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A NEW ERROR ANALYSIS FOR DISCONTINUOUS FINITE
ELEMENT METHODS FOR LINEAR ELLIPTIC PROBLEMS

THIRUPATHI GUDI

ABSTRACT. The standard a priori error analysis of discontinuous Galerkin
methods requires additional regularity on the solution of the elliptic boundary
value problem in order to justify the Galerkin orthogonality and to handle
the normal derivative on element interfaces that appear in the discrete energy
norm. In this paper, a new error analysis of discontinuous Galerkin methods is
developed using only the H* weak formulation of a boundary value problem of
order 2k. This is accomplished by replacing the Galerkin orthogonality with
estimates borrowed from a posteriori error analysis and by using a discrete
energy norm that is well defined for functions in H*.

1. INTRODUCTION

Let Q C R™, be a bounded polygonal domain and f € Ls(€2). For simplicity, we
assume n = 2. However, our error analysis may be extended to any n > 1. To give
the motivation, consider a model problem of finding u € H}(Q) such that

(1.1) Vu-Vvdac:/fvda: Yo € Hi(Q).

Q Q
Many discontinuous Galerkin (DG) methods [3] have been proposed for (1) based
on a discrete space

Vi C{v € Ly(Q) : 0| € P.(T) VT € Tp},

where 7 is a triangulation of the computational domain €2. For these methods,
a priori error estimates are derived based on Galerkin orthogonality and Cea’s
Lemma assuming that the solution u of (ITI]) has the following regularity:

3
ulp € H*(T), VT € Ty, s> 7

To be more precise, consider the variational form of the symmetric interior penalty
method [22, B9, 2] : Find uy € V4, such that

(1.2) ap(up,vp) = / fopdx Yu, € Vp,
Q
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where

an(wr)= Y /T Vo Vodi— 3 [ ({Vehle] + {Vo}lw])ds

TEThH e€&y, V¢

+Z/€h%[[w]][[v]]ds w, v € Wy,
ec&y
the jumps and means are defined as in Section 3 and o is a sufficiently large positive
constant.
By writing the solution u of (II)) as the sum of a regular part and a singular
part [27], the following integration by parts formula [I5, Lemma 2.1] can be proved
under the regularity result that the solution u € H*(Q) for s > 3/2 [27]:

/ Vu - Vv dz:/ Vu-vnds—l—/ fodxe YT €Ty, Yv e V.
T aT T
Hence the solution u of (LI)) satisfies
ap(u,vp) = | fopdzr Yo, €V,
Q

which implies the following Galerkin orthogonality:
(1.3) ap(u —up,vp) =0 Yo, € V.
Then the following a priori error estimate [35, [15] 13| 4], [34] is obtained from

(T3):

(1.4) lu—upll1n <C in%/ llw — vpl1,ns
Uh h
where for w € H5(Q) + Vj,, s > 3/2,
o
Th= > IVolll, iy + D kel Vb, + h—e||[[w]]||2L2(e)

TETh e€lp e€lp
and h, is the length of e. Note that the regularity result v € H*(2) for s > 3/2 is
needed to handle the term [[{V(u — vn)}1,(e) in (LE).

We see from the discussion above that the derivation of (L3]) for discontinuous
Galerkin methods requires the nontrivial elliptic regularity theory in polygonal
domains. The goal of this paper is to provide a new type of error estimates that
does not require such regularity results. This new approach is particularly useful
for more complicated problems, such as linear interface, where u has low regularity
[31].

We will derive the new error estimates by an analog of the Berger—Scott—Strang
lemma [5] that decomposes the error into two parts in which one measures the
interpolation error and the other measures the nonconforming error and the con-
sistency error together. Thereby the analysis does not require any regularity other
than that the weak solution of a PDE of order 2k belongs to H*(Q). We obtain
the following error estimate for ((C2I):

(15) = lln < € inf flu—valls + Osex(f) ).

[w]

where

g
ol = 3 19wl + 30 Sl we B Q)+ Vi
TETh ec&y ¢
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and Oscy(f) which measures the oscillations of f is defined in ([2:8)). Note on the
right-hand sides of (LX) that the first term quantifies the interpolation error and
the second term measures the oscillations of f which are of the same order with the
first term (assuming that u has enough regularity) if f € Lo(Q2) and higher order if
f is sufficiently smooth. Our error analysis is motivated by the recent a posteriori
error analysis for discontinuous Galerkin methods [I6] 18] [30} [29] and the results
of [§]. The key ingredients are the discrete local efficiency arguments [37, B8] for
a posteriori error estimators and an enriching map for piecewise smooth functions
[6] 7, [8, @ [10].

The rest of the article is organized as follows. In Section 2, we present the main
result in an abstract lemma which enables us to decompose the error. Section 3
and Section 4 are devoted to the applications of the abstract lemma to various
nonconforming and discontinuous Galerkin methods for second and fourth order
elliptic problems, respectively. Finally, in Section Bl we present conclusions and
possible extensions.

