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A HIGH-ORDER, ANALYTICALLY DIVERGENCE-FREE
DISCRETIZATION METHOD FOR DARCY’S PROBLEM

DANIELA SCHRADER AND HOLGER WENDLAND

ABSTRACT. We develop and analyze a meshfree discretization method for
Darcy’s problem. Our approximation scheme is based upon optimal recov-
ery which leads to a collocation scheme using divergence-free positive definite
kernels. Besides producing analytically incompressible flow fields, our method
can be of arbitrary order, works in arbitrary space dimension and for arbitrary
geometries. After deriving the scheme, we investigate the approximation error
for smooth target functions and derive optimal approximation orders. Finally,
we illustrate the method by giving numerical examples.

1. INTRODUCTION

Darcy’s law is often used to describe the creeping flow of Newtonian fluids in
porous media [3]. It is given by

K
(1.1) u=-—Vp,
W

where the viscosity ¢ > 0 and the permeability tensor K are given and the velocity
u and the pressure p have to be determined.

We will incorporate the viscosity into the permeability tensor. Furthermore, we
will assume that the velocity field is incompressible. Then, appropriate boundary
conditions are Neumann-boundary conditions, such that Darcy’s problem can be
stated in the following way:

(1.2) u+ KVp=f in Q,
(1.3) V-u=0 in Q,
(1.4) u-n=g-n on 0N).

Here, n denotes the outer unit normal vector of the boundary 92 C R?. The
right-hand sides f and g - n and the tensor K are given. The boundary function g
must satisfy the compatibility condition

(1.5) / g-ndS=0.
a0

The tensor K is supposed to be symmetric, K = KT, and strongly elliptic in the
sense that there is a constant a > 0 such that

(1.6) FE®E=alEll,  ceRxe
The velocity u : Q — R? and the pressure p : 2 — R are sought.
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In the particular form of K = const- 1, which refers to isotropic and homogeneous
material, Darcy’s law also plays an important role in projection methods for dis-
cretizing the Navier-Stokes equations for incompressible Newtonian fluids, where it
is usually solved by converting it into a Poisson problem with Neumann boundary
conditions for the pressure and then defining the velocity by (I2]). However, there
are also good reasons for dealing with Darcy’s problem directly.

The goal of this paper is to derive a high-order method for solving Darcy’s prob-
lem efficiently. We will use methods based on analytically divergence-free kernels,
as they have been developed in [15] and further studied in [13] [12] [7, [6, [5]. Our
method will follow ideas from [22].

For this purpose the paper is organized as follows. In the rest of this section we
collect the necessary notation on vector-valued Sobolev spaces. The next section is
devoted to our discretization scheme, hence covering matrix-valued kernels, their
reproducing kernel Hilbert spaces and optimal recovery. In the third section, we
analyze the discretization scheme and derive error estimates. In the final section,
we give numerical examples to corroborate our theoretical estimates.

1.1. Sobolev spaces. We will work with the usual scalar-valued Sobolev spaces.
For a domain ©Q C R? a real number » > 1 or » = oo and an integer k € Np,
we denote by W¥(Q) the space of all functions f € L,(2) having weak derivatives
Def € L,.(Q) for every multi-index a € Ng with |a| = a1 + -+ + ag < k. We will
also work with fractional order Sobolev spaces W (Q2), particularly with 7 > d/2
so that we have continuous functions. For the introduction of such fractional order
Sobolev spaces we refer, for example, to [T}, 4} 21].

Since the pressure p in the solution of ([2)—(L4) is determined only up to a
constant we will work with the quotient spaces W, (€2)/R equipped with the norm

Iplwr)/r == égﬂg P+ cllwr -

We define the vector-valued Sobolev space W (€2) to consist of all vector-valued
functions u = (uy, ..., u,)" : @ — R", where each component u; belongs to W/ ().
A norm on W7 () can be defined by taking the discrete £, norm of the W (2)
norms of the components, i.e. by

n 1/r
lullwr (o) = (Zj=1 ”uj”W:(Q)> for 1 <r < oo,

maxi<;<n HUJ‘HW;'O(Q) for r = oo.

