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SUPERCLOSENESS AND SUPERCONVERGENCE
OF STABILIZED LOW-ORDER FINITE ELEMENT
DISCRETIZATIONS OF THE STOKES PROBLEM

HAGEN EICHEL, LUTZ TOBISKA, AND HEHU XIE

ABSTRACT. The supercloseness and superconvergence properties of stabilized
finite element methods applied to the Stokes problem are studied. We con-
sider comnsistent residual based stabilization methods as well as inconsistent
local projection type stabilizations. Moreover, we are able to show the su-
percloseness of the linear part of the MINI-element solution which has been
previously observed in practical computations. The results on supercloseness
hold on three-directional triangular, axiparallel rectangular, and brick-type
meshes, respectively, but extensions to more general meshes are also discussed.
Applying an appropriate postprocess to the computed solution, we establish
superconvergence results. Numerical examples illustrate the theoretical pre-
dictions.

1. INTRODUCTION

In recent years, the superconvergence of finite element methods has been an
active research field in numerical analysis. The main objective of the supercon-
vergence research is to improve the existing approximation accuracy by applying
certain postprocessing techniques which are cheap and easy to implement.

In this paper, we consider the supercloseness and the superconvergence properties
of numerical solutions of the stationary Stokes problem

—vAu+Vp = f inQ,
(1.1) divu = 0 inQ,
u = 0 ondN.

Here, v > 0 is the kinematic viscosity (we set v = 1 for simplicity) and the func-
tion f is sufficiently smooth. We study finite element approximations on uniform
triangular (three-directional grids), axiparallel rectangular, and brick-type meshes,
and increase the order of convergence of the original computed solution by postpro-
cessing. The technique for the standard Galerkin finite element approach is well-
understood; see e.g. [6,[12]. If the finite element spaces approximating velocity and
pressure satisfy an inf-sup condition, stability and convergence of the discretization
can be proven. So far, some superconvergence results have been obtained for the
standard Galerkin method; see, for example, [I7, [18] 20, 25| 36].

Here, we consider the superconvergence property of stabilized methods which
has been developed in order to circumvent the inf-sup condition and to allow equal-
order interpolations for velocity and pressure; see [7| [11] 14, [15]. The usual way of
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analyzing superconvergence properties of postprocessed computed solutions consists
of two steps:

(1) Supercloseness property: an interpolation approximating the finite element
solution of higher order. Often such interpolation does exist if the under-
lying mesh has a special structure.

(2) A postprocessing operator: an interpolation operator (in a higher-order
finite element space) with certain stability, invariance and higher-order ap-
proximation properties. Applying this interpolation operator to the original
finite element solution, we obtain the postprocessed solution, which has a
superconvergence property.

There are many research contributions to these two steps. Currently two ap-
proaches are used to prove superconvergence. One is based on the analysis of the
method: there are the integral identity, the integral expansion (which is based on
the Bramble-Hilbert lemma) and others; see [8, 85]. The second concerns the mesh
condition [2, 23] 36, B7, 38, 40] [44]. The supercloseness result has been extended
from structured meshes to more general, practical and automatically generated
meshes. In the case of the postprocessing operator, the first approach is mani-
fested as higher-order finite element interpolation, while gradient recovery methods
[39, [40L [43], [44] are used in the second approach.

The supercloseness phenomena have been already established for some kinds
of mixed finite elements. For example, in [I8] 19, 20l 23] 25], the supercloseness
analysis for the Stokes problem and Navier-Stokes problems has been given.

For the error analysis, we introduce the standard notation for the Sobolev spaces
Wkr(D), H*(D) = W*2(D), HY (D), LP(D) = W°P?(D) with nonnegative integers
k and 1 < p < oo. The corresponding vector-valued versions of these spaces will be
indicated by boldface letters. The norm and seminorm corresponding to both the
scalar and the vector-valued version of the space W*?(D) are denoted by || - ||x.p.p
and || . p. For the inner product in L?(D), its vector-valued versions, and L?(9D),
we write (-,-)p and (-, Yop, respectively. We will drop the index D when D = Q.
Throughout this paper C' denotes a generic positive constant that is independent
of the mesh size.

2. DISCRETIZATIONS OF THE STOKES PROBLEM

2.1. Standard Galerkin. Let © C R? be a polygonal (d = 2) or polyhedral

(d = 3) domain with Lipschitz continuous boundary I' = 99Q. Introducing the

solution spaces V := (H}(2))? and Q := L3(9), a weak formulation of (L)) is:
Find (u,p) € V x @ such that for all (v,q) € V x Q,

(2.1) (Vu, Vv) — (p,div v) + (¢,div u) = (f, v).
It is well known that the Babuska-Brezzi condition,

, di
(2.2) inf sup (g, div v) ,

a€Qvev |v]1llgllo

guarantees the existence and uniqueness of a solution of (Z1I); cf. [6 12].
We introduce a shape regular partition 7j of the computational domain 2 into
cells K (triangles, quadrilaterals, tetrahedrons, hexahedrons) such that

2
Il
(-
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Here h := Irglea%({hK} and hx = diam K denote the global and local mesh size,
h

respectively. Let Vi C 'V and @, C @ be finite element spaces approximating
velocity and pressure. Then, the standard Galerkin discretization is:
Find (uh,ph) € Vj, X @y, such that for all (vh,qh) €V X Qp,

(23) (Vuh, Vvh) — (ph,diV Vh) + (qh, div uh) = (f, Vh).

The standard Galerkin approach for solving the Stokes problem () by finite
element discretizations is well understood (see, e.g., [0 [12]). If the finite element
spaces approximating velocity and pressure satisfy a discrete version of the Babuska-
Brezzi condition ([2:2)) uniformly in h, stability and convergence of the discretization
can be established. A large number of finite element pairs is known to satisfy
this stability condition; however, there are several reasons for circumventing it.
First, equal-order interpolations, in general, do not belong to this class of “stable
methods”, but they are simple to implement since the same finite element space
is used for approximating the pressure and the velocity components. Second, and
this is even more important, it is often not clear whether the stability property also
holds on sequences of meshes with hanging nodes, which are popular in adaptive
finite elements. In the case of the Q, — P3¢ finite element pair, the validity of the
Babuska-Brezzi condition on mesh families with hanging nodes has been shown in
[29]. Alternative methods for solving the Stokes problem are based on consistent
and inconsistent modifications of the discrete problem. These approaches do not
require fulfilment of the Babuska-Brezzi condition and work also on families with
hanging nodes.

2.2. Local projection stabilization. In this section, we consider equal-order in-
terpolations stabilized by the local projection method in its one-level variant as
developed in [T}, 26]. For the two-level approach we refer to [3, B 27]. Let Y}
denote a scalar finite element space of continuous, piecewise polynomials over Tj,.
The spaces for approximating velocity and pressure are given by Vj, := Y,¢NV and
Qn = Yr, N Q. The discrete problem of our stabilized method is:

Find (up,pp) € Vi, X Qp, such that for all (vi,qn) € Vi X Qp,

(2.4) (Vup, Vvy) — (pr, div vp) + (qn, div ug) + Sh(pr, qn) = (£, vn),
where the stabilization term with user-chosen parameters ak is given by
(2.5) Sh(p,q) = Z ak (knVp, iRV Q) K.

KeTh

Here, the fluctuation operator j, : L?(Q) — L?(Q) acting componentwise is defined
as follows. Let Ps(K) denote the set of all polynomials of degree less than or
equal to s and let Dj,(K) be a finite-dimensional space on the cell K € T;, with
P,(K) C Dp(K). We extend the definition by allowing P_;(K) = Dy(K) = {0}.
We introduce the associated global space of discontinuous finite elements

D= P Du(K)
KeTh

and the local L?(K)-projection 7 : L?(K) — Dy (K) generating the global pro-
jection my, : L2(Q) — Dy, by

(th)‘K =g (w|k) VK € Tp, Yw € L*(Q).
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The fluctuation operator sy, : L2(2) — L2(Q) used in [Z5) is given by &y, := id—m,
where id : L?(Q) — L%() is the identity on L?(€2).

In order to study the supercloseness and superconvergence properties of this
method on structured meshes, we introduce the bilinear form

(2.6)  An((u,p); (v,q)) = (Vu,Vv) — (p,div v) + (¢,div u) + Si(p, q)

and the mesh-dependent norm

1/2
(27) v lllaz= (VB + 3+ Y axllmnVals)
KeT
From (2I) and ([24) follows the error equation
(2.8) Ap((@=wp,p = pn), (Vi qn)) = Su(p,an)  Y(Vh,an) € Vi X Qn,

which shows that in contrast to residual based stabilization methods [14] [15] the
method is inconsistent.

The existence and uniqueness of discrete solutions of ([2:4) have been studied in
[11] for different pairs (Y3, Dy) of approximation and projection spaces, respectively.
Here, the supercloseness and superconvergence properties will be studied only for
the lowest-order cases; i.e., we will consider

e on three-directional triangular meshes (d = 2) the cases
Y, :={ve H (Q):v|x € PI(K), VK € Tp}, D, := {0}, ax ~ h%,
Y, :={ve H' Q) :v|x € P (K), VK € Tn},
Dy, = {q c L2(Q) : q‘K S P()(K), VK € 7-h}, ag ~ hg or ag ~ h%(,
e on rectangular or brick meshes (d = 2 or d = 3) the case
Y= {ve H'(Q) :v|x € Q1(K), VK € Tp}, Dy, := {0}, ax ~ h,

where @1 (K) denotes the space of mapped bilinear and trilinear functions, re-
spectively, and Pfr (K) is the space of linear functions enriched by cubic bubbles
vanishing on the boundary of K. In the following, we will refer to these different
cases shortly as the Py, the P1+ , and the Q)1 case, respectively.

All three cases fit to the theory developed in [I1]; consequently we have the
following stability and convergence result.

Lemma 2.1 ([I1]). Assume h3./ax < C. Then, there is a positive constant 4
independent of h such that

An((Vi, qn); (Why )

(2.9) inf sup
|(Vas an)ll]a [[[(wn, ma) ] 4

(Vi:gn)EVRXQn (wi,,rn) €V X Q)

>pa>0

holds.

Lemma 2.2 ([I1]). Let the solution (u,p) of @) belong to (VN H2(Q)?) x (QN
HY(Q)). Then, there exists a positive constant C' independent of h such that the

solution (up,pp) of 24) satisfies
(2.10) ll(a—uan,p —pn)llla < Ch([[ullz + [lpll)-

Remark 2.3. In the two cases in which D), = {0}, the fluctuation operator becomes
the identity and (2Z4]) corresponds to the method studied in [7].
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2.3. Relationship to residual based stabilizations. In the case of Y}, = {v €
HY(Q) : v|x € P (K), VK € T3}, the standard space of continuous, piecewise
linear functions has been enriched by one cubic bubble function per cell. These
additional degrees of freedom can be eliminated locally by static condensation [11]
Section 4.3]. Based on the splitting of the approximation space Y3, = Y7, @ Y5 into
the piecewise linear part Y7, and the bubble part Yp the solution (up,pn) of (2.4)
can be split into uy = uy + up and pp, = pr + pp with up € Vp = YL2 NV and
pr, € Y. Let us define

- 1 -
PLZPL——/pLdﬂUEQL =YL NQ.
12| Jo

Then, as shown in [IT], the linear part (urp,pr) € Vi x Qr of (up,pr) € Vi, X Qp,
is a solution of the problem:
Find (ur,pr) € Vi x Qr, such that for all (vr,qr) € Vi x Qr,

(2.11) Bu((ur,pr); (v, qr)) = La(ve,qr)-
The bilinear form By,(+;-) and the linear form Ly (-) are defined by
By ((u,p); (v,9)) := (Vu,Vv) — (p,div v) + (¢, div u)
+ Z v (div u,div v) g + Z (—Au+ Vp,7xVq)k,

KeT;, KeTh
Lh(v7 q) = (f7 V) + Z (fa Tqu)K7
KeTh
with
b || b
K = H K”O,LK — HI('# bK7 bK = )\1)\2A3.

P AN bkl
Here, \;, i = 1,2, 3, denote the barycentric coordinates of K. Note that

Ti ~ hicb,
and that, depending on the choice of the stabilization parameter ax (which is
related to the approximation space Dj,) in the LPS, we have
ozKNh%{ & g ~ 1 ag ~hx & vk ~hg.

We mention that the problem (@ZIII) corresponds to the Pressure Stabilized
Petrov Galerkin (PSPG) method [14} [I5] BI] in combination with the grad-div
stabilization [10] 13| 32l 33]. The PSPG stabilization is consistent in the sense that
for a smooth solution (u,p) € (H () N H2(Q))4 x (L3(Q) N HY(Q)),

Bh((ll,p), (VLa qL)) = Lh(VquL) V(VL, QL) € VL X QL

holds. We have two options for analyzing the method (ZII)): using the error
estimate (ZI0) and deriving estimates for the linear part of the solution, or studying
directly the PSPG method (2II)). We follow the second option by proving the
stability of the bilinear form By, : (Vi x QL) x (VL x Q1) — R with respect to the
mesh-dependent norm

(2.12)

1/2

. 1/2

v, @)llls = (VB + Nl + > aclidiv vig e+ - 17 *Vald k)
KeTn KeTh
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Lemma 2.4. Assume vx = O(1) and 1 ~ h%br. Then, there is a positive
constant Bp independent of h such that

(2.13) inf sup By ((ve,qr); (We,rr))

>pBp >0
(ve.a)EVexQr (wprp)evixQy Ve, ao)llls [(wr,ro)|ls

holds.

Proof. Let (vr,qr) be an arbitrary element of Vi X Q1. We obtain
(2:14) By ((ve,a); (vian)) = Velf + D0 veclldiv vel e + 3 I *Vac | -
KeTn KeTn

Compared with ([Z12)), just the L? control over the pressure is missing. Due to the
continuous inf-sup condition (2Z2]) there is for any g, € @ an element v,, € V
satisfying

—(qz,div vg,) = llacld, vl < Cllaclo-
As a consequence, we have for the Scott-Zhang [30] interpolant iy, : H}(Q)? — V7,
Bi((ve,qr); (invey,0)) = —(qr, div i ve,) + (Vvi, Vipve,)
=+ Z ’}/K(div vy, div ithL)K

KeTy,
= ||CIL||(2) + (QLvdiV (VQL - ithL)) + (Vva VihVQL)
(2.15) + Z vi (div vy, div i, vy, ) k-
KeTn

Using integration by parts, the approximation property of the Scott-Zhang [30]
interpolation

v —inviox < Chi |Viwr)  ¥WveEHY(K), K €T,
the inequality
17 *Varllox > Chil|Varllox Yo € Pu(K),

and the bound of ||vg, ||1, we estimate the second term in ([ZI5]) as follows:

‘(qlndiv (VQL - ithL))| = |(qu7VQL - ihVQL)l <C Z ”VQL
KeTh

1/2 1/2
1/2
<C ( ST VQLH%,K> (Z [Var I%,w(m)
KeTy,

KeTy,

o5 hxc [V 1)

1/2
< gzl +C D I *Varld «-

KeTy,

=

The estimations of the third and fourth terms in ([2I5) are standard:

. 1
[(Vvr, Vipvg, )| < CIVve|i [Vvg, |1 < g||QLH3 + Co| VL3,

1 .
< Nzl +Cs > yxlidiv vl k-
KeTy,

Z 'yK(div VL,diV ithL)K
KeTh
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Summing up the last three inequalities, we obtain from (215]),
Bh ((VLu qL)a (ithL ) 0))

1
(2.16) > §H(JLH(2) - Cy <|VVL|3 + > {HT}(/QV(JH

3 1 + clldiv vL||3,K])
KeT

with C4 = max(C1, Cy, C3). Multiplying this inequality by 2/(1 + 2C4) and adding
it to ([214), we see that for any (v, qr) € Vi X Qr, there exists

(Wr,rr) = (vi,qr) + (2/(1 4 2C4))(inve,, 0)
such that

Bi((ve,qr); (wr,rL)) (v, a0l

> _ 1
—1+20,
Furthermore, the H'-stability of the interpolation i, the upper bound of ||vg, |1,
and vx < 79 lead to

wesro)llls < |l[(ve,qo)llls + I(inve, 0l < (1+ Cs)ll[(ve, qu)ll]5-

2
1420,
Thus, the statement of the lemma holds true with = 1/((1 +2Cy4)(1+ Cs)). O

Taking into consideration the approximation properties of the space Vi x Qr,
we get

Lemma 2.5. Assume yx = O(1) and Ti ~ h3%:bx . Let the solution (u,p) of 2.J)
belong to (V. N H2(Q)?) x (Q N HY()). Then, there exists a positive constant C
independent of h such that the solution (ur,pr) of ZII) satisfies

(2.17) l(a =g, p—po)llls < Ch([lullz + 1)

Finally in this section, we mention the relationship of the standard Galerkin
discretization using the MINI-element to the residual based stabilization method
@II). In this case, the velocity and pressure are approximated by elements from
the spaces

Vi, =V ={ve Q)" v|lx € PH(K) VK € Tp},
Qn=QL={qe Ly NH Q) :q|lx € PI(K)VK € Tp,}.

Note that the MINI-element satisfies the discrete version of ([22); see [I]. Thus
no stabilization term is needed. Again eliminating the bubble part in the velocity
space we end up with the method (2.I)) in V, x @, for vx = 0. This relationship
between the MINI-element discretization and the residual based stabilization will
allow us to prove supercloseness results for the linear part of the MINI-element
discretization.

3. SUPERCLOSENESS

In this section, we consider structured meshes, in particular three-directional
triangular meshes in the two-dimensional case and uniform brick meshes in the
three-dimensional case. All theorems for the brick meshes hold analogously also for
rectangular meshes; however, we do not formulate them explicitly.
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3.1. Piecewise linear interpolations on three-directional meshes. We start
with some interpolation error estimates which are necessary for our supercloseness
analysis. Let i, : H?(2)? — R? and jj, : H?(Q2) — R denote the standard piecewise
linear nodal interpolation. In order to derive the supercloseness property of (u, pr)
to (ipu, jrp), we recall some estimates which can be found, e.g., in [22] and in the
books [19] 24].

Lemma 3.1 ([19, 22 24]). Let u € H3(Q)? and the mesh Ty, be three-directional.
Then, we have the estimate

(3.1) |(V(u—ipu), Vwyg)| < Ch*||ulls|wn|i, Ywh € V.

Remark 3.2. The estimate (3 has been obtained by many researchers and may
be the oldest supercloseness result ([28]). Nowadays, the proof of this estimate
has been simplified and extended to more general meshes [2], which we consider in
Section [l

Let us define the notation illustrated in Figure [l For an arbitrary triangle

Zi+2

i+1

FIGURE 1. Some notation of a triangle K € Tj,.

K €Ty, let Z; = (x41,242) (1 <14 < 3) be the counterclockwise oriented vertices, s;
(1 < < 3) denote the edge of length h; (1 < i < 3) opposite to Z;; n; (1 <7< 3)
is the unit outward normal vector on s;, and t; (1 < ¢ < 3) are the unit tangent
vectors in the counterclockwise orientation. We use the periodic relation for the
subscripts: ¢ + 3 = 4 and write for the derivative in the direction of t; shortly
Dy, = 0/0t;. As usual, let the reference triangle K have the vertices (0,0), (1,0),
and (0,1).

Lemma 3.3. Let I be the standard piecewise linear nodal interpolation on K. Then,
there are positive constants C' such that for all ¢ € H3(K) and for all ¢ € Py(K),

(3.2)

[ @=T0ddi+ 5 [ (ares = 0+ Gaaea) $8| < Clély gl -
Proof. We use a Bramble-Hilbert type argument [9, Theorem 4.1.3] in order to
prove the expansion formulas on the reference element K. For fixed 1[) € PO(IA( ), we
consider the following continuous linear form ® : H3(K) — R given by

. . s Py a1 . . . ao
P = @(@) = /A(SD -1 )’l/)d:[,‘ + E A(‘Piﬁﬂl — Piyiy T @5?2502) ¢d$
K K
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for which
12(@)] < Cll@lls zl1¥llo 2

holds true. When ¢ equals #2, #1452, and 22, respectively, the corresponding inter-
polations /@ become 21, 0, and Zs. A direct computation shows that

®(p) =0, Vpe Py(K).
Consequently, there is a positive constant C' such that (3.2)) holds true. O

Lemma 3.4. Let u € H3(Q)2 NV and the mesh Ty, be three-directional. Then, we
have the estimates

(3.3) |(ra, div(u = ipw))| < CR*/2|[ulfs]|rllo, Vry, € Qn,
(3.4) |(div(u — ipu),div vi,)| < CR?[Jull3 |[|vh|1, Vv € V.
Proof. We use techniques similar to [41],[42). We start with ([8:3)), integrate by parts
(3.5) (rp, div (u—ipu)) = —(w—dpu, Vry) = — Y (u—ipu, Vry)g,
KeTh

and define an affine mapping F : K- K by
x = Fgi = (h1t1, —hsts) - & + Zo = Bx@ + Zs.
Then, for a function w : K—>Randw=1do Fgl we have
Wg, = h1 (O, w) o Fi, Wgy = —h3(Og,w) o F,

Wi, 5, =3 (0f 4, w)oFk, Ws,5,=—h1h3(0 ¢, w)0Fk, Wiyz, =h3(0;

3t3w)OFK'

Now, transforming onto the reference triangle K , using Lemma [3.3] componentwise,
transforming back to the original element K, and integrating by parts, we get

/ (u—ipu)Vrpde = det By /A(ﬁ — IAﬁ)B;(T@fhdi:
K K

det B . . . TS A ga
= 12 - /A (uilil —Ug 3, + ui’zfz) BKTVThdJJ + R
K

1
=1 (R3O ¢, 0+ h1h3df y,u+ h30;,,u) Vrpde + R
K
1
=12 /. Th div (h105 ¢, u + h1hsdf, ¢, u+ h30; ( u) dz + R
K
1
o E Th (h’%agﬂnu + h1h38t21t3u + hgafgtgu) ‘N ds.
0K

The first term can be estimated by the Cauchy-Schwarz inequality, leading to

1 .
- / ry, div (hfafltlu + h1h3631t3u + hg@fstsu) de| < Chf(|u|37KHrh|
K

and for the second we obtain from Lemma [3.3]

|R| < Cdet Bre|a|; %|Bi" Vinllyz < ClBx|*[uls x|rnli,x < Chicluls i |[ra|

0,K>»

0,K>

where, in the last step, we used an inverse estimate and the standard estimates for
affine-equivalent finite elements [0 Theorem 3.1.2]. Summing up over all K € Ty,
we find that the integrals over all inner edges cancel out. Indeed, let K and K’
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be two neighbouring cells with a common edge E = 0K N OK’'. Then, for the
tangential and outer normal directions we have on F,

ng = —ngr, t,LK

=—tK' =123

Thus, apart from the sign of ng, we have the same traces of the second derivatives
of u and of r;, on the common edge E. Thus, we have shown that

|(rn, div(u —ipu))| < Ch2|u|3||Th||0

12 Z / ’Th h 81?1t1u+hlh3at1t3u+h38t3t3 ) nE‘dS
Econ

from which the statement of the lemma follows by using the discrete trace inequality
(3.6) Irallo.s < ChyPlrullox, — ECOK, VK €T,

and the continuity of the trace operator ¢ — ¢|aq from H'(Q2) in L?(99).
Consider now ([B4). Similar to [2} [] we represent the contribution of one cell

by an integral over the cell and line integrals over the edges including only the

tangential derivatives of the test function v. Integration by parts yields

3
/ div (u — ipu) div vj, dz = Z/ (u—ipu) - n; div v, ds.
K i=1"si

Transformation to the reference cell, applying the Bramble-Hilbert lemma, and
transforming back gives

. h?
/ (u—ipu)ds = T / 02 ¢, uds + O(hik|uls k).

k3

There are coefficients wX, | with m,n € {1,2}, such that

mn’
. K K K
div Vh’K = wii O, v1h + W10, V1,0 + w3106, V2, h + w30k, Vo h-

The essential idea is to replace the resulting line integrals of O, ,
integrals over s;;1 taking into consideration that (Green’s theorem)

hihoh
hm/s_wds—hi/ww — ;qus/ B, pw da.

i

over s; by line

As a result, we obtain

/ (u Zhu) 117, le VhdS—— / )Qt Z( 119t ’Ulh w218t U2 h)d
Sq
12h i+1 / " b i (C“126tv+1v1 h W228t,+1 U2 h) ds
(]
h-h1h2h3
m K‘ K C{t311+2t71t71 u-n; (wligatqz+1vl,h + wggat“lvg’h) dx
1+

+ O(hi|u|37K|div Vh|K‘)-
Now, summing over the edges s; of the cell K and over all cells K € Ty, the line
integrals cancel out, since for neighbouring cells K and K’,

K __ K’ K __ K’ K _ K’
n; =-n;, ti __ti y Wmn = TWmn
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and on the boundary the tangential derivative of v; vanishes. The sum over the
integrals over K gives an O(h?||ul|3 ||vp||1) term and

) h3 )
S ticlulscldiv vilse| = 37 e lalscldiv valloc = Ol [vall)
KeTh KeTs

Thus, (3.4 is proven. O

Moreover, we have the following estimate from interpolation theory.
Lemma 3.5. Assume ax ~ h% and p € H*(Q). Then, it follows that
(3.7) |(p = jnp, div w)| < Ch?[|plla|whl1, Vwp € Vi,
(3.8) ‘ > ak(V(p - jnp), VTh)K‘ < CR|Ipll2llllo, Vry € Qn.
KeTh
Finally, we need an estimate for the consistency error of the stabilized method.

Lemma 3.6. Assume ax ~ h% and p € H*(Q). Then, it follows that

(3.9) | ax(On,Vrk| < CRPlplalirlo,  Yra € Qn.
KeTh

Proof. Integration by parts, the continuity of the trace operator, and the discrete
trace inequality (3.0) yield

> ax(Vp, V)
KeTh

+

= ‘/ ag Aprpdx
Q

R
o —rpds
o0 81’1

< C(W* +2*2)pllz]l 1o,

from which the statement of the lemma follows. O

Now, we show the supercloseness of the finite element solution (up,pp) of the
stabilized scheme (24 to the piecewise linear interpolant (ipu, jnp) € Vi X Qp.

Theorem 3.7. Let ax ~ h%, the mesh Ty, be three-directional, and the solution
(u,p) of @) belong to H3(Q)2x H?(Y). Then, we have the supercloseness estimate
for the finite element approximation (up,pp),
(3.10) (wn = inw,pn = Gap)llla < CR2(Jlulls + [Ipl2).
Proof. From Z1)) and 24]), we get
Ap((up—ina, pr — jup); (Wh, 1)) = An((0 — inu,p — jnp); (Wa, 7)) + Sn(p, 7a)
= (Vu—ipu,Vwy) — (p — jup, divwy) + (rp, div(u — ipu))
+ Sn(p = jnp,rn) + S, 7h)-

Using the stability of the bilinear form Aj;, with respect to the triple norm ||| - ||| a
(see Lemma [2.1]), we obtain

. . 1 Ap((ap —ipu, pn — jnp); (Wp, 7
lan — inwpn —ap)llla < = sup Al =it pu = Gup); (W 1))
Ba (Wh,mn)EVRXQpn |||(Wh’rh)‘”A
_ 1 sup Ap((u—ipu,p — jnp); (Wasn)) + Sa(p, n)
BA (W},,,T’h)evh,XQh |||(Wh’rh)|||A

< Ch*2(|lulls + [Ipll2);
where the estimates in Lemmas [B.1] B4l 3.5 and have been applied. O
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In a similar way, we can show the supercloseness of the piecewise linear part
(ur,pr) of the solution (uy,py) of the LPS method for the pair of spaces

Y, ={ve HY(Q) :v|x € P (K), VK € Tp.},
Dy ={q€ L*(Q) : qlx € Po(K), VK € T}

and the choice ax ~ hyx and ag ~ h%, respectively. We remind the reader that
the linear part is a solution of the PSPG stabilized method (2.1T]).

Theorem 3.8. Let vx = O(1), 7 ~ h%br, the mesh Ty, be three-directional, and
the solution (u,p) of @J) belong to H3(2)? x H?(Y). Then, we have the super-
closeness estimate for the finite element solution (ur,pr) of (ZII)) (or equivalently
for the linear part of the LPS solution computed with ax ~ hyx or ax ~ h%()

l(ur = inw, pr = jup)llls < CR*2(|lulls + |pll2)-

Proof. We start with the stability of the bilinear form B} with respect to the triple
norm ||| - |||p given in Lemma 24] i.e.

. - 1 By ((ug —ipu,pr — jap); (Vi qr))
|(ur —ipu,pr — jrp)l||B < = sup
BB (vi.ar)evixQr [(ve,qo)llls
1 By ((a—ipu,p — jup); (vi,qr))
= — sup
BB (vi,q1)eVixYL I(ve,qo)ll|B

Next we use the following identity and estimate each term separately:

B ((u—ipu,p— jup)i(ve,qr)) = (V(u—ipu), Vvy) — (p — jnp, div vi)

+ Z vi (div (u — ipu),div vi)k + (g1, div (u — ipu))
KeTy

(311) + Z (—A(u—ihu) -l-V(p—jhp),TquL)K.
KeTh

The first, second, and fourth terms on the right hand side can be considered as
above. For the third term it follows from yx = O(1) and Lemma [B4] that

> Ak(div (u—ipu),div vy) k| < Ch?[ulls|||(vL, qz)ll|5-
KeTs

We split the last term into

Z (=A(u—ipu) + V(p = jnp), Tk Var)
KET,

= Z (=A(u—ipu), 76 Var)x + Z (V(p = Jjnp), Tk VaL) k-
KeTh KeTn
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Let IIx : L?*(K) — Py(K) denote the local L2-projection onto Py(K). Since
Aipu = 0 on each cell K € 7}, we have

Z (—A(u—ipu), 75 Var) K
KeTn

S Z |(Au — HKAI.I, TKVQL)K‘
KeTh

+ Z (HKAU,TKV(]L)K .

KeTn

The estimation of the first term on the right hand side is standard:
Z (Au —TIgAu, 7, Vqr) | < C Z h3||u

ls.x 175 >V llo,x

KeTy KeTy,
< Ch*|lulls|ll(vL, qp)ll|5-
For the second the relation
1 1 bkl
(HKAII, TKVQL)K = T TK dx (Au, VqL)K =T T (Au, VqL)K
K| Jk K| |bklf &

is taken into consideration where, on a three-directional mesh,

1 HbKH%,l,K

— — % — k2
K[ oxli e 0K

with a fixed constant Cy. Integrating by parts, we get

Z (HKAU,TKVQL)K S00h2

KeTy

Z (Au,Vqr)

KeTy
< Coh? {{Au - n,q1)s0 — (div Au,qr)a}

< CR*?||ull3 llgz llo,

where in the last step the discrete trace inequality (B.6) has been applied.
Finally, we get

> (V= dnp) Tk Va) k| < Y 17V (p = jnp) o I *Var |

0,K
KeTy, KeTy,
1/2
<C > Wlplex Ird*Vawllo.x
KeTh
< CR?|pll2 l(ve, )l s
which completes the arguments. O

From the relationship of the Standard Galerkin discretization using the MINI-
element to the residual based stabilization method [ZII)) with vx = 0 we get the
following result:

Theorem 3.9. Let yx =0, T ~ h%bk, the mesh Ty, be three-directional, and the
solution (u,p) of (21 belong to H3(2)2x H%(Q). Then, we have the supercloseness
estimate for the finite element solution (ur,pr) of @II)) or equivalently for the
linear part of the MINI-element Galerkin finite element solution

l(ur = inu,pr = jnp)llle < CH*2(|[ulls + [Ipll2)-
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Remark 3.10. This type of supercloseness has been observed experimentally in a
number of papers starting in [34, page 312]. For example the numerical results in
[16, Table 4] demonstrate clearly the 3/2 rate of |uy — ipul;.

3.2. Piecewise trilinear interpolations on brick meshes. Let us consider now
the stabilized Q-Q: finite element on brick meshes in R3. All results are true
analogously on rectangular meshes in R?. The edges of each cell K are parallel to
the coordinate axes; their lengths are denoted by 2l , 2kx, and 2my. We suppose
that the family of meshes is shape regular; i.e., there is a constant C', such that

O3 + k2 +m2 < min{lg, kg, mx}, VK €7;,.

Thus, h is defined by h := maxger, {21/1% + k% + m?%}. The reference cell is
given by K = (—1,1)3. For simplicity of notation, we will write (z,y,2) € K
instead of (z1,z,73) € K and (£,7,¢) € K instead of (i1,42,43) € K in this
section. We introduce the nodal interpolation operator I : H2(K) — Q1(K) with
IAf)(ai) = ©0(a;), where a;,i = 1,...,8 denote the vertices of K. The interpolation
in(u) on an arbitrary cell K is given by ip(u)|x := (I(u|lx o Fi)) o Fit, with Fi
being a bijective affine mapping from K to K. As usual, we apply the interpolation
on vector-valued functions in a componentwise manner. The interpolation operator
for the pressure p is denoted by j, and uses the same degrees of freedom as ij,.

Lemma 3.11. Let u € H3(Q)3 and ipu be the piecewise trilinear interpolant.
Then, on a family of brick meshes we have

|(V(u —ipu), Vwy)| < Ch?|uls|wali Ywp, € V.
Proof. The proof is similar to that of the supercloseness result in [25]. O

Lemma 3.12. Let ax ~ h%, p € H*(Q), and jp, be the interpolant defined above.
Then, the following estimation holds:
[((p = jnp), div wp)| < Ch®|[plla|wa|: Vwy € Vy,
| > k(= jup), Vra)i| < CHplalll (W, ra) 14 Wi, € Qn.
KeTy
Proof. The estimation follows from Cauchy-Schwarz inequality and the approxima-
tion properties of the ), interpolation operator. O

For the estimation of the term |(rp,div (u—ipu))| we need the following lemma:

Lemma 3.13. Let @ € H3(K). Then for all #, € Q1(K) we have
e T 1 . X N
[ et = Tayagandc = 5 | oc(ocetmdeandc + Ol glinl, )

Proof. Again, the Bramble-Hilbert lemma is used. For a fixed 7, € Ql(f( ) we
consider the mapping ¥ : H3(K) — R,
-~ 1
U \If(ﬁ) = //\fhag(ﬂ - Iﬁ)dfdndc - g f\ag(ag&ﬂ’fh)dgdndc,
K K

which is obviously a linear and continuous mapping with
(@) < ClPally zla — Ta],  + |l #lPal, z + lal; z 174l 7)

< Clltnlly zllal; 7
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We need to show that ¥(4) = 0 for & € P ([A() Since I is the Q; interpolation oper-
ator, and dgedt = 0, for & € Q4 (K), it is sufficient to investigate @ € span{¢2,n2, (2}.
Since the ¢-derivative appears in both integrals, only 4 = &2 remains to analyze.
With T¢ €2 = 1 we get by direct computation,

A 1 A
W) = [ ineedsandc — 5 [ oc2in)dedndc = o.
Applying the Bramble-Hilbert lemma, we finally have
()] < Clitnlly zltls 7
which is the statement of the lemma. (]

Remark 3.14. Analogous estimates can be shown by replacing the ¢-derivatives by
n-derivatives and (-derivatives, respectively.

Lemma 3.15. Let u € H3(Q)? and T;, be a decomposition into bricks of uniform
size (I =1, ki =k, and mg = m). Then, we have

|(rn, div (u = ipu)| < CR*2||ulls|rullo Vrh € Qn.

Proof. Again, it is sufficient to consider (9,(u — ipu),r,)x. By mapping to the
reference cell K and using Lemma B.13] we have

/ O (u—inu)rndadyds — KEEME / B¢ (@ — T)indedndC
K lx K

1 o . R
~ taemne {3 [ 0coecainacandc + Olal, gl )

B

:kj _
KK {3 lKk;KmK

/ Oz (Ogzury)dzdydz + O(|ul3 k|74
K

o,K)}

Now the integrals over the cell K can be represented as the difference of integrals
over opposite faces of K, e.g. if S7 and Sy are the opposite faces of K belonging to
the planes x = xx =+ [k, we have for any smooth function A,

[ 0uhwy ) dodydz = [ Ao+ ey 2)dydz — [ Aore ~ tesy. 2y
K S1 Sa

1
_ gz§</ D0 (Duarurn)dzdydz + O [uls i |7 llo.xc).
K

thus

1 1
—lf(/ Oy (Opgury)dadydz = 1% (/ —/ ) Opzurpdydz.
37 Jk 3 s, Js,

Summing over all cells K, the integrals cancel out inside 2, since r} is continuous
over the inner element faces and [ =[x for neighbouring cells K and K’. Finally,
we obtain

| Z / O (u — ipu)rpdadydz| SC’hQ\u|3Htho—|—Ch2/ |Opaury |dry
KeTs, K o0

< Ch?Muls|lrallo + Ch2[lullsllrallo.o0

by using both a global trace inequality and the discrete trace inequality (3.6). O
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Lemma 3.16. Assume ax ~ h% and p € H*(Q). Then, the estimate
Sk (p, i) < CR*P|lpllallrnllo  ¥ra € Qn
holds true for the stabilization term.

Proof. Analogous to the proof of Lemma d

Theorem 3.17. Let (u,p) € H3(Q)3 x H*(Q) and let iy, and ji be the piecewise
trilinear interpolations. Then, on a familiy of uniform brick meshes we have for
the LPS finite element solution,

1 (an = inw, pr = gnp)llla < CH2(ulls + [[pll2)-

Proof. Using Lemmas B.11] B.12] and the proof follows the line of the
proof of Theorem [B.71 O

4. POSTPROCESSING AND SUPERCONVERGENCE

4.1. Piecewise quadratic postprocessing. In this section, we define an interpo-
lation postprocessing operator Is, allowing us to improve the original finite element
approximations and to obtain a superconvergence result. In contrast to the stan-
dard approach of superconvergence for the Stokes problem [17, [I8] 20} 23] 25] [38], we
do not need any postprocessing for the pressure because the pressure approximation
itself is superconvergent:

(4.1 llpn = pllo < llpn = dnpllo + linp — pllo < C(R** + h?)(J[ulls + [Ipll2)-
Here, we assume that the mesh 7 is generated from a coarse mesh T, by a
regular refinement (connecting the edge midpoints). Then, it is easy to see that

each patch K € 7o), consists of 4 congruent child triangles K; € Tp,i = 1,2,3,4,
indicated in Figure The P, postprocessing interpolation operator Iy, will be

Ficure 2. The patch K € Tan and its 4 child triangles.

locally defined by

Lpvi|z = Li(viz),
where on each patch, I, coincides with the standard quadratic Lagrange nodal
interpolation in the six degrees of freedom, the function values in the three vertices
and the three midpoints of edges. The postprocessing interpolation operator Iy,
satisfies the following properties.
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Lemma 4.1. For the patchwise quadratic interpolation Is;, and the piecewise linear
interpolations iy, and j;, the properties

(4.2) Lpipw = Iopw Yw € C(Q)?,
(4.3) (2w va, an)lll < CI(Vas gn)ll] V(Vh,qn) € Vi X Qn,
(44)  [(u = Lpu,p— jrp)lll < CR*(Julls + lIpllz)  ¥(u.p) € H*(Q)* x H*(Q)

hold true, where ||| - ||| denotes ||| - |||a (with ax = O(h%)) and ||| - |||z (with
v = O(1) and 7 = O(h%)), respectively.

Proof. Property [£2) is simple to see and well known. The estimate ([€4]) depends
on the choices of the stabilization parameters; however, for the ||| - ||| a4-norm we
have ax = O(h%) and for the ||| - |||g-norm 7 = O(h% ), and vx = O(1), which
is sufficient to get the second-order convergence.

For the stability ([@3]) it is enough to show that

|I2th|$ e <C Z |Vh|iK Vv € V.
KCK

This follows by transformation onto a reference patch and norm equivalence on
finite-dimensional spaces. O

After constructing the postprocessing operator Is,, we can state the following
superconvergence result.

Theorem 4.2. Assume that the postprocessing operator Iop satisfies (£2)-(E4).
Under the assumption of Theorem 3.1, we have the following superconvergence result
for the case Y, = {v e HY(Q): v|x € Pi(K), YK € Tp} and Dy, = {0}:

(4.5) Il (Fanun —w,pr =p)llla < CR*2(J[ulls + [Ipll2)

and the following superconvergence result for the piecewise linear part in the approz-
imation space Vi, = {v € H'(Q) : v|x € P;"(K),YK € Ty} and the discontinuous
projection space Dy, = {q: q|x € Po(K), VK € Tp}:

(4.6) I(Lzvur —w,pr =p)lllz - < CR*2(|[ulls + [Ip2)-
Proof. From (BI0) and ([2))-@4), we have

[[(Z2nup—u, pr, — )|l a
< [[(L2n(un = ipa), pr = jnp)ll|a + [[|(L2nine — u, jup — p)|l|a
< Cll[(up = inw, pr — ap)|lla + [[[(Tzna — u, jap — p)|||a
< CR*(|lulls + |Ipll2)-

Thus, ([@3) is shown. The estimate (£ follows by the same arguments. O

4.2. Piecewise d-quadratic postprocessing. In this subsection, we construct
a postprocessing interpolation operator for the rectangular or brick meshes. In
the axiparallel rectangular, and brick case, no postprocessing for the pressure is
needed. For the velocity, we assume similar to the triangular case that the mesh
Tr, was obtained from a coarse mesh 75, by a regular refinement. Then, each patch

K € Ty, consists of 2¢ congruent child bricks K; € Tp,i = 1,2,...,2%; see Figure [
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FIGURE 3. The patch K € T3, and its child rectangles (d = 2) or
bricks (d = 3).

Now, we define the d-quadratic interpolation operator I5; locally by
Ionvlz = I (vIg),
and use on each patch K the @2 Lagrange interpolation defined by
(4.7) Lpv(Z) = v(Zy),

where Z;, i =1,2,...,3% are the vertices of the child bricks belonging to the patch.

The postprocessing interpolation Iop satisfies the properties ([@2)-(Z4). Thus,
we have a similar superconvergence result as Theorem for the approximation
(Ienun, pn).

Theorem 4.3. Assume that Ty is a family of axiparallel uniform rectangular or
uniform brick-type meshes. Let Isp be the patchwise d-quadratic interpolation. Un-
der the assumptions of Theorem B.1T, we have the superconvergence result:

(4.8) 1(Zznwn —w,pn =p)llla < CR*2(|lulls + [|p]l2)-
Proof. The arguments are analogous to those of the proof of Theorem O

5. EXTENSION TO MORE GENERAL MESHES

In realistic computations, we cannot always work with a three-directional mesh.
Following the ideas of [2] for the Poisson equation, we extend the superconvergence
result valid for three-directional meshes to more general meshes.

We state first the mesh conditions. Two adjacent triangles (sharing a common
edge) are said to form an O(h'*?) (p > 0) approximate parallelogram if the lengths
of any two opposite edges differ only by O(h!*?).

Definition 5.1. The triangulation 7, = 71, U7z 5, is said to satisty condition (p, o)
if there exist positive constants p and o such that every two adjacent triangles inside
71,5 form an O(h'**) parallelogram and

ﬁl,h Uﬁgh = ﬁ, |Qgﬁh| = O(ha), ﬁi,h = U K, 1 =1,2.
KeTin

The condition (p,o) is a reasonable condition in practice and can be satisfied
by most automatically generated meshes. In fact, {29, contains only exceptional
elements, and these are relatively few in number. We set 8 := min (p7 %, %) Then,
we have the following estimates for meshes satisfying the condition (p, o).
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Lemma 5.2 ([23,37]). Assume that u € (H*(Q) NW2>>(Q))2. Then, we have the
following estimate for meshes satisfying the condition (p,0):

(5.1) [(V(u—ipu), Vwp)| < CR*P(|lulls + [|ul

2,00)|Wh|1 Ywy, € V.

Lemma 5.3. Assume that u € (H3(Q)NW?2°°(Q))2. Then, we have the following
estimate for meshes satisfying the condition (p,o):

(5.2) |(rh, div (u — ipu))| < CAYP(|lufls + [u
(5.3) [(div(u — ipu),divvy)| < CAYA(|Julls + |lu

l2.00)ITello Vrn € Qn,

|2,00)[Wh|1 Vv, € Vi

Proof. As in the proof of Lemma B.4] we obtain by integration by parts,

(T‘h,diV (11 - ihuh))

1
12 Z / rrpdiv(hi0F ¢, u + hihsd o, u+ h30;,,,0) dv + R
12 KeT, 'K

> / v, (h30F ¢, 0 + hiha0F ¢ u + h30%  u) - nk ds,
oK

1
12 e

where again, the first and the second term can be bounded by Ch?||ul|s||74llo- In
the third term, we replace the derivatives in the tangential directions t; and ts by
derivatives in the tangential direction t, and the normal direction ns, respectively.
With ©; the angle opposite to s;, i = 1,2, 3, we have

hi0F ¢, u+ hihsOg g, u+ h30; ,u=Fo;  u+ GO u+ HO: \ u

tong nang

where

F = hf cos? O3 + hihg cos O cos O3 + h§ cos? O,
G = hy sin ©3(hz cos ©1 — hy cos O3),
H = h?sin® O3.

Let us split the set of all edges into three different classes. & is the set of inner edges
E such that the two adjacent triangles sharing E form an O(h'*?) approximate
parallelogram, & is the set of remaining inner edges, and &3 is the set of all boundary
edges. Consider now an edge F = 0KNOK' € £;. Then, we have |hy—h]| < C’h%“,
hi = hy = hl, and |hs — hj| < Chy"*, from which the estimates

|[F—F'|<Ch3t?, |G-G'|<Ch3tr, |H—-H'|<Ch3t*

follow by geometric considerations. Since nx = —ng-, the sum of integrals over
the common edge E can be estimated as

/ i ((F = FY0% 0 u+ (G — G2, ut (H — H)O, o u) - g ds
E

nong

(5-4) < Ch " Irallo.e |lul

2,00, KUK s Ecé&.
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Furthermore, we have the following estimates:

tono nans

/ rn (F = FNOg ,u+ (G — GO pu+ (H—H)IZ . u)  ng ds
B

(5.5) < Ch|ral

0,8 |[ull2,00, kUK, E €&,

/ rn (Fog e, u+ GO p u+ HOL ) -ng ds
E

(5.6) < Ch||ryl

0,1,E ||u||2,oo7Ka FEe 53.

The estimate of the sums over the three types of edges is based on the discrete
trace inequality

(5.7) hilrallose < CIK[M? ||rmllo.x Vrn € Qn, E C 0K,

from which we get by summation

1/2

> hpllrallosz < C > |K] 72 llo-

Ecg; KeTn

JE€E;:0KNE#()

The discrete trace inequality (B.7) follows from scaling properties, the trace inequal-
ity on the reference cell, and the equivalence of norms in finite-dimensional spaces.

Applying (51) to (B4)-(E8) we end up with

1/2

S [asi<onttr [ S0 IKI] ulasalrlo < ChT e alimlo
Eecé& E KeTin

1/2
Z/ ds|<Ch | Y |K]| [ull2,00.2]7nll0 < CB72 ||, 00 2l lo,
Ec& ' E KETan

1/2
S [assen| S IKI] Tulesalralo < OH ul ol
Eegs U E KNI'#)
Thus, (&2]) is proven. Along the same lines, (B.3]) can be shown. O

These meshes are not generated by a regular refinement. Therefore a reasonable
postprocessing is given by recovery methods for linear finite elements as already
used for second-order elliptic problems; see e.g. [39, [40, [43]. We define a recovery
operator Gy, : Vi, — (Y3, x Y},)?, where Y}, = {v € HY(Q) : v|x € P1(K), VK € Tp}.
The piecewise linear function G uy, is an approximation to the gradient of the exact
solution Vu constructed by the finite element solution uy. This operator has the
following properties:

(5.8) 1Grvallo < Cllvall, Vv € Vi,
(5.9) |Gru — Vullop < Ch?||u3, Yu e H3(Q)?,
(5.10) Gru = Gy(ipn), Yu e H3(Q)2
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Theorem 5.4. Let the solution (u,p) of @) belong to (H3(2) N W2°°(Q))? x
H?%(Q). Then, we have the following supercloseness on meshes satisfying the con-
dition (p,0):

(5.11)  ll(an —inw,pn = ap)llla < CRMP([[ulls + 2.0 + lIp]2)

for the Py case. Furthermore, for the P case the linear part (ur,,pr) of the discrete
solution satisfies

(5.12)  ll(uz —inw,pr = gwp)llle < CRY O (|lulls + Jullz.ec + [lp]l2).

For the recovered gradients the superconvergence results

(5.13) |Grap — Vullo + [lpr = pllo < CA P (Julls + [Jull2,00 + [[p]l2),
(5.14) |Grug, = Vullo + |lpz = pllo < CR* P (J[ulls + [[ull2,00 + [IP]l2)
hold true.

Proof. The supercloseness results (511 and (512) follow from the stability of the
underlying bilinear forms, the Lemmas .2, (53] B3l and B.6] in the same way as
shown in Section 3.1l

Combining (£.8)-((E.10) and (G.I1), we have
[Gran — Vullo + [lpn —pllo < [|Grun — Grlinu)llo + [|Gr(inu) — Grullo
+[|Gru — Vullo + [lpr. — pllo

< Cllup —inull + Ch*([lulls + [lp]l2)
< ChP([ulls + [[ullz,00 + [IPll2)-
The estimate (5I4) can be proven similarly. O

In fact, the condition (p, o) is very general. For a general domain, we start with
a coarse mesh and use a regular refinement. Then, the resulting family of meshes
satisfies the condition (p, o).

6. NUMERICAL TESTS

In this section we present numerical results for solving the Stokes problem by
the stabilized method (Z4)) for the P; case and the P, case, respectively.

Example 6.1. Let Q = (0,1)2. We consider the Stokes problem
(6.1) —Au+Vp=f{, divu=0 in {2, u=g on J9Q,

where the right hand side f and the inhomogeneous Dirichlet boundary condition
g are chosen such that

_( sin(z)sin(y) - . _ 94in ~ o
(6.2) u= < cos(x) cos(y) ) , p=2cos(zx)sin(y) — 2sin(1)(1 s(1))

is the solution.

We compute the finite element solution on uniform triangular meshes of a regular
pattern obtained by successive regular refinement of an initial coarse mesh. The
mesh on level 1 is shown in Figure [l

In the following, we evaluate the results of our computation by considering the
H' seminorm of the velocity error and the L? norm of the pressure error. We also
compute the H' seminorm error of the postprocessed velocity Io;uy. The numerical
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results confirm the theoretically predicted convergence rates; see Figure [l for the
Py case and Figure [ for the P;" case, respectively.

the initial mesh

0.8

0.6

0.4

0.2

FIGURE 4. The initial uniform mesh.

H'-seminorm of velocity, aK=h2/1 30 L2 —norm of pressure,aK=h2/1 30
10° 10° ‘ ‘ ‘ :
+|Ip—Ph”0
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107" q 107" -~ slope=-0.75
1072} V(u=u)il; S ] 1072
IV (u, =i, wily <
10_37 +IIV(I2h u- u)ll S ] 10737
-+ --slope=-0.5 N
- - - slope=-0.75 N |
1074 : . : : 1074 ]
10° 10" 10? 10° 10* 10° 10° 10" 102 10° 10* 10°
number of elements number of elements
FIGURE 5. Velocity and pressure error for the P; case on three-
directional meshes.
H'-seminorm of velocity, ., =’/130 L*-norm of pressure, o, =h?/130
10° ‘ : ‘ : 10°
*- —ollp-p, 1Ty
107} e 3 107" — el
) o -~ slope=-0.75
1072, s i 1072
IV(u- uh)II0 S
1078, IV (u, i, )l 1073
e V0w §
10 |~ siope=-05 1077 3
- - - slope=-0.75
10_50 1 2 3 4 5 10_5 0 ‘1 ‘2 ‘3 ‘4 5
10 10 10 10 10 10 10 10 10 10 10 10
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FIGURE 6. Velocity and pressure error for the P;" case on three-
directional meshes.
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Example 6.2. In this example, we solve the Stokes problem (6.I]) on a unit circle
where the right hand side f and the inhomogeneous Dirichlet boundary condition
g are chosen such that

(6.3) u= (?(I)I;Eg (S;t)r;((z)) , p=2cos(z)sin(y)

is the exact solution.

In this example, the domain ) cannot be triangulated by a family of three-
directional meshes. Here, we used the Delaunay triangulation to produce an initial
coarse mesh. Then, a family of meshes is generated by successive regular refinement.
Figure [0 shows the initial mesh and the refined mesh on level 4. In Figures [§ and @I
the errors for the velocity and the pressure are shown for the P; case and the Pl+
case, respectively. We observe superconvergence also over this type of successively
refined meshes. Note that, the technique of [2I] has been used to carry out the
postprocessing.

We also considered an automatic generated family of meshes (Delaunay trian-
gulation separately on each mesh level). Even in this case we observed some (less
pronounced) superconvergence properties.

initial mesh mesh on level 4

SRS
ANANAV, TSR
S

XK
X

J%ue
0
0

e
SR
SR

V‘

<
SRR SR
0.5 SIRIEN ATV S 1
AR, s
SIS SRR ROAGEX SR
SESSSSSSSRAeTEIS
0 e S
SISTISAA D BOOTSISISSISHRE
VA <25 SIS
s
RS PO RS
O e
-0.5¢ e R
S AQ%
5 SRS
K
AV
-1 =
-1 -0.5 0 0.5 1

FIGURE 7. The meshes on level 0 and level 4 for a regular refinement.

H'-seminorm of velocity, (xK=h2/1 30 L2—norm of pressure, o. K=h 21130
0
10° 10 : : .

o Ilp—phllO
. - Ilph—JhpII0
9 107 . -~ slope=-0.75{

10” V(u- uh)ﬂ0

o IV (u =i,

1073 — G, u -V ull

-+ —-slope=-0.5
- - - slope=-0.75 _4]
-4 - - . ) 10
1002 10° 0 10° 10° 10° 10° 10°
number of elements number of elements

FIGURE 8. Velocity and pressure error for the regular refinement P, case.
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H-seminorm of velocity, ., =h%/65 L2-norm of pressure, o, =h?/65
0 0
10 10 S
. s
~ 3 o -~ slope=-0.75 1
\\\t‘@\ \\\i\\s ~
< — T
1072 IV(u-ui 1072 f\\\\,? T
o IV(u -, Wi, \\7\\\\ ~o
103 o 18Uy 10 N
-+ —-slope=-0.5
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FIGURE 9. Velocity and pressure error for the regular refinement P case.
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