € K N1, any k, h > 0 with kh < T
and y € By (RN x [0,T];[0,1]), the solution v, of ([B.7) satisfies

[on (2, kh) — v (y, kh)| < mp(lz —yl),

and such that mp(n) — 0 as h,n — 0.
Our convergence result is the following:

Theorem 3.2. Assume that o, g%, g~ and vg satisfy (F), while ug is a bounded
and Lipschitz continuous function which satisfies (L3)). Let up be defined by the
scheme B.8) such that (S) holds and the A;’s satisfy

(3.9) V2N max{|a(r)],|r| < M} A£ <1 foranyi=1,...,N,

where M is the constant given by assumption (S) (i). Then there exists hy, — 0
such that (up,) converges locally uniformly in RN x [0,T] to a weak solution of
B.8).
If in addition there exists 6 > 0 such that a(r) > 6 for any r € R, then the
whole sequence (uy) converges locally uniformly in RN x [0,T] to the weak solution

of (B4).

Proof. Assumption (S) (i) guarantees the existence of a constant M such that
for any fixed x € Bp(RN x [0,7];[0,1]), the solution v, of (.7 satisfies, for any
x,y € I and k € N with kh < T,

|vp(z,kh)| < M independently of h.

The CFL condition to ensure the conditional monotonicity of the first part of the
scheme (B8] is exactly ([B.3), while the stability of this scheme follows as in the
dislocation case. It only remains to check assumptions (H3) and (H4) of Theorem
This verification is very similar to the above proof in the dislocation case: it
uses assumption (S) and the Lipschitz continuity of . As a consequence, Theorem
guarantees the existence of a subsequence (uy,, ) converging locally uniformly in
RY x [0,T] to a weak solution of (B.6).

If in addition there exists 6 > 0 such that a(r) > § for any r € R, then (3.0)
has a unique weak solution (see [6]). The convergence of the whole sequence (uyp)
to this solution follows once more from Theorem d

Let us now give an example of scheme (B.7)) which satisfies (S). Due to the lack
of regularity of the function y, we will solve an approximate equation in which the
term Y is regularized by convolution: for e € (0,1), let (p°) be a mollifier on R x R
such that Supp(p®) C [—¢,e]N T, p*(—x, —t) = p*(x,t) > 0 for all (z,t) € RN x R,
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[p°]1 =1 and
o . A
(310) ‘ ﬁO.D]p‘S Sm fOI' (Z,J):(2,0) or (Zzo,landZ+J§3),
1

for some constant A > 0. To ensure that our scheme is nonanticipative, we shift p*
in time by € and set

T
X (z,t) = / / p°(x—y,t —s—e)x(y,s)dyds.
o JrN

We are going to solve ([B.8]) by the standard forward Euler scheme, with the regular-
ization x¢ of x. This regularization is essential to obtain estimates on the solution
vy, and we can pass to the limit thanks to a good choice of balance between e and
h.

Let us fix the space steps A; by the relation A; = \; h for some fixed constants
A; > 0 to be made precise later. Recall that these conditions are essential to
guarantee compactness of the front {uy(-,t) > 0} for any time ¢ € [0, 7], when uy,
satisfies (Z.I). However, for the forward Euler scheme to be stable and monotone,
these conditions are not adapted.

For this reason, we need to solve ([3.5]) on a refined time grid: let A’ be another
time step such that h/h’ =: p € N*; the integer p may depend on h. We define the
operator TE! [y] corresponding to the k-th step of the forward Euler scheme for (3.5)
on this refined grid; that is, for any function v : II;, — R, x € B, (RY x [0, T]; [0, 1)),
for any x € IIj, and k, b/ such that (k+ 1)h' < T,

N

/ v(x 4+ Aze;) —2v(z) + vz — Ase;)
T [X)(v) () = v(z) + I ; A
(3.11) R g (@) (o ) + b g™ (0(2) (1 — X (&, k),
where (eq,...,en) is the canonical basis of RY.

Then we set for any v : II;, = R, x € B, (RY x [0,T];[0,1]), for any = € II;, and
k,h such that (k+ 1)h < T,

(312)  Sulxl(w khov) = T oo T [ o TH N (0) (),

and we denote by vj, the solution of (B7) with initial condition

(3.13) vo.n(x) = v5(x)

for some regularization v§ of vy of class C°° with ||D/v§|s < [|[D7vgllee for any
j=0,...,5, and such that v — vp uniformly as € — 0.

