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CLASS NUMBERS OF RAY CLASS FIELDS
OF IMAGINARY QUADRATIC FIELDS

OMER KUCUKSAKALLI

ABSTRACT. Let K be an imaginary quadratic field with class number one and
let p C Ok be a degree one prime ideal of norm p not dividing 6dg. In
this paper we generalize an algorithm of Schoof to compute the class numbers
of ray class fields K} heuristically. We achieve this by using elliptic units
analytically constructed by Stark and the Galois action on them given by
Shimura’s reciprocity law. We have discovered a very interesting phenomenon
where p divides the class number of K. This is a counterexample to the
elliptic analogue of Vandiver’s conjecture.

INTRODUCTION

Let Q) = Q(¢ +¢, ") be the p-th real cyclotomic field. Its ring of integers has
an explicit subgroup of units C, called the cyclotomic units. It is a well-known fact
that C has finite index in the full unit group and the order of the quotient

Bq,, = 0q,/C

is equal to hq, , the class number of Q. The class group Cl(Q(,)) and Bq,, are
both finite Z[G]-modules where G = Gal(Q,)/Q). Hence they admit a Jordan-
Holder filtration with simple factors. It turns out that their submodules with
Jordan-Holder factors of fixed order ¢ have the same number of elements as well.
Using this fact, Schoof investigates the class numbers of Q, heuristically [3]. He
presents a table of orders of subgroups of Cl(Q,)) with Jordan-Hélder factors of
order ¢ < 80,000 for primes p < 10,000. On the other hand, general purpose
algorithms could give the class number hq , , in a reasonable amount of time, only
for p < 113.

Let K be an imaginary quadratic field with class number one and let p C Ok be
a degree one prime ideal of norm p not dividing 6dg. There is a beautiful analogy
between the ray class fields Q) and K. Similar to the cyclotomic case, K is
obtained by the coordinates of p-division points of a CM elliptic curve. Moreover,
Stark gives an explicit group of units £, namely the elliptic units, such that the
quotient

Bk, = O}p /€
is finite and its order is equal to the class number of K, [].

In this paper we generalize Schoof’s algorithm to the elliptic case. We have found
all simple Jordan-Holder factors of Bk, with small order. More precisely, we have
the following result.
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Theorem 1. For each K, we give a table containing all simple Jordan-Hélder
factors of order ¢ < 2000 of Bk, for p C Ok of norm p < 700. Our tables also

contain the number fzKF, the order of the largest submodule of Bk, (and therefore
of CI(Ky)) all of whose Jordan-Hélder factors have order less than 2000.

The number iLKp divides the class number of K, since it is the order of a sub-
group. Moreover, our computation implies that either

#CI(K,) = hy, or  #CUK,) > 2000 - hg,,

but we do not know for sure the class number of K, for any p of norm p > 40.
However, according to Cohen-Lenstra heuristics, we argue that each table is a table
of class numbers with probability at least 96%.

Our ranges for the norm of conductors and the size of Jordan-Hoélder factors
are rather small compared to those of Schoof. This is due to the lack of algebraic
expressions for elliptic units (see Remark 23)).

We have discovered a very interesting phenomenon where p divides the class
number of K. This is a counterexample to the elliptic analogue of a well-known
conjecture in the theory of cyclotomic number fields, namely Vandiver’s conjecture.

Theorem 2. Let K be the imaginary quadratic field with discriminant dg = —163.
The class number of K, is divisible by 307 where p3or C Ok is a degree one prime
ideal of norm 307.

In the first section we give the construction of Stark’s elliptic units and the Galois
action on them by using Shimura’s reciprocity law. In the second section, we show
that Schoof’s algorithm can be extended to the elliptic case and give an example
to illustrate the algorithm. In the last section, we explain our main results and the
data we collect from our algorithm.

At the end, we give a table for each K containing the order of the largest sub-
module of By, (and therefore of CI(K)) with Jordan-Holder factors of order less
than 2000.

1. ELLIPTIC UNITS

Let K be an imaginary quadratic field with class number one, and let p C Og
be a degree one prime ideal of norm p not dividing 6dg . In this section we explain
how to compute Stark’s elliptic units in the ray class field K, with high precision.

Theorem 1.1. There are only 9 imaginary quadratic fields with class number one.
The discriminants di of these fields are given by

{-3,—4,-7,-8,-11,-19,—-43, —67, —163}.
Proof. See Stark [5]. O

First we fix some notation. Define

. Vdr/2  ifdg = 4,8,
| (Wdk +1)/2 otherwise,

so that Ox = Z[w] for each K. Also, define w, to be the smallest nonnegative
integer that satisfies the congruence

w=w, (modp).

It is easy to see that 0 <w, <p—1.
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The ray class field K is an Abelian extension of K with Galois group isomorphic
to Ix(p)/Pr,1(p) by class field theory. Set Gk, = Gal(K,/K). The map

Piaw 4y xwp + Y

gives a surjective homomorphism from Ok onto F, with Ker(¢)) = p. The unit
group O = px is finite of order
6 ifdx =-3,
Wg=4¢ 4 ifdg=—4,
2 otherwise.

Since any ideal in Ok is principal, the group Ik (p) of all fractional Og-ideals
relatively prime to p is

Ix(p) ={(0) :a € K,a# 0 (mod p)}.

Observe that two elements generate the same ideal only if they differ by a unit.

(Wi /2) _

Let (x be a root of unity in Ok generating px. We have (j —1. Tt implies

that
Yiug — F,
is an injection unless Wy = 6. In that case consider the identity (2 = (s — 1. It

follows that 1({s) cannot be +1. Hence the map ¢ is an injection for all K. Now
we can construct a well-defined map

b Ik(p)  — Fi/v(ux)
(zw+y) +— 2w, +v.

It is easy to show that @Z is a homomorphism and we have

Ker() = {(a):a=( (modp),¢ € px}
= {(ao):a=1 (modp)}
= Pra(p).
Therefore the Galois group of Kp /K is given by

=F,/(ux)

which is cyclic and has order (p — 1) /Wk. Let m be an integer relatively prime
to p. Consider the class in Ik (p)/ Pk 1(p) containing the ideal mOg. We denote
the corresponding element in G, by 0,,. Suppose that the ideal q is generated by
mq =m (mod p). Then we have o4 = 0, where oy is the Artin symbol.

The construction of Stark’s elliptic units relies on the family of modular functions
¢(u, v, z) defined by infinite products [4, p. 207].

Proposition 1.2. The function ¢(u,v,z) satisfies the following transformation
properties:

(1) ¢(u,v+1,2) = —e™p(u,v, 2),

(2) ¢(u+1,v,2) = —e ™¢(u,v, 2),

(3) o(u,v,2+1) = e™/S¢p(u,u+v, 2),

(4) o(u,v,~1/2) = e ™/2¢(v, —u, 2).

Proof. These properties follow from Kronecker’s second limit formula. See Stark
[ pp. 207-208] for details. O
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Let a,b be integers, not both divisible by p. The function ¢(a/p,b/p, z) is invari-
ant under the action of I'(12p?) and by definition it is modular of level 12p?. We
fix a Z-basis [p, w, — w] for the ideal p C Ok. Observe that the imaginary part of
the quotient p/(w, — w) is positive.

