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EXPONENTIAL CONVERGENCE AND TRACTABILITY OF
MULTIVARIATE INTEGRATION FOR KOROBOV SPACES

JOSEF DICK, GERHARD LARCHER, FRIEDRICH PILLICHSHAMMER,
AND HENRYK WOZNIAKOWSKI

ABSTRACT. In this paper we study multivariate integration for a weighted
Korobov space for which the Fourier coefficients of the functions decay ex-
ponentially fast. This implies that the functions of this space are infinitely
times differentiable. Weights of the Korobov space monitor the influence of
each variable and each group of variables. We show that there are numerical
integration rules which achieve an exponential convergence of the worst-case
integration error. We also investigate the dependence of the worst-case error
on the number of variables s, and show various tractability results under cer-
tain conditions on weights of the Korobov space. Tractability means that the
dependence on s is never exponential, and sometimes the dependence on s is
polynomial or there is no dependence on s at all.

1. INTRODUCTION

Multivariate integration of s-variate functions is a popular research subject es-
pecially the case when the number of variables s is large. We usually want to find
the best possible rate of convergence as well as to control the dependence on s. The
latter problem is related to tractability when we want to guarantee that there is no
exponential dependence on s.

In this paper we study the numerical approximation of integrals

/ f(x)de
[0.1)®

> f(tm).

Here, the quadrature points 1, ta,...,%, € [0,1]® are chosen in some deterministic
way. In our case, t; will be defined by lattice rules of rank one or will be from grids
with varying mesh-sizes. For more information on such quadrature rules see e.g.,
[10, [14].

using quasi-Monte Carlo rules

S|
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We assume that the integrands f are periodic and have a Fourier series repre-
sentation

fx) =" J(h)exp(2rih ),

hezs

where the Fourier coefficients fare given by
F(h) = / (@) exp(—2rih - x) de.
[0,1]¢

The smoothness of the integrand f is regulated by the decay of its Fourier co-
efficients. Here we assume that the Fourier coefficients decay exponentially fast,
ie.,

f(h) — @(w\h1|+-~~+\hs\)7

where h = (hy,...,hs) € Z° and 0 < w < 1.

This corresponds to the Korobov space of infinitely times differentiable functions.
This is a reproducing kernel Hilbert space with the explicitly known kernel. We
study the unweighted case for which all variables and groups of variables are equally
important, as well as the weighted case for which the influence of each variable and
each group of variables is moderated by a suitable weight. We show that the rate
of convergence is independent of weights whereas tractability results are possible
only for properly decaying weights.

Previously, numerical integration of periodic functions has been analyzed for
functions which are « times differentiable in each variable with a < oo; see for
example [6] [7, 12 [15] [I8]. Our approach for infinitely times differentiable functions
is similar to the approach in those papers. Indeed, we also define a suitable re-
producing kernel Hilbert space, although the analysis of the worst-case integration
error turns out to be somewhat different than in the papers cited above.

We show the existence of lattice rules which achieve an exponential convergence
(Theorems 2land M]). This is done by defining a suitable figure of merit and proving
results on the existence of lattice rules with a large figure of merit (Lemma [2)).
A lower bound on the worst-case error reveals that this rate of convergence is
essentially best possible. The upper bound is nonconstructive, as the proof only
shows the existence of suitable lattice rules. We do, however, provide “more”
constructive results. To be more precise, we show how a suitable generating vector
can be found explicitly in some sense (Remark[I]). We also show that a quasi-Monte
Carlo rule with the quadrature points from a grid with suitable varying mesh-sizes
achieves an exponential rate of convergence (Theorem [).

We show that the trigonometric degree of a lattice rule [3, [l [8, 3] plays an
important role in our study. Indeed, for the unweighted case, the figure of merit
which is used for proving existence results for lattice rules achieving an exponential
convergence coincides with their enhanced trigonometric degree. Hence, lattice
rules with high trigonometric degree are needed for achieving exponential rates of
convergence for integration in the Korobov space.

We also study how the worst-case error depends on the number of variables s.
For the unweighted case, despite the fact that the functions are infinitely times dif-
ferentiable, we still get an exponential increase of the worst-case error with growing
s (Theorem B]). This situation can only be remedied by changing to the weighted
case (Theorems Bl and [l and Corollary [Il). This is done by introducing a weighted



EXPONENTIAL CONVERGENCE AND TRACTABILITY OF INTEGRATION 907

version of the Korobov space, an idea which stems from [I7]. It is, however, neces-
sary to change the dependence on the different coordinate directions in a different
way compared to [I7] if one wants to have both, independence of the dimension
and an exponential convergence of the worst-case error. Only if one is satisfied
with a polynomial rate of convergence of the form n~%, where o > 0 can be arbi-
trarily large, the weights defined as in [I7] suffice to guarantee strong polynomial
tractability (which is the technical term for the worst-case error being bounded in-
dependent of the dimension, see below for details) (Remark [3)). If one wants both,
an exponential convergence and strong polynomial tractability, then we need to
weight the variables in a different way. We also investigate under which conditions
on the weights we obtain polynomial tractability.

2. DEFINITION OF THE PROBLEM

We consider a Korobov space H(K) of complex-valued periodic functions defined
on [0,1]*. The space H(K) is a reproducing kernel Hilbert space with the kernel

K(z,y) = Z wpexp(2rih - (x —y)) forall x,y €]0,1]°%,
heZs
with the usual inner product h - (x — y) = Zj‘:l hj(z; —y;), where hj,x;,y; are
the jth components of the vectors h, x, y, correspondingly. (For information about
reproducing kernel Hilbert spaces we refer to [1].)

We assume that wg = 1 and wp, may also depend on s, i.e., wp = wgp, and is
nonnegative for all h € Z°. The kernel K is well defined if we choose wp, such that

(1) |K(@,y)| < K(z,@) = ) wh < oo
heZs
For f € H(K) we have

f(x) = Z f(h) exp(2rih - x) forall =z €|[0,1]°,
hezs

and the norm of f from H(K) is given in terms of its Fourier coefficients f by
1717 = > 1F(R)Pwy" < oo,
hezs
The inner product of f and g from H(K) is
(f9) = F(h)gh)wy".
heZs

Smoothness of functions f from H(K) is controlled by how fast wp goes to zero
as |h| = 22:1 |hj| goes to infinity. We assume that there exists w € (0,1) such
that

2) whz(’)(w|h|) for all h = (h1,ha, ..., hs) € Z°.