This means that, to define v (x, (k + 1)h) knowing v (x, kh), we split the time
interval [kh, (k+1)h] in p = p(h) intervals of length h’ and make p iterations of the
operator T}, starting from of (x, kh).

To explain the choice of h’, we notice that the linear part of ([BIIl), which is
represented by the operator

N

G(H) : v = (v(z))sem, G(:ﬁ) sy Mot Bie) 2 20(e) vl = Aie») |
=1 ! xzelly

is monotone and satisfies
1G(R)v]loo < [[v]lo
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under the CFL condition
h' 1

Since in addition we have for any k, h’ such that kh/ < T,
1" g* (v, (2, kR)))X (, kh') + 1 g™ (v, (2, kR))) (1 = X (2, kh'))| < 7 I,
it is easy to see that under condition ([BI4), for any h and & we have

[villoe < llvolloc +~T = M.

We therefore choose our time step A’ by the relation A; = u; VA for some constant
i > 0 such that h/h' € N* and ([BI4) holds: more precisely, we fix constants
i > V2N independent of h such that A;/u; =: v does not depend on 4, and set
1
(3.15) h' = (vh)?, where h=——
vep

for some p € N*. For this particular scheme, we have the following convergence
result:

Proposition 3.3. Assume that o, g7, g~ and vg satisfy (F), while ug is a bounded
and Lipschitz continuous function which satisfies (L3l). Let us fix A; = A\ h for
some fized constants A; > 0 such that B9) holds with

M = [Jvolloc +7 T,
and let us define h' by BIH). We also assume that € is linked to h by the relation
(3.16) g3+ — 26

for some fized 5 € (0,1).
Let us define the scheme B) with Sy and vop defined by BII), BI2), and
BI3). Then the assumptions of Theorem are satisfied.

Proof. First of all, as explained above, (S) (4) is satisfied with M = ||vg|lco + 7T,
and the A;’s were chosen so as to satisfy [B.9]) with this M.

To check (S) (ii), let us fix a sequence of functions x5, € B (RN x [0,T];[0,1])
such that x;, — x weak-* in L>(RY x [0, 77; [0, 1]) as h — 0. We want to prove that
for the choice of e(h) given by (B.I6), the solution v of ([B.7) associated to x;, with
initial condition v§ converges pointwise to the solution v of ([BF) in B(0, R) x [0,T]]
as h — 0. To do so, we set x5, := (x5)° and write

v, — v = (v, — wy) + (wf, = wp) + (wn =),

where wy, (resp. w§) denotes the solution of (B.5]) associated to x, (resp. x7) with
initial condition vy (resp. v§). That is, we split the error into three parts, the first
part concerning the approximation error coming from the scheme, but with regular
source terms Yj , the second part taking into account the error on exact solutions
of (B5)), but as we relax the regularity of x° by letting x5 — X», and the third part
dealing with the weak convergence of x, to x.

Step 1: the term v — wj . Let us set

E* = (B*(x))sen, = (v} (z, kh') — wj, (2, kN'))sem,
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to be the approximation error at step k. Let us also set e¥ = (e*(z))em, , where

() o WG O+ D) = G (o, ki)
: -

— g7 (Wi (z, kW), (@, kh') — g~ (wi, (2, k1) (1 = x5, (z, kh')),

which represents the consistency error of the scheme. Classical error estimates on
the explicit Euler scheme for the heat equation imply that there exists a constant
C > 0 such that for any = € IIj, and k, b/ with kh/ < T,

C

(R’ 4+ max A?).
Indeed, the Hélder theory for parabolic equations (see for example [15]) shows that
O*ws, I < A
ot? hlloo = Z3(N+1)

for some constant A > 0, thanks to (B.I0) and the bounds on the derivatives of g™,
¢~ and the initial datum vg. Then we remark that

EF ()

= vj(z, (k+ 1)h") — wj (z, (k+ 1)h")

G(h")oj, (- k') () + h' g™ (v, (, kR)) x5, (2, k1)

+h' g7 (vi (2, k') (1 = X, (2, kh')) — G(R)wi (-, k') (z)

— B g* (wj (x, kh'))xG, (2, kh') = b g~ (wf, (2, kB') (1 = X§, (z, kh')) — h' €" (),

= 3(N+D) and HD4w

which we rewrite as
EM Y (z) = G(W)[vy (-, k') — wj (-, kB)](2) — h' " ()
+ 1 [gF (vf, (2, kh')) — g7 (w] (2, kh'))]xG, (@, kR')
+ 1 (g7 (v, (2, kR')) — g (wj, (2, kR))|(1 = x5, (2, kR)).

