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DISCONTINUOUS FINITE ELEMENT METHODS
FOR A BI-WAVE EQUATION MODELING
d-WAVE SUPERCONDUCTORS

XIAOBING FENG AND MICHAEL NEILAN

ABSTRACT. This paper concerns discontinuous finite element approximations
of a fourth-order bi-wave equation arising as a simplified Ginzburg-Landau-
type model for d-wave superconductors in the absence of an applied magnetic
field. In the first half of the paper, we construct a variant of the Morley finite
element method, which was originally developed for approximating the fourth-
order biharmonic equation, for the bi-wave equation. It is proved that, unlike
the biharmonic equation, it is necessary to impose a mesh constraint and to
include certain penalty terms in the method to guarantee convergence. Nearly
optimal order (off by a factor |lnh|) error estimates in the energy norm and
in the H'-norm are established for the proposed Morley-type nonconforming
method. In the second half of the paper, we develop a symmetric interior
penalty discontinuous Galerkin method for the bi-wave equation using general
meshes and prove optimal order error estimates in the energy norm. Finally,
numerical experiments are provided to gauge the efficiency of the proposed
methods and to validate the theoretical error bounds.

1. INTRODUCTION

This paper is the second in a series (cf. [I3]) which concerns finite element
approximations of the following fourth-order problem:

(1.1) SPu — Au = f in Q,
(1.2) u=0,u=0 on 09,
where

<ok, Ou 1= Ozet — Oyyu,

D%u :=0(0u), 7 := (1, —na).

Here, © C R? is an open and bounded domain, n := (n,ns) is the outward unit
normal to 912, and Oru := Vu - 7. As the d’Alembertian [ is the two-dimensional
wave operator, we shall henceforth call 02 the bi-wave operator throughout the
paper.

Equation () is obtained from the Ginzburg-Landau-type d-wave model consid-
ered in [§] (also see [24] [I8]) in the absence of an applied magnetic field by neglecting
the zeroth order nonlinear terms but retaining the leading terms. In the equation, u
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denotes the d-wave order parameter. We note that the original order parameter in
the Ginzburg-Landau-type model [24] [§] is a complex-valued scalar function whose
magnitude represents the density of superconducting charge carriers. However, to
reduce the technicalities and to present our ideas, we assume that u is a real-valued
scalar function in this paper and remark that the finite element methods developed
in this paper can be easily extended to the complex case. We also note that the

parameter d appears in the full model as § = —%, where 3 is proportional to the
ratio %, with Ty and Ty being the critical temperatures of the s-wave and

d-wave components. Clearly, 8 < 0 (or § > 0) when Tyo < T < Tgo and 8 — —o0
(or § — 0) as T — Tgo. Hence, § is expected to be small for d-wave like super-
conductors. We refer the reader to [8] [18], 24, [I1] and the references therein for a
detailed exposition on modeling and analysis of d-wave superconductors.

In [13], the authors developed two conforming finite element methods for (III)—
([L2), and showed that unless special meshes are used, conforming finite elements are
necessarily C! elements. Consequently, conforming plate elements such as Argyris,
Bell, Hsieh-Clough-Tocher, Bogner-Fox-Schmit elements (cf. [7]) must be used in
the case of general meshes. Since these finite elements require either the use of fifth
or higher order polynomials or the use of exotic and complicated elements, it would
be expensive and less efficient to solve the bi-wave equation (L)) in such a fashion.
This is the main motivation to construct low-order nonconforming finite element
and discontinuous Galerkin methods.

The primary goal of this paper is to develop nonconforming and discontinuous

Galerkin methods for problem ([I)-([2)). One may readily verify that
0*u 0*u 0*u
Oxt Ox20y> + oyt
As a comparison, the biharmonic operator A? is defined as
0*u 5 0*u 0*u
91+ 01202 + oy’
Although the difference between the bi-wave and biharmonic operator is subtle, they
are fundamentally different operators, as (02 is a hyperbolic operator, while A? is
an elliptic operator. However, it does seem possible to use various finite element
methods for the biharmonic problem as a guide to construct numerical methods
for the bi-wave problem. This is exactly the approach we take. The first half of
this paper is devoted to the study of a nonconforming finite element method for
equation (Il), where we construct a variant of the Morley element (which is used
for the biharmonic equation) that is naturally associated with the bi-wave problem.
We then define the finite element method based on this new element, which unlike
the biharmonic equation, requires additional jump terms to guarantee convergence.
The second half of the paper is devoted to the construction and analysis of a
family of symmetric interior penalty discontinuous Galerkin methods for problem
(TI)-([T2), which is closely related to the method in [3] (also see [12]) for the
biharmonic problem. The discontinuous Galerkin methods we develop are natural
extensions of the Morley-type nonconforming method, as penalty terms must be
used in the method for convergence. As expected, the proposed discontinuous
Galerkin methods are very flexible, in particular, they do not impose any constraint
on the mesh for stability and convergence. Furthermore, they allow the use of low
order polynomial (quadratic or higher to be specific) trial and test functions.