2. ABSTRACT RESULT

Recall the Sobolev-Hilbert space H*(2) which is the set of all Ly(£2) functions
whose distributional derivatives up to order k are in Ly(£2). Denote by V := HE(Q),
the set of all functions in H*(§2) whose traces up to order k& — 1 vanishes. Denote
the norm on V by | - |[v. The model problem is to find v € V such that

(2.1) a(u,v) = (f,v) YoelV,

where a(-, -) is the bilinear from for the underlying PDE of order 2k and (-, -) denotes
the Lo inner product. We assume that the bilinear form a is bounded and elliptic
so that the model problem (2 has a unique solution u € V. Denote by 75, a
regular (without hanging nodes) simplicial triangulation of Q. Let hp=diam T and
h = max{hp : T € Tp}. Let the discontinuous finite element space V}, be a subspace
of
Vi ={vn € La(Q) s vp|r € P(T) VT € T}
where P,.(D) is the space of polynomials of degree less than or equal to r restricted
to the set D. Let |||/ be a mesh dependent norm on V' +V}, and V.. a finite element
subspace of V' associated with 7Tp,.
The discontinuous finite element method is to find uj € V}, such that

(2.2) ap(un,v) = (f,v) Vo eV,
where the bilinear form ay(-,-) is defined on V}, x (VC + Vh).

We make the following abstract assumptions:

(N1) There is a positive constant C' independent of h such that

(2.3) Clv|| < an(v,v) Yo e V.
(N2) There is a positive constant C' independent of h such that for all w € V,
(2.4) la(v, w) — ap(vp, w)| < Cllv = vpllpl|w|ly Yo €V and Vo, € V.

(N3) There exists a linear map E}, : V;, — V. satisfying
(2.5) HEhU”V < C”U”h Vv eV,

for some positive constant C' independent of h.
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It can be readily seen from ([2.3) that there is a unique solution uy, € V;, for (22)).
We are now ready to prove an abstract lemma.

Lemma 2.1. Letu € V := HE(Q) and uy, € V3, be the solutions of 1)) and Z2),
respectively. Assume that the assumptions (N1)—(N3) hold. Then there exists a
positive constant C' independent of h such that

— Epe) — —E
(26) fu—unlln < C inf [Ju—vfpt+ sup LOZEO)anlv = Fnd)
veVh $€Vi\{0} ¢l

In addition, if there exists a positive constant C independent of h such that for any
v E Vy,

(f, 6 — Eng) —an(v, ¢ — Ep¢)

(2.7) sup < C(Jlu—vl|n + Oser(f)),
$EVi\{0} 9lln

where

1/2
2.8 Osc = h3 [ inf — fII? } ,
(238) k(f) (T; | et I = Al
then
(2.9) lw — upln SC’( 1€n‘£ Hu—v||h—|—050k(f)).

vEV),

Here C is a positive constant independent of h.

Proof. Let v € V}, be such that v # up. Let ¢ = up —v. From 23), (Z2) and
@), we get
Cllun —olli; < an(upn —v,9)
= (f,¥) —an(v,v)
= a(u, Eptp) — an(v, Epp) + (f, ¢ — Epp) — an(v, ¥ — Epyp).
We obtain

lun —vl|n < C <G(U,Eh¢) —an(v, Ept)) n (s — Eptp) —an(v, ¢ — Eiﬂ/’)) .
l[un —vlln l[un = vl|n
Using (Z4) and ([Z3), we find
la(u, Epy) — an(v, Epy)| < Cllu — v|[al| Ep¢llv
< Cllu=vllpll®lln
= Cllu = v|allun = v|ln,
which implies that
|a(u, Epy) — an(v, Epy)|
[un = [

< Cllw = v||a-

It is obvious that
(f, ¥ — Eptp) — an(v,9 — Ep)) < (f,¢ — Eng) —an(v,¢ — Eh(b).
191 T pevi\{0} llolln

Now a use of the triangle inequality yields the estimate (2.8). Finally, we use (271
in ([236) to complete the proof. O

We have immediately the following corollary.
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Corollary 2.2. Assume that the hypothesis for Lemma 21l is true. Furthermore,
assume that the oscillation Oscy(f) is zero. Then, the error estimate [29) is quasi-
optimal in the sense that there is a positive constant C independent of h such that

— < C inf — .
lu—un|n < Jnf u—v|n

3. SECOND ORDER PROBLEMS (k = 1)

Here we have V = Hj(Q) and |[v|ly = [|[Vv|1,(q). For given f € Ly(Q), the
model problem is to find u € V' such that

(3.1) a(u,v) = (f,v) Vv eV,
where
(3.2) a(u,v) = [ Vu-Vo dz.

