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A POSTERIORI ERROR ESTIMATION FOR hp-ADAPTIVITY
FOR FOURTH-ORDER EQUATIONS

PETER K. MOORE AND MARINA RANGELOVA

ABSTRACT. A posteriort error estimates developed to drive hp-adaptivity for
second-order reaction-diffusion equations are extended to fourth-order equa-
tions. A C?' hierarchical finite element basis is constructed from Hermite-
Lobatto polynomials. A priori estimates of the error in several norms for
both the interpolant and finite element solution are derived. In the latter
case this requires a generalization of the well-known Aubin-Nitsche technique
to time-dependent fourth-order equations. We show that the finite element
solution and corresponding Hermite-Lobatto interpolant are asymptotically
equivalent. A posteriori error estimators based on this equivalence for solu-
tions at two orders are presented. Both are shown to be asymptotically exact
on grids of uniform order. These estimators can be used to control various
adaptive strategies. Computational results for linear steady-state and time-
dependent equations corroborate the theory and demonstrate the effectiveness
of the estimators in adaptive settings.

1. INTRODUCTION

A significant effort has been made in developing adaptive finite element methods
for the solution of second-order parabolic and elliptic partial differential equations
[2, 5]. Less attention has been devoted to fourth-order problems. Nevertheless,
many important physical systems are modeled by fourth-order equations. These
include the biharmonic equation, the Cahn-Hilliard equation [9, [16] and multi-
component Cahn-Hillard system [14], the Extended Fisher-Kolmogorov equation
[0, 12], the Kuramoto-Sivashinsky equation [IT], I8, B0, B2] and the Generalized
Swift-Hohenberg equation [8, [I7]. In these examples the solutions are smooth,
suggesting that high-order approaches are advantageous.

One approach to solving fourth-order equations is to reduce them to a second-
order system and utilize well-established adaptive methods for second-order equa-
tions. Adaptive finite element methods for second-order systems come in several
varieties. Two of the most common are grid-refinement (h-refinement) and order
variation (p-refinement) [5]. A combination of these, i.e., hp-refinement has been
shown to be very effective in several settings [13] [20].

Potential drawbacks of this strategy include measuring errors in less natural
norms and a doubling of the number of unknowns. One approach to reducing the
number of unknowns is by using discontinuous Galerkin [I0] or interior penalty
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methods [33]. Alternatively the fourth-order problems can be solved directly en-
abling us to compute solutions in H2. To that end we consider the basis proposed
by Adjerid [I] constructed from Hermite-Lobatto polynomials. This basis has sev-
eral desirable properties. It involves less than half the number of unknowns of the
second-order system. The finite element solution is in C'. The basis is hierarchical
in that increasing the order on an element involves one additional basis function.
Most importantly the Hermite-Lobatto interpolant possesses the asymptotic equiv-
alence property, that is, the finite element and interpolant errors converge at the
same rate with the same constant in the H?> norm. Asymptotic equivalence guar-
antees that error estimates that converge to the true error as the grid is refined can
be constructed [3| 23] 24, [38] [39].

These estimates are global in the sense that they approximate the error over the
domain. They are used to decide when to adapt the grid. How to adapt the grid,
on the other hand, depends on estimates of the local error. Error indicators on each
element are typically computed as the elemental contributions to the global error
estimator. In the approach taken by Adjerid for even-order elements in two space
dimensions [I] and followed here, error indicators are obtained by solving a local
problem on each element. These suffice for determining h- and p-refinement. The
order selection algorithm for hp-adaptivity adopted by us also requires estimates of
the error one order higher than the current order. This is accomplished by solving a
second local problem on each element. These two indicators are natural extensions
of effective techniques developed for second-order equations [25].

The error estimator and element error indicators proposed, in conjunction with
h-, p- or hp-adaptivity can be utilized to solve both steady-state and time-dependent
problems. To that end consider fourth-order steady-state equations of the form

2 2u U
) @ T~ L))+ = f(@), v 9= (),
©) u@=u®)=0,  P@="T0=0

and comparable time-dependent equations

(3) w4 (p(2)usz) s — (H(T)Us)e + K(z)u = f(2,1), v € Q= (a,b), t € (0,T],

(4) u(a,t) = u(b,t) =0, S—Z(a,t) = j—Z(b,t) =0,
(5) u(z,0) = up(x), v € Q,

where

(6) p(x) >0, p(z) =20, k(x) = 0.

Throughout we assume that (I)-([2]) and [@B])-(E) have unique solutions. In the former
case we also assume u € HYT®(Q) while in the latter u € HET?(Q) x C5°[0, T) for
some time 7. These regularity assumptions are needed in our proofs but are not the
primary focus of this paper. Our main concern is in developing estimators that will
result in reliable and efficient codes for problems with smooth solutions. Equations
[@-@) and @)-(@) are discretized in space using the finite element method. For
@)-@) the resulting system of ordinary differential equations is integrated in time
using the differential-algebraic code dassl [7]. This corresponds to a method-of-lines
(MOL) approach.
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In section 2 the Hermite-Lobatto polynomials are introduced and important
properties are derived. A priori estimates for the Hermite-Lobatto interpolant on
a canonical element A = [m — h/2,m + h/2] and on 2 are obtained in section 3.
Comparable results for the associated finite element solutions and relations between
these a priori error estimates are also proved. This requires an extension of the
Aubin-Nitsche technique [I5] to fourth-order time-dependent problems. In section
4 a posteriori error estimates for the finite element solutions of both fourth-order
problems are presented. Estimates for a finite element solution one order higher are
also obtained in this section. In both cases convergence of the estimates to the true
error is proved for grids of uniform order. This represents an important first step
in obtaining proofs in a more general setting. Finally a brief description of how
the theory is applied to guide the three adaptive strategies is presented. Section 5
contains the computational results. Estimator accuracy is confirmed for a model
linear steady-state problem. We also provide numerical evidence that the error
estimator and indicators can effectively drive the adaptive strategies along with
some comparisons between them for steady-state and time-dependent equations.
Some conclusions are presented in section 6.

2. PRELIMINARIES

Throughout this paper the Hermite-Lobatto polynomials on A = [m —h/2, m +
h/2] are given by

2p —_3 2(x—m)/h pr
(7) Dy (z;hsm) = \/T/ / P,_o(s)dsdr, p >4,
-1 -1

and in monic form by

(8) Up(wihim) = [[(@=To) =Y al_pa™%, p >4,

where P,_o(x) is the Legendre polynomial of degree p—2 and the I';, i = 1,...,p, are
the roots of ®,(z; h;m). To form a basis for the space of polynomials of degree p on
A the functions ®,(z; h;m), p > 4, of (@) are augmented by the cubic polynomials,

©) Bo(wshim) = (e (m+ )2~ (m— ),
(10) Py (z;h;m) = %(x—(mjtg))%—(m_g)),
ay Da(eshim) = (e (m— 0)m+h— ),
(12) Oy(z;him) = %(xf(m—g))Q(x—(mng))

We will need the following properties of v, (x; h;m) and its derivatives:
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Lemma 1. On A,

(13) Yp(z;hym) = h;)((gp_?);;};! \/ 2p27 3<I>p(x; h;m),

(14) o him) = "B (o = m) )~ 2= D, 2 )
+ %Pp,4(2(x— m)/h)) ,

(15) y(astim) = 5 OB, (2o ) /1) = Ppealo ) /),
(16) wyaitim) = "L p, (20— mn)

mih/2 B 3R2P+1(2p — 3) plp—2)"\’
4o /mm s = e T ()

mEh/z o RPTY2p—3)  [plp— 2
a9 [, Clemis = so e (Tav=s1)

m+h/2 P ) B h2p—3 p|(p_2)' 2

2 _

(20) tpi1(@) = (0 — m)p(@) — PPNy,

4(2p—3)(2p—5)
(21)  max |y (w; him)| < C(p)h"—2.