Theorem 1.3. Let a be an integer relatively prime to p. There exists w(a) € Ok,

of norm p such that
a Wi 12p
o(%.0.0) ] = ()
p

where 0 = p/(wp, —w). The element w(a) generates the unique prime ideal P C
Ok, lying above p. The quotient w(a)/m(1) is the Wi -th power of a unit e, € Ok,

and
)m_wm@_cmyﬁ

€m

om(€a
for all oy, € Gk, -
Proof. See Stark [4] pp. 226 and 229] O

In order to compute the elliptic units o,,(€,), we start by applying Shimura’s
reciprocity law [4, Theorem 3] to the element ¢(m/p,0,0). Let q = (zqw + yq)
be a degree one prime ideal in Ok of norm ¢ not dividing 6pdx. We denote the
conjugate of this prime by q = (zqw + yg) where we can take x5 = x4. This implies

that
o —yq if dpe = —4, -8,
Ya = —(zq+vyq) otherwise.

We take (zqw + yq)[p, wp — w] as a Z-basis for gp C Ok and therefore the integral
matrix B is defined by

1,2, )

Comparing the coefficients of w, one can obtain that

pe [
* —(zqwp + yq)
Note that det(B) = ¢, and therefore
gB~! = —(Tqwp + yq) Pxq
* TqWp + Y5 |

Denote by o4 the Artin symbol of q in Gal(/(12,2)/K). Shimura’s reciprocity
law implies that ¢ (m/p,0,0) is an element of the ray class field K (1p2), and

p (ﬁ,o,e)gq - ¢ ((m()) qB—1,0>
p p

_m(xqu + yq) mx 0)
p o

= ¢ <_w 0 9) (_em(m'wpp_+wﬁ)>mzq

p
m2
_m(ajqu +yq) 0 9) (eZ;r)ri(wg(iL'qu+yg))> (—1ymee
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The action of g4 on the roots of unity is given by (?s = (?. Theorem [[3 implies
that ¢ (m/p, 0, G)WK is in K} up to a 12p-th root of unity. Suppose that

g=1 (mod 12p).

This implies that o4 acts trivially on the 12p-th root of unity and

{¢(%,0,9)WK]%_ ¢(%,0,0)a“ e
¢(%,o,9)WK ¢(%,0,9)

is in K,. Moreover, this element is the Wx-th power of a unit in the same field
by Theorem [[L3l The field K contains the Wy-th roots of unity. This allows us to
take Wix-th root of elements within the field K, D K. Therefore

TG

o(3.00)

is in O, .

Let a be an integer relatively prime to p. By the Chebotarev’s density theorem,
we can pick a prime ideal q = (zqw + yq) C Ok of norm ¢ = 1 (mod 12p) so
that —(zqw + y4) = ¢ (mod p). The Artin symbol o4 of such a prime ideal is an
element in Gal(K(19,2)/K) so that oq|k(¢,,,) is the identity and 0q|KP = 0,. The
independence of these two conditions follow from the next fact.

Lemma 1.4. K, N K(¢,) = K for any root of unity ¢,.

Proof. Assume otherwise. Then there exists an intermediate field K C L C K,
which is abelian over Q, because L C K((,). This is a contradiction since the
intersection of K, and its complex conjugate Kj is only K. O

We want to thank the referees whose comments were helpful to clarify the fol-

lowing part. We define the integer k(a) by
40
k(a) = 212

()= 7

modulo p. Observe that if ¢ is odd and ¢/2 = d (mod p), then e E = —¢4. Using
equation (I1l), we find that

o1 ¢ (™2 0,0 2
(o) oy

is in (’)}{p. The unit €, of Theorem [[.3]is well defined up to a Wi-th root of unity.
We fix

¢(2,0,0)

=— Cpk(a) c @;{p
(b <;> 07 9)

by choosing m = 1 and dropping (—1)(@+D%a,
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Lemma 1.5. Let g be an odd primitive root modulo p. Then for all i, we have

i+l

i _¢(g ’0’9) 2i
e ¢(%,0,9) Cpk(g)g'

Proof. Let q C Ok be a degree one prime ideal of norm ¢ = 1 (mod 12p) with
generator mq = Tqw + Yy, satisfying 74 = —¢ (mod p) for some odd primitive root g
modulo p. The restriction o4, is the automorphism o, in the Galois group G, .
Using equation (ILTl), together with the definition of k(g), we obtain

i aq i+1 g% .
¢ (%7 079) = ¢ (gp 7079) ((_1)9%1 CZ])C((])> (_1)9 *a

i+1 )
g 2i
= ¢< » ,0,0)@’;(9)9 )

The result follows easily by induction. O

g

The following lemma is only for computational purposes. It gives us more free-
dom to compute k(g) by relaxing the condition on the prime ideal g C Ok . Finding
k(g) from the original definition consumes more time since we need to find q = (7q)
with the property 7y = —¢g (mod p).

Lemma 1.6. Let g be an odd primitive root modulo p. Let ¢ = (zqw +yq) C Ok
be a degree one prime ideal of norm q =1 (mod 12p) such that 04|, is not trivial.
Set a = —(xqw +yq) (mod p). Then

K(g) = 5 k(a) (mod p)
where k(a) = (xqa)/2 (mod p).

Proof. Let g be an odd primitive root modulo p. There exists an integer ¢ such that
a=g' (mod p). Using Lemmal[[5] we see that €, is equal to €,04(e4) up to a p-th
root of unity. Moreover, their Wi -th powers are equal by Theorem [[L3l It follows
that €2 = e;404(¢y) since p and Wi are relatively prime. Comparing the powers of
the p-th root of unity, one gets k(g2?) = k(g)(1 + g*) modulo p. In general, we have

k(g') = k(g) (1 +g -+ 92“’”) (mod p)
and it follows that
k(a)
1 +92 + ... +g2(i71))

(mod p).

k(g) = (

Multiplying both numerator and denominator with g2 — 1, we get

2
g-—1
=5 k(a) (mod p). O

a® —

k(g)

Let g be a primitive root modulo p. The group of elliptic units, denoted by &, is
the multiplicative Z[G k,]-module generated by the unit ¢, together with the Wi
roots of unity in K. The group £ does not depend on the choice of g. For any
subgroup H of G, , we define the H-norm map by Ny = 0.
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Lemma 1.7. There is an isomorphism
21Gx,)/ (o, ) = € ik
Moreover, E# = Ny (E)ux for any subgroup H of Gk, .