If D denotes a Lipschitz constant for g™ and g—, then we obtain, using the fact
that ||G(R))| < 1,

|B*+ e < 1B oo + W [e¥lloc + DRI E og = (1 DI E g + 1 ] .

By induction, and using the fact that E° = 0, we easily deduce that for any k with
kh' <T,
k
IE*|loe < 'Y (14 DR') ||| oo
i=0
Using ([B.I7), we obtain that for any k with kh' < T,

| E¥|| o0 < TePT h' 4 max A?)

e3(N+1) (

(3.18) <rerm__©

= m (1+maX'U22) l/2 h27

thanks to the choices of A; = pu;v/A/ and h' = (vh)2. We therefore see that if we
choose ¢ as in [BI0), i.e. 2+ = 428 for some B € (0, 1), then v§ —w§ converges
to 0 uniformly on II; as h — 0. Moreover, an easy consequence of the explicit
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resolution of (BX) (see Lemma 3.5 in [5]) is that there exists a constant ky > 0
depending only on N such that for any z,y € RY,

jwi (. k) = i,y k)| < (| Dvoloc + by Y VT ) & = yl.
As a consequence, v — wj, also converges to 0 uniformly on RY as h — 0.

Step 2: the term w§, — wy. Let us first prove that x5 — xp — 0 in L=(RY x
[0,77;[0,1]) weak-* as h — 0. For any ¢ € LY(RY x [0,T]; R),

/OT /RN X (1) ¢(a, 1) dadt — /OT /RN Xn(z,t) $(z,t) dzdt
- ' ' Xn(y,8) p°(x — y,t — s — €) dyds | ¢(z,t) dudt
[LACL )

/OT /RN (1) bz, 1) dadt.

Exchanging the variables (z,t) and (y, s) in the first integral, which is permitted
by the facts that x; takes values in [0, 1] and that p and ¢ € L', we transform
this difference of integrals into

/OT /RN Xn (Y 5) (/OT/RN po(x =yt —s5—¢) p(x,t) dxdt) dyds

T
7/ / Xn(Y,s) ¢(y, s) dyds,
0 RN

which, in absolute value, is less than

/L (/T [ r@vt=s =90 dwdt> — 0{y,5)| dyds

since |xp| < 1. Using the fact that p® is symmetric, this integral is equal to

/OT/RN (/OT/RNPE(y—x,s—t+s)¢(x,t)dxdt> — &y, s)| dyds,

that is to say,

o= (-, + &) — <Z~5||L1(RNx[o,T]),

where ¢ is the extension of ¢ to RN x R by ¢(-,t) = 0 if t ¢ [0,7]. Reproducing
the standard proof on approximation by convolution (using the approximation of
¢ by a function of class C), we see that this term converges to 0 as ¢ = (h) — 0.
This proves the claim.

We deduce from this assertion and the fact that v — vy uniformly, that wj, —wy,
converges locally uniformly to 0 as h — 0. This verification is similar to the proof
of Theorem 3.4 of [5], based on the explicit resolution of (B.5) in terms of the Green
function of the heat equation.

Step 3: the term wp, —v. We prove in the same manner that this term converges
locally uniformly to 0 as h — 0, since x5, — x weak-+ in L=(RY x [0,T];[0,1]).
This concludes the verification of (S) (ii).
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Let us finally check (S) (427) for the choice of ¢ given by [BI6): let K be a

compact subset of RV let z,y € K NIy, kh < T and x € By(RY x [0,77;0,1]).
To estimate vy, (x, kh) — v}, (y, kh), where v} is the solution of (B.), we write

vp (2, kh) = vj,(y, kh) = (v (2, kh) — wj (2, kh)) + (wj, (2, kh) — wi,(y, kh))
+ (w(y; kh) — vj(y, kh)).