Proof. The first equality is obtained from () and the properties of Legendre poly-
nomials [2§]

op—2 (1 P—2
(22) Py-a(a) = ((;)_”;; + Rya(@),

where R,_4(x) is a polynomial of degree p — 4 and the factorial function (1/2),_2
is defined in [28]. From [22] the Lobatto polynomial B, (x) satisfies

(23) Byx) = - 2LV b 2~ my/).
Thus

Biw) | Bjo@ 2 U
1) P P B 2o m)/h) ~ Ppeal(e — m)/).

The properties of Legendre polynomials and (23]) imply that
(2p—3)
(p—1(p-2)

Combining (24]) and (28] and integrating over [m — h/2, z] yields
(2

6)
ch:m)=— 2}7*3 1 xr) — 1 2T
ylwhim) == =5 (p<p—1><2p—3>B”” <p—2><p—3><2p—3>B”‘”>'

(25)  (Pp1(2(x —m)/h) = Pps(2(x —m)/h)) = — By ().
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Then (@) follows from (6] together with (I3) and
plp—1)
(27) By(z) = —W(Pp@(x —m)/h) — Py—2(2(x —m)/h)),
from [22]. Differentiating (Id]) and using the properties of Legendre polynomials
gives ([3)). Equation (@) follows similarly by differentiating ([I5)). Formulas (I7)-
(I3 are obtained by integrating (I4)-(I6) and using the properties of Legendre

polynomials.
Integrating ([23) twice and using (7 yields

(28) /x y B, (s)ds — —2 s 1)h 2p27 SOy (33 him).
From [22] we obtain
(29) Byla) = I 2 (0) - B By (o)

Integrating (29)) gives

: _2@=3) (o [T s
/Tnh/2 Bpls)ds = h(p —2) <( )/mh/2 By-1(s)d

h 2 r
+ - —1(p—2 / D, (s;h;m)ds
5 2p_3(p )(p—2) S »( ) )

—1 &
— if? " BP,Q(S)CZS,

where we have integrated the second term by parts and then used ([28]). Substitut-
ing (20) into the second term on the right in ([B0) and applying (28]) followed by
([@3) yields 20). Equation (2I)) follows from (6] and the properties of Legendre
polynomials. O

3. A PRIORI ERROR ESTIMATES

Two interpolants of u are constructed in this section, one on the interval A and
the other on the domain Q. Consider first a function u € C*°(A) and corresponding
Hermite-Lobatto interpolant Uy a of the form

p

(31) Ura(z) = U;®;(x; h;m).
i=0
The coefficients U;, i = 0, ..., p, are determined by requiring that
(32) U]’A(Pj) = U(Fj), 1= 2, ey Dy U;’A(Fz) = UI(I‘Z‘), 1= 1,p+ ].,

with Ty =Ty =m — h/2 and ') = T'pp1 = m + h/2. Additionally let 72 be the
linear operator that projects functions in C°°(A) onto the space of polynomials
of degree p on A according to [32). The next lemma provides a basis for the
Hermite-Lobatto interpolant on A.

Lemma 2. Let

h p—1 -1 9 p—1 -1
(33)Po—m——+< +Z > ; Dprz=m+ 3 +<E+ n) :

=3

N\t‘
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and
P (e —Ty) (z —To) [[225(x —T})
(34) ILi(@)= oty Law) = ——
H]'::; (m 2 F]) (m 2 FO) H]'::; (m 2 F])
P r,
(35) Li(z) = ,1=3,...p—1,
L T, -1,
Jj=1,j#i
(36) Lysi(z) = =@~ 1) Ly(z) = (= Tpe) [ =T)
Pim+ % —Ty) (m+ % —Tp)[[PZ](m+ % —T})
Then

(37)  Upa(e) =Y _ w(Ty)Li(z) +u'(m — h/2)Ly(z) + v/ (m + h/2) Ly (x).

i=2
Remark. T'g € [m—h,m—h/2) and T'pyo € (m+h/2,m+ h] with Ty = m — h and
I'y = m+ h only when p = 3.

Proof. The result follows from @B1))-([B32) since L;(T';) = 6;5, 4,5 = 2,...,p, Li(T1) =

L;(FP‘Fl) = 07 1= 27"‘7p7 LI(FJ) = Lp+1(rj = 07 ] = 27"'7p7 Ll](]‘—‘l)
Ly (Tpin) = Land L{(Tpy1) = Ly (T1) = 0.

Ol

The derivation of the a priori and a posteriori error estimates depends on the se-
ries expansion of the error in the Hermite-Lobatto interpolant given in the following
theorem.

Theorem 3. Let u € C°(A) and Ur a be defined by (BI)-B2). Then if

ptg+1

(z — m)i i
(38)  v(a) = ZO S um),
ki (p+z'+1)( )
U m
(39) u(z) — Ur,a(x) = ¥pi1(x; hym) ZZ:; m‘l’i(ﬂf; h;m)
— uld(m) i (o /
+ Y —(z—m)" + (v'(I'1) — ' (1)) L1 ()
7!
1=p+q+2
p
+ (V' (Tps1) = o (Tpg1) Lppa (2) + Y (0(Ts) — u(T)) Li(x),
i=2
where
xp+i+1 _ 7TA,]3p+i+1
W;(z;h;m) =
i ) Yp1 (5 hym)
(40) (/2] 4
= Z ai—oki(T — m)z_%, i =0, ..., q,
k=0
with
min(k,[251]) ;
(41) a;; = 1, aj_ok; = — Z Gi—2(k—l),idzﬂ_2p k=1,..., [5]

=1
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Remark. From (8) and (@0)-(I) we obtain

(42) Uo(x;hym) =1, Uyi(z;hym) =x—m, VUa(x;h;m) = (xm)2+h2m.
D —

Proof. Consider the expansion
(43) u(x) — Ura(z) = u(z) —v(@) +v(z) — m80(z) + 780(x) — Uralz).
From (B8) it follows that

u® (m _
(44) u(z) —v(z) = Z ZE )(:c —m)".

1=p+q+2

Since 72v(x) is a polynomial of degree p, Lemma 2 and the definition of 72 imply
that

720(z) = Ura(z) = (v'(T1) = o/ (01)) La(@) + (v (Tp41) = 0/ (Tp41)) Ly ()
(45) + 3 (0(T) = u(Ty))Li(x).
=2

The remainder of the proof follows exactly the proof in [22] for the Lobatto inter-
polant. O

Several a priori estimates can be derived from Theorem 3 [29]. Throughout
the remainder of the paper C' denotes a generic constant that may depend on the
smoothness of u, p, ;1 and x but not on h. In addition we will also need the H'
and H? seminorms |u|; and |u|s, respectively. Finally L?, H' and H? norms and
seminorms over A are denoted by ||ull; A and |u]; A for i =0,1,2.