Proof. The group of elliptic units £ is of finite index in the full unit group O;(p
[4, p. 229]. Tt follows that the Z-rank of £ equals r = #Gk, — 1, the Z-rank of the
full unit group. Let us consider the G, -homomorphism

Z[Gk,] — &/uk

given by ¢ — €7 which is surjective by definition. Any multiple of NGKp is in the
kernel of this map. Therefore

Z(Gr, )/ (New, ) = &/ ux

since both sides are isomorphic to Z" as Z-modules.
Now we consider £, the H-invariant submodule of £. Clearly, Ny (&)ug is a
subset of £, Let € be an element in €. There exists @ € Z[Gk, ] such that

€= €gCiv
for some generator ¢, of elliptic units. Invariance of € under H implies that €"~! = 1
for all h € H. It follows that eﬁ(hfl) = 1 and therefore 2:(h — 1) is a multiple of
Ney, for all h € H. This happens only if 2 belongs to NyZ[Gk,] and therefore

e:eg(:%,VK isin Ng(€)pk. O

Even though the group of elliptic units £ is defined by adjoining Wi roots of
unity to the multiplicative Z[Gf,]-module generated by e,, the unit group pug
naturally appears in €. In fact we have the following result.

Lemma 1.8. Let p C Ok be a degree one prime ideal of norm p 1 6dx. Suppose
that p < 700 if dg = —3 and is arbitrary otherwise. Then Ney, (eg) generates [ix .

Proof. Let g be a primitive root modulo p. Without loss of generality, let us assume
that ¢ is odd. Consider the product

(r—1)/2 e=1)/2 ¢ (2 0,0 _
i p’ I 2(i—1)
H ol 1(€g) _ (il ) Cpk(g)g )
i=1 i=1 ¢ (gp ,0, 9)

It is easy to see that this product involves Wi /2 copies of Ney, (€g), the norm of
€g. The sum of the powers of (,
(p—1)/2 _
> k(g)g* Y = k(g)
i=1

1—gr!

1—g2 "’
is congruent to zero modulo p. Therefore the power of the p-th root of unity in the
product is zero. Canceling the repeating terms we obtain

w2 ¢(9(”*”/2,0,9)
11;[1 g 1(69):—¢ (;(),0) :

Since g is odd, it is a primitive root not only modulo p but also modulo 2p. Therefore
we have g®»~1/2 = —1 (mod 2p). Now we use the transformation properties of ¢
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given by Proposition[.2l The second property implies that ¢(u+2,0,0) = ¢(u, 0, 0)

and we obtain ( )
p—1 - B 10) %1,0,9
il;[lag 1(69)_ (;5(%,079) .

Using the fourth property twice, we see that ¢(—u, —v, 2) = —¢(u, v, z). Hence the
above quotient is equal to —1. It follows that N, (€g)WK/2) = —1. If W is not
6, then i is generated by the G,-norm of €,. For Wx = 6, this fact is verified
by computation. We have found that the G, -norm of ¢, is equal to a primitive
sixth root of unity for each p of norm p < 700. (]

In order to compute Stark’s elliptic units with high precision, it is enough to
compute ¢(u,0,6) with high precision by Lemma [[.5l By definition

6u? —6u+t1
T

B(u,0,2) = —ir T (1= ) [] (1 - 7741 - 777
m=1

where 7 = €27, One can obtain an approximation by using the first M terms of
this infinite product. We want to determine the value of M to assure a certain level
of accuracy.

We should use 6 with the imaginary part as big as possible so that our ap-
proximation is better with the same number of terms. Let A be an element in
the modular group I' such that A6 is in the fundamental domain D = {z € C :
Im(z) > 0,]z| > 1,|Re(z)| < 1/2}. The transformation properties (3) and (4) given
in Proposition imply that

P(u,v,0) = w(A)p((u,v) AL, Af)

where w(A) is a 12-th root of unity which can be obtained from the decomposition
of A in terms of the generators S = (9 ') and T = (}}) of I'. Without loss of
generality, we assume that # is in the fundamental domain D. This implies that
the imaginary part of 6 is bigger than v/3/2 and therefore

17| < e7™V3 & 0.00433342.

Lemma 1.9. We have the following bounds:

eBIM) H (1 — 77t > e~ BOM)
m=M-+1
where —2 < u < 2 and
fr|M-1
B(M) = .
(1= 7)(A = 7M1
Proof. The proof is straightforward and omitted. O

We use the first M terms in the infinite product to approximate ¢(u,0,6) and
the corresponding error is

EM)=| J[ a-r"ta—rm).
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We can pick u with the property 0 < u < 2 since ¢(u +2,0,0) = ¢(u,0,6). Lemma
implies that
2B~ B(M) > e 2B(M)

and therefore E(M) = 1+ O(|7|™~1). In our computations, we want to work
with values of ¢(u,0,6) which are accurate at least 500 decimal places. If we pick
M = 220, then E(M) is approximately 1 with error less than 107°%°. Therefore it
is enough to use the first 220 terms for the required precision.

2. ELLIPTIC ANALOGUE OF SCHOOF’S ALGORITHM

It is a well-known fact that the quotient Bg, = O} /€ is finite and its order is
equal to the class number of K. In fact we have something stronger.

Theorem 2.1. Let H be a subgroup of Gk,. Then we have
HCUKST) = [Ofey : 7).
Proof. This is a generalization of Stark’s proof [, p. 229] for H = {1}. The class
number formula for KH [4, pp. 200-201] reads
#CI(K [ )Reg( =T z'0.x
x#1

where the product runs over nontrivial characters of Gal(Kf /K). Let e be the
order of the subgroup H and suppose that #Gk, = (p —1)/Wk = eé. The Galois
group Gal(K]'/K) is isomorphic to Gk, /H. In fact we have

Gal(K,'/K) = {oy|xp : 0<i<e—1}

where o, is a generator of Gk, for some primitive root g modulo p. Each nontrivial
character y has conductor p, and therefore primitive. By [4, Theorem 2], we have

(0, x —izx 1og (|Ne(n(g)) )

where Ny = Y ., 7 is the H-norm and n(g") is given by Theorem L3l In order
to use the theory of group determinants, let us define

f oy log (INu(n(g")?)
a function of Gal(K' /K). Now we have

#CUK,Reg(Ofcs) = []L(0,%)
x#1

= WKe1HZX

x#1 i=0

1 N i
= ZEW det [f(o'g ) f(O'g)] i,j7#0

by [6, Lemma 5.26]. It is easy to see that

F(6i9) = f(oh) =log (‘NH (”frgi_.j))
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Both elements 7(g"~7), 7(g*) are of norm p and their quotient is an elliptic unit. In
fact we have

by definition. Finally, we obtain
#CI(K, )Reg(Ofcrr) = Edet [2log| Ny (og(eg-))]]
= Reg(™)

since Ny (&)ux = EH by Lemma [Tl Therefore the index of £ in the full unit
group of Kf is exactly the class number of Kg{ . O

1,570

Every finite Z[G ,]-module admits a Jordan-Holder filtration whose simple fac-
tors are one-dimensional vector spaces over the residue fields of various local rings
Z,[X]/(p) (see Schoof [3, Section 3] for details). Let f be the order of the irreducible
polynomial . The order of a simple Jordan-Hélder factor is the order ¢ = I/ of
the residue field and its degree d is the order of X modulo .

Let B and C be the submodules of Bg, and CI(K}), respectively, all of whose
simple Jordan-Holder factors have some fixed order ¢ = I¥. We thank René Schoof
for his useful remark for the fact that B and C' have the same number of elements.
Before giving his explanation, we need the following result.

Proposition 2.2. Let p C Ok be a degree one prime ideal of norm p < 700 not
dividing 6dx . Let H be a subgroup of G, . Then the sequence of H-invariants

0— &M — Oy — B, — 0
is exact. In particular, ng =0.