Using the error estimate ([BI8]), we know that

[0, k) —wf, (k) |+ [ (. k) — v, (9, k)| < 2T €PT

m (1+maxu3) V2 hg.

Moreover, as recalled above, the solution wj of (B associated to xj satisfies

jwi (. k) = i,y k)| < (| Dvoloc + by Y VT ) |2 = yl.

With the previous choice of &, we therefore obtain that (S) (4i7) is satisfied with

my(n) = 2T ePT O (1 + max p2) v? K219 4 (IIDvolloo + kmﬁ) 0.

This concludes the proof of Proposition B3] and implies the convergence of our
scheme according to Theorem O

ACKNOWLEDGMENT

I would like to thank Pierre Cardaliaguet for his kind advice and support during

the preparation of this article. This work was partially supported by the ANR
(Agence Nationale de la Recherche) through MICA project (ANR-06-BLAN-0082).

10.

REFERENCES

. O. Alvarez, E. Carlini, R. Monneau, and E. Rouy, A convergent scheme for a non local
Hamilton Jacobi equation modelling dislocation dynamics, Numer. Math. 104 (2006), no. 4,
413-444. MR2249672/|(2008{:74041)

. O. Alvarez, P. Hoch, Y. Le Bouar, and R. Monneau, Dislocation dynamics: Short-time exis-
tence and uniqueness of the solution, Arch. Ration. Mech. Anal. 181 (2006), no. 3, 449-504.
MR2231781

. G. Barles, A new stability result for wiscosity solutions of monlinear parabolic equations
with weak convergence in time, C. R. Math. Acad. Sci. Paris 343 (2006), no. 3, 173-178.
MR2246335

. G. Barles, P. Cardaliaguet, O. Ley, and R. Monneau, Global existence results and unique-
ness for dislocation equations, STAM J. Math. Anal. 40 (2008), no. 1, 44-69. MR2403312
(2009d:49049)

. G. Barles, P. Cardaliaguet, O. Ley, and A. Monteillet, Existence of weak solutions for general
nonlocal and nonlinear second-order parabolic equations, to appear in Nonlinear Analysis
Series A: Theory, Methods & Applications.

, Uniqueness results for nonlocal Hamilton-Jacobi equations, Preprint (2008).

. G. Barles and C. Georgelin, A simple proof of convergence for an approzimation scheme for
computing motions by mean curvature, SIAM J. Numer. Anal. 32 (1995), no. 2, 484-500.
MR1324298|/(96¢:65140)

. G. Barles and P. E. Souganidis, Convergence of approximation schemes for fully nonlinear
second order equations, Asymptotic Anal. 4 (1991), no. 3, 271-283. MR1115933/(92d:35137)

. M. Bourgoing, Viscosity solutions of fully nonlinear second order parabolic equations with
L' dependence in time and Neumann boundary conditions, Discrete Contin. Dyn. Syst. 21
(2008), no. 3, 763-800. MR2399437

, Viscosity solutions of fully nonlinear second order parabolic equations with L' depen-

dence in time and Neumann boundary conditions. Existence and applications to the level-set
approach, Discrete Contin. Dyn. Syst. 21 (2008), no. 4, 1047-1069. MR2399449


http://www.ams.org/mathscinet-getitem?mr=2249672
http://www.ams.org/mathscinet-getitem?mr=2249672
http://www.ams.org/mathscinet-getitem?mr=2231781
http://www.ams.org/mathscinet-getitem?mr=2246335
http://www.ams.org/mathscinet-getitem?mr=2403312
http://www.ams.org/mathscinet-getitem?mr=2403312
http://www.ams.org/mathscinet-getitem?mr=1324298
http://www.ams.org/mathscinet-getitem?mr=1324298
http://www.ams.org/mathscinet-getitem?mr=1115933
http://www.ams.org/mathscinet-getitem?mr=1115933
http://www.ams.org/mathscinet-getitem?mr=2399437
http://www.ams.org/mathscinet-getitem?mr=2399449

146 AURELIEN MONTEILLET

11. P. Cardaliaguet and D. Pasquignon, On the approximation of front propagation problems with
nonlocal terms, M2AN Math. Model. Numer. Anal. 35 (2001), no. 3, 437-462. MR1837079
(2002d:65108)