Then functions from H(K) are infinitely times differentiable. Indeed, for f €
H(K),let o = (o1, @2, . .., a5) be an arbitrary vector with integers o; > 0. Denote
by

|ex]
D*f = 9

a1 Qg Qs
Ox{" 0x5* --- Oxs
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the operator of partial differentiation. Then

Df(x) = f(h)(Qwi)'“‘Hh}lj exp(2mih - x),

hezZs j=1

where, by convention, we take 0° = 1. The last series is convergent. Indeed, for
any wy € (w, 1) there is a number C' depending on w,w; and |a| such that

z?w® < Cwi forall a€]0,2lal] and z € [0,0).

Then wy, = O(w!™) implies

S
|D* f(x)| = Z [f(h)wgl/ﬂ wfll/2(27ri)‘°‘| H h?’ exp(2rih - x)
hezs j=1
- 1/2
= O|Ifl | D] @me ] In P w!hs!
| heZs j=1
- 1/2
h
—OW|241
Lhezs
D) s/2
= o (1+12) )<=
1-— w1
as claimed.

Consider multivariate integration,

I(f):/ f(x) de forall fe H(K).
[0.1)®

/ flx)de
[0.1)®

We approximate I(f) by algorithms that use finitely many function values. It is
known that we can restrict ourselves to linear algorithms and approximate I(f) by

The problem is well normalized since

= sup 1.

feH(K), |IflI<1

Ans(£) =D amf(tm)

for some complex numbers a,, and sample points t,, € [0,1]*. For a,, = n~!,

we obtain popular quasi-Monte Carlo (QMC) algorithms that are often used in
computational practice, especially for large s. By

ewor(An,s) = sSup ‘I(f) - An,s(f)|
FeH(K), |IflI<1

we mean the worst-case error of A4, ;. Since I(f) = (f, 1), then

I(f) _An,s(f) = <fa1 - Z amK('atm)>'
m=1
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Therefore,

eV (A, = Hl = amK(-,tm)H.
m=1

This can be easily computed to be

[ (A ) =1-2 am+ > aramK (i tm).

m=1 k,m=1

For QMC algorithms, a,, = n~!, the last formula simplifies to

1 n
[ (An )] = =14 = 3 K(th,tm).

k,m=1

Let e(n, s) be the nth minimal worst-case error,

I(f) - Z amf(tm)"

S

e(n,s) = inf sup
ajtj, j=1.2,..n fEH(K), |flI<1

For n = 0 we approximate I(f) simply by zero, and e(0,s) = ||I|| =1 for all s.

What do we want to demand on the behavior of e(n, s) to capture the notion of
exponential convergence and tractability?
By exponential convergence we mean that there exist numbers g € (0,1), p > 0
and a function C' : N — (0, 00) such that
(3) e(n,s) < C(s) g™ forall s,neN.
Let
n(e,s) =min{n : e(n,s) <e}

be the minimal number of function values needed to obtain an ¢ approximation.
If @) holds, then

—1\ 1/p
(4) n(e,s) < ’V(hl Cls) + Ine 1> -‘ forall seN, €€ (0,1).

Ing—!
Observe that if (@) holds, then
e(n+1,s) <C(s) g™ forall s,neN.

This means that [B) and () are essentially equivalent.
Hence, exponential convergence implies that asymptotically with respect to e, we

need to perform O ([ln 5’1] Y p) function values to compute an € approximation

to multivariate integrals. However, it is not clear how long we have to wait to
see this nice asymptotic behavior especially for large s. This, of course, depends
on C(s) and is the subject of tractability. Tractability means that we control the
behavior of C(s) and rule out the cases for which n(e, s) depends exponentially on
s. Since there are many ways of controlling the lack of exponential dependence, we
have many notions of tractability. We restrict ourselves to two such notions in this
paper; for more on tractability see [11].

We say that we have exponential convergence with polynomial tractability iff there
exist nonnegative numbers A, py, po such that

n(e,s) <A (spl + [In 5_1}]02) forall seN, € (0,1).
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If py = 0, we say that we have exponential convergence with strong polynomial
tractability.
We say that we have exponential convergence with weak tmctabilit iff

lim Inn(e,s) _o
e=lts—oo Ine™l + s
In this paper we always consider exponential convergence, and therefore if we
say (strong) polynomial tractability or weak tractability we always mean exponen-
tial convergence with (strong) polynomial tractability or with weak tractability.
Obviously, polynomial tractability implies weak tractability.
Assume that (B]) is satisfied. Then (strong) polynomial tractability holds if
sups " In(1+C(s)) <o for some 7 >0.
seN
If so, then we have (strong) polynomial tractability with p; = 7/p and ps = 1/p.
Weak tractability holds if

lim In(14+1In(1+C(s)))

5—00 S

=0.

Hence, strong polynomial tractability holds if C(s) are uniformly bounded in s,
polynomial tractability holds if there exist nonnegative numbers A and 7 such that

C(s)<exp(AsT) forall seN,
and weak tractability holds if
C(s) = exp(exp (0(s))) as s— oo.

The conditions on C(s) seem to be quite weak since even for singly exponential
C(s) we have polynomial tractability, and for “almost” doubly exponential C/(s)
we have weak tractability. We shall see later for which wy, we can indeed guarantee
(strong) polynomial and weak tractability.

We also add that if () is sharp, i.e., there exists a positive number C' independent
of n and s such that

e(n,s) > CC(s) g™ forall sneN,

then the conditions on C(s) presented above are also necessary.

3. LOWER BOUND

We study multivariate integration for Korobov spaces for different choices of wy,.
All of our choices of wp will lead to the exponential convergence or to an almost
exponential convergence. However, tractability will hold only for some choices of
wp. In this short section we establish a lower bound on e(n, s) in terms of wy, that
will allow us later to verify tractability for specific choices of wp. The idea of the
proof of this lower bound is adopted from [I6].

Let k£ and t be positive integers. For s > k, define the set

Asipt ={h €Z° : s—Fk of hj are 0 and k of h; are from {1,2,...,t}}.

1Weak tractability without specifying the rate of convergence is defined as

1
im  BnEs)

e~ l4s—oo e—1 + s

Hence, exponential convergence with weak tractability differs from weak tractability in the role
of e.
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The cardinality of A j + is clearly (2) th.

Theorem 1. Let k and t be positive integers. With the notation from above, the
nth minimal worst-case error satisfies
—1/2

1
(5) e(n,s) > | max forall n< <S)tk.
h €At peas, , Yh—h” k

Proof. Take an arbitrary algorithm A, s(f) = > _| @y f(tm). Define
g(x) = Z bp, exp(2rih-x) for all @ € [0,1)
hG.AS,k‘t

such that g(¢,,) = 0 for all m = 1,2,...,n. Since we have n homogeneous linear
equations and | Ay ;| > n unknowns by, there exists a nonzero vector of such by’s,
and we can normalize the bp’s by assuming that

max |bp| =bp- =1 forsome h* € A, ;.
hG.AS,k‘t

Define the function
f(x) = cexp(—2mih™ - x) g(x) = ¢ Z bp exp(2mi(h — ") - x),
hEAs,k,t

where a positive c¢ is chosen such that ||f|| < 1. More precisely, we have

1
2 2 2
172 = @ 3 P
heA; k¢ h=h
1 1
< c? E §02 max .
WhH _h* * WhH _h*
heAs,k,t h—h. h EAS’k’t heAs,k,t h—h
Hence, we can take
—1/2
1
c= | max
h*€A; k.t heA; k¢ “h—h

Note that f(t,) = 0 and this implies that A, ((f) = 0. Furthermore, I(f) =
cbp~ = c. Hence,

e (Ans) > [I(f) - An,S(f)| =I(f)=c
Since this holds for all a,, and t,,, we conclude that e(n,s) > ¢, as claimed. [l
4. LATTICE RULES

In this section we choose our linear algorithms for approximating multivariate
integrals as lattice rules of rank one. They are a special case of quasi-Monte Carlo
algorithms for which the sample points ¢, = {(m —1)g/n}, where {x} denotes the
fractional parts (componentwisely) of the vector x, and g € {0,1,...,n — 1}* is
called a generator of a lattice rule with n assumed to be prime. Hence, lattice rules

are given by T ( 1)
m—1)g

with g € {0,1,...,n — 1} and n is prime.
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4.1. Unweighted case. In this subsection we consider probably the most natural
choice of wy, for which the Korobov space consists of infinitely times differentiable
functions. Namely, we take

wp = w! for some w € (0,1).

Note that for all vectors h € Z° for which |h| = v for some positive integer v,
we have wp = w”. In particular, if we permute components of h, then we do not
change the coefficient wp. Hence, if we permute variables of f € H(K) and obtain
the function

g(z) = f(levszv S 7xjs)
for some permutation (j1, j2,...,Js) of (1,2,...,s), then g € H(K) and ||g|| = || f||-
In this sense the choice of wp, = w!?l does not distinguish successive variables and

that is why it is called unweighted.
The reproducing kernel now takes the form

K(z,y) = Z w exp(2mih - (& —y)) forall @y e[0,1]°
hezs

To stress the role of the generator g, we denote the worst-case error of the lattice
rule A, 5 by ey,.5(g) == " (A s). It is known that ([7])

Gag)= D W
helg\{0}
where the dual lattice is given by
Lg={h€Z:h-g=0(modn)}.
We define a suitable figure of merit by

— min |h|
p(g) heréfj{l{c,}"

Note that this figure of merit is the same as the enhanced trigonometric degree of
a lattice rule; see [3| [ [8 [13].
We bound the worst-case error using the figure of merit in the following lemma.

Lemma 1. Let n be a prime. Then for any g € {0,1,...,n — 1}* we have

WP < 2 (g) <wP@5(1 — )~ (p(g) + 81— 1>.
: s

Proof. We have

T owhi= i o

heLg\{0} k=p(g) heLg\{0}
|h]=k

oo (oo}
k+s—1
k kos
= 1<
)DRCED SRR SR LA
k=p(g) heLg\{0} k=p(g)
|h|=k

wP(Q)QS(l —w)~* (p(g) + 51_ 1>’
s —

e .(g)

IN
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where we used
X (k+r—1\ , p+r—1 .
) < wP 1-

© kp< r—1 >w _w( r—1 >( w) s

which can be shown using the binomial theorem; see [9, Lemma 2.18] or [5, Lemma
6]. On the other hand, from the first line above we also have €2 ((g) > w?@). O

n,s
We now prove an existence result of generators g with a large figure of merit.

Lemma 2. For a prime number n, there exists a g € {0,1,...,n — 1}* such that
plg) = [272(s1n) /"] — 5.
Proof. For a given h = (hq,...,hs) € Z°\ {0} with |h;| <nfor 1 <i <'s, there are
n*~1 choices of g € {0,1,...,n — 1}* such that g - h = 0 (mod n). Furthermore,
14 -1
{heZ*: |h| = 0} <28< te )
s—1
Let p < n be a given positive integer (note that p(g) < n always). Then
P
l+s—1 p+s
heZ’:|hl < < 2° =2° .
hezim<pi2d (V10 ) =2 ("))

Therefore,

g Oin=1)%: plg) < )l < w2 (V7).

Note that the total number of possible generators g € {0,1,...,n—1}*is n®. Thus,
if

(7) ns"19° (p + S) <n®,

S

then there exists a g € {0,1,...,n — 1}® such that p(g) > p. We estimate
28 (’”L S) <2(p+8)°(s) .
s
Thus (@) is satisfied if 2°(p + 5)*(s!) "' < n, i.e., for p = [27(s!n)/*] —s—1. O
An upper bound on the figure of merit is presented in [8, Section 5].

Lemma 3. For anyn € N and any g € {0,1,...,n — 1}* we have

p(g) < (stn)/*.

Remark 1. It is possible to give in some sense explicit examples of “good lattice
points” satisfying
p(g) = c(s)n'/*

for some positive ¢(s). But it seems to be not so easy to obtain ¢(s) as large as in
the existence proof of Lemma (21

For example, consider an algebraic number field F of degree s + 1 and let
1,01,...,9s be algebraic integers forming a basis of F. Let 6§1), . .,6§S) be the
conjugates of §;, 1 < j <s.
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For an integer n > 1, let g; = g;j(n) be the nearest integer to d;n. Then by
Dirichlet’s theorem [2], p. 23], for any integer N > 1 there exists an n, 1 <n < N,
such that

1
1255 = AN

Now let h = (hq,...,hs) € Z° \ {0} be such that g1h; + -+ gshs = 0 (mod n).

For 1 < j < s define

gi\n
6j_ ]1(1)

higi + -+ hsgs

2y =h6 + -+ hoD — -

and
higi + -+ hggs
- .

Ts41 = hl(Sl + +h/568 -

Then we have

R B R e TEE RNy I
n n

~ s _ 9| < _Ihl
;|h]|‘5j n’San/s.

Furthermore, for 1 < j < s, we have

IN

S
‘ |h|
lzj] < |xj —zeq1| + |Teg1| < Z; |hi||6§]) — ol nN1/s
< |h|{ max |5§j) — 0| + .
< o2 i 7 ’I’LNI/S .

By the definition of the x;, the product x; - - - 541 is a nonzero integer, and, there-
fore,

[h|*1 £ ) L
1§‘xl“wSH'San/s.1_[1 121?%(5'6" _62|+nN1/S '
s

Let k = Hj‘:l (maxlgigs \5§j) — ;| + 71N+/) Then

nl/(s+1) N1/ (s(s+1))
| ‘2 Kk1/(s+1)

and, therefore, for g(n) = (g1(n),...,gs(n)) we have

nl/(s+1) N1/ (s(s+1))
(8) p(g(n)) > 6D

Using the fact that 1 <n < N, the last inequality implies that

1/s
p(g(n)) > G

If, we take, for example, §; = 27/(s+1) "1 < j < s, then maxj<;<s |(5£j) -4 <4
for all 7, i.e., Kk < 5°. Hence,
nl/s

5

p(g(n)) =
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Note that the generating vectors g = g(n) can easily be computed. By calculat-
ing g = g(n) for n = 1,2,... and calculating p(g(n)) to check the figure of merit,
one must find infinitely many “good” generating vectors for which

p(g(n)) > (1)
nl/s  —

Indeed, inequality (8) is effective in obtaining an upper bound on the number of
points needed to increase the figure of merit by one in the following way: Assume
that for some n* > 1 we found a generating vector g* = g(n*) with figure of merit
p* = p(g*) such that p(g(n)) < p* for all 1 < n < n*. Then, from (§), we know
that there exists an n with n* < n < N* and a vector g(n) with figure of merit

p(g(n)) = p* + 1, where
e (Y

Thus, N* —n* is the maximum waiting period till the next increase of the figure of
merit must occur. In particular, this shows that there exists a sequence of integers
N1,M2,... with 1 < my < ng < ng < -+, p(g(n1)) < p(g(nz)) < p(g(ng)) < ---,
and p(g(ng)) > ni/sn’l/(sﬂ) for k=1,2,3,....

This search method may also be interesting in the context of finding lattice rules
with a moderately large trigonometric degree for parameters s and n, where an (or
nearly) exhaustive computer search for good lattice rules cannot be undertaken. O

Combining Lemmas [Il 2] and [B] we obtain the following theorem.
Theorem 2. Let e, s(g) denote the worst-case error of the lattice rule with gen-
erator g and with n points in dimension s.

e [For a prime number n, there exists a generator g € {0,1,...,n —1}° such
that

w—w

e [ de
e ,(g) <w? WY < - 2> "

e For anyn € N and any g € {0,1,...,n — 1}* we have

e2 (g) > W™,

Proof. From Lemma [Tl we have

-1
2 (g) < w@25(1—w)* (p(g) + 81 )
s —
_ +s—1)"!
< p(g)2s 1— s (p(g)
) < wiy(1—y) O
From Lemma 2] we know that there exists a generator g € {0,1,...,n — 1}* with

plg) =27 (slm)/* — s,
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and from Lemma [ we know that p(g) < (s!n)'/*. Inserting these estimates into
@), we have

: () s — 1)

27 Y(sln)*—s s /1 _
Qe < w 2(1-w) e
s—1(,1/s s—1
< w2’1(s!n)1/3 ZS(w—w2)7SS (n/ +1)
(s—1)!
< w2_1(s!n)1/5(26)s(w_w2) s

[

— (n1/5+1)571
< w271(5!")1/3(4e) (w—w?)"*n.

This proves the first estimate.
The second estimate easily follows from Lemmas [I] and B O

It is natural to ask how good are the error bounds presented in Theorem [2] for
lattice rules. First of all, it is easy to see that the upper bound on e,, s(g) converges
faster than any power of n as n goes to infinity. That is, for arbitrarily large r we
have

e
lim —"’S(g)

n prime, n—oo n’

=0 forall seN.
Indeed, e, s(g)/n" < z,, where
2lnz, =3(s!n)/*mw+ sh(de/(w-w?)) +Inn —rlnn — —oo,

so that x,, goes to zero, as claimed.

Does it mean that we have exponential convergence? Assume for a moment that
the dimension s cannot go to infinity, say, s € [1,s*] for an arbitrary integer s*.
Then there exists a positive C' such that

1/(14s%)

ens(g) <Cw" for all primes n and s € [1, s*].

Indeed, since (s!)'/* > s/e, and this inequality is asymptotically sharp due to
Stirling’s formula, we have

en,s(g)

sup ot/

n primes, s€[1,s*]

/2

de \*/ /s _p1/(4a*)

< C:= ( 2) sup Vnws/ et < 00
Ww—w neN, se[l,s*]

This means exponential convergence for a restricted range of s. In this case, we

want to find a prime n for which e, s <e. It is enough to find an integer n that is

not necessarily prime for which C’w"l/(HS ) < g, and then use the fact that we can

find a prime in the interval [n,2n]. This yields the bound

1 14+s*
n(e, s) <2 KM) w forall se[1,s%], € (0,1).