Proof. The prime ideal p C Ok is totally and tamely ramified in the extension
K,/K. Let p C K, be the unique prime ideal lying above p. We have found that
€g = g (mod P) for each K, within our range. Now the proof of this proposition
can be adapted from its cyclotomic analogue [3| Proposition 5.1 (7)]. (]

Each submodule B or C' is the product of the Jordan-Hélder factors of degree
d where d runs over the divisors of (p — 1)/Wx. Combining Theorem 2] with
Proposition 2.2, we obtain

#CUK,)) = #Bj .

Simple Jordan-Hélder factors of By, and CI(k,) of degree d are invariant under
the unique subgroup of Gk, of index d. The statement #B = #C now follows
from the fact that the degree d part of CI(K}) (or B, ) is precisely the part that
appears in the subfield of degree

d = #Gal(K}' /K),

but not in any proper subfield (see Schoof [3 p. 920] for details).

This enables us to work with By, instead of CI(K}) in order to investigate the
class number of K. The advantage of switching from CI(K,) to Bg, is that we
can understand Jordan-Holder factors of By, in an easier fashion. Before giving
the main tool to investigate those factors, we first prove a lemma.
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Lemma 2.3. Let M > 1 be a power of a prime l and F = K,((wyn). Then the
natural map

¥ Ok, 1k (Of, )M — F*/(F)M
18 1njective.
Proof. This is the elliptic analogue of [3, Lemma 2.1]. The map v is well defined
since any trivial element in the first quotient is mapped to a trivial element.

The number field F' = K, ({w; ) lies in the ray class field Ky, arp) and there-
fore it is an abelian extension of K. Let A = Gal(F/K,) be its Galois group. In
order to prove our lemma, we need to be careful with the roots of unity in the
ground field K. Observe that K, N Q(C2ar) is either Q or K by Lemma [[.4

Case 1: Suppose that K, N Q({amr) = Q. Let 7 be an element in A which
inverts (op7. Let o be an element in K such that x = yM for some y € F. Since
7 fixes elements in K, we have 7(z) = x and therefore 7(y)™ = y*. This implies
that 7(y) = y(5; for some integer c,. Pick § = y(5;,. It follows that

() =7W)Cons = ¥Coh =7
and (—1)¢7z = gM.
Suppose that z € O}p is in the kernel of ¢. Then z = y™ for some y € O%.

Without loss of generality, we can assume that 7(y) = y. Let o be an arbitrary
element of A. There exists an integer ¢, such that o(y) = y(}7. Applying o7 and
7o to the element y we obtain

or(y) = o(y) = y(i7 and To(y) = 7(y(37) = ¥

respectively. The Galois group A is Abelian and therefore 7 and ¢ commute with
each other. It follows that [o7(y)]”> = 2. Now we have

a(y®) =y’
since o7(y) = o(y). The unit y* belongs to K, since it is invariant under A. If M
is odd, then using the facts that y*, y? € O}(p, we get y € O}(p. Therefore the
map 1) is injective.
If M is even, then y is an element of a quadratic extension of K, lying in
F = Ky ({wy m)- Such an extension corresponds to a quadratic extension of Q lying

in Q(¢wyar). There are seven such fields, namely Q(v/%2), Q(v/£3), Q(v/%6) and
Q(v—1). This implies that y* € (—1,2,3)(K})? by Kummer theory. Since y is a
unit, this implies that y? = +u? for some u € O;(p. We have +x = u™ and this
finishes the proof of the first case.

Case 2: Suppose that K,NQ(¢2nr) = Q(v/—3). Then M > 1 must be a power of
three. We denote the real cyclotomic Q(Cw . ar —i—(;vi( ar) field by Qe ary- The field
F = Ky(Cwym) is the compositum of the two fields K, and Qw, ar). Moreover,
Ky N Quwy vy = Q. Tt follows that

A= Gal(Qwa)/Q)
which is cyclic of order M. One can show that Gal(Qw, r)/Q) is generated by
o7 Cwient — Gy -

Suppose that = € (’)%p is in the kernel of 1. Then x = y™ for some y € Or.
There exists an integer ¢ such that o7(y) = y(§;. Let d = —¢/2 (mod 3M). Pick
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7 = yCy- Tt follows that

o7(9) = or(y) s = yCiar = 7
The element y belongs to O}p since it is invariant under o;. Now ¢z = g™ and
therefore the map 1 is injective.
Case 3: Suppose that K, N Q(Canr) = Q(v/—1). Then M > 1 must be a power
of two. The field FF = K,(¢w, ) is the compositum of the two fields K, and
Qwi ). Moreover, Ky N Q) = Q. It follows that

A = Gal(Qw, ) /Q)
which is cyclic of order M. One can show that Gal(Qw, )/ Q) is generated by

o5 Cwiemt — Gy -
Suppose that x € O;(p is in the kernel of 1. Then x = y™ for some y € O%. There
exists an integer ¢ such that o5(y) = y¢§;. Let d = —c. Pick § = y¢¢,,. Tt follows
that
a5(§) = o5(y) 3 = y¢in = 7-
The element § belongs to (’)%p since it is invariant under os5. Now ({x = ™ and
therefore the map 1 is injective. O

This lemma enables us to identify the group O}‘(p / ,uK(O}p)M with a subgroup

of F*/(F*)™. The field F = Ky,(Cw ) contains iy, the group of M-th roots of
unity. Therefore we have

(2.1) Gal (F < JV\’/OTKP) /F) >~ Homy ((Z;;" ,,uM>

by Kummer theory.

Now we are ready to give the main tool to investigate the Jordan-Hélder factors
of B, . Let R be the group ring (Z/MZ)[Gk,]. For any R-module A, the additive
groups

At = Hompg(A, R) and A%l — Homg (A, Q/Z)

are R-modules via (Af)(a) = Af(a) = f(Aa) for A € R and a € A. The module
Rl is free of rank 1 over R and this implies that any finite R-module is Jordan-
Hélder isomorphic to its dual A+ by [3, Proposition 1.2 (i)]. Recall that Bx, =
(’)ﬁ(p /€ by definition and the group of elliptic units £ is generated by the unit €, as
a multiplicative Galois module.

Theorem 2.4. Let M > 1 be a power of a prime | and let I denote the augmen-
tation ideal of the group ring R = (Z/MZ)|Gk,]. There is a natural isomorphism
of Gk, -modules

By, [M]* = 1/{fr(eg) : R € S}

where S denotes the set of unramified prime ideals R of F' = K,((w,m) of degree
one.

Proof. This is the elliptic analogue of [3 Theorem 2.2]. In order to understand the
structure of By, [M]* we start with the exact sequence

0— &/ux — Ok, /uxk — Bk, — 0
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which is obtained by the definition of Bk, together with the fact that £ contains
i Applying the snake lemma, we get
*
& . OK,, '
&M g (O, )M
Then we apply the exact functor L (see Schoof [3, Proposition 1.1]) to this exact
sequence and obtain

0 — Bk, [M] —

O}({p + & 1 .
. <W> - (uK£M> — (Bk,[M])” — 0.