Corollary 4. Under the hypotheses of Theorem 3 with u € HPT4(A),

_ _ 2p+3
(46) ||u_ UI,AH(Q),A _ ( (p 1)' 3(2]7 )h + (u(P+1)(m))2

2 1
(2p— 1)!) 8(2p +3)(2p+ 1)(2p — 3)(2p — 5)

+O(h*h),
o 2 (P - 1)! 2 (217 - 1)h2p+1 (p+1) 2 2p+2
41 -tisfia= (E=0) gm0
—\? p!
(48) fu-Urafa= (B ) g g () + 00
Proof. From Theorem 3 with ¢ = 1 it follows that
(p+1)
) ) () (. U (M)
U(é) — ULA = prrl(CE, h,m)m
(p+2)
_ 1. (s) U (m)
+ ((Qf m)¢p+1(x7ham)) (p+2)|
(49) u(p+3) (1/5> b3 , , )
+ m(ﬂc —m)” + (v'(I'1) — ' (1)) Ly (2)

+ (V' (Dpi1) = 0/ (Tp1) LS (2) + 3 (0(T) — (@) LY (x),

=2
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where v; € A, s =0,1,2. From {3) we obtain
u(p+1)(m)

(p+1)!

uPt2) (m)
r—m 1\rin;m ()=

[l = T oa < 650, (@5 hsm)

l0.a
(50) maxgea [ul?t¥ (z)|
(p+3)!
p
+ [0/ (Tpi1) =0/ T )7 @) lo.a + D o) = w(@)ILE () o,
s=0,1,2. -
Using (4] yields the bounds
(51) /() =/ ()| < CAPT2 i =1, p+1, [o(T;)—u(Ty)| < ChPT3 i=2,... p.

A direct computation shows that

(2 = m)PT3=5|lo.a + [/(T1) — o' (T L (@) [lo.a

(52) [(z —m)lo,a < CRITH/2,
From (34)-(@30) it follows that
(53) I (@) lo.a < CRY27 i =1,p+1,
L (@)[lo.a < CRY22, i=2,...,p, s=0,1,2.
Now
(p+1) (p+2)
(s) 'y u (m) _ - he (s) W (m) 2
pr-i-l(x’ 7m) (p+1)| +((‘/I“ m)¢p+1($, 7m)> (p+2)| |O,A
2@+ () \ 2 s
s = (o) W hmlR
w2 (m)\ 2
* <(Z)Té)')) ||((CC - m)%ﬂ(fﬂ% h;m))(S)H(Q),A7 s=0,1,2

since the polynomial ¢1(ﬁ21(x; hsm)((x—m)2 (3 by m))(®) is odd so that the inner
product term in (54)) is zero. Applying (I4) and ([I7) to (B4) with s = 0 and the
properties of Legendre polynomials gives

(55)
e u(p+1)(m)
l1p+1 (3 7m)m

<h%*(@—M)2 3(2p— 1)

-8 \@-1!) @p+3)2p+1)(2p—-3)(2p—5)
Combining (B0)-(E3) with s = 0 and (B5) produces

(56)

wPt2) (m)

+ (z — m)Yp+1(z; by m)m 16.a

(u?TV(m))? + Ch?F0.

(u(p+1) (m))2 + ol ans

5 (p—1"\2 3(2p — 1)h?P+3
Il =Ur.allo.a < <<2p— 1)!) 8(2p 1 3)(2p + 1)(2p— 3)(2p— 5)

Similarly we can use ([#9) with s = 0 to show that

(57)
(pfl)! : 3(2P*1)h2p+3 p+1 2 2p+4 2
(=) s s e sy =5~ OR <= Ul
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and, thus (B0)-(E1) yield (H6).
Using (I4), (13), (I8) and (G4) with s = 1 and the properties of Legendre poly-
nomials yields
u(erl)(m)
(p+1)!

R = DY (2p— 1) P ()2 2p+3
= 2 ((217—1)!) (2p—|—1)(2p_3)( (m))” + Ch .

Combining (B0)-B3) with s = 1 and (B8] gives

> (p=1!\" _(2p—n>rt!
(59) lu=Uralia < <(2p_ 1)!> 2(2p+1)(2p — 3)

with 7)) following equivalently to (40]).

Finally from (), (I6), (IT9) and (4] with s = 2 and the properties of Legendre
polynomials we obtain
(60)

wPt2) (m)

2
(p 4 2)' HO,A

[9p11 (; b; m) + (pt1 (s by m) + (2 — m)p 1 (x; h;m))

(58)

(uPtV) (m))? + Ch*P+2,

(p+1) (p+2)
9o n) "5+ (20 o i)+ (o= ) o i) o
RPN =DV e 2 2p
< Gy () 70 e
Then using (B0)-(E3) with s = 2 and (G0) in an analogous manner produces
—DI\? pl
1 . 2 o (p (p+1) 2 B2p
o0 u-UnaBa < (G2 0) gy g m - 00)
and thus, following the earlier results, [48]). O

The second interpolant approximates u € HPT4(Q). Let
(62) Ag = {a=xg<z1 < - <zny=hb}

be a partition of  into N subintervals Q;, = (zx_1, 1), k= 1,..., N, and let S2¢
be the corresponding vector space of piecewise differentiable polynomials whose
restriction to €, is polynomials of degree p;. Additionally let S22+ be the space
of piecewise differentiable polynomials whose restriction to € is polynomials of
degree pi, + 1. Let hy = x — x—1 and my, = (z + xk_1)/2 be the interval lengths
and midpoints of Q, kK = 1,..., N, respectively. In typical h- and hp-adaptive
codes that use binary refinement [20] the hy, satisfy

h 1

e H =1

hi—1 {2

and this assumption will be made throughout. For p- and hp-adaptive codes we

also require that the pj satisfy the order smoothness condition [20] (see Example
5.1)

(64) lpk — pe—1| < 1.

Let H = hmax = maxi<g<nPk, Pmin = Minj<z<nyhi. In the convergence proofs of
sections 3 and 4 the grid Ag is refined in such a way that H — 0 and A = Amax/Pmin
is kept constant. Thus H/A < hy < H, k = 1,...,N. With a slight abuse of
notation Aq and its associated vector space S2¢ are referred to as the grid. A grid
is said to be spatially uniform if hy = h, k = 1,..., N. It is of uniform order p if

(63)

1, 2},
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pr =p, k=1,...,N. In this case the vector space is designated as S®2P. If a grid
is both spatially uniform and of uniform order p, it is said to be uniform.
Consider an interpolant on AQ, Ur(z) € S22 of u(z) having the form

N Pk
(65) ZZUzk¢zk ZZ ’Lk¢2k}
k=1 i=4

k=0 :=2
The functions

Do (x5 by my) zp—1 <z < T,
(66) ¢ok(z) = Qo (z; hgp1;met1) ok <o <y, k=0,1,...,N,
0 otherwise,
O3(x; hy; my) Tp—1 <o < a4
(67) ¢3k(x) = Q1 (2 hiyr;mpt1) xr < v < apq1, K=0,1,..., N,
0 otherwise,
and
(68)
_ @i(rshesmy) apo <z <ap, . _
(rbz,k(x){ 0 OthGI‘WiSG, 31*4753"'72716, k*172a"'7N7

comprise a hierarchical basis for $2¢. As on A the coefficients U; j are defined by
requiring

(69) Ul(xi,k)klk = u(xi,k)a 1= 37 vy PE— ]-7 k= ]-a cee 7N7

(70) U}(xz,k) = u/(xi,k)v Ul(xi,k) = u(xi,k)v 1= ]-7 27pk7pk + ]-7 k= 07 ey N7
where z1y = Top = Th—1, Tpk = Tpt1,k = Tk and T < T < Tp T = 3,...,
pr — 1, are the distinct roots of ®p, y1(x;hx;my). Let m be the linear operator
that projects functions in HP+4() onto the space S29 according to (69)-(70). The

a priori estimates of Corollary 4 extend naturally to Q [29] as described in the
following corollary.