In w1

Hence, we obtain exponential convergence with strong polynomial tractability for
a restricted range of s. However, we stress that the exponent of In e~ ! is 1 + s*
and for large s* it can be quite harmful.

Consider now the case when s can go to infinity. Then the lower bound on
en,s(g) in Theorem [ implies that exponential convergence does not hold. Indeed,
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for any q € (0,1) and p > 0, we estimate (s!)'/* < s, take s > 1/p so that p > 1/s,

and then

lim sup %Lg)g) > limsup exp (—% sn/* Inw™! +n? 1nq71) = 0.
n—00 qr n—00

This means that we cannot achieve exponential convergence as long as we use
lattice rules. But maybe it is possible to achieve exponential convergence and at
least weak tractability if we use different algorithms. Unfortunately, it is not the
case as shown in the next theorem.

Theorem 3. Ezxponential convergence with weak tractability of multivariate inte-
gration for the Korobov space with wp, = w!® | where w € (0,1), does not hold.

Proof. We use Theorem[Il For all h € Ay j;, we have wp, > w'* . Furthermore, note
that h —h* has at most 2k nonzero components and these nonzero components are
from {—t,—t +1,...,t}. Therefore,

When+ > w2 forall h,h* e A ket

1 tk
max Z < |As,k7t| _ <5>

2tk w2tk
h*€As k.t heA; k.t ot

Theorem [ yields that

) W2tk s\
e“(n,s) > —~—— forall n< to.
MR ()
Suppose that we have exponential convergence and weak tractability. Then

e(n,s) < C(s) ¢"" forall s,neN,

with In C(s) = exp(o(s)) as well as ¢ € (0,1) and p > 0.
Now take t = s and k = |s/2] with

aw B 9s gls/2]

s/2

Hence,

Then for large s, we have n > 5%/ and

$\ 172
1< (k> tk/ZW—tk C(S)qsl)/Q.

Taking the logarithms we conclude that
0<2(1+0(1)s*mw + exp(o(s)) — s°P/2 In gL,

For large s, the last inequality is not true since the right-hand side tends to —oo.
This completes the proof. (Il

In summary, the choice of wp = w!?! yields exponential convergence with strong
polynomial tractability for a restricted range of s, and this can be achieved by
using lattice rules. We think it is quite a positive result as long as the range of
s is restricted to [1,s*] with a relatively small s*. However, if we allow s to be
arbitrarily large, the choice of wp = w!?l does not yield exponential convergence
and weak tractability. We need to consider smaller coefficients wp, to achieve our
goal of exponential convergence and at least weak tractability.
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4.2. Weighted case. In this section we consider the Korobov space for which suc-
cessive variables and groups of variables may play a different role. This is achieved
by introducing three sequences of nonnegative weights

Y= {Vsutsen,ucls]s €= {Csutsen ucls]s B = {Bsutsen ucis)s
where

[s] :={1,2,...,s}.

If 5 is clear from the context, we will be using the shorthand notation 7, = s .,
¢y = ¢sy and By = B, . We always assume that 7y = 1 and ¢y = 0 as well as that
By > 1 and ¢, > ¢g > 0 for all nonempty u C [s].

For h € Z*° we denote up, = {j € [s] : h; # 0}. We choose the coefficients

Cuy, |h|B“h

Wh = Yu,, W forall heZ®,

where w € (0,1). Note that wg = 1 and
Zw <max ch"‘h‘*max 14 2 S<oo
h i B Yu 1 — w0 )
hezs hezs

as needed in ({J).
This corresponds to the reproducing kernel given by

zy) =3y W epmi(h,0) (z - y)

uCls]  h,e(z\{o})nl

for all x,y € [0,1]*. Here, for h, € (Z\ {0})™! the jth component of the vector
(hy,0) € Z*is h; if jeuand 0if j ¢ u.
The worst-case error e, s(g) of the lattice rule with generator g € {0,1,...,n —

1}* is now
B
g Yu E wcu‘hul u’

0F#uC[s] hy€Ly g
where the dual lattice is given by
= {hy € (Z\ {0} : (hy,0) - g =0 (modn)}.
We define a suitable figure of merit by

pulg) = hunel.i/:I,l.‘g [Pyl

Note that p,(g) > |u|. Furthermore, we set

= min pu(g).
r(g) o P (9)

Lemma 4. For 0 <w <1 and integers p > r > 1 and o > 1, we have

3 () E e (G [
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Proof. We transform

Z(r—l) vo= wpalg;)(f—J AT Z(r—l)

k=p
o0
- k—r+r—1
— p’—p k
o Z( T_l )w
k=p
o0
o k—l—’l"—l
— p?—p+r k
NS < - >w.
k=p—r
Using (6) we conclude
— (k—1\ o -1
Z W < WP PP P (1-—w)™". O
h r—1 r—1
=p

We bound the worst-case error using the figure of merit in the following lemma.

Lemma 5. The worst-case error e, s(g) of the lattice rule with generator g and
with n points in dimension s is bounded by

[u -1
Cu u(g)ﬁ“ cupu(g) ﬁ“ 7u2 (Pu(g) >
E FYuw P e; E w SEL _
oAl ol  0suc s (1 —we)luh - Ju =1
Proof. We have

Gald) = 30w 3o wn

@#HC[] h, eﬁug
IR Ml My
0F#uCls]  k=pu(g9) huELy g
|hu|=k
() - T3 e T
0#uCls]  k=pu(g) h €Ly g
‘hu‘:k
< Yoy e (f7)
0AuCls]  k=pu(e) ful =1
<y w02 (lg) 1
B P#£uCls] (1= we)h =1 )7
u

which is the upper bound. To prove the lower bound, we use (I0)

Gn,s(g): Z Yu i UJCukﬁu Z 12 Z ryuwcupl‘(g)ﬁ". 0

0#uC[s]  k=pu(g) hy€Lu g 0F#uCls]
|y =k

Next we prove an existence result for generators g with a large figure of merit.