Q

We now introduce some notation. Denote the set of all interior edges of 7} by
&}, the set of boundary edges by 52, and define &, = &} U 52. The length of any
edge e € &, will be denoted by h.. Define a broken Sobolev space

HY QT ={v e Ly(Q): vy =v|r € H(T) VT €T}

For any e € &}, there are two triangles 7 and 7 such that e = 97 NOT_. Let
n_ be the unit normal of e pointing from 7_ to Ty, and ny = —n_. (cf. Fig. BI).
For any v € HY(Q,T1,), we define the jump and mean of v on e by

1
[v] =v_n_ +viny and {o}} = 5(1), + vy), respectively,

where v4 = ’U|Ti. Similarly, define for w € H'(Q,7;,)? the jump and mean of w on
e €& by

1
w|=w_-n_4+wy - -ny, and {w} = =(w_ + wy), respectively,
+ N 5 +

where wy = w|r, .

Pt

F1cURE 3.1. Two neighboring triangles 7 and Ty that share the
edge e = 0T_ N JT4 with initial node A and end node B and unit
normal n.. The orientation of n, = n_ = —ny equals the outer
normal of T, and hence, points into T’y .
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For any edge e € £}, there is a triangle T' € T, such that e = 9T’ NI Let n. be
the unit normal of e that points outside 7. For any v € H'(T), we set on e € &7,

[v] = vn. and {v}} = v,
and for w € HY(T)?,
[w] =w - ne, and {w} = w.
We recall the following trace inequality on V;, [111 [19].
Lemma 3.1. There exists a positive C' independent of h such that for v, € V),
(3.3) [on ]l £ae) < Ch 2 lonll Logry YT € Th,
where e is an edge of T'.

Throughout this section, A denotes the Laplacian.

The proof of the following lemma is similar to well-known discrete local efficiency
estimates [1} [38], 37, [30] in a posteriori error analysis of second order problems when
v = uy, is the finite element solution. We state the result here and omit the proof.

Lemma 3.2. Let v € V. Then there is a positive constant C' independent of h
such that

(34) D RRIf A, <C(DY D IV =), + Osci(f)?)
TEThH TETh
and
(3.5) > RVl < C( D IV =0)[3, ) + Oser(£)?),
ecE} TETh

where Oscy(f) is defined in [2.8]).

Let V. = V;, NV be the conforming finite element space. The construction of an
enriching map Fj, : V;, — V. can be done by averaging [0 [7, 8]. Let p be any interior
node of the Lagrange P, finite element space associated with the triangulation 7y,
and let 7, be the set of all triangles sharing the node p. For v € V},, define Epv € V,,
by

3.6 Env(p
(3. 3 ITIT;

where |7,| is the cardinality of 7,. For all boundary nodes p, set E,v(p) = 0. For
the rest of the section, we use this Ej,.

We now present the applications of Lemma 2] to a wide range of discontinuous
finite element methods.

3.1. Classical nonconforming method. The discrete space is the Crouzeix-
Raviart [21I] nonconforming P; finite element space defined by

(37) V= {on € Lo(Q) : vnlp € PL(T) YT € 7@,/[@}] ds—0Vee &),
Define the norm || - ||, by

(35) ol = 3> [ Vo e

TeTh
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The nonconforming approximate solution u, € V}, is obtained by solving

(39) ah(uha’v) = (fa ’U) Vv € Vha

where

(3.10) ap(w,v) = Z / Vw-Vodr Yw,veV,.
TeT, T

It is easy to check the assumptions (N1) and (N2). The enriching map Ej, in (3:0)
satisfies [6] [7], 8] [30]

(3.11) S W2 Bnv = vldy i + 1Bwvlly < Cllol} Vo € Vi
TeTh

Therefore, the estimate (Z6]) is valid for the nonconforming method (B9).
We now verify the estimate (2.7)). For this, let v, ¢ € V}, and denote ¢ = ¢— Ej¢.

Using (m)7 (BE)7 (]m) and mv
() - an(o,) = (F,) — 3 /T VoV dz = (f,9) - / [Vol{o} ds

TETh ec&i V¢

<C Z I fllocmy 6 — Endll L,

TETh
+C Z IIVVIll L) 1D — End Bl Lo e)
e€E}
1/2

<O X WLy + D helllVollzye | 19l

TETh ec&}

< C(|lu—vl|n + Osci(f))]|d]ln-

Therefore,

su (fa¢_ Eh(b) _ah(va¢_Eh¢)
p
$€Vi\{0} &l

< C(llu = vl + Oser(f))-

Hence, the estimate (29) holds for the nonconforming finite element method.

3.2. Discontinuous Galerkin (DG) methods. In this section, we present the
application of Lemma 2] to discontinuous Galerkin methods [3] for second order
elliptic problems.
The DG finite element space is defined by
Vi, = {vh S LQ(Q) : vh|T S PT(T) VT € 7;L}

for any r > 1. Define the norm || - ||;, on V3 by

g
ol = 3 [ 9o do+ 30 IR o,

TeTh e€&, ¢
where o > 0 is the stabilizing parameter.
The enriching map Fj, in (B.6]) satisfies [6] [7], [8] 30]
(3.12) S h2Ew — vl + [ Buvll? < ClolE Vo € Vi
TeTh
This validates the assumption (N3).
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In order to define DG methods, we introduce the following. Let Wj, =V}, x V},.
Given e € &, define the local lifting operators 7. : La(e)? — Wy, and £, : La(e) —
Wi, by

/ re(q) - Thdx = /q ~frn}ds for all 7, € Wy,
Q e

Le(v) - Tpdr = /v [rn] ds for all 74 € W,
Q e

The global lifting operators 7 : Lo (Ex)? — W), and £: Lo(E}) — Wy,

r::Zre and K::ZZG

ec&p ecs}

satisfy

Z /q Y ds forall 7, € Wy,
ec&, V€

/QT((J)'Th dx

((v) - Thde = Z v [rp]ds for all 7, € Wy,

Q2 ec&l "€

The variational form of the DG methods [I7] is to find wu;, € V3, such that
(3.13) ap(up,v) = (f,v) Vv eW,

where for w, v € Vp,,

(w,0) = > / Vuw-Vode— / ({Vwlv] + 04V} [w])ds

TETH ecéy

+ 3 [ (6 WlIvel + [Vuls - s

ec&}

+/Qoz [r([w]) +£(8 - [w])] - [r([e]) + €(8 - [v])] ds
+ 3 [ Flullelds

ecép

for 0 =4, a € {0,1}, B € R? and ¢ > 0. Here § = 1, 3 = (0,0) and o = 0 give the
symmetric interior penalty method (SIPG) [22,B89,2], 0 = —1, 8 = (0,0) and a =0
give the nonsymmetric interior penalty method (NIPG) [36], and § = 1, 8 € R?
and a = 1 give the local discontinuous Galerkin method (LDG) [20] [I7].

Under the assumption o > o, > 0 (o, is sufficiently large for SIPG and o, > 0
for NIPG and LDG), it is known [3] that there is a positive constant C' such that
C|v||? < an(v,v) for all v € V},. This verifies the assumption (N1).

For v € V, w € V. and vy, € V3, note that

a(v,w) — ap(vp, w Z / (v—wp) - Vw dx — Z /{{Vw}}[[v —vp]ds

TETh ecly

+ Z/B [Vw][v — vs] ds

ec&;
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where we have used the fact that for all e € &,, [v] = 0. A use of the trace
inequality (B3) implies that

la(v,w) = an(vp, w)| < Y V(0 = vn)llz2(r) [ Vwllz2r)
TeTh

+ > VR izeo v = onlll 2o

ecty,

+ > 18- [Velllz @ Ilv = vnlllze o)

ec&f

< Z V(v —vn)ll 20y IVw|| L2 (1)
T€7-h

1/2 1/2
(o
+ Co. (Z HV"U”%?(T)) (Z h—||[[U—Uh]]||2L2(e)> :

TET e, ¢

Hence, the assumption (N2) holds.
We now verify the estimate (27)). Let v, ¢ € Vj, and denote ¢ = ¢ — Ep¢. Then

(F.) — an(v, ) = Z/ f+Avwdx—Z/[[W]]{{¢}}dS

TET, e€&}

03 [qvepllds - Y [ Zelpe] ds
Py Py

-y / (8- []IVY] + [Vo]B - [v])ds
eefl

_/Q[T([[U]])Jre(g.[[v]})} [r(Tel) + £(8 - [¥D)] ds

Using the bounds for » and ¢ in [3] that

I (DI, <C Y —II[[UHHL2 () VVEVh,

ecéy,

€08 - Hv]])HL2(Q <C Z _||[[U]H|L2 Vv eV,

ect}
the trace inequality (83), (B12)) and Lemma B.2] we obtain
— Eng) — - E
sup (fa ¢ h¢) ap (Ua ¢ h¢)
$EVi\{0} 161
and hence we conclude the error estimate in ([Z3]) for the DG methods in (BI3).