Corollary 5. Let u € HP*4(Q) and let Uy € S be its Hermite-Lobatto inter-

polant [G3)-[T0Q). Then

2 1 (p—1)! N 2p—1 1 2
(71) Ju= Uil = 3o <(2p - 2)!> IS TE)
+O0(H?) < CH*P7Y),
(72) lu—Up|2 < CH*®H179) s =0, 1.
Proof. The proof follows directly from Corollary 4. O
The Galerkin form of ({))-() consists in finding u € HZ(£2) such that
(73) A(u,v) = (f,v), Yve H(Q),

b
(74) A(u,v) = / (ol (@) () + p(a)d (@) (@) + w(z)u(z)o(z))d,
(75)  (fv) = / fa

The bilinear form A(u,v) is both continuous (bounded) and coercive as shown in
the next lemma.
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Lemma 6. For A(u,v) defined in ([[d) with p(x), pw(z) and (x) satisfying (@),
da, B such that
(76) allully < Au,u) < Bllul3.

Proof. The proof is a straightforward extension of the result for second-order equa-
tions [29] [3T]. O

The finite element solution U € SOA © has the same form as Uy,

N 3 N  pr
(77) Ux) =Y Uirtik(@) + > > Uirdir(x),

k=0 i=2 k=1 i=4
where the subscript 0 indicates that U satisfies (Z). Then U is the solution of
(78) AU V) = (£,V), YV € Sp=.

In the next lemma and corollary we present several a priori error estimates and a
superconvergence result needed to prove asymptotic equivalence in the subsequent
lemma.

Lemma 7. Let u € HP4(Q) be the solution of (T3), Uy € S5 be its Hermite-
Lobatto interpolant [B5)-(70) and U € S5 be the solution of ([I8). Then

(79) |lu—Uls < CHPY'™* s=0,1,2,

(80) WU =Uls < CHP.

Proof. [1I,27]. O
Corollary 8. Under the hypotheses of Lemma 7,

(81) U — U, < CHPY' =5 s =0,1.

Proof. The result follows from Corollary 5 and Lemma 7. O
Lemma 9. Let the hypotheses of Lemma 7 hold. If

(82) |lu—Uyl|e > CHP™!,

then

(83) % =1+ O(H).

Remarks. Equation (83)) is a statement of asymptotic equivalence. Condition (82])
is slightly stronger than the more typical saturation assumption [4, [34] but is ap-
propriate in the case of smooth solutions. Corollary 5 and Lemma 9 suggest that
a posteriori error estimates can be obtained if u(”“)(mk), k=1,...,N, can be
computed. This is described in section 4.

Proof. The proof follows directly from (80), (82) and the triangle inequality. O

In the time-dependent case [@)-(H), the Galerkin form consists in finding u €
HZ(Q2) x C*[0,T] such that
(84) (us,v) + A(u,v) = (f,0), Y v € H5(Q), t € (0,T].
The finite element solution U € S5** x ¢'°°[0, T] has the form
N pr

(85) Uz, t) =Y 3 Uie®¢in(@) + D> Ui(t)dir(z)

k=0 i=2 k=11i=4
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and is the solution of
(86) (U, V)+ AU, V)= (f,V), VYV e85, te(0,T], Ux0) = muo(z).

In the remainder of this section, U; € SOA“ x C°°[0, T corresponds to the Hermite-
Lobatto interpolant computed according to (G5)-(70) for each fixed time ¢.

The next several lemmas and corollary describe a priori error estimates and
asymptotic convergence in the time-dependent case.

Lemma 10. Let u € HPT(Q) be the solution of &), U; € S5% x C*[0,T)

its Hermite-Lobatto interpolant ([65)-(CQ) for each fized time t and U € SOA“”’ X
C*[0,T] be the solution of (86l). Then

(87) lue = Upllo < CHPF,
(88) |lu—Uls < CHPY™* s=0,1,2,
(89) WUr=Ulz < CHP.

Before proving Lemma 10 we need the following two lemmas.

Lemma 11. Let u € HP™(Q) and let Uy € SA2P be its Hermite-Lobatto inter-
polant [GA)-(Q) for each fized time t. Then

(90) la(u = Up, W) < CH? [jullp 2| Wl YW € S5

Proof. [1]. O
Lemma 12. Let U € S’OA“’p, and let the elliptic projection of u satisfy

(91) AU, V) =AW, V), YV V e 857,

where w € HPY4(Q) is the solution of &4) and Ur € S2P its Hermite-Lobatto
interpolant ([@0)-(TQ) for each fized time t. Then

(92) Jue —Uille < CHPYY,
(93) lu—Ull, < CHP'™®, s=0,1,2,
(94) |Ur Ul < CHP.

Proof. Following [35] for second-order equations, differentiate (@) with respect to
t and use the proof of ([(9) with s = 0 to obtain [@2]). The proof of [@3)), s = 0,1, 2,
follows the proof of (7)), s = 0,1, 2, in [27]. Equation (@4)) is obtained from Lemma
11 following the proof of (&) in [I] by choosing W = U — Uy. O

Proof of Lemma 10. The proofs of ([87) and (89)) follow the approach in [35]. From
B2) and (B4l it follows that

(95) (ug — U, V) + A(u—U,V) =0, VV € S5 t e (0,T].
Equations (@I and (@3) imply

96) (U —U,V)+ AU =U,V) = (Uy —u, V), VV € 5597 t € (0,T).
Letting V = U; — U, in [@6) and using the Cauchy-Schwarz inequality yields

A 1d A N N N
(97) 10 — U I3 + §%A(U ~U,U-U) < |Up — w2 + |U: — Us|3,
and thus
1d )N N N 0
(98) AU = U U = U) < ||Up — uell.

2dt
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Integrating ([@8]) over [0, ¢] results in
A(ﬁ(’t) _U('vt)7U('7t)_U('at)) < A ) _U( 0),[7(,0) —U(,O))

(99) e / 104 5) — el 8)|13ds,
or applying (76) and @2,

(100) al|U(t) = U@)l3 < CIU(0) = U(0)[3 + CH>PTY.
Since U(0) = Ur(0), ([@4) implies that

(101) 1T(0) = U(0)|I5 < CH,

and (89) follows from (@4]), (I00) and (TOT).
From (@8) we obtain

(102) E%A(U U,U—-U)<CH*P+),
where we have used (@2). Then (@6) with V = U, — U, also implies that
. 1d - A 1 - 1 -

(103) U = Uil + 52 AU = U, U = U) < S0 = we|§ + 5102 = U5
Therefore ([@2)), (I02) and ([I03) imply that
(104) 1T, — Utllo < CHPT,
which yields ([87) by using ([@2)) and the triangle inequality.

We obtain (88) with s = 2 from (89), [@3) with s = 2, [@4)) and the triangle
inequality. The proofs of (88) with s = 0,1, follow closely the proofs in [15] 27] in

the time-independent case using the Aubin-Nitsche technique. Let w € H§(2) and
let u,, € HPT4(Q) x HZ(Q2) be the solution of

(105) A(v,uy) = (w,v)s, Yv e HE(Q), s=0,1,
where

b
(106) (w,v)s = / w® (z)v® (2)da.

a
Then [15] 27] imply that
(107) [twlla—s < Clwls, [Juw — muwll2 < OH278||uwH4—s-
If for each fixed time ¢, e = u — U, then
S A b w
(108) le]s = sup {w, e) = sup M.
weHE () |wl weHE () lw|s
The Cauchy-Schwarz inequality together with (87), [@5) and (I07)) imply that
Ale,uy) = Ale, Uy — Tuy) — (e, TUy)

C(llell2lluw — Tuwll2 + lletllol T o)

C(HP Muw — w2 + HPF ([Juwllo + 76w — wwllo)
CHP ™ lug |las + CHP ™ ([|ug [la—s + H?* [t [la—s))
(109) CHP 5.

Equations (B8) with s = 0,1 are obtained from (I09) and (I08) with s = 0 and
s = 1, respectively. (I

ININ N IA
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Corollary 13. Under the hypotheses of Lemma 10,

(110) |Ur —Ulls < CHPT'5 s =0,1.