Note that we do not use an index to indicate the dimension n since it will become
clear from the context. We only distinguish between scalar-valued function spaces
and vector-valued function spaces by using boldface for the latter. Finally, in the
case r = 2, we will also use the notation H™(Q) = W3(Q).

2. THE DISCRETIZATION SCHEME

In this section, we will review the necessary material on matrix-valued kernels
and the way we will use them for discretizing Darcy’s problem.

First, we will discuss the kernels, their reproducing Hilbert spaces and optimal
recovery in general form and then adapt them to our problem. For this, we will
mainly rely on material from [7], [6, 5, 22]. In the last part of this section, we will
modify the general theory such that it fits to our problem.



A HIGH-ORDER METHOD FOR DARCY 265

2.1. Positive definite matrix-valued kernels.

Definition 2.1. A function ¢ : R? — R is positive definite if for all N € N, all
pairwise distinct x1,...,xy € R? and all @ € RV \ {0}, the quadratic form

N
Z Oszék¢(Xj — Xk)

J,k=1

is positive. More generally, a matrix-valued function ® : R¢ — R™*" is said to be
positive definite if it is even ®(—x) = ®(x), symmetric ®(x) = ®(x)T and satisfies

N
Z a;‘r'ﬁI)(xj —Xp)o >0
Jik=1
for all pairwise distinct x; € R? and all a; € R™ such that not all a; are vanishing.

The theory of the associated function spaces can be formulated for positive def-
inite matrix-valued functions as it can also be done for scalar-valued functions.
First, we introduce the function space

N
Fo () :={ Y ®(-x;j)o;:x; € Qa; €R"
j=1

and equip it with the natural inner product

NE

N
al ®(x; — yi)By-

N M
D@ —x)a; ) B(—yi)B | =
j=1 k=1

» =1

b
Il

1

Then, the closure of Fg(£2) with respect to the norm stemming from this inner
product is the associated native Hilbert space.

Definition 2.2. The reproducing kernel Hilbert space (RKHS), or native space,
of a positive definite, matrix-valued kernel ® is defined to be the closure of Fg(12)
with respect to || - || () = | - [l& and it will be denoted by N (€2).

For every vector-valued function f € Ng(Q2) and every a € R™ and every x € ,
we have the relations

(- —x)a € Ngp(Q),
(2.1) (£, ®(- —x)a)sp = f(x) ",
which generalize the reproducing kernel properties of the scalar-valued case.
For us, it will be important that for specific kernels these spaces can be identified
to be norm equivalent to classical Sobolev spaces. The kernels we are interested in

are defined as follows. Let ¢,1) : R? — R be positive definite functions, where ¢ is
at least twice continuously differentiable. Then, we define

(2.2) ® : R - R4, ® = (-AI+VVT)e,
(2.3) & : R — R XA+ &= (‘(I)’ 3)) = ®RY,

where A is the usual Laplace operator, V denotes the gradient and I the iden-
tity matrix. It is well known (see [I5] [6] [5, 22]) that both matrix-valued kernels
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are positive definite. Furthermore, their reproducing kernel Hilbert spaces can be
characterized using Fourier transform; see [6], 5], [22].

Theorem 2.3. (1) Suppose ¢ € WE(R?) N C2(RY) is positive definite. De-
fine ® = (=AI + VVT)¢. Then, J\/@(Rd) consists of all divergence-free
functions f € Lo(R?) with

f(w)|2
||f‘|3\/‘&>(Rd) - (27T)_d/2/ —H (22”2 dw < oo.
R [|wl|3¢(w)
(2) Let ® = ® Y with a positive definite function . Then,
Ne(R?) = Ng (RY) x Ny (R?)
with the norm for £ = (fy, f,) given by
IR ey = MalRe, @ay + 1Foll3, 2a)

_ (omie / [ [Ea(@)3 |, Fp()l?

=

wl3d(w)  P(w)

We are particularly interested in reproducing kernel Hilbert spaces that are norm
equivalent to Sobolev spaces. A scalar-valued RKHS N¢(Rd) is norm equivalent to
the Sobolev space H™ (R?) if the kernel function ¢ : R? — R has a Fourier transform
¢ satisfying

a(l+ [wll}) " < dw) <e(l+lwl|3) 7, weR
with two constants 0 < ¢; < ¢.
Corollary 2.4. Assume ¢ generates H™1(R?) and ¢ generates H°(RY), i.e.,
Np(RY) = H™TYHRY) and Ny(R?) = HO(RY) with equivalent norms. The asso-
ciated reproducing kernel Hilbert space of the combined kernel is given by

Na(RY) = H™ (R div) x H (R?).

Here,
T d. 3¢ _ T d. 7: . Hf(w)H% 2\7+1
H™(R%div) = (feH (R%div): 5 (14 [|wl]]3)"dw < oo ¢,
re  [lwll3
H™(R%:div) = {feH (RY):V-f=0}.

Finally, since we mainly work on bounded domains, we need, for technical rea-
sons, to extend our locally defined Sobolev functions to globally defined functions.
We will use the following result from [22].

Proposition 2.5. Let d =2,3. Let 7,0 > 0 and let Q C R be a simply-connected
domain with C*' boundary, where k > 7 is an integer. Then there exists a contin-
uous operator E = (Eqiy, Eg) : H™(Q: div) x H?(Q) — H™ (R div) x H?(R?) such
that Ev|Q = v|Q for all v = (u,p) € H(Q;div) x H7(Q) and

[ Eaivullig- gaai) + 1Esplle@ey < C (lullar@) + [pllae @) -

The extension operator for the pressure part is the standard Stein extension
operator Eg; see [19].
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2.2. Optimal recovery to build the approximant. We will use functionals
from the dual space No(2)* = {\ : Na(Q2) — R : X is linear and continuous} to
describe our discretization scheme.

Since f = ®(- — y)e; belongs to N (1), where e; is the jth unit vector, we see
that the columns of @ and, since ® is symmetric, its rows also belong to Ng(Q).
Thus, we can define AY®(x —y) as the vector-valued function, which is generated
by applying A with respect to y to every column of ®. The resulting vector-valued
function is the Riesz representer of A in Mg (Q2) in the sense of

AE)=E,NVP(-—y))s.
Thus the following result, which is well known in the context of scalar-valued

kernels, remains true for matrix-valued kernels.

Proposition 2.6. Suppose ® : Q C R? — R™ ™ is a positive definite, matriz-
valued kernel. Suppose further that Ay, ..., An € Na(Q)* are linearly independent
and f1,..., fn € R are given. Then, the problem of finding the solution of

(2.4) min{||s| @) 1 Aj(s) = fj,1 <j < N}

has a unique solution, which has the representation

N
sf= Zog)@'@( -y).

j=1
The coefficients o are determined via the interpolation conditions \;(sy) = fi,
1<i<N.

To apply this result to Darcy’s problem, we pick discretization points X =
{X1,...,xn} C Q in the interior and Y = {y1,...,ya} C 90 on the boundary.
For v = (u,p) we define the functionals

25)  AY(v) = wilx)) + (KVp)i(x;)

d
(2.6) =ui(x)) + Y Kin(x;)p(x;), 1<i<d1<j<N=N;
k=1

d
27 A =S wly)nelys), 1<5 <M = Nag,
k=1

such that the approximant according to Proposition becomes

(2.8) sv(x) = Z M OMyex - y).

The following result ensures that the so-defined functionals are linearly indepen-
dent.

Theorem 2.7. Let Q C R? with a C*' boundary, where k > 1. Assume that
the building functions ¢,v : R* — R are positive definite and chosen such that
Na(R?) = HT(R?; div) x H™T(R?) with T > d/2. Then, the interpolation function
sy = (su, 8p)T from Z) is well defined and uniquely determined by the interpola-
tion conditions (Z8) and (Z7). It satisfies Lsy(x;) = f(x;) with Lv :=u+ KVp
and su(y;) - n(y;) = g(y;) - n(y;). Furthermore, we have V - s, = 0 in RY.
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Proof. Since 7+ 1 > d/2 + 1, we have ¢, ¢ € C2(R?) and thus ® € C(R% R*%),
Hence, the kernel is sufficiently smooth and the functionals indeed belong to the
dual of the native space. Thus, we only have to show that the functionals are
linearly independent over Ng(R%) = H™ (R%; div) x H™1(R?).

Let us assume that there are coefficients agk) € R such that

d+1 Ny

(2.9) SN oAy =0

k=1j=1

for all v € Ng(R?). We will now pick a specific test function ~ for every index
pair (i,¢). First, we choose v to have compact support such that the only data site
contained in the support of this specific v is x; (for 1 < ¢ < d) or y; (for £ = d+1).
Hence, in the first case, (Z9) reduces to

d d
0=>"a"A"(y) =3 ol (Ly)u(x).
k=1 k=1

Since we have not yet exploited the second index ¢, we can now modify ~ such
that (L7y)g(x;) = 0k.¢, which gives ay) = 0. Since we can do the same in the case
£ =d+ 1, we see that all coefficients have to be zero, showing that the functionals

are linearly independent. ([l

3. ERROR ANALYSIS

Our error analysis is mainly based on a “shift” type theorem for the analytical
solution of Darcy’s problem, which can be easily derived from a corresponding result
for elliptic problems with Neumann boundary conditions. This immediately follows
by taking the divergence of (2] and incorporating (L3). The boundary conditions
follow by taking the inner product of (L2) with the unit outer normal vector n of
0% and to also use (L4)). In doing so, we see that (L2)—(L4) is equivalent to solving

(3.1) V- (KVp)=f:=V-f in Q,
O _~ _
(3.2) Ka—n =g=(f—-g)'n on 09

and defining
(3.3) u:=(f — KVp).

The compatibility conditions for the Neumann problem are satisfied since we have
with the divergence theorem and (LT that

/gds—/’de:/ (f—g)-ndS—/V-fdx:/ g-ndS=0.
o0 Q o Q o0

For the elliptic Neumann problem (B1)) and (32]) the following existence and
smoothness result is well known. For integer order 7 and K = I, its proof can
be found in [10, Theorem 1.10], the integer case for general tensor K follows from
[T1] and the general fractional order case follows by interpolation theory in Sobolev
spaces. Though the result was originally derived for weak solutions, the higher
regularity assumption on the given data implies that it also holds for classical
solutions.
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Proposition 3.1. Let Q be a bounded open subset of R with a C"1411 boundary
0. Assume that the permeability tensor K = (K;;) satisfies (LE), K = KT and

K;j € WTTH(Q). Assume for the data that FeWr(Q) and § e W:+171/T(8Q) for
1 <r<ooand [,,gdS = [, fdx. Then there exists a function p € W 2(Q)/R
solving B) and B2), which satisfies

1Pllwz+20ym < € {17 Wz @) + 18llyre-1m oy |
with a constant C = C(1,r,Q).

Applying this to our special situation, the existence and smoothness of the so-
lutions of Darcy’s problem follow.

Theorem 3.2. Let Q be a bounded open subset of R® with a C171+L1 boundary 99.
Assume that £ € WIHL(Q) and that g € W:+171/T(8Q) for 1 < r < oo satisfies
faﬂg -n dS = 0. Assume that the permeability tensor K = (K;;) satisfies (LG,
K = KT and K;; € WTtL(Q). Then there exist a velocity u € WITH(Q) and a
pressure p € WTT2(Q)/R, solutions to (L2) (L), which satisfy

Il @) + Ipllwr 2y < € (IEllwr g + g Bllyzo-1n) ) -

Proof. Our assumptions on the given data immediately yield f: V.-feW (Q).
Since the boundary is also assumed to be smooth enough, we have g = (f — g) -

n € WTTH_UT(@Q). Furthermore, we have the obvious estimates ||}THW:(Q) <
r+1,¢y and, since the boundary is sufficiently smooth,
fllwr+1 () and, since the boundary is sufficient] th

19wz oy = IE = 8) - llyyra-vrr o
< [Ellyr -1/ o0y + g - 0llyyrea-imog),
<C (Hf||w:+1(sz) +lg- nHWT’“‘”T(@Q)) ’

where we have used the standard trace theorem for Sobolev spaces. From B3], we
see that

A

lallwrero) < Ifllwrer ) + 1K VDllwrt g

IN

IEllwr+1 ) + CllPlwr+20) /m-
All of this, together with Proposition Bl gives

IA

lallwz+r ) + IPlwr+2 @)= £l wr+1(0) + CllPlwr+2 )=

IN

C <||f||w:+1(sz) +ls- n”w:“‘”r(aﬂ)) ’

which is the desired estimate. O

Using again the notation v = (u,p) and Lv = u + KVp, the estimate from
Theorem can be rewritten in the form

Il st ) + IPlwaezoym < € (Il gy + il g )

for any 0 <17 < 7. We will use this for v — s, instead of v, i.e.,
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lu— su||W;,+1(Q) +lp - 5p||wgl+2(sz)/R

(3.4) < C (||L(v — 50wy + 10— su) - n|\WT,,+1,1/,,,(am) .

To estimate the two terms on the right-hand side of the last equation, we first
observe that we have

(Lv — Lsy)(x;) = O, 1<j <N,
(u—sy)-n(y;) = 0, 1<j< M.

Hence, we are dealing with smooth functions that have a large number of zeros.
In the first case we have functions defined on a bounded region of R?, while in the
second case we are dealing with functions on a manifold. For such functions, we
can apply the following “sampling inequalities”.

To state them, we have to introduce a measure for the data density on Q and
0f. In the first case we introduce the “fill distance”

hx q :=sup min ||x —x;||2.
sup min x x|

The following result comes from [2, [16], [I7] in its vector-valued form from [22].

Lemma 3.3. Let 1 <r < oo, and 7,n € R with 7> d/2 and 0 <n <71 —d(1/2—
1/r)y. Suppose Q C RY is a bounded domain having a Lipschitz boundary. Let
X C Q be a discrete set with fill distance hx o sufficiently small. Assume that
u € H™(Q) satisfies u|X = 0. Then we also have

T—n—d(1/2—1/r
lullwzo) < chya 277 lu|gr .-

Proposition 3.4. Let Q be a bounded, simply connected, open subset of R¢ with
a CITIHLY boundary O where d = 2,3. Let the permeability tensor K = K
satisfy (LH), K = KT and K;; € H"TY(Q). Assume that the data satisfy £ €
H™(Q), g € H"/2(0Q) and [,,g-ndS = 0. Suppose that the kernel ® is
chosen such that Ng(R?) = HT(R% div) x H™t(RY) with 7 > d/2. Then, for
0<n<7-d(1/2—-1/r);+ —1 and for 1 <r < co we have

T—n—1-d(1/2—-1/r
ILv = Lsv|lwn+iq) < chx g (/2= (Iflle- @) + g - nllg-12000)) -

Proof. First, we have

1LV — Ly la s o < ChT—1= 12402105 | Ly — Ls, |l g 0-

To bound the latter norm we first extend the function v to Ev = (Edivu, Esp) €
H™(R% div) x H™1(RY) and note that the generalized interpolant s, coincides
with sgy on Q. Furthermore, if we pick the representer p for the pressure such that
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||p||HT+1(Q) = ||p||HT+1(Q)/R then we have

HLV_LSVHHT(Q) ||LEV _LSEVHHT(Q)

< |[Bava—sg, ullm-@) + [K(VEsp = Vspgy) |- @)
< |Eavu—sg, ol + ClEsp — spsplm o
< ”Edivu - sﬁ:diquﬁr(Rd;div) + C||Esp — SEsp”HTH(]Rd)
< ClEvV = seyllnvg ra)
< CEV| g re)
< O (IBaivullge gosgse) + 1Bl ao )
< C(lullar@ + lIpllE-+1(9)
< C(IIfllar ) + g nllg-—1/2000)) »
where we have used Theorem in the last step. ([l

To bound the boundary part ||(u—sy) - nHW:Hfl/T(aQ) in the estimate (3.4]) we
have to carry the concept of Lemma [3.3] to the manifold 9€). This has been done in
[8] for the special case of 92 being the sphere in R? and in a more general context
in [9].

We will represent the boundary 9f2 by a finite atlas consisting of smooth diffeo-
morphisms with a slight abuse of terminology. To be more precise, we assume that
ol = U}]=1 V;, where V; C 0 are relatively open sets. Moreover, the sets V; are

images of C'*»*-diffeomorphism
©j: B — V}',

where B = B(0,1) denotes the unit ball in R4~! and k and s are to be specified.
Finally, suppose {w; } is a partition of unity with respect to {V;}. Then, the Sobolev
norms on Jf) can equivalently be defined via

J

ol oy = S 1 3) 0 5y
j=1
It is well known that this norm is independent of the chosen atlas {V}, ¢, } but this
is of less importance here, since we will assume that the atlas is fixed.
We will measure the density of the points Y on 02 by introducing the mesh
norm

h := max hr,
Y,00 | Bax, T;,B

with T; = w;l(Y NV;) C B. As mentioned before, we will assume the atlas is fixed
and hence we do not have to worry about the dependence of hy gn on the atlas.

If u e WJ(Q), then u € W;71/2 (09) and if 7 > d/2, then this together with the
Sobolev embedding theorem guarantees that u is continuous on the boundary 0f2.
The proof of [9, Theorem 3.10] implies the following result. We give an extended
version which also deals with non-integer orders 7. Its proof can be found in [22].

Lemma 3.5. Let 1 <r < oo and T =k+ s> d/2, where k € Ny and 0 < s < 1.
Let Q C R be a bounded domain having a C** smooth boundary. Assume that
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Y C 00 with hyaq sufficiently small. Then there is a constant ¢ > 0 such that for
allu € H™(Q) with uly = 0 we have for0 <n <7-1/2—(d—1)(1/2—-1/r)+ that

lullwaay < chypa "~ V2TV lu||y .

Now, the same procedure as the one employed in the proof of Proposition [3.4]
leads to the following result.

Proposition 3.6. Let d =2,3. Assume that Q, K and f,g satisfy the smoothness
assumptions of Proposition B4l Suppose that the kernel ® is chosen such that
Ng(R?Y) = H™(R%; div) x H™HL(RY) with 7 > d/2. Then

[(u = su)- n||W;’+171/"'((’)Q)

T—m—1-1/24+1/r—(d—1)(1/2—1/r
< Chy gy AT EEDART (1| ) + llg - 1 ges1/2(00))

with C' > 0 independent of u and sy, where 1 < r < oo and 0 <n <7-1/2—
d-1(1/2=1/r)y —14+1/r.
Proof. First, since the boundary of Q is CI71+11 it is also C** with 74+ 1 = k + s,

k € Ng and 0 < s <1 by the embedding theorem for Holder spaces.

The domain Q has a C71*%! houndary, therefore the normals n € CI71:1(5Q)
exist almost everywhere and can be extended to a vector field n € CI71'1(Q) with
n|pq = n. This means that n € H"1(9Q) and n € HI"1+1/2(Q).

This enables us to apply Lemma to derive

T—n—1-1/2+41/r—(d—1)(1/2—1 ~
(= su) Bl o1/ o) < Chy gy 2 EVOET (0 — ) 8|0

Then

(0 —su) 0|z @) < [0lg-(@lu - sulla- (@ < Cllu-sular @)

and, according to the proof of Proposition B.4] we also have

u—sulla- @) < (Ifla- @ +g- n”HT—l/?(é)Q)) ;
our proof is complete. ([

After estimating both parts in (8] we have proven our main result.

Theorem 3.7. Let Q) be a bounded, simply connected, open subset of R, d = 2,3,
with a CI71HLY boundary 0. Suppose that ® is chosen such that its native space is
Na(R?) = H™(R%; div) x H™(RY) and the permeability tensor K = K,; satisfies
@), K = KT and K;; € H™tY(Q). Furthermore, assume that the data satisfy
fe HY(Q), g € HT/2(09) and [,,g -ndS = 0, where 7 > d/2. Then, the
error between the true solution and the collocation approximation can be bounded
by
u— sun;z“(Q) +lp - 5;D‘|wﬁ+2(9)/ug

o e 7 Sy

X ([l + g - nll gr-12(50))
forl<r<ooand0<n<7-d(1/2-1/r)1 —1. Ifr > 2 and h = hx o = hy.oq,
this reduces to

Ju— Suuw;ﬁl(g) +lp - S;DHW,,’.7+2(Q)/R

< ChT AR (£ 4 o) + llg - 0l 172000 ) -
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4. NUMERICAL EXAMPLES

We will test the theoretical error estimates for two numerical examples. Our
first example will deal with homogeneous and isotropic permeability, where K re-
duces to a constant times the identity matrix. Our second example will deal with
inhomogeneous but still isotropic material.

We will employ Wendland functions ¢o, € C?*(R?) for both ¢ and 1, which
generate Sobolev spaces H*3/2(R?). Thus by choosing ¢ = 1) = ®2,¢, we have

N@(Rd) — H£+1/2(Rd;div) > }IEJrS/Q(IRd)7

which means 7 = ¢+ 1/2. To ensure that a sufficient amount of collocation points
is in the support of the basis functions, we scale them with ¢ := 10. Moreover, since
the error estimates only exist for the case ¢ = 1, we choose ¢ = ¢ = ¢3(5) for all
numerical examples. We will concentrate on the L., and Lo error only. Hence, we
want to verify the estimates

,_ 1
[u = sullar@) + [P = spllarer(@)m < Crgh™* = Cegh™ 27",
||u — Su”WﬁC(Q) + ||p - sp||w§0+1(9)/R S Cf,ghT_k_d/Q — Cf’th—E_k.

Note that the first estimate was only shown for £ > 1 in Theorem [371 Moreover,
the second estimate is actually not justified by our theoretical analysis.

In all cases the notation e, = u—s, and e, = p—s, is used. The numerical tests
were run on a sequence of equidistant grids X,, = (£7Z)? N Q. The computational

n
approximation orders are derived by

log(en/en+1)
log(n/(n+ 1))’
where e, is the error on an n x n input grid.

4.1. Homogeneous permeability. In our first example, we choose = [0,1]?
and K =TI and f and g such that the true solution is given by
L playy) =2ty

We tested this for a variety of basis functions as explained above. The error has
been computed using discretized versions of the various norms on a fine 300 x 300
grid. From the classical stability analysis for radial basis function interpolation (see
[14, 18, [6]) we have to expect ill-conditioned matrices. Hence, to avoid any negative
influence from such ill-conditioning, as a precaution, all computations were done
using quad double precision.

The results are presented in Tables [l to [ and in Figure[dl They indicate that
the numerical approximation orders more than match the theoretical ones.

ll(l’, y) = (_sty, 3$2y2

TABLE 1. Approximation errors with ¢ =1 = ¢ 2.

leullr, leullra l[eullr l[€ullr IVepll,  IVesllie

1.6335e-01  7.7583e-01 1.1289e+00 6.8905e+00  2.9920e-01 2.1715e+00

8  2.9333e-02 2.1230e-01  4.6740e-01 5.3876e+00  4.9407e-02  6.9474e-01
16 4.7724e-03  5.5458e-02  1.6321e-01 3.7585e+00  6.9639e-03  1.8473e-01
32  6.5486e-04  1.3832e-02  4.7138e-02 2.2668e+00  8.8743e-04  4.4247e-02
64  7.9729e-05  3.0498e-03  1.2110e-02 1.2395e+00  1.0140e-04  9.2248e-03
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TABLE 2. Approximation orders with ¢ = = ¢ 5.

leallL,  lleallr. ll€ullss leallnz [ VepllL,  [IVeplLa
computed 2.4774 1.8697 1.2722 0.3550 2.5983 1.6442
2.6197 1.9366 1.5179 0.5195 2.8267 1.9111
2.8655 2.0033 1.7918 0.7295 2.9722 2.0618
3.0380 2.1813 1.9606 0.8710 3.1296 2.2620
estimated 2.5 1.5 1.5 0.5 2.5 1.5
TABLE 3. Approximation errors with ¢ = ¢ = ¢ 3.
n leullL, et el l|eullr2 [VepllL, — [IVep|lL.
4 1.0127e-01 3.6764e-01 7.0026e-01 4.1830e400  2.1525e-01 1.4904e+-00
8 8.6886e-03  4.3353e-02 1.4323e-01  1.7673e+00 1.2082e-02 1.8352e-01
16 6.6247e-04  5.3868e-03  2.4002e-02  6.3930e-01  7.6629e-04  2.0568e-02
32 4.0582e-05 5.8268e-04  3.0337e-03 1.7604e-01 4.1610e-05 1.7658e-03
64  2.2916e-06  5.6109e-05  3.3587e-04  4.0901e-02  2.1316e-06  8.3619e-05
TABLE 4. Approximation orders ¢ =) = ¢2 3.
leallL,  lleallr. lleullss leallnz I VepllL,  [IVep|lra
computed 3.5430 3.0841 2.2896 1.2430 4.1550 3.0217
3.7132 3.0086 2.5771 1.4670 3.9788 3.1575
4.0289 3.2087 2.9840 1.8606 4.2029 3.5420
4.1464 3.3764 3.1751 2.1057 4.2869 4.4003
estimated 3.5 2.5 2.5 1.5 3.5 2.5
TABLE 5. Approximation errors with ¢ =1 = ¢ 4.
leullr, leullL. el lleullr IVepllL, — [IVep|lL
4 6.1153e-02  2.0845e-01 4.3615e-01 2.8112e400  2.0304e-01 1.2941e+400
8  2.3251e-03  1.1990e-02  4.1046e-02  5.5070e-01  3.2751e-03  5.0862e-02
16 7.9533e-05  7.1673e-04  3.0418e-03  9.1047e-02  9.5225e-05  2.7176e-03
32 2.3199e-06  3.8217e-05 1.7927e-04 1.1659e-02 2.4788e-06 1.0642e-04
64  7.4599e-08 1.1181e-06 1.2205e-05 1.6011e-03 1.0738e-07  3.4691e-06
TABLE 6. Approximation orders with ¢ = ¢ = ¢ 4.
leallL,  lleallr. lleullss leallnz I VepllL,  [IVep|lLa
computed 4.7171 4.1198 3.4095 2.3518 5.9541 4.6693
4.8696 4.0643 3.7543 2.5966 5.1040 4.2262
5.0994 4.2291 4.0847 2.9652 5.2636 4.6745
4.9588 5.0951 3.8765 2.8643 4.5289 4.9390
estimated 4.5 3.5 3.5 2.5 4.5 3.5
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FIGURE 1. Approximation orders for ¢ = ¢ = ¢2o (upper left),
¢ =1 = ¢a,3 (upper right) and ¢ = 1) = ¢o.4.

4.2. Inhomogeneous permeability. Our second example deals with inhomoge-
nous and isotropic material, meaning that K = xI with a non-constant function
k. Our example is motivated by a similar example from [20] and describes the flow
through a two-dimensional cylinder with varying permeability. To be more precise,
pressure, velocity and permeability are given by

p(z,y) = ]%xﬂ)o,

T
ae) = (ML= )=o)
wzy) = (W =va)y—m),

where p is the viscosity and L the length of the cylinder. Obviously, these quantities
satisfy (LI) and V- u = 0. The permeability is constant along horizontal lines and
is zero at the top and bottom boundary of the cylinder. The flow is also horizontal;
see Figure

For our computations, we set L =1, y, =0, yp =1, p =1, p1 =2 and py = 1.
For ¢ = 1) we have chosen the C% compactly supported function.

The results are represented in Tables[] and Bl and in Figure
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FIGURE 2. The schematic set up for the second example.
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Ya

u-

n=0

L X

TABLE 7. Approximation errors for the inhomogeneous problem

n lleallr leullz leulls leallm IVeplle.  [IVepllia
6.2920e-03  2.3987e-02  5.2479e-02  5.1676e-01  4.9587e-02  1.2463e-01

8 5.3211e-04  4.6569e-03  8.8350e-03  1.3797e-01  2.2983e-03  9.9190e-03
16 4.0233e-05  5.5241e-04  1.4920e-03  4.5095e-02  1.8430e-04  1.4879e-03
32 2.9049e-06  5.3613e-05  2.3020e-04  1.3925e-02  1.7299e-05  2.4952e-04
64  1.8260e-07 4.1769e-06  3.0837e-05  3.8451e-03  1.5696e-06  3.8521e-05

TABLE 8. Approximation orders for the inhomogeneous problem.

leallt:  lleulle lleallmr  lleullmz IVepl,  [[Vepllia
computed 3.5637 2.3648 2.5705 1.9052 4.4313 3.6513
3.7253 3.0756 2.5660 1.6133 3.6404 2.7370
3.7918 3.3651 2.6963 1.6953 3.4133 2.5760
3.9917 3.6821 2.9001 1.8566 3.4623 2.6954
estimated 3.5 2.5 2.5 L5 3.5 2.5

F1GURE 3. Convergence for the inhomogeneous example.
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