< C(Jlu = vlln + Oser(f))

3.3. Weakly over-penalized symmetric interior penalty (WOPSIP)
method. Here we highlight that the above analysis is also applicable to over-
penalized interior penalty methods. We consider the weakly over-penalized sym-
metric interior penalty method in [15]. For any v € H(Q, T3), define on e € &,

m(lo]) = 5 [ Iols
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Note that 7 ([u]) = 0 for all e € &,. Define
Vi, = {’Uh c LQ(Q) : Uh|T S Pl(T) VT e 771},
and the norm || - || on V3 by
1 2
ol = 32 [ 1o do 3 e (1)
TeT, T e€&, ©
The WOPSIP method is to find up € V}, such that
an(un,v) = (f,v) Vv € W,
where for w, v € Vp,,
1
ap(w,v) = Z / Vuw - Vv dx + Z ﬁﬂ'e([[wﬂ)ﬂ'e([[vﬂ).
TeT, ’ T e€&, ©
Let E : Vi, — V. be defined as in [B0), where V_ is the conforming P; finite
element space. Then it can be seen [6] [7, [§] that
D b1 Bho = olT, ey + | Enolly < Clloll;, Vo € Vi
T<Th
Note that
an(v,v) = ||v||7 YveV,
and forv eV, w eV, and v, € V},,
la(v, w) — ap(vp, w)| = Z / V(v —=uv) - Vw de < Cllv — vp||n|lwlv.
TeT;, 7T

We now verify a variant of (27). Let v, ¢ € V}, and ¢ = ¢ — Ep¢p. Then using
B4) and B3), we get

(1) = ano,0) = (F) = 3 [ V0o 90 do— 3 (oD me(10)

TETh e€&y €
=3 [foda- Y [Ivoluy as
TeT, * T ec&r V¢
=3 [Avobn D ds+ Y smellu - oDm(lv])
ec&f ¢ ecE, €

1/2
< O(llu—v|n+0ser ()| ¢lln+C ( > hQTIIVUII%Q(T)> l[¢lln-

TETh
Therefore,
—E, ) — - F
. (f, ¢ — Eng) — an(v, ¢ — Eno) < C(|Ju—v|ln + Oser(f))
3V \{0} 191l

1/2
+C < Z h2T||VU||2Lz(T)> .

TeTh
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Hence,

1/2
lw = unlln < €| inf Jlu—vln + Oses(f) + <T; h%|vu|%2(T)>
h

The error estimate in (B3] is slightly different compared to the other DG methods.
However, the estimate is still optimal up to the regularity of u.

Remark 3.3. We note that analogous error estimates hold for other DG formulations
in [3 Table 3.2] and in [I3].

4. FOURTH ORDER PROBLEMS (k = 2)
The model problem is to find u € HZ(£2) such that
(4.1) a(u,v) = (f,v) Yo € HE(Q),

where

a(w,v) = / D?*w : D*vdx Yw,v e Hy(Q),

2

“w: D% = ; 31: 8:1:J 83318333
Therefore, for this section V' = Hg(Q) and the norm || - |y = | - |g2(q)-

We define the Sobolev space H*(f2,T;,) associated with the triangulation 7;, as
follows:

H(Q,Th) ={veLy(Q): vy =v|lp € H(T) VT €Ty}

For this section, we slightly alter the definition of the jumps and means.

For any e € &}, there are two triangles Ty and T such that e = 9T, N 9T-.
Let n. be the unit normal of e pointing from 7_ to T (cf. Fig. BIl). For any
v € H?(, Tn), we define the jump and mean of the normal derivative of v on e by

ov|  Ovy Ov_ v _ 1 [ 0vy Ov_
[[%]] -~ One . and {{871}} 2 <8ne e)’

B on, on,
where v4 = v’Ti.
Similarly, for any v € H3(2,T,), we define the jump and mean of the second

order normal derivative across e by
0%v 1 [ 9%v,
d — == .
an {{8n2 }} 2 ( on? e)

e e

8_211 _ v, 0%v_ 0%v_
on2||  On?

e ang e 5‘n§
For any edge e € Sg, there is a triangle T' € Tj, such that e = 9T N 0S). Let n,
be the unit normal of e that points outside T'. For any v € H?(T), we set

vl _ Ov,
onl| ~  9n.’

oY o,
on2ff — on2’

Let V. C HZ(Q2) be the Hsieh-Clough-Tocher finite element space associated with
Tr, [19,[IT]. As in the previous section, the linear map Fj, : V}, — V. is constructed

€

and for any v € H(T), we set
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by averaging [12][16]. Let N be any (global) degree of freedom of V¢, i.e., N is either
the evaluation of a shape function or its first order derivatives at an interior node
of Ty, or the evaluation of the normal derivative of a shape function at a node on
an interior edge. For v, € V},, we deﬁne

(4.2) N(Epvp) = > N(uv,),
‘T | TeTN
where Ty is the set of triangles in 7, that share the degree of freedom, N and |Ty/|
is the number of elements of Ty.
We now derive the following discrete local efficiency estimates.

Lemma 4.1. Let v € V,,. Then there is a positive constant C independent of h
such that

(4.3) D hEf = A%,y < C( Y IID*(w=0)|7, 1) + Osea(£)?),
TETh TeThH

(4.4) D hell[0*v/on?]117 ) < C( D 1D (u = w)ll7,r) + Osca(f)?),
eEEi T€eTh

where Osca(f) is defined in ([2.8]).

Proof. The proof is again based on bubble function techniques [16], 3§].

Let v € Vi, and f € P._o(T) for an arbitrary T € Ty,. Let by € Ps(T)NHZ(T) be
the bubble function defined on T such that br(xr) = 1, where 2 is the barycenter
of T. Let ¢ = br(f — A%v) on T and extend it to be zero on Q\T. We have for
some mesh independent constants Cy and C5 that

Cillf = A%l yery < 18llzary < Collf = A%l 1y r)
It follows from ({I)) and integration by parts that

_ A2 _ _ 2
(r=a%.0) = [ fodo— [ atvodr
:/D%;D%dx—/D%:D2¢d:c:/D2(u—v);D%dm.
Q T T

Using a standard inverse estimate [I1], [19], we find

7 2,112 7 2 _ F " — A20) o d
01||f—Av||L2(T>s/T<f—Av>¢dx—A(f Nod +/T(f A%)éd
:/(f—f)¢dz+/Dz(u—v):quﬁd:c
T T

<N f = flleam 10l oy + 1w = vl g2y ¢l a2
< (Hf — fllpa(ry + Ch?|u — U|H2(T)> o1l 2 (1)

< C(If = Fllzar + 1 u = vlazen ) I1F = A%l yr),
which implies
Rl f = A%,y < C(lu —olmzary + P2 = Flliae)-
Using the triangle inequality, we obtain
ho||f — A%l pyry < C(lu— vl + b2l f = Fllzom))
which implies (Z3).
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We now prove the second estimate [@4). Let e € £ and Ty be two triangles
sharing the edge e. Let 7. be the set of the two triangles 7 and let n. denote the
unit normal of e pointing from T_ to T4. (cf. Fig. BTl).

Let 3 be the jump [0?v/On?] across e and extend it outside e so that it is
constant along the lines perpendicular to e. Let ¢; € P,_1(Ty UT_) be defined by

0
(4.5) (1 =0 on the edge e and il =g.
(&

A simple scaling argument shows that

7’ 1/2
(4.6) ol oy ~ (/h HW]] ds) ,

7’ 1/2
(4.7 e~ ([ 5] @)™

Next we define (o € Pg(Ty UT_) by the following properties:

(i) (2 vanishes to the first order on (97 UIT_)\ e (i.e., the union of the closed
line segments APT, AP~ BP* and BP~ in Fig. [31]).

(ii) (2 is positive on the (open) edge e.
(iii) / Gdr = |Ty |+ |T_|.
T+UT_

By scaling we have

(48) /CQ ds ~ |6‘7
(4.9) |Gl 1 (ryy = 1= ||l Lo (1)

It follows from (AI]), property (i) in the definition of (3, [@Hl), [@8), and inte-
gration by parts that

(4.10)

oI5l o [ [[5] deee [[] %

- Z (/ D% D¥( C1C2)dx+/( D2v) 'V(Cl@)df”)

TeT.
=— D*v: D*(Ciéo) dx — | A%v((id) dfc)
>(/ fama
= /D2 D2(<1<2)d$— /DQU D2(<1<2)
TeT, TeTe
Ly / A% (G1Ga) d
TeT.
=3 [P0 da:—Z/f A20)(G1Ga) da
TeT, TeTe

In view of the Poincaré inequality

1¢1Gl o) < CRT|CColm2(Ty)
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and the inverse inequality

Gl r2(ry) < Chp'|GiGalm(ryy < ChING Gl (),
we deduce from [@I0),

(4.11)
927> ) )
/ HW“ ds < C Y (Ju—vluzer) +hallf = A%l ,0r)) GGl 2y
e T€7—;3
<C Y (lu—vlmm) + b llf = A%l yr) he NGCel i (1)
TeT.

From (L4, (@) and [@3) we have

1CiCla () < 1Cne |Gl mr ey + IS ar ()€l Lo (70)

1/2
927>
< I
C</ehe|:{an2]] ds) ,

which together with (II)) implies

1/2
v’
(412) (/he |:|:W:|:| dS) S C Z (|’LL — /U‘HQ(T) + h%”f — A2U||L2(T))-

TeT.:

The estimate ([£4) now follows from (3] and (EI2). O

We will now present the applications of Lemma[2.1] to a few discontinuous finite
element methods for fourth order problems.

4.1. Morley nonconforming method. The discrete space [32] is

Vi={v € Ly(Q) :v|r € Po(T) VT € Ty,
v is continuous at all the vertices of Tj,,
Ov/On is continuous at the midpoints of the edges of Ty,
v =0 at all the vertices on 952,
dv/0n = 0 at all the midpoints of the edges on 9} .

The nonconforming method is to find uy € Vj such that
ah(uhvv) = (fa 1)) Vv e Vh,
where for w, v € Vp,,
ap(w,v) = Z / D*w : D*v dx.
TeTn T

Note that aj, is also well defined on V.. Define the norm ||v||, by [|v]|? = an(v,v).
To verify (N2), let v € V, w € V.. and v, € V},. We then note that

ja(v, w) = ap(vn, w)| < Y / |D?(v — )| [D*w] da < ||Jv = vl [lw]|v.
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The map Ej, defined in (£2)) satisfies the estimate [12, [10]

> (h7'llo = Bwvlidycr) + hz*lo = vl )
(4.13) TET,

Bl < Clloll; Vo € Vi

Let v, ¢ € Vj and ¢ = ¢ — Ep¢. For any v € V}, and for all vertices p in T, we
have

(4.14) Env(p) = v(p).
We find that
an(v, ¢ — Epo) = /D2U D*(¢ — Ep¢) dx
TeTh
a% (¢ — ths) v (¢ — Eng)
= -
T;/ on? 87'871 or )
_ (¢ — Eno)
——;/ﬂw}]{{ s

Here we have used the following consequence of ({14):

9%v o(
(4.15) Z/ 87'(;]71 g TEh¢ ds = Z Z 8Tan/ e Eh¢ =0,

TETh TETh ecOT

where 0/07 denotes the tangential derivative along 9T .

Using @3) and (£4), we find that

() — anv,0) = f¢+Z/H M }}ds

ec&;
1/2

<O D e + Do helllo*/0n®T1Z ) | 19l

TETh ec&}
< C(llu = vlln + Osca(f)) |-
Therefore,
(fs¢ — Eng) — an(v, ¢ — Eng)
sup
sV \{0} f=1if
Hence, the estimate (29) holds true.

< C(|lu—vl|n + Osca(f)) -

4.2. C° interior penalty method. Define the space V}, as
Vi ={ve H}Q) :v|, € Po(T) YT € Ty}

and the norm || - || on V3 by
o]l = Z / D*v: D*v dx + Z /—[[011/871]} ds Yv € Vy,
TeTh e€ly,

where o > 0 is the stabilizing parameter.
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The C° interior penalty method [12, 23] for ({@.)) is to find u; € V}, such that

ap(up,v) = (f,v) Yo € Vy,

where for wy,, vy, € Vp,

(4.16)
*E/{{%}}[[a“ﬂdg; o] 2]

Note that ap is well defined on V.. The method is stable when ¢ is sufficiently
large. More precisely,

(4.17) an(v,v) > C|v|3 YoveV,

for 0 > o, > 0 and o, sufficiently large.
The map Fj, defined in (£2) satisfies the estimate [12] [16]

Z (h 4H1)—Eh7)||L2 +hT |’U—Eh’U|H1(T)
(4.18) TETh

Bl < ClollE Vo € Vi
Let veV,w eV, and v, € V. Then

a(v,w) — ap(vy, w /DQ’U—Uh Dwdx+2/{{8n2}} H@vhﬂ ds

TETh ecép
< Co, [lv—onllnlwllv-

Again, using the fact that for any v € V,, Epv(p) = v(p) for all v € V}, and
vertices p in Ty, we find the following analog of (@15 for v, ¢ € Vj, and ¢ = ¢p—FE},¢:

(4.19) /D% D*)dx = Z/ ‘92” o , O 6—¢)ds

52
on2 on 87'871 or
TET TET

At WA K

€&},
Then using (AI8) and Lemma [A1] we find

() — an(v,9) = (7,9 +Z/[[an2ﬂ{{g—:f}}ds

e€&;

- [{EE -2 E ]
< Co. (llu = vlln + Osca ()| ¢l]n-

Hence, the assumption ([27) is valid and the estimate ([29]) holds.
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4.3. Discontinuous Galerkin methods. The model problem (1)) is rewritten
in the following form. Find u € HZ(Q) such that

a(u,v) = (f,v) Vove HS(Q),
where

a(w,v) = / AwAvdz Yw, v € HZ(Q),
Q

and A denotes the Laplacian. Set V = Hg(Q) and |[v]|y = |Av|p2(q) for all v € V.
For this last section, we switch back to the definitions of jump and mean in Section

Bl

We now prove the following lemma.

Lemma 4.2. Let v € V. Then there is a positive constant C' independent of h
such that

(4.20) > hIf = A%F, 0y < C( Y 1AW = 0)l[7, 0 + Osea(f)?),
TETh TETh
(4.21) > helllAv]lF, ) < C( D 1AW= )7,y + Osca(£)?),
eES}"L TeT,
and
(4.22) S RIVAUZ, 0 S C( D 1AM =v)]13, 1) + Osca(£)?),
eeé‘i TeThH

where Osca(f) is defined in ([2.8]).

Proof. The proofs of ([@20)) and ([@Z1]) are similar to the proofs of (@3] and (@A),
respectively, and hence we omit the proofs.