Lemma 6. For a prime number n and arbitrary positive real numbers d, with

Y du<l,

O#uCls]
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there exists a generator g € {0,1,...,n— 1}* such that
pulg) > [2*1 (Jul'dy n)l/‘ul—‘ —1  for all nonempty u C [s].

Proof. For each given h € Z° \ {0} there are n®~! choices of g € {0,1,...,n —1}*
such that g - h =0 (mod n). For § # u C [s] and for £ > |u|, we have

(€ 2\ {O)H Ry = )] = 2 ( (-1 )

ul -1
Take an integer p, such that py > |u|. Then

e € @\ (0D ] < )] =20 3 (u) =2 (%)

£=|u |l
Therefore,
Hg €{0,1,....,n—1}°: pu(g) < pu}| < n°t2l <PJ>
Thus, if
a () <

where n® is the total number of possible generators, there exist more than (1—d,)n?
generators g € {0,1,...,n — 1}* such that p,(g) > p,. We have

9lu]
olul (Pu) 2 Jul
(u = up ™

Thus (L)) is satisfied for p, for which 2‘”‘(\11\!)*1;)'11“‘ < dyn, that is, for
pu = 27 (Jul! dyn) /] — 1.
For () £ u C [s], let
Au =19 €{0,1,...,n=1}": pu(g) > pu}
and A = y_,cpy Au- Let A" ={0,1,...,n — 1}*\ A, similarly define A}. Then

we have
A= | A< > lAll<n® > di<nt
0#ul(s] 0#ul|s] 0#ul|s]
Thus, the set A is nonempty, and there exists a g € {0,1,...,n — 1}* such that
pu(g) > py for all @ # u C [s], as claimed. O

Lemma 7. For w; € (w,1) and ¢ > 0, there exists a positive number C =
C(w, w1, c) such that

1 )
<i 1>w”k<wa””k forall xz,keN and c> co.

Proof. Let q := w/w;. Clearly, ¢ € (0,1). Then
1 .
(i_l)qczk < (x_l)kflqczk <$chxk Sxqu)x

< supmqg®™ =:C < 0,
meN

k

as claimed. O
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Combining Lemmas [l [6] and [7, we obtain the following theorem.
Theorem 4. Assume that
Bu>u| and ¢y >co >0 for all nonempty u C [s].

Let wy € (w,1). For a prime number n and arbitrary positive real numbers d,, =

ds,u;

O£uCl[s], with Y dy<1,
0#uC|[s]

there exists a generator g € {0,1,...,n— 1}* such that

—lul
ei’s(g) <0 Z wfu4 |u|!du",yu2|u|(1 _Wcu)—lu\7
0F#ul|s]

where the positive constant Cy depends only on w, wi and cg.

Proof. From Lemma [B] the assumption on the 3,’s and Lemma [ we obtain

¢ Fu Cu\— p g _]-
) € 3 w0y (O )
0F#uCls]
u _ 1
é Z wcupu(g)‘ \7u2|u|(1 _ wc“)_lul (prllg)_ ) >
0F#uCls]
lul
< Z wiupu(g) ’yﬂ‘“'(l—wc“)"“ﬁ
PF#uC[s]

Using Lemma [6] and the fact that p,(g) > |u| > 1 for any nonempty u, there exists
a generator g € {0,1,...,n — 1}° for which

cu(max{[271 Ldyn)t/ vl —1, Jul o
et (g <Cr Y o {127H (ult ) P =LI ol g eu—lul
P#uC|[s]

If 27 (|ul' dyn)Y/ > 1, then we have
27 (Ju|! dyn) Y/ — 1 > 471 (Jull dyn) /14,
If 271 (Ju|! dyn)/I*l < 1, then we have
max{[27 (Ju! dyn)/ "] — 1,1} = 1 > 27 (|u|! dyn) /1.
Hence, in both cases, we have
max{[27 (Ju]! dyn)* "] — 1,1} > 471 (Ju|! dyn) P/

and, therefore,

—lul
63175(9) <0 Z w<1:u4 |u|!dun,yu2|u|(1 _Wcu)flu\7
P#uC|s]

as claimed. O
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5. TRACTABILITY

We present conditions on the weights [, ., cs and v, to obtain tractability
and exponential convergence. We recall that these weights define w, p, by

Csyup, ‘h‘ﬁs,uh

Ws,h = Vs,up W forall heZ®
with up, = {j € [s] : h; #0}.
Theorem 5. Choose 35, and cs, such that

Bsu > ul and cou>co >0

for all s € N and all nonempty u C [s]. Assume that

Let wy € (w,1). Then for every prime n and any dimension s € N there exists a
generator g € {0,1,...,n — 1}® such that
ens(9) < CLO(s)wi™,

n,s

where a positive number C depends only on w,wi and cy,

C(S) = Z 'YS,uz‘u‘(l _ wcs,u)*hl‘
]

0#uC[s
and
4lul
— = sup 7 <00
C  seN 0uC 5] cs,u|u|

In particular,
o if
sup C(s) < oo,
seN

then we have exponential convergence with strong polynomial tractability,
and

n(e,s) =01 +Ine b)) forall €(0,1), s€N,
o if there exists a positive T such that

sup 77 In(1+C(s)) < oo,
seN

then we have exponential convergence with polynomial tractability, and
n(e,s) =0(s" +Inet) forall € (0,1), s€N,
o if
lim In(14+1In(1+C(s)))

8—00 S

= O7
then we have exponential convergence and weak tractability, and

n(e,s) = Oexp(o(s)) +Ine™t) forall € (0,1), s€N.

1

In all three cases, the factor in the big O notation is independent of €=+ and s.
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Proof. First of all, note that ¢ > 0. Indeed, we assumed that the limit superior of
> AN/ (e ulult)
P#uCls]

is finite, and therefore the supremum over s of the same sum is finite. Hence,
1/c < 0o and ¢ > 0.
For any () # u C [s], define
c4lul
Csulull’

ERTE

Then Z@?&uqs] ds.w < 1. By Theorem [] there exists a generator g € {0,1,...,n —
1}* such that

~lu]
62 (g) < Cl Z w;s,u4 \u|!ds,un757u2|u|(1 _ wcs’“)_‘ul
0#uCls]
— Ot Y a1 )l
DF#uCls]

= C1C(s)wi",

where C7 > 0 is as in Theorem (4] and hence depends only on w,w; and cy.
This means that we have exponential convergence. The conditions on tractability

in terms of C(s) have already been established in Section 2. This completes the
proof. O

We now show how to find ¢ and ¢q for
Con = (u) M4 JT5* with a>1
JEuU
for all nonempty u C [s]. Then

- S I

0£uc(s) 5 0£uC[s] jeu

- Y ¥ I

k=1uCN,|u|=k jEU

< Y () (@)F = exp(¢(a) - 1,
k=1
where (o) = 3772, j~“ is the Riemann zeta function. Therefore, ¢ > (exp(¢(a)) —
1)~ Since
Con = ()M TT 5% = (ju)o—tall > 4
JEuU
we can take cg = 4.
Another choice of ¢, is ¢5 = ¢(s) for some function c. Then we have
4lul 1 N4k 1 4k sk
o LRy e
Wowrel® Csulu! c(s) = k' \k c(s) = k! k!
1 4F 32 exp(s)

c(s) Tren K exp(s) = 3¢(s)
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Hence, the last sum is uniformly bounded in s, for instance, if we take ¢(s) = exp(s).
For such ¢(s) we have ¢y = e and ¢ > 3/32.
We now illustrate Theorem [5] for product weights. That is, 759 = 1 and

u = H Vs,j
JEuU
for all nonempty u C [s]. Here, {7, ;}sen,j=1,2,...s is a given sequence of nonnegative

numbers. From Theorem [l we easily obtain the following corollary.

Corollary 1. Consider product weights vs. with s, and cg, satisfying the as-
sumptions of Theorem Bl Then

o if
lim sup < 00,
3
Jj=1
then we have exponential convergence with strong polynomial tractability,
and

n(e,s) =01 +Inet) forall £€(0,1), seN,
o if there exists a positive T such that
limsup s~ 5.5 < 00,

then we have exponential convergence with polynomial tractability, and for
any positive § we have

n(e,s) =O(s™° + Ine ) forall €€(0,1), s€N,
o if
lim 7111 Ej 17e.d

8—00 S

then we have exponential convergence with weak tractability, and

n(e,s) = Oexp(o(s)) + Ine™t) forall € (0,1), s€N.

:O7

1

In all three cases, the factor in the big O notation is independent of €=+ and s.

Proof. We have
Z Ve, W21 = o) ~Iul,

0#uC[s]
Since ¢;, > ¢o > 0 for all nonempty u C [s], we obtain
° 2
Cls) < ) H%ul H(H%,jm>—1
0#ul[s] jEU =1
- 2
< 1 1 Y P —
< exp|ln H( +7,gl_w60>

—~
—_
[\

~

I

S S
2 2
exXp E In <1+75,jm) < exp 1 _ o E Vs,j
j=1

j=1
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Hence
In(1+C() =0 [ 1+ 7,
j=1
The rest easily follows from Theorem [l and the assumptions on Z;zl Vs.j- O

Note that for v, ; = 1 the condition on strong polynomial tractability is not sat-
isfied, but we have polynomial tractability with 7 = 1. For v, ; = s®, polynomial
tractability still holds, however, now 7 = k£ + 1. Finally, for vs; = 3%, the con-
dition on polynomial tractability does not hold for any positive a, however, weak
tractability holds for any a < 1.

Remark 2. We now discuss the role of the weights ;. They are more important
than the weights 7, and ¢, since they determine the powers of |h| in the expo-
nents of w. In Theorem [l we assumed that (s, > |u|. Obviously, it is possible
to modify Theorem [ with the assumption S, > Bo|u| for some positive Fy. We
choose fy = 1 to simplify the notation. However, the choice 85, = o(|u|) with the
same assumptions on v, , and ¢, contradicts exponential convergence with weak
tractability as we will now show. From this point of view the choice B, = Q(Ju|)
is best possible.

For simplicity, take 75, = 1 and ¢, ,, = exp(s). We know that this and S, > |u]
yield exponential convergence with polynomial tractability.

We now assume that 85, = S(Ju]) = o(Ju|) for some monotonically increasing
function 8 such that S(Ju]) > 1. We show that exponential convergence with weak
tractability no longer holds. To prove this we use Theorem [Iland proceed similarly
as in Theorem [3l By the conditions on the weights, for all h, h* € Ay ; we have

Wh—h* = WweP(s) (2tk;)ﬁ(2k).
Hence,
exp(s) (th)ﬁ@k)
62(717 S) Z ws—
(a)tF
for all n < (7)¢"
Without loss of generality, we assume that s is even and take t = s, k = s/2 and

s.8/2
n= ()t —1=0 (557).
Suppose that exponential convergence with weak tractability holds. Then there

exist a positive p and ¢ € (0, 1) such that

e(n, s) < exp(exp(o(s)))¢" forall s,neN.
This leads to
n? 1 exp(s) s28(3) 95/2 gs/4
exp(exp(o(s)))q™ > w3 oxp(s) /6 (517> |

and taking the logarithms we obtain
9sp sp/2 20(5)1
exp(o(s)) + © ( s > 0gq exp(s)s ogw
sp/2 2

+0 (sl(;g? N (5—14)10g5> >0.
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For large s, this reduces to
exp(s) s°G) > @ (281’3(8_1)17/2)
which is a contradiction.

Remark 3. We stress that we can obtain strong polynomial tractability with weaker
assumptions on the weights if we only demand a polynomial convergence instead of
the exponential one. In this case, we can even choose 35, = ¢s = 1. Then

Ws,up = Vs,up W for all h e Z®.