Proof. The result follows from Corollary 5 and Lemma 10. O
The next lemma proves asymptotic equivalence in the time-dependent case.

Lemma 14. Let the hypotheses of Lemma 10 hold. If

(111) |lu— Ul > CHP!,
then

|lu—"Ull2
112 412 — 14+ O(H).

Proof. The proof follows directly from (III]), Lemma 10 and the triangle inequality.
(I

4. A POSTERIORI ERROR ESTIMATES

A posteriori error estimates are essential for guiding the adaptive strategies. In
this section we present estimators for orders p, and pp+1. In particular for the latter
case we estimate the error in the solution of (78)) or (86) that lies in SOA @F referred
to as UT. Since the Hermite-Lobatto interpolant is asymptotically equivalent to
the finite element solution (Lemmas 9 and 14, respectively) these estimators can
be generated by finding approximations of u("*+1) (m;) and uP++2)(my,). To that
end in the steady-state case (78)) let

(113) Uk ()], = U() + Wy, 41, 5Upe41.4(3),

where for notational convenience, ¥, +1.%(x) = ¥p,+1(x; hi; mi). The coefficient
W, +1,k is determined by requiring that

(114) A(Ukarl?w:DkJrl,k)Qk = (f, Yprt1,6) 0
- (/’LU/7 w;k+1,k)ﬁk - (KJU7 /ll)pk+1,k?)9k7 k= ]-7 ey NJ

where
Tk

(115) A(u,v)g, = / p(x)u” (x)v" (x)dz,

k—1
and the subscript 2 refers to integration over the element ;. To estimate the
error in U™, a second solution,

(116) UP2(2)|g,, = UP (@) + Wyp2 k¥pra,n(2),
is similarly constructed by requiring that
(117) AU i )a, = (F bperza)an — (U7, 0, 1o k)

— (KU, Ypyv2.k)0,s K=1,...,N.
For the time-dependent case (Bf]) the equations are

(118) AUPT 1 k)e, = (F Uperii)an — (WU 00, 1 k)
- (KU, ¢pk+1,k)ﬂk - (Utv ¢pk+1,k)ﬂka
(119) AUP*2 e vo6)0n = (Fr Vprtar)an — (U’ by, o k)

— (KU, Yy 42.1)0n — (U, Up12.8) 0 »
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kE =1,...,N. We will show that on grids with uniform order p, Wy41x =

D (p+2)
u(T%Y!Lk) +O(H3/?) and Wyiok = U(TSY'M +O(HY?),

To do so we need two additional interpolants U7 1 and U r *2 defined by
Ut (@)lo, = Ur(@) + Wyr1 ktps1x (@),

UP*(@)la, = UP™ (@) + Wyso ptbpra i (),

where W11, and W, 1o are determined by requiring that

(121)  A(u— U i), =0, A(u—UP 4pi0k)0, =0, k=1,...,N,

respectively.
In the remainder of the paper v denotes the point in {2, obtained in truncating
the series in Taylor’s Theorem.

(120)

Theorem 15. Let u € HE™(Q) be the solution of ([@3) and let UPT! € 55Tt
be defined by (120)-21). Then

_ (p+1)( )

u my
122 W = —
( ) p+1.k ( 1);

Proof. From ([I20) and Theorem 3 with ¢ = 1 we obtain on €y,
(u _ Uf—H)” _ (u —U;+U; — U}J-H)N

+0(h3), k=1,...,N.

u(P“)(mk) -
= <(p+1)! - Wp+1,k) Vi1 (2)
uP+2) (my,) (z — my)P !

(123) P +2) (@ = ma)pr1 k(@) +ulPT (1) TR

+ (0 (w1k) = @/ (@10)) LY (@) + (V' (@ps1k) = 0 (@py1h)) Ly (2)
+ Y (i) —ulwi) L ().
i=2

Substituting (I23) into (I20) gives
P+ (my) -

u my

R

uP+2) (my,)
(p+2)!

« | ")W1 ()

Tr—1

/ " (@) (@ — M) p (@) 1 ()

Tr—1

1
* (p+1)!

/ " @) () (o — m)P T (1) de

k—1

(124)

+ [0 (21,8) — v (21,1)]

/ p(@) L (@) o (2)de

k—1

+ |U/(37p+1,k) - Ul(xp+1,k)|

Tk
/ (@)L 1 ()] o (2)de
Tr—1

+ Z [v(24,1) — w(Zik)]

| oL@y pla)dal.

k—1
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The following bounds must be computed for all terms in (I24)). Throughout we
rely on the smoothness of p(x) and w(z). Using ([9) and 1)) in the term on the
left yields

Tk

/ " (@) (@) > p(m) [ Whaste)ras

k—1 Tk—1

/ " e ) Wy (@))%

k—1

— o' (m4)|

(125) o
% / P () (2 = mi)* (U4 k(@) da

k—1

2p—1 _ 2
> plm) gt (P - eny o

for hj sufficiently small, where the middle integral on the right is zero since the
integrand is an odd function on €.
The first term on the right of (I24)) satisfies

uPt2) (my,)
(p+2)!

<[ " (@) (@ — M) s (@) W1 ()

k—1

[ =m0

k—1

(126) <cC <p<mk>

+ /xk 0 () (@ — mi) (2 — mi)Yprak(2) "y 1 g (2)da

k—1

2p+1
><Oh,f+,

where we have used (2I]), and the first integral on the right of (I26]) vanishes since
the integrand is an odd function on €. For the second term we have from (2I))
that

127)

< Ch2PHL,
(p+1)! -k

/ " @I () (@ — )P ()de

k—1

Since |L(z)| < Ch;', i = 1,p+ 1, the next two terms yield

Tk
(128) ' (wix) — v’ (i) / p(@) LY (2) 1 g (@)dz| < CRIY i = 1p+ 1,

LTk—1

where we have again used (21]) together with (EIJ). Finally

(129) ‘U(xi,k) _U(Il7k>| < Chip+17 1= 27"'ap7

/ p(&) L2 () ()

k—1

using (51) and |LY(z)| < Ch; %, i =2,...,p. Combining (I24)-(I29) we obtain the
result. (]
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Theorem 16. Let u € HE™ () be the solution of ([T3) and let UPT? € S5 +?
be defined by (120)-21). Then

- u(Pt2) (my)
130 W. =
( ) p+2,k (p+ 2)'

Proof. From (20), (IZ0) and Theorem 3 with ¢ = 2 on 2, it follows that

+0(h3), k=1,...,N.

(u _ U}H’Q)// _ (u U+ U — U?+1 + U?Jrl _ UerQ)”

(p+1) _
= (% - Wp+1,k) Vi1 (2)
(p+2) _
(% - Wp+2,k) Vpyok(2)

w2 (my) B (p+1)(p—3)
(p+2)! 4 (2p-1)(2p-3)
(2 — my, )P+ v (z — my)P+2
RS I ey
+ (V' (216) = v/ (@1 0)) LY (2) + (V' (@pr1) — W (@pr1k)) Ly ()

+ Y (i) —ulir) L ().