We will prove ([€22) using the bubble function techniques [38, 16, 26]. Let e € &}
and Ty be the triangles sharing this edge e. Denote by 7. the patch of the two
triangles Ty (cf. Fig. B). Consider [VAv] on e and extend it to T+ by constants
along the lines orthogonal to e. Denote the resulting function ¢; € P._3(7T¢). It
is then obvious that {; = [VAv] on e. Construct a piecewise polynomial bubble
function (o € HZ(T.) such that (a(x.) = 1, where z, is the midpoint of e. Denote
¢ = (1¢2 and extend it to be zero on Q\7.. We have by scaling [37],

1/2
(4.23) C||¢HL2(7—E) < (/he[[VA’U]PdS) s
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for some mesh independent constant C. Then, using ([£1]), Poincaré’s inequality
and a standard inverse inequality, we have

> /T (VAv -V + A’v ¢) dac)

TeT.

/e [VAv]?ds < C / [VAv]¢iCads = C (

_c (T;/T (—AvAp+ A% ) d:v) oy /aT[[Av]]{{V¢}} ds

TeT.

= u—v xr — - 21} X
C<T26%/TA< yaodi= 3 [ (1-a >¢d>

TeTe

+C > /6 Tumﬂ{{w}} ds

TeT.

1/2
<C ( Z (hézerf — A% 22y + [A(u — U)|2L2(T))> he 2l 2oy

TeTe

1/2
+O<Z/ m[[Av]Fds) he? (10l 27
TeT. /0T

and then we use ([{20) and ([@2]]) to complete the proof of (£22). O

4.3.1. Symmetric interior penalty galerkin (SIPG) method. Let

Vi ={v € Ly(Q) :v|r € P.(T) YT € Tp}

and define the norm || - ||, on V3 by
1 1
ol = 3 [ 18P do+ 3 [oivelds+ 3 [ lelds voe v,
TeT, T ecEy Ve ecey Ve e

The symmetric interior penalty method [4] 24, [33] is to find uj € V}, such that
ah(uhvv):(fav) Vvth,

where for w,v € Vj,,

an(w,v) = Y /T AwAv dz+ Y / {VvAw}vlds — > [ {Aw}[Vo]ds

TETH ecéy ec&, V¢

+ ) [{vAavkfwlds — > [ {Av}[Vw]ds

eely € ec&p €
o1 02
4 ; h—e/e[[Vw}][[Vv]]ds—i— ; h—g/e[[w]}[[v]}ds
ecly ecchp

and o1 > 0, o9 > 0 are penalty parameters.
For sufficiently large o1 and o5, it holds that

ap(v,v) > CHUH% Yv € Vy,
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where C' is a mesh independent constant. Note for v € V', w € V. and v, € V}, that

a(v,w) — ap(vp, w) = Z /TA(U — o) Aw dz + Z {VAwR} v —vp]ds

TETh ee&, V€

= > [ {AWR[V(v —vn)lds

ec&, V€
< Cllo = onllpllwllv-

The map Ej, defined in ([£2]) satisfies the estimate [12], (16 [26]

(w2 > (h%4|\U—Eh”||%2(T) +h;2|U_EhU|§{1(T))
4.24 TeTh

+|Ewolly < Cllvlli, Yon € Vi

Let v, ¢ € V}j, and ¢ = ¢ — Ep¢. Then after two integration by parts and using
earlier arguments with ([@L20)-(@.22), we find that

(f0) —an(v, ) = 3 /T (f=A2)pdo+ S [[VAu){v)ds

TETh ec&p V€

=Y [1aigvends— S [qvavhias

ec&, V€ ec&, V€

+ {ag}[volds — S 2 [ [Vo][Ve]ds
byl P

- / [o][]ds

< C(llu = vlln + Osc2(f))l|ll-
Therefore, the assumption ([27) is valid and hence the estimate ([2:9]) holds.

5. CONCLUSIONS

We have developed a new approach to discontinuous finite element methods and
proved that all the well-known classical nonconforming methods and discontinuous
Galerkin methods for second and fourth order elliptic problems are quasi-optimal up
to higher order data oscillations, using only the weak formulations of the boundary
value problems. Since the analysis involves techniques from a priori error analysis
and a posteriori error analysis, it may be referred to as a medius error analysis.

This approach puts discontinuous finite element methods on an equal footing
with conforming finite element methods in the sense that the first stage of the a
priori error analysis does not require the elliptic regularity theory. It is particularly
useful for more complicated problems (such as interface problems) where the exact
solution w has low regularity, i.e., v € H*®(2), where s < 3/2 for second order
problems and s < 7/2 for fourth order problems.

To keep the technicalities to a minimum, the results in this paper are presented
for simple model problems. With appropriate modifications these results can be
extended to second order mixed boundary value problems, interface problems, non-
homogeneous Dirichlet problems and fourth order problems with different boundary
conditions.
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The application of this new approach to hp error estimates and nonconforming

meshes will be investigated in the near future.
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