By the usual averaging argument using Jensen’s inequality (see for example [1§]),
we obtain that for any s € N and any prime n there exists a g € {0,1,...,n — 1}*

such that N
1 > gwi/a \
2 < 1/«
en,s(g) = (n _ 1)0‘ ’78711 1 _ wl/a ’

DA#uC[s]
for positive a that can be arbitrarily large. If
o ) 1/« [u]
(13) Cor=sup Y 7k =) <,
seN ’ 1—wl/
P#uC(s]

then we have
n(e,s) < ’7004572/6[‘ :

which means strong polynomial tractability. If the weights ~, , are of product form
independent of s, i.e.,
You = [ [

JEU
where {7,},en is a sequence of nonnegative reals, then condition (I3) is satisfied iff

o0
> < oo
j=1

6. CONSTRUCTIVE APPROACH

We present a constructive result, now in the weighted setting. The “pseudo-
constructive” point set of Remark [[l no longer works. However, it seems natural to
use sample points from regular grids with different mesh-sizes that depend on the
weights. In the following we assume that we are given an increasing sequence

1<B(1)<pR2)<...

of positive reals such that §* := "2, 1/8(i) < oc.
For s,m € N, let the point set Py be given by

({)-{2)

for k; =0,1,...,m; — Land i =1,2,...,s, where m; := |m!/(#"-A@)|,
The cardinality of the point set P is

n=]] {ml/(ﬁ*ﬂ(i))J <mAF i B0 <

i=1
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The point set P; is a grid with the mesh-size 1/m; that does not decrease with
the coordinate direction ¢. The mesh-size is small for the important directions that
correspond to small weight §(i), and becomes larger and larger for less important
directions corresponding to large weights (7). In particular, since 8* - 8(¢) > ¢ and
goes to infinity with ¢, we have m; = 1 for large 7.

Theorem 6. Choose the following weights:
e Ysu=1 forallseNanduC[s],
o fou = f(maxjc,j) for all s € N and nonempty u C [s], where 3 : N - N
s some function such that

o0

1<B1)<B@)<... and B =) 1/8(i) <o

i=1
® Cou= 285 for all s € N and nonempty u C [s].
Then for any s € N for the point set Ps defined by ([[dl) with n = |Ps|, we have

1/8*

EL,S(’PS)SCSU‘)TL )

e

for some ¢ > 1.
That is, we have exponential convergence with polynomial tractability, and

n(e,s) = 0O ((s +1In 5_1)/3 )
with the factor in the big O notation independent of ' and s.
Proof. The worst-case error for integration using a quasi-Monte Carlo rule with
quadrature points P and n = |Ps|, is given by
1
2
en,s(Ps> =-1+ ﬁ Z K(mvy)
z,y€Ps

Then we have

6%,3(7)3)

mi—1 mg—1

LT R 3

kii=0 ko, le=0uC][s]

culhu P o hj(k; —15)
ooow exp 77124771

hy€(Z\{0})!v] en
2
c BuH- m:
uCl[s] h,e(z\{0})ul i=1 1Y
mj—l
[T 3 exp(emin(k; —1;)/m;)
jeUk“ lj:O

|h |B Hg 2
= —1+ woulhal® ZIE
2. X T 2

uCls] hye(z\{0})!!

mj—1

X H Z exp(2mihjk;/m;)

J€Eu | k;j=0
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For any m € N and h € Z we have

m—1

. m if h =0 (modm),
Z exp(2rihk/m) = { 0 ifh#0 Emod m;
k=0 .

Therefore, we obtain

ei,s(PS) = —1—|—Z Z wcu‘hu\ﬁ“

vElel  hye@\fop!
h;j=0( mod m;)Vjcu

14+ Z Z wcu(lalmul\+~~-+|aum,,‘u‘|)Bu

uC[s] ae(z\{0})Iul

Bw|y|)

3 S e e

0#£uC[s] ac(Z\{0})!u!

where u = {vy,--- , vy}, with vy <wvp <--- <y and where a = (ay, ..., q)y)).
Since 7 = B(v)y|) > 1 and a; > 1, we have

[ul [ul

D lail (2mu)7 <Y Jadl” (2my,)"
i=1 i=1

By Jensen’s inequality, we have

[u] [u]
T T
> as” (2my,)7 < [ Y il 2my,
i=1 i=1
Therefore,
-
u] u]
-
> asl2my, | > Jail (2m,)"
i=1 i=1
Hence,
B(v B(v B(viy
w(2(‘a1m"1‘+"'+‘a\u\mv‘u‘|)) #)up) w(2m!'1) ( ‘“|)|a1|+-"+(2m,,|“‘) ( \x\)la‘u‘l
B ) Bjy))
< wm{i.ﬁ(ul) \a1\+v--+mB'B(”I"\) laju)l
< w|a1|+-~+\a\u\71|+m1/5|a\u|\.

Therefore, we have

ful-1

By e .

E w(2(|a1mu1\+~--+|a‘u\mu|u‘\)) ul < <2§ wa) 2§ waml/ﬁ )
a=1 a=1

ac(z\{0o})!!

Hence, for the worst-case error we get

and the result follows.
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Remark 4. If we take 8 as in Theorem [G and redefine

log 3
Con = — 255,1.
g w

Z Ysu < 00,

D#uCls]
then following the proof of Theorem [@] it is easy to see that we even obtain the
exponential convergence with strong polynomial tractability.

and 7s , such that

Remark 5. The (essential) weights S5, in Theorem [f] are larger than the weights
Bs.u in Theorem However, the weights s, in Theorem [0l are again, in some
sense, best possible if regular grids with arbitrary mesh-sizes are used. To see
this, again take v, = 1 and c¢s, = 2054 as in Theorem [, and assume now that
Bu = B(max;e, j) with a monotonically increasing function § such that

oo
> 1/8(i) = +o0.
i=1
This holds, for instance, for (i) = i.
Let o(s) := >.7_;1/B(i). Then for given integers my,...,mg, n = my---ms,

take the grid P, given by

({5}

ks
) me
fork; =0,1,....m; —landi=1,2,...,s.

From the proof of Theorem [f] we have

e P) = 33D lermaletem, )T
0#uCls] ac(Z\{0})Il

S
S Wi s mimzue )

v=1
u={v}

vV

Even for real m, with my---m, = n we have

min mP®) < pt/o),
1<v<s

Hence,
1/0(s)
e (Ps) 2 w?™ )

n,s

and since lims_,o, 1/0(s) = 0 we cannot have exponential convergence.
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