12. Y. Giga, Surface evolution equations. A level set approach, Monographs in Mathematics,
vol. 99, Birkhauser Verlag, Basel, 2006. MR2238463

13. Y. Giga, S. Goto, and H. Ishii, Global existence of weak solutions for interface equations
coupled with diffusion equations, STAM J. Math. Anal. 23 (1992), no. 4, 821-835. MR 1166559
(93g:35068)

14. H. Ishii, Hamilton-Jacobi equations with discontinuous Hamiltonians on arbitrary open sets,
Bull. Fac. Sci. Engrg. Chuo Univ. 28 (1985), 33-77. MR845397|/(87k:35055)

15. N. V. Krylov, Lectures on elliptic and parabolic equations in Sobolev spaces, Graduate Studies
in Mathematics, vol. 96, American Mathematical Society, Providence, RI, 2008. MR2435520

16. D. Nunziante, Uniqueness of viscosity solutions of fully monlinear second order parabolic
equations with discontinuous time-dependence, Differential Integral Equations 3 (1990), no. 1,
77-91. MR1014727(90i:35135)

, Ezistence and uniqueness of unbounded viscosity solutions of parabolic equations with
discontinuous time-dependence, Nonlinear Anal. 18 (1992), no. 11, 1033-1062. MR1167420
(93f:35125)

18. S. Osher and R. Fedkiw, Level set methods and dynamic implicit surfaces, Applied Mathe-
matical Sciences, vol. 153, Springer-Verlag, New York, 2003. MR 1939127 (2003;:65002)

19. S. Osher and J. A. Sethian, Fronts propagating with curvature-dependent speed: Algorithms
based on Hamilton-Jacobi formulations, J. Comput. Phys. 79 (1988), no. 1, 12-49. MR965860
(89h:80012)

20. D. Rodney, Y. Le Bouar, and A. Finel, Phase field methods and dislocations, Acta Materialia
51 (2003), 17-30.

21. D. Slepcev, Approxzimation schemes for propagation of fronts with nonlocal velocities and
Neumann boundary conditions, Nonlinear Anal. 52 (2003), no. 1, 79-115. MR1938652
(2003k:65096)

22. P. Soravia and P. E. Souganidis, Phase-field theory for FitzHugh-Nagumo-type systems, SITAM
J. Math. Anal. 27 (1996), no. 5, 1341-1359. MR1402444 (97e:35013)

17.

UNIVERSITE DE BRETAGNE OCCIDENTALE, UFR SCIENCES ET TECHNIQUES, 6 AV. LE GORGEU,
BP 809, 29285 BREST, FRANCE
E-mail address: aurelien.monteillet@univ-brest.fr


http://www.ams.org/mathscinet-getitem?mr=1837079
http://www.ams.org/mathscinet-getitem?mr=1837079
http://www.ams.org/mathscinet-getitem?mr=2238463
http://www.ams.org/mathscinet-getitem?mr=1166559
http://www.ams.org/mathscinet-getitem?mr=1166559
http://www.ams.org/mathscinet-getitem?mr=845397
http://www.ams.org/mathscinet-getitem?mr=845397
http://www.ams.org/mathscinet-getitem?mr=2435520
http://www.ams.org/mathscinet-getitem?mr=1014727
http://www.ams.org/mathscinet-getitem?mr=1014727
http://www.ams.org/mathscinet-getitem?mr=1167420
http://www.ams.org/mathscinet-getitem?mr=1167420
http://www.ams.org/mathscinet-getitem?mr=1939127
http://www.ams.org/mathscinet-getitem?mr=1939127
http://www.ams.org/mathscinet-getitem?mr=965860
http://www.ams.org/mathscinet-getitem?mr=965860
http://www.ams.org/mathscinet-getitem?mr=1938652
http://www.ams.org/mathscinet-getitem?mr=1938652
http://www.ams.org/mathscinet-getitem?mr=1402444
http://www.ams.org/mathscinet-getitem?mr=1402444

	1. Introduction
	2. Convergence of approximation schemes
	3. Applications
	3.1. Dislocation dynamics
	3.2. A FitzHugh-Nagumo type system

	Acknowledgment
	References