Consider the R-homomorphism from (E/quM)J' to R given by f — f(eg). The
image of this map lies in the augmentation ideal I of R since f(e,) is annihilated
by the Ng,, . The unit €, generates £ and f(e5) = 0 if and only if f is trivial. This
implies that the above map is injective. It follows that

g €L
<MK5M>

since the orders of these two groups are equal. Therefore the exact sequence (2.2))
gives us

12

1

*
Ky

purc (O )M

Now we explain the correspondence between D+ and the Galois group of the
Kummer extension given by (Z.I)). There is an explicit isomorphism between D+
and D8 given by [3, Proposition 1.1 (i)]. We have further isomorphisms as
follows:

B, [M)* 21/{f(e;): fe€ D} where D=

*

DI oy [ O Q/Z| = Hom <% Z/MZ)
z fixc (O3 )M B \ ik
O*
Homg (iyﬂM)
UK

Ga1(F(A</OTKF)/F).

Here the first isomorphism is natural and the second one depends on a choice of
M-th root of unity. The last isomorphism is given by (ZI). Every element in
the Galois group of this Kummer extension is equal to 7z, the Artin symbol of
an unramified prime ideal R C F' of degree one. Let us denote the corresponding
element in D+ by fr. Therefore we have

Bg,IM]* = 1/{fr(es): R € S}

as we have stated in the theorem. O

Il

I

Let u € O}p and let R C F be an unramified prime ideal of degree one. The
Artin symbol 7 satisfies ( ¥/u)™ = ( ¥/u)” (mod R) by definition. Kummer
theory implies that ( %/u)™~! is an M-th root of unity. Combining these two
facts, we see that

(V)™ = (V) (r=1) = =1/ (mod R)
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is an M-th root of unity in Z/rZ.
Define the map x : R — Z/MZ which sends Y c¢,0 to ¢1, the coefficient of the
identity element. In the proof of Theorem 2.4l the isomorphism

O*
Dt =~ Homg, ( il ,Z/MZ)
1204
is obtained by f +— xf (see Schoof’s remark after [3| Proposition 1.1]). If

f’R(eg): Z Co0,

O'EGKP

then it is easy to see that ¢, = xfr(071(¢,)). Fix a primitive M-th root of unity
Cu in F. The coeflicients ¢, can be uniquely determined from the equation

o He,) "M = ¢57 (mod R).

Construction of the prime ideals R can be done using class field theory. We start
with a degree one prime ideal v C Ok with norm r =1 (mod Wx M) and check if
its generator 7, satisfies (m.)"Y* =1 (mod p). These two conditions imply that t
totally splits in F'.

Even though we can easily obtain the prime ideals R, it is not easy to find o(e,)
(mod R) for an arbitrary o € Gk,. The main reason is that, unlike the cyclotomic
case, we do not have an algebraic expression for ¢,.

Finding o(e;) Modulo . Let R C K, be the prime ideal lying under R. Since
€g is in K, it is enough to work with 98. We use r-adic numbers Q, to find o(e,)
(mod R) for any o € Gk, .

Let g be a primitive root modulo p, and let o, be the corresponding element
generating the Galois group Gk, . Given a € O, define the polynomial

n—1
Pala) =[]z ~ o()) € Okla]
i=0
where n = (p — 1)/Wk is the degree of the extension K,/K. Let v C Ok be a
degree one prime ideal which splits totally in the extension K, /K. The polynomial
P, is factored into linear factors

n—1
Py (@) = [z —e)
i=0
in the polynomial ring Q. [z]. We fix an embedding of K, into Q, by mapping €, to
eo. Given o € K, we denote the corresponding element in Q, by &. Let R C K,
be the unique prime ideal lying above v such that ¢; (mod JR™) is congruent to eg
(mod ™) for all n > 1.
For each 0 < i < n — 1, there exists j; such that o/ (&) = e;,. We already have
Jo = 0. In order to determine ji, let us consider the factorization of the polynomial

n—1

Pegag(eg)(x) = H (l‘ - hk)

k=0

in Q,[x]. We determine those 1 < ¢ < n — 1 for which the product ege; is equal
to hg for some 0 < k < n — 1. There are only two such values; one of them is for
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€404(€y) and the other one is for o' (€,04(€;)). We apply this algorithm until we
obtain a cycle

€y — €y — e — €y
/ N
€0 €

N /

[ - € - T — €4

connecting each e; to those two values (see Example[277]). Now we need to determine
if 0*(¢€,) is obtained by going clockwise or counterclockwise. We use the factorization
of the polynomial ngog(eg)gg(eg)(x) in the ring Q. [z] to check which direction is
correct. Finally, we obtain the cycle

€1 - G - T G
€0 = €j O ik

N /

Cjn_1 T Cjno T Tt T Chpiy

with the property o (€;) = e;,. Now it is easy to see that the integer value o} (e,)
(mod R) is given by e;, (mod r) for all 0 <i < n—1. We require that n = [K,, : K]
is bigger than or equal to 6 so that this process makes sense. Note that the class
number of K, can be computed easily if the degree of the extension K,/K is less

than 6.

Remark 2.5. Since we need to go through this process every time, our algorithm for
the elliptic case is slower than Schoof’s original algorithm for real cyclotomic fields.
That’s why our ranges for the norm of conductors and the size of Jordan-Hdélder
factors are rather small compared to those of Schoof.

Remark 2.6. Each time we factor a polynomial r-adically, we first check if it has
distinct roots in the ring (Z/rZ)[z]. If that is the case, Hensel’s lemma guarantees
that these linear factors can be lifted to the ring Q,[z]. Otherwise we skip the
prime ideal t C Ok and proceed to the next one.

Example 2.7. We illustrate this process by giving an example. Let K be the
imaginary quadratic field with discriminant dx = —43. Let p;3 C Ok be the
degree one prime ideal with basis [13,2 — w]. Fix ¢ = 7, an odd primitive root
modulo 13. We compute the elliptic unit ¢, and its Galois conjugates with high
precision and we obtain

e ~ —1.218 + 7.1561, 03 (e,) ~ —0.526 — 0.5821,
04(€5) ~ —0.388 + 0.2881, o (eg) ~ 0.106 + 0.409T,
02(eg) ~ 1.595 — 0.8991, 0b(eg) ~ 0.430 +0.1831.

The minimal polynomial of €, over K is given by
P.,(z) = 2%+ (-2w+1)2°+ (Bw+1)z*
+(w +2)2® + 522 + (—w+ 1)z — 1

Let t C Ok be the degree one prime ideal of norm r = 47 with basis [47,25 — w].
The ideal ¢ is generated by m, = 2w —3 and 7 = 1 (mod p). Hence it splits totally
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in the extension K, ,/K by the class field theory. Factoring P, (x) r-adically we
get P (x) = H?ZO(,T — e;) where

€0~ 3444047 +1-47%, es ~ 5+40-47+29 472,
€1~ 224947 + 26 - 472, eq ~ 26+ 15-47 + 36 - 472,
eo ~ 24410 - 47 + 28 - 472, e5 ~ 324 12 - 47 4 41 - 472,

The r-adic precision should be high enough so that all products e;e; are different
from each other. We fix an embedding of K, into Q, by €, = eo. We also fix a
prime ideal 8 C K, lying above t such that ¢, = 34 (mod fR).

For each 0 < ¢ < 5, there exists j; such that o} (&) = e;,. We already have
jo = 0. In order to determine ji, let us consider the factorization of the polynomial
P oy(e)(®) = HZZO(:L‘ — hy) in Q,[z]. We have

ho ~ 38+ 17-47+3-472, hg ~ 11+ 24 - 47 + 23 - 472,
hi~33+10-47 418 - 472, ha 7 26 + 25 - 47 + 35 - 472,
ho /2 46 + 2 - 47 4+ 21 - 472, hs =~ 29 + 12 - 47 + 39 - 472

It turns out that eges = hs and eges = hg. We place e3 and e4 next to eg
and then search for what comes after e3. Observe that we just need to check the
products ezeq, ezea, eges since we have already used the values eg and e4. We have
eses = hy and therefore eg is followed by es. Then we see that ese; = hg which
means es is followed by e;. Finally, we place e5 to the remaining spot and obtain
the following diagram:

€3 — €2
/ AN
() €1

AN /

€4 — €5

Now we need to determine if 0’;(59) is obtained by going clockwise or counterclock-
wise. For this purpose, we use the factorization of the polynomial Peggg(eg)gg(eg) (z).
It turns out that egese; is an r-adic root of this polynomial and hence the orienta-
tion must be counterclockwise:

Cjs = €3 = Cjy = €2
/ N
€50 = €0 O €43 = €1
N /
€j; =€ — €5, =E€E;5

1 2

Now the roots of P () are ordered in a compatible way with the Galois action.
The integer value o7,(e;) (mod R) is given by e;, (mod r) for all 0 <4 <n — 1.

The Algorithm. Let R be an unramified prime ideal of F' = K, (¢ ar) of degree
one with underlying primes & C K, and v C K. In order to compute fr(e;) we
need to make choices for elements ¢, and (3 modulo R. If we change R lying
above R, then it corresponds to a different choice of (s, and fr(eg4) would change
by a unit of Z/MZ. Changing PR over t is equivalent to changing e, with one of its
conjugates. Such a change corresponds to multiplying fz(e,) with a power of oy,
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another unit in (Z/MZ)[Gk,]. Therefore the ideal generated by elements fr(ey)
only depends on the prime ideals ¢t in the ground field K. There is an isomorphism

(Z/MZ)[Gr,] = (Z/MZ)[X]/(X P~/ —1)

given by o, — X. Let f.(X) denote the image of fr(e,) under this isomorphism
which is well defined up to a unit. We denote the augmentation ideal of both rings
by I. The following theorem is a direct consequence of Theorem [2.4]

Theorem 2.8. Using the notation above, we have that
B, [M]* = I/(f(X):v € Su)

where Sy is the set of prime ideals v = (m.) in Ok of norm r satisfying (m)Vx =1
(mod p) and r =1 (mod WxM).

We want to determine if By, admits a Jordan-Holder factor of order g = ¥ or
not. Any finite R-module is Jordan-Hé&lder isomorphic to its dual and we have

BIJQF, = HH(BIJ?p)w
L e

by the Jordan-Holder filtration given by [3} Section 3]. The irreducible polynomials
© are obtained by factoring X™ — 1 in the l-adic polynomial ring Z;[X] where m
is given by (p — 1)/Wx = {*m with ged(m,l) = 1.

Fix p and ¢ = [/. The possible degree d of these factors all divide

0 =ged((p—1)/Wk,q—1).

If 6 = 1, then Bfgp does not admit any Jordan-Holder factor of order ¢ by [3|
Proposition 3.1]. Otherwise we compute

Jo(X) (mod X° 1)

for several primes v with M = [. Computing the greatest common divisors of
S5

these elements recursively, we look for a common divisor ¢ dividing );:11 of degree

exactly f. If we guarantee that there is no such factor, we stop. Theorem 2.8

implies that BIL(p does not admit any Jordan-Hoélder factors of order gq.

If there is a repeating factor ¢ which appears in every calculation with deg(y) =
[ (possibly more than one), then we believe that By, admits a nontrivial Jordan-
Holder factor of order ¢ and we proceed to the second and third steps of Schoof’s
algorithm. These steps are executed very rarely and we illustrate them by giving
an example.

Example 2.9. Let K be the imaginary quadratic field with discriminant dx = —67.
Let pgo1 € Ok be the degree one prime ideal with basis [421,85 — w]. Fix g = 23,
an odd primitive root modulo 421. Computing f.(X) (mod X° — 1) for several
primes t € S3 with § = 2, we see that the nontrivial factor ¢ = X + 1 appears every
time. We start to believe that (B, ), is nontrivial. We write the degree of the
extension 210 as a product [*m where m is coprime to [ = 3. This gives us that
a=1and (Bg,, ), is a module over the ring Z3[X]/(p(X?)) = Z3[X]/(X® + 1).

Following Schoof, we introduce a new variable for simpler computations. Observe
that X has order 6 in the local ring Z3[X]/(X3 + 1). We pick 1 + T = X2 as in
Iwasawa theory so that the maximal ideal of the local ring

Zs[T)/(1+T)° = 1) = Zs[X] /(X7 +1)
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is of the form (7,3). Now we perform the second step of Schoof’s algorithm and
compute elements in (Z/MZ)[T]/((1+T)% —1) for M € {3,9,27,...}.

t=(r,w— we) M =3 M=9 M =27
(248509, w — 14797) T? T? +6T 1072 + 24T
(297757, w — 78203) 0 672+ 6 1572 + 18T + 15
(306991, w — 59125) 372 372
(317197,w — 24608) | T? | T?+6T+3 | T?+24T+3

(354727, w — 104164) 0 |3T%+43T+3| 1272 + 3T + 12
(458569, w — 272363) | 272 | 2T7% +3T +6 | 2072 + 12T + 15

For M = 3, we compute the ideal Z(3 generated by f. in the corresponding
column. After several tries, we believe that Z(®) is generated by T2. We have a
surjective map

(Z/32)T/(T?)  ((Bx,,,, )< 13])"
which we believe to be an isomorphism. For M = 9, the ideal Z(9) is generated by
T? and 3. The module (Z/9Z)[T]/(T?, 3) is isomorphic to (Z/3Z)[T]/(T?) and this
concludes the second step of Schoof’s algorithm.

We suspect that (B, ), is isomorphic to Z3[T']/(T?,3). In order to verify this
we apply the third step of Schoof’s algorithm. We use the surjective map above
with [3, Proposition 1.2 (iv)]. We have R = (Z/3Z)[T]/((1+T)?—1) and J = (T?)
so that Anng(J) = (T). Since 1 + T = X2, we have T = X? — 1. Define

X210 -1
X3 +1
an element in (Z/3Z)[X]/(X?1° — 1). We want to show that the elliptic unit

he(X) = (X?-1),

€p = ng(ag)

is a third power of another unit in K,. Let K¢ be the unique subfield of K, such
that [Kg : K] = 6. Observe that X3+ 1 divides X% — 1. This implies that the norm
map from K, to Ks, divides h,(X) and therefore e, € Kg. In fact the minimal
polynomial of €, is given by

F(t) = t5 + (25552848w + 62631721)t°
+ (63659755470266w — 10490555538824)1?4
+ (825954922943743w — 12797162812861606)t°
+ (—4136459180619w — 1293163421150)t2
+(

23197957w — 46562185)t + 1.

Let r be a rational prime, not congruent to 1 modulo 3, which splits totally in K.
We embed our field K, into r-adic integers Q, and compute the correct third roots
of €, and its conjugates with high precision. Then we compute

I (i~ §/50e)

i=1
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The coeflicients of this polynomial are very close to algebraic integers in O. In
fact we have

G(t) =5 + (—96w — 140)t° + (7630w + 53784)t*
+ (6920w — 233277)t% + (—3819w — 23252)¢
+ (—127w + 144)t + 1.

To make sure that our computations are correct, we also check if the polynomial
G(t) divides F(t3) in Og|t]. This shows that e, = u? for some u € K¢ C K, and
we conclude that the module (B ), is actually isomorphic to Z3[T/(T?,3).

P421

3. REsuLTS

In this section we explain our main results and the data we collect from our
algorithm. First, we give the proof of Theorem 2 and discuss briefly Hurwitz
numbers, the elliptic analogue of Bernoulli numbers. Then we give some statistical
information about our tables and explain how to obtain the structure of (Bxk, ),
for each Jordan-Hélder factor listed in the tables. Last, we apply Cohen-Lenstra
heuristics to our case and argue that each table at the end is a table of class numbers
with probability at least 96%.

Proof of Theorem 2. Let K be the imaginary quadratic field with dg = —163 and
let p3o7 be a degree one prime ideal in Ok of norm 307. Computing f.(X) for
several primes t € S3g7, we observe that the factor ¢ = X + 92 appears every time.
Define X153 _ 1

hoX) =3 +92"7
an element in (Z/307Z)[X]/(X '3 —1). In order to show that the class number of
K,.,, is divisible by 307, we need to verify that the elliptic unit

_ _hy(og)
€p = €427

is a 307th power of a unit u in the same field. The unit u will be automatically
nonelliptic since there is no polynomial f € Z[X] such that h,(X) = 307f.

We can obtain €, with accuracy as high as we want as an imaginary number.
However, the correct 307-th root of €, in K, C C is not obvious. Therefore we
work with Q,., r-adic rational numbers, for some special prime r € Z. The rational
prime r must split totally in K so that K, can be embedded into Q,. We also
require that 7 # 1 (mod 307) which makes taking the 307-th root in Q, unique.
For example, r = 25801 is such a prime for p = [307, 148 — w).

Factoring the minimal polynomial of €, € K, in the polynomial ring Z,[z] with
1000 digit r-adic precision, we obtain €, and all of its conjugates r-adically. Then
we compute

153

I1(t- *{/oi(s)

i=1
which has r-adic coefficients which are very close to elements in O C Q,. This
proves that e, = u37 for some nonelliptic unit v in O}p . We have also performed

another experimental check. Let G(¢) be the resulting pf)ofynomial in Ok [t] obtained
by rounding these coefficients. We have factored G(t) over (O /q)]t] for 5000 degree
one prime ideals q C O. Using Chebotarev’s density theorem, we conclude that
G(t) generates an Abelian extension of K of degree 153.
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Recall that B, = O, /€ for all K. The unit u is a nontrivial element of this
quotient group and of its order is equal to 307, a prime number. This implies that
307 divides the order of By,  and finally we obtain 307|#Cl(Ky,,,) using the fact
that By, and CI(K,) have the same number of elements. O

There are interesting families of numbers, namely Bernoulli and Hurwitz num-
bers, for fields Q,) and K, respectively. These numbers are related to the p-
divisibility of the class number of the corresponding field. If p divides the class
number of p-th cyclotomic field Q((,), then it divides the numerator of a Bernoulli
number with even index less than p — 1 [6l, Theorem 6.17]. It is a well-known fact
the class group of the real cyclotomic field Q) injects into the class group of Q((p).
Therefore we easily obtain the following result: If an odd prime p divides the class
number of Q(,y, then p divides the numerator of a Bernoulli number with even
index less than p — 1. It is a conjecture of Vandiver that p never divides the class
number of Q).

In order to illustrate the situation in the elliptic case, we first give the definition
of Hurwitz numbers following Robert [2]. Let K be an imaginary quadratic field
and let Ok be its ring of integers considered as a lattice in complex numbers. The
Hurwitz numbers attached to O are the numbers

given by the Eisenstein series of Ok of weight k£ > 2. Hurwitz numbers are closely
related to the coefficients of the Laurent series expansion of the Weierstrass p-
function. In fact we have

1 oo
p(z; OK) = 2;_2 + ;(2]@ + 1)G2k+2(0K)Z2k.
Theorem 3.1. Let K be an imaginary quadratic field and let p C O be a degree
one prime ideal of morm p not dividing 6dx. If p divides the class number of
K,, then p divides the numerator of Gx(Ok) for some k divisible by Wy with
O0<k<p-1.

Proof. This is a result of Robert’s work [2]. A proof, specialized to the case where
K has class number one, can be found in [IJ. O

Now we apply this to Kp,,,. Let K be the imaginary quadratic field with dx =
—163. The minimal Weierstrass equation of the elliptic curve E = C/Og over Q
is given by

E:y? +y=a® — 2174420z + 1234136692.
We have used the PARI command ellwp(E,z) in order to obtain the Laurent series

705220967 ,

4
and therefore the Hurwitz numbers G (Ok). Theorem 2 implies that 307 divides
the class number of K, .. It turns out that 307 divides the numerator of Go4(Ok ).
This is the only Hurwitz number Gy (Ok) with even index 0 < k < 306 whose
numerator is divisible by 307.

1
p(z;0Kk) = 5 + 4348842% —
z
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Tables. Our analogue of Schoof’s algorithm gives us the largest submodule of By,
with Jordan-Holder factors of order less than 2000. We denote the order of this
submodule by h K, The observation we make after Proposition 2.2limplies that the
number A K, is equal to the largest submodule Cl(K,) with Jordan-Hélder factors
of order less than 2000.

There are 9 imaginary quadratic fields K with class number one. For each ground
field K, we have worked with degree one prime ideals p C K of norm p not dividing
6dx and less than 700. In total there are 535 ray class fields K. For 455 of these,
we have found that h k, = 1. The remaining 80 are given in the tables at the end
of this chapter.

In our tables, we use the same format of the main table in Schoof’s paper. The
numbers h K, are given as a product of the orders of simple Jordan-Holder factors.
The degree d of each factor is indicated in the third column, respectively. If a simple
Jordan-Hélder factor F;[X]/(¢(X)) of order g occurs with multiplicity greater than
1, we write ilK,, as a product ¢°°¢®t ---¢°~ with respective degrees d,dl, ..., dl"™ to
indicate the orders of (BIL(p)sa modulo (X") are g*ot+si for 0 <i < n.

If (Bk,), has a Jordan-Holder filtration of length 1, then it is isomorphic to
(Z/1Z)[X]/(»(X)) as a Galois module. In such a case, (Bk, ), has f copies of Z/IZ
as an abelian group where f is the degree of the irreducible polynomial ¢ € Z;[X].
There are 6 cases in which (B, ), has a Jordan-Holder filtration of length bigger
than 1. We list them in the table below together with the structure of (B}Jgp)w.
The use of parameter T is explained in Example

dig | p |q|d| length (BIL(‘,)S(J
19 1271143 2 Z5[(3]/AZ5[(3]
43 1397 | 3|2 2 Z3[T]/(T +3,9)
67 |421 |3 |2| 2 Z3[T]/(T2,3)
67 |457 |3 12| 2 | Zs[T]/(T —3,9)
67 | 461 |4 | 2 2 Z/97Z
163 | 641 |5 | 4 3 Z/125Z

In order to obtain the structure of (Bk, ), for these cases, one can use [3, Propo-
sition 1.2 (7ii)] which implies that (Bg,), = (BIL(,] ) whenever the length of (B}{p )
is at most 2. There is only one case with Jordan-Holder filtration of length bigger
than 2, namely dx = —163,p = 641,1 = 5. In this case, the annihilator of the
module (B}{p)g, is principal and we still have (Bg, ), = (BIL(p)sa by [3} Proposi-
tion 1.2 (i)].

It is not true in general that Bk, and CI(K,) are isomorphic as Galois modules.
A counterexample for real cyclotomic fields is given by a degree 3 extension of Q
lying in Qp (see Schoof [3, p. 929]). We have looked for a similar example in the
elliptic case and in fact we have found one. Let K be the imaginary quadratic field
with dg = —163 and let pagsg C O be a degree one prime ideal of norm 2659.
The ray class field K,,,,, has a unique subfield K3 such that [K3 : K] = 3. Starting
with a generator of elliptic units and then taking its trace from K., to K3, we
obtain the minimal polynomial of this extension K3/Q as follows:

frs/q = 2° + 3892° 4 18196z* — 70764162°
— 488496804z + 48339551084 + 3971404926677.



1120 OMER KUCUKSAKALLI

The software PARI gives us
CU(K3) = (Z/2Z) x (Z/27) x (Z/27) x (Z/2Z)

as an Abelian group. Let ¢ = X2+ X + 1 € Zy[X]. Since ¢ is the only irreducible
polynomial dividing ))((3:11, the Galois module Cl(Ky,,, )¢ is isomorphic to C1(K3)
and it is annihilated by 2. On the other hand, (BKp%sg)so has 16 elements and is a
subset of (Z/16Z)[X]/(X? 4+ X 4 1). It is clear that (B, ), is not annihilated
by 2. Therefore Br, and CI(K,) are not isomorphic as Galois modules in general.

However, they have isomorphic Galois cohomology groups.

Proposition 3.2. Let p C Ok be a degree one prime ideal of norm p < 700 not
dividing 6dy . There are canonical isomorphisms

H(H,Cl(K,)) — H"*?(H, Bg,)

for each i € Z. In particular, for each choice of a generator of H there are natural
isomorphisms H'(H,Cl(K,)) = H'(H, Bk, ) for each i € Z.

Proof. The prime ideal p C Ok is totally and tamely ramified in the extension
K,/K. The proof can be adapted from its cyclotomic analogue [3, Proposition
5.1 (44)] using Proposition 2.2 O

Cohen-Lenstra Heuristics. Following Schoof [3, Section 6], we estimate the be-
havior of Jordan-Hélder factors of the ideal class group C1(XK,) that have very large
order. According to Cohen-Lenstra heuristics, the probability that the class group
of K, does not admit any simple Jordan-Holder factor of order ¢ at all is at least

Mp,q

Hg,(p.0)= | [[1-¢*
k>2

Observe that not all the primes p lead to extensions K, /K. If the rational prime
p is inert in the extension K/Q, then we define Hx, (p,q) to be 1. It is easy to
see that H,(p,q) > Hq, (p,q) for all values of p and g. The tables at the end

contain the numbers hg,, the order of the subgroup of CI(K}) that admits only
Jordan-Holder factors of order ¢ < @ = 2000, for p of norm p < P = 700. The
numbers hg, are all equal to the class numbers of the corresponding fields with

probability at least
p<P q¢>Q

The calculation given in [3] pp. 933-934] is suitable for our purpose and we have
TK (700)
2000

where ¢ = 1.29573095... and 7k (n) is the number of odd primes which split in K
less than n. The number mx(n) corresponds to the number of extensions K, for
each K. The largest set of K, appears for dx = —67 and there are 63 ray class
fields K, with conductor p of norm less than 700. Therefore we have

Pr > 0.96000621...

—log(Px) < ¢

for each ground field K.



CLASS NUMBERS OF RAY CLASS FIELDS

TABLES
p iLKp d p BKP d
de =-3 [337| 5 [4||601| 5 |4
433 3 |2 613 3 |2
p iLKp d p ile d
A — —4 | 281 11 [10[[ 521 11 5
353 3 | 2 || 541 4 3
421 4 | 3 || 577 | 17-37 | 16,36
p ile d p BKP d
de=—7 | 317 3 [2[487] 4 |3
379 | 4 |3]613| 4 | 3
463 4 |31 631 43 |21
p BKP d P iLKp d
de=—8 | 281] 3 2 601 | 5 |4
577 15-19 4,91 643| 4 |3
593 | 5 2 ||l6m3| 5 |2
p iLKp d p BKP
de ——11 |257] 5 [ 4 [[421]7-211]3,35
317 3 | 2 | 449| 5-9 | 4,8
353 | 67 | 22521 11 5
P BKP d P BKP d
61 7 6 |/ 389 3 2
131 16 5 || 577 |4-97| 3,96
dr =—19 | 137 5 4 |593] 5 4
163 4 3 {617 3-5 | 2,4
229 4 3 || 619| 7 3
271 | 42-11 | 3,5 || 691 4 3
D l~1Kp d D EKF d
41 [5-11[4,5(397] 3-3 | 2,6
53 3 2 || 401| 5-9 | 4,4
d — —43 | 229 13 6 | 431 | 31 5
269 | 3 2 || 557 5 2
307 | 4 3 | 613 | 307 | 102
337 | 3-5 | 2,41 661|3-67|211
353 | 5-49 | 4,8
p iLKp d p BKP d
17| 5 [ 4 [421]3-3]2,6
37 | 4 | 31449 | 61 | 4
dxg =—67 | 151 | 11 | 5 || 457 | 3-3 | 2,6
173 | 5 2 || 461 | 32 2
193 | 49 |48 613| 19 | 3
389 | 3 | 2 ||617] 67 | 11
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p th d p th d
97 | 7 3 |[373 7 3
113 | 3 2 || 409 7 6
151 61 | 5 |[421| 4-7 | 3,6
dix =-163 | 173 | 3 2 || 439 | 13 3
223 | 7 3 || 457 | 5-419 | 2,19
281 5 4 || 641 53 4
307 | 307 | 153 || 661 7 3
367 | 37 | 3
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