(131) + V(@)

+ a3 (my,)

=2
Substituting (I31) into (I20)) results in
u(p+2) m _ Tk
) s [ s
: Tr—1
u(p""l)(mk) _ Tk
o Wi | [ p@00fn @) (o)
(p+1)! P . p+1 p+2
u(p+2)(mk) 12 (p + 1)(]) o 3) Tk
T o5 | A s
uP+3) (my,) Tk
+ | — _ p+1,,17 d
N e[ @ - mor @
. R - (p+4) P2,/
- (p+2)! pa)u ™ (vi) (= mi )P 4y o () de

/ p(&) L ()0 5 (2)d

k—1

/ P2V L 1 (@) ()
Tk—1

+ [0 (w1k) — ' (w10)]

+ |U/(5”;D+1,k) - ul(xp+1,k)|

/ " (@)L (g ()]

k—1

+ Z [v(zi k) — u(@i)




694 PETER K. MOORE AND MARINA RANGELOVA

Again bounds must be computed for all terms in ([I32) and we use the smoothness
of p(x) and u(z) throughout. Using equations (I9) and (21)) in the term on the left
gives

/Ik P($)(¢g+2,k(l"))2dl“ > p(m’f)/m (¢g+2,k($))2dx

k—1 Tr—1

—|p'(my)]

/ " (o= )@ (@) da

k—1

1

2

/ " )@ — i) (0 () e

k—1

RZPTL/ (p 4 2)Iph 2
> k — 2y >

for hy sufficiently small, where as before the middle integral on the right is zero
since the integrand is an odd function on €.
Theorem 15 and (21]) imply that the first term on the right of (I32)) satisfies

u(P“)(mk) -

- W, X
(p+ 1)' p+1,k

/ PV 1 p (@) (@) de

)

since the first integral on the right is zero. The second term on the right is bounded
by

T
/ Vo1, ()W) o g (7)da
Tk—1

+ / ) (& — )1 (@ ()

k—1

< ChpP ™3,

uP+2) (my,)
e

hi (b+1)p=3)
4 (2p—-1)(2p-3)

[ paga@ntislalde

k—1

< Chj, (P(mk>

T
/ W @ (@)
Tr—1

(135)
+ [0 (mi)]|

[ @ m)eg e o)is

Tk—1

1 Lk
3| = mP e ds

k—1

+

2p+3
><Ch,f+,
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using (2I)) since the first two integrals on the right are zero due to the orthogonality
of the Legendre polynomials. For the third integral we obtain

w®+3) (my,)
(p+1)!

<[ pla)e = mrg s w)de

)

where the first integral on the right is zero since the integrand is an odd function
on j, and we have used (ZII). The next integral yields, using (1),

Tk
/ (2 — ma)P N (@) de
xT

k—1

(136) <C (P(mk)

Tk
T / P )@ — m)P P () de

k—1

< O,

1

(137) e

< ChPTs.

/ " @ () (@ — mi )P (2)de

k—1

The next two integrals satisfy

[0 (i ) — w' (i )| %

/ p(2) LI (@) 5 () de

k—1

< Chp*? (P(mk)

Tk
/ LY ()05 4 (@) de

k—1

(138)

+ /A P (i) (@ — mu ) LY (2) 40 () da

k—1

)

for i = 1,p + 1 using 1), (1) and |LY(z)| < Ch;', i = 1,p+ 1. Finally using
@I), BI) and |LY(z)| < Ch, %, i =2,...,p, each term in the sum is bounded by

< Ch*?,

(@i k) — w(zip)| x

/ (@)L (g ()

Tr—1

/ L (@)l 5 4 (2)de

k—1

p+2 m
(139) < Chy, (P( k)

+ / " () (@ — ) L (@) ()

k—1

)

where the first integral on the right side vanishes from the orthogonality of Legendre
polynomials. Combining (I32)-([I39) yields the result. O

<ChPT i=2,...,p,

We are now in a position to prove the main results.
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Theorem 17. Let u € HE™(Q) be the solution of ([@3) and let UPT! € S5t
satisfy (I14)). Then

uPtD) (my,)
(p+1)!

Proof. From (73), (I14)-(II5) and ([@2I) it follows that

(141) AUPT = UP™ 1), =(UP™ = u) 9] p)e,
+ (K(Up+1 - u)’ prrl,k)ka k = 1a R N

(140) Wpi1s = +O(H*?), k=1,...,N.

This equation implies that on €,

p(my) x

[0 - ot @) g wle)da

k—1

<|/ " (plw) — plme)) UPF — UYL (a)da
(142) m’“’;
[ i@ - U @) b p(w)do
[ @O - Uiyl

Bounds are needed for each of the terms in (I42]). For the left we have

pom) | [ (0P @) = VP @) a0
~ o) " ) - Ur@))" s, p(w)da

(143)

— Tk
T+ (Wyerk — Wyiis) / (1 () 2d

R 4D (p— 1)
:p(mk)2;—1< (2p —2)!

where we have used the orthogonality of the Legendre polynomials to show that

the first integral on the right is zero.
The Cauchy-Schwarz inequality, (I9), [80), (89) and (II3) imply that the first
integral on the right of (T42) yields

2
) ‘Wp-i-l,k - Wp—i—l,k‘ ;

/ " (o) — plm)) (U — UPFYl (2)da

o 1/2 .
(144) << / <p<w>—p<mk>>2<<w’“—Uf“)”fd@) ( /

o—1

1/2
(¢g+1,k($))2dﬂ7>

< R0 = UF llo + W2 Wk — Wasr k)
< CH™? 4 ChiP Wik — Wil
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The second integral on the right of (I[42) satisfies

(145) / (@)U (@) — Ur(@)' )y o (x)de| < CHPREFY? < o212,

k—1

where we have used the Cauchy-Schwarz inequality, (I8) and (&I with s = 1.
Finally again using Cauchy-Schwarz in the third integral gives

(146) < CHPH DTS2 < o g2Pt5/2,

/xk k(z)(U(z) — Ur(z))ps1,k(z)de

k—1

using (1) and @I) with s = 0. Combining (I42))-([I44) results in

(147) P(mk);jcp__ll ((p 7;2;)5102)_! 1)!)2 (1= Chie) W1 = Wyrru| < CHPH2
or

(148) ‘Wp+1,k - Wp+1,k| < CH?/?.

Then (I40) follows from (I22)) and (I48]). O

Theorem 18. Let u € HY™(Q) be the solution of ([T3) and let UPT2 € §5oP+?
satisfy (IT). Then

uP+?) (my,)
(p+2)!

Proof. From (73)), (IT0)-([II7) and (IZI) we obtain

(150)  AUP*2 U Yo i)an = ((UPT —u) 0 1)e,
+ (K(UPT — ), Ypiok)op, k=1,...,N.

(149) Wyion = +O(HY?), k=1,...,N.

)

Equation ([I20) implies that

p@nk>t/ﬂm (UP2(2) — UP*2(2))" 9l o (2)de
< /xk (,0(30) - P(mk))(Up+2 - Uf+2)u¢g+2,k(x)dfﬂ

(151)
_|_

/”mwmm—mww&wmm

k—1

_|_

/;ck k() (U(x) = Ur(x))Ypro.x(z)dx)| .

k—1
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As before, bounds are needed for each of the terms in (I5I)). For the term on the
left,

p(mg)

[ 0w - ur @) iy e

k—1

— p(mi) / | (U() - Ur(@))" o 0 (2)de
(152) + W1k — Wyir ) / W esp (@3 (@)

+ (Wpyor — Wp+2,k)/ (¢g+2,k(x))2dx

hpt ((p +2)
2p+1 (2p)!

where we have used the orthogonality of the Legendre polynomials to show that
the first two integrals on the right vanish.

Equations (@), 80), B9), (II6) and ([I48) together with the Cauchy-Schwarz
inequality imply that the first integral on the right gives

(153)

/Ik (p(z) — p(mi))(UPF? = UPT2) "y () da

o 1/2 o 1/2
s(/ <p<m>—p<mk>>2<<vp+2—Uf“)")?dw) (/ <w;’+2,k<a:>>2dx)

<CREPP(U" = UL o + by 2 (Wosrh — Wora sl + B2 (Wogo b — Wygakl)
< CH™ 2 4 ChP ™ Witk — Wosnkl + ChP 2 Woia ik — Wy il
< CH?T3/2 4 ChP P Wik — Wpsakl-

The second integral on the right of (I yields

1)\ 2
Ip! -
= p(mx) > Woiak = Wpiak|,

(154) / (@)U () — Ur(@))) oo p(a)da| < CHPRIFH? < CHOPH2,

k—1

where we have used the Cauchy-Schwarz inequality, (I8) and (8I) with s = 1.
Finally, again using Cauchy-Schwarz in the third integral, gives

(155) < C'Hp+1h£+5/2 < CH¥+T/2,

/a;k k(z)(U(z) — Ur(x))¥pyor(z)de

k—1

using (I7) and ®I)) with s = 0. Combining (I51)-([I53) results in

it <(p +2)
2p+1 (2p)!

(156)  p(mx)
or

(157) ‘Wp+2,k - Wp+2,k| < CH'?.

Then (I49) follows from ([I30) and ([I57). O

1) 2 _
'p') (1= Chi)|Wpsoh — Wypa k| < CH?PF/2
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Corollary 19. Under the hypotheses of Lemma 7 and letting UPT! and UP+? satisfy

([I4) and [II7), respectively, for k=1,...,N,

|U = UPH [UPH — UP*25

s < OH),
lu=Ull2 lu— U2

Proof. The proof follows from Corollary 5, Lemma 9 and Theorems 17 and 18. [

(158) —1<O(HY?).

The same result holds in the time-dependent case.

Corollary 20. Under the hypotheses of Lemma 10 and letting UPT! and UP+?

satisfy ([I8)) and ([II9), respectively, for k =1,..., N, then

|U —UP*, [UPHE — UP*25
lu—Ull2 lu— U+l

Proof. With slight modifications the proofs of Theorems 17 and 18 can be extended

to the time-dependent case using Lemma 10 and Corollary 13 since the only addi-
tional term in the inequalities (I42)) and (I&T]) is

(159) ~1<O(H), —1<O(HY?).

(160)

T
[ = Upsada
Tk—1
where [ = p+ 1 and p + 2, respectively. Appropriate bounds on ([I&0) are obtained
via Cauchy-Schwarz, (I7) and (7). The proof then follows along the same lines as
the proof of Corollary 19. O

We now explain briefly how the results of this section can be used to guide
adaptivity. On each element Q; we compute the error indicators Egj = |U —
UPkFly pand By = |UPFFL — UPRF2], | together with Fs . = Uy, — s k®py—s.k |2,k
s = —1, —2. The latter indicators estimate errors in the next two lower-order finite
element solutions. These indicators can be used to control A-, p- or hp-refinement
strategies. Adaptive codes must first decide whether or not to modify the grid and
in the case of modification what changes to make. For steady-state problems the
grid is modified if

N

(161) Epms = iy B2 >1

atol + rtol||U |2 ’
where atol and rtol are user-prescribed absolute and relative error tolerances, re-
spectively. For time-dependent problems this criterion is insufficient as it will not
allow coarsening when the error is below the tolerance. In this case an effective
rule depends on the number of elements to be refined (N,) or coarsened (N.). An
element k is marked for refinement or coarsening, respectively, if [26]

Esk Esk
———— > 0.8/VN, ———————— < 0.2/(2P*V/'N).
atol + rtol||U]|2 VN atol + rtol||U]|2 /( )

The grid is modified if N, > 0 or E,s < 0.1 or N./N > 0.6 [26]. The first is a
refinement criterion and the second two promote coarsening.

Decisions on how to adapt the grid also depend on the marking scheme. For
h-adaptivity we use ([I62) with s = 0; the other indicators are not needed. With
p-adaptivity, (I62)) with s = 0 is used for refinement (increasing the order by one).
Coarsening (decreasing the order by one) also makes use of the indicator with
s = —1. In addition we constrain the grids by imposing (G3)) and (G4) when using A~
and p-refinement, respectively, as described in section 3. The hp-refinement strategy

(162)
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consists of four stages. Stage 1 involves choosing a new order py € {px—1, pr, pr+1}
on each element depending on trends in the error indicators EFy j, with s = —2,...,1
[21]. In the second stage new elements are created if the error estimate on an element
still violates the first equation in ([IG2]), where the indicator Ey j is replaced by E_1
or Ey y if py is one less or one more than py, respectively. Simultaneously (G3)) is
enforced. In Stage 3 elements sharing the same parent are coalesced if the errors on
both satisfy the second equation of ([I62) and if (63]) is not violated. Finally (G4)
and other order smoothing operations [26] are imposed. More details can be found
in [20] 2T, 26].

5. COMPUTATIONAL RESULTS

The codes, written in Fortran 90, can be run in either double or quadruple
precision. For both steady-state and time-dependent problems the codes begin
with a uniform base grid containing N, elements of order p,. The default values of
Ny and py, are 20 and 5, respectively. For uniform grids, N = N, and p = py,.

Example 5.1. Consider the linear steady-state equation

(163) f(@) = —u+ tas — Usaza, 0 < <1,
where Dirichlet boundary conditions and f are chosen so that the exact solution is
(164) u(z) = tanh(20(x — 0.55)).

We begin by providing computational evidence of Corollary 19. We solved (I63)
on a sequence of uniform grids with p = 3,...,6 and h = 1/N, N = 5, 10, 20, 40
and 80. Estimator accuracy was measured using the effectivity index, the ratio of
the estimated to the true error e = u—U. In particular we computed the effectivity
indexes

(165) g WU=U"s oy UPH = UP*2]
=0l =0T

TABLE 1. Finite element errors and effectivity indexes 6 and 6%
of order p and p + 1, respectively, obtained in solving ([I63) on
uniform grids with N elements and order p.

Np] el 0 10 [p] el 0 | 0F
5 3] 11.8x10% | 0.767 | 0.156 | 4 | 10.0 x 10% | 0.156 | 0.549
10 | 3] 2.57x 107 | 0.416 |0.983 ] 4] 2.33x 10T [ 0.983 | 0.985
20 [ 3] 1.60 x 101 | 0.998 | 0.641 | 4 1.09 0.641 | 0.987
40 | 3 3.36 0.993 | 0.991 [ 4 ]4.06 x 10-T [ 0.991 | 0.998
80 [31854x 10711 0.998 |0.998 | 4] 5.42x 1072 0.998 | 0.999
5 5] 5.21 x 10T | 0.549 [ 0.492 | 6 | 4.47 x 10T [ 0.492 | 0.0454
105 4.29 0.0985 | 0.989 | 6 4.27 0.989 | 0.145
205 /835x 10" 1] 0.987 [0.989 | 6| 1.34 x 10-1 [ 0.989 | 0.935
40 [ 515331072 0.998 [ 0.98316]3.77 x 102 [ 0.983 | 1.000
80 [51312x1073] 0.999 [ 0.999 | 6] 1.68 x 10-%[0.999 | 0.999
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The results in Table 1 show that the estimators converged to the true error as the
grids were refined as predicted by the theory even before the errors were in the
asymptotic range.

TABLE 2. Estimates of the error in H? and the convergence rates
of § and 67 to 1, respectively, in solving ([I63) on four uniform
grids with p =3, 4 and h = 1/N, N = 40, 80, 160 and 320.

N p] el 0 —1] 07— 1]

40 |3 3.36 7.30 x 1073 | 8.66 x 103
80 | 3]854x10711]202x1073|1.65x 1073
160 | 3214 x 1071 [ 5.06 x 10~% | 4.14 x 10~*
320 [3]214x1071[1.27x1071]1.04 x 1071
40 [ 41]4.06 x 1071 |8.66 x 1073 | 2.50 x 1073
80 | 4]5.43x1072]1.65x 1073 | 1.45 x 1073
160 | 4 | 6.84 x 1073 [ 4.14 x 107* | 3.63 x 10~ *
32041856 x10"%]1.04 x107T]9.09 x 105

A more detailed analysis for p = 3 and 4 is provided in Table 2. Here we
computed § — 1 and 6 — 1 on four grids with » = 1/N and N = 40, 80, 160 and
320. For both § and 6T the convergence is O(H?), which is better than the theory
predicts. Comparable results were obtained when p(xz) = 14z while modifying f(z)
to maintain (I64)) as a solution. That the convergence rate is H? is suggested by a
closer examination of the interpolant error [@8]). In particular using the properties
of Legendre polynomials it is possible to show that the second term on the right
side of (60) is O(h?P*2),

We also solved ([IG3) using the three adaptive strategies, h- p- and hp-adaptivity
with uniform grids as a benchmark for three tolerances atol = 10, m = 3, 5 and
7, rtol = 0. The total number of unknowns Ng, ¢, CPU time and levels of refinement
Ny, together with the exact error, effectivity index and number of unknowns on
the final grid N jo 5 are displayed in Table 3.

In all cases the tolerance is met. The uniform grid and p-refinement strategies
required user intervention to achieve this. In the case of uniform grids the results
were obtained by computing on a sequence of grids with increasing N, until the
tolerance was satisfied. The additional time needed for these trials is not reflected
in the CPU times in Table 3. It is therefore more appropriate to compare Ng,s for
the uniform grids with N, C{O f for the adaptive grids. By this measure the adaptive
strategies lead to the use of fewer degrees of freedom than when employing uniform
grids. The times for both p- and hp-adaptivity are also smaller than for the uniform
grid computations. We conclude that adaptivity pays off, even accounting for the
fact that the errors on the final grids are not the same.

P-adaptivity is also superior to h-adaptivity, although the code is limited by
a maximum order, 14. As a result for the smallest tolerance, atol = 1077, user
intervention was required. Specifically, it was necessary to increase N so that the
tolerance could be met. We chose NV, = 30 for this case. This scenario was also used
to demonstrate that (64) is essential to the performance of p-adaptivity. When the
p-adaptive code was run without imposing (64]) it generated a solution for which
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TABLE 3. Total number of unknowns Ng.r, CPU time and levels
of refinement Nj,,; together with the errors ||e||2, effectivity indexes

and number of unknowns on the final grid, (

f
Ndof

), in solving (I63])

for three tolerances atol = 10~ m = 3, 5, 7 using, from top to

bottom, uniform, k-, p- and hp-adaptive grids.

uniform grid
atol | N = Ngop = Njof time (in sec) | Ny llell2 0
1073 442 0.0330 1 [878x107%1]0.999
107° 1802 0.0900 1 [315x 1075 1.000
1077 5202 0.3829 1 |4.53x10°% | 1.000
h-adaptive grid
atol Ndof(Ngof) time (in sec) | Ny llell2 0
1073 600(226) 0.0330 4 [2.69x10~%]0.999
10-° 1956(658) 0.1040 6 |3.13x10°%]0.999
1077 4922(1774) 0.2810 7 15.30 x 10 | 1.000
p-adaptive grid
atol Naos(NJ, 1) time (in sec) | Ny lell2 ]
1073 490(117) 0.0290 5 [3.12x107%]0.640
10-° 1033(177) 0.0590 8 |4.66x107°|0.961
1077 1747(257) 0.1020 9 [5.13x107%]0.929
hp-adaptive grid
atol Naos(NJ, 1) time (in sec) | Ny lell2 ]
1073 545(179) 0.0290 4 | 1.77x107% [ 0.998
1075 1040(316) 0.0550 5 |2.83x107°%]0.998
1077 1499(531) 0.0820 5 [8.28x 1078 1.000

E,ms < 1, i.e., for which the error estimate was smaller than the tolerance, 1077,
but for which the actual error in H? was 2.3 x 1072

The performance of the hp-adaptive code is comparable to the p-adaptive ver-
sion. Hp-refinement required more degrees of freedom overall and significantly more
on the final grid. However, it used less time than the p-adaptive code since it re-
quired fewer refinement levels to meet the tolerance (each refinement level requires
matrix assembly and factorization). It was also more robust than p-adaptivity (as
was h-adaptivity) with effectivity indexes much closer to 1. Additionally no user
intervention was required.

As noted in the introduction we use a method-of-lines approach to solve time-
dependent problems. This familiar strategy [37] first discretizes [B]) in space and
solves the resulting system of ordinary differential equations with an appropriate
time integrator. We use the multistep code dassl [7]. The time integrator interfaces
with the spatial discretization in two ways. Separate temporal error tolerances
abs_tol and rel_tol must be provided to dassl. In MOL codes it is typical that
[19], [36] abs_tol = T x atol and rel_tol = T x rtol. Second, the error indicators Fj j
and estimator F,,,s are computed and the grid potentially modified after every M
successful steps of dassl. We took 7 = 0.002 and M =5 [26]. The initial grid was
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FIGURE 1. The effectivity index 6(t) and error index w(t) (left)
and number of degrees of freedom Ngo¢(t) (right) in solving (IGE)
using h- (+), p- (o), and hp- (o) adaptivity with atol = 1075 and
rtol = 0.

generated by refining the base grid until the interpolation error in H? of the initial
conditions satisfies the user tolerances.

Example 5.2. Consider the linear time-dependent equation
(166) ur + f(x,t) = —u+ Uy — Uggaz, 0 < <1, >0,

where initial, Dirichlet boundary conditions and f are chosen so that the exact
solution is

(167) u(x,t) = tanh(20(x — t)).

We solved ([[66) for ¢ € (0, 0.8] using the three adaptive strategies and atol = 1075,
rtol = 0. To examine reliability we computed the effectivity index 6(¢) and error

index w(t) = % Ideally both should be close to one with w(t) < 1. The values of
these indexes are shown on the left in Figure 1. As with the steady-state problem the
estimator is quite accurate in conjunction with the h- and hp-adaptive strategies
but is notably poorer with p-adaptivity. For all three methods, the error index
remains below one with the smoothest performance exhibited by the h-refinement

code.

Efficiency was measured by the number of degrees of freedom Ngof(t) and the
total CPU time. As shown on the right of Figure 1 the p-refinement code employs
the fewest unknowns with hp-refinement a close second while A-refinement uses
considerably more. The CPU times for the three codes were 8.93s (h), 4.00s (p)
and 3.41s (hp). Here the hp-adaptive version comes out ahead. One reason the
p-refinement run took longer than the hp-refinement is it required a larger number
of time steps. This is similar to the effect of the number of levels of refinement in
Example 5.1 since it involved additional matrix assembly and factorization.

6. CONCLUSIONS

A posteriori error estimators for second-order equations have been successfully
extended to fourth-order problems. This has been done by creating a hierarchical
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basis from Hermite-Lobatto polynomials. On grids of uniform order, the two esti-
mators required by the adaptive strategy are proved to converge to the true errors
at two orders, respectively. Computations show the reliability of the estimators and
their ability to guide h-, p- and hp-adaptive strategies. For problems with smooth
solutions, p- and hp-adaptivity perform well with hp-refinement having the edge in
reliability.

The a posteriori error estimates can be extended in several ways. The proofs in
section 4 can be modified to handle certain classes of nonlinearities following [25].
Second we can generate a family of Lobatto polynomials that can lead to asymp-
totically equivalent interpolants for higher-order equations in one space dimension.
Additionally, following the approach taken by Moore [23], the estimators can be
extended to two and three space dimensions (as opposed to the method of Adjerid
[1], which, for odd order, uses jumps in solution derivatives). Finally supercon-
vergence properties for second-order problems [40] can be extended to fourth-order
and higher starting from the results herein.
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