2 =

A%y =
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The remainder of the paper is organized as follows. In Section[2, we state prelim-
inary results concerning the well-posedness of the bi-wave problem and regularity
estimates of the weak solution established in [I3]. Section Blis devoted to the con-
struction of the new Morley-type finite element and the finite element method for
(II) using this element. We first construct the new finite element and state certain
properties of the element. We then define the finite element method and prove
nearly optimal order (off by a factor |Inh|) error estimates in the energy norm
and in the H'-norm. In Section E] we state the discontinuous Galerkin method
and derive optimal order error estimates in the energy norm when the solution to
(CI)-(T2) belongs to H*(). We then prove optimal order error estimates when
the solution is only H3(f2) and quadratic polynomials are used. Finally, in Section
Bl we present some numerical experiments to gauge the efficiency of the proposed
finite element methods and to validate our theoretical error bounds.

2. PRELIMINARIES

Standard function space notation is adopted in this paper. We refer the reader
to [0l [7] for their exact definitions. In addition, (-,-) and (-, -)sq are used to denote
the L2-inner products on Q and 02, respectively, and C will denote a generic J-
and h-independent constant that may take different values at different appearances.
We also introduce the following additional space notation and norm associated with

problem (LI)—-(T2):

Vi={ve H(Q); OveL*N)}, Vo = {v € VN H§(Q); drv|,, =0},
(v,w)y == 6(0Ov, Ow) + (Vu, Vw), lvllv ==V (v,0)v,
|Vv| := Vv - Vo, Vv = (0v, —0yv).

It is clear that V' endowed with the inner product (-,-) is a Hilbert space, but we
note that this is not the case if the harmonic term Aw is removed in ([I.T), since
kernels of the bi-wave operator (12 and the wave operator [0 may contain nonzero
functions satisfying the homogeneous Dirichlet boundary condition (see []).

The variational formulation of (LI)-(T2) is defined as seeking u € Vj such that

(2.1) Al (u,v) = (f,v) Yu € Vp,
where

A% (u,v) := (u,v)y,
and (-, -) represents the pairing between V' and its dual V*.

The following theorem concerns the well-posedness of the variational formulation
@I). A proof of the theorem can be found in [I3].

Theorem 2.1. There exists a unique solution to (21). Furthermore,

(2.2) ullv: < I fllve,
where (o)
fv
[ fllv-= sup :
0#veV lvllv

Moreover, if the boundary 052 of the domain Q is sufficiently smooth, there exist
constants My, > 0 (m > 0) such that the weak solution u of 1)) satisfies

(2.3) Vo DPu|gm + VO|VOU|gm + |Au|gm < My |flgm if f € H™(Q).
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We end this section by stating some trace and inverse inequalities [3} [7}, 6] which
we will use later in the paper.

Lemma 2.1. Let D C R%(d > 2) be a regular and star-like domain, and let
p = diam(D). Then there exists a D-independent constant C > 0 such that

. i 1 _1

(i) lvllz2op) < C[HUHZz(D)Hv”sz(D) +p 2 HUHLQ(D)] Vv € Hl(D)>
(p—2)d % % (¢—=2)d 1

4 HUHLP(D)||VUHL2(D) +p 2 HU||L‘1(D)]

(ii)  fvllz2opy < Clp

Yo € H'(D), 2<p, q<

1_9 ifd>3;2<pqg<ooifd=2,

_1
(iii) [|vllz20p) < Cp™ 2 |v||L2(p) Vv € P.(D),
where P.(D) denotes the space of polynomials of total degree not exceeding r in D.

Remark 2.1. We note that inequalities (i) and (iii) are very often seen and used
in the literature. However, to the best of the authors’ knowledge, inequality (ii)
is rarely seen in the literature, although it can be proved easily by the standard
scaling argument [7l [6].

3. A MORLEY-TYPE NONCONFORMING FINITE ELEMENT METHOD

3.1. Construction of the nonconforming finite element. In this section, we
define a new nonconforming finite element for problem (LI)-(C2). This new ele-
ment has similar properties to that of the Morley element which is a nonconforming
finite element for plate bending problems [22] [I7], 20]. First, we introduce the fol-
lowing notation, which will be useful in both this section and the next section.

Let Tn be a quasi-uniform triangulation of € with mesh size h € (0,1). For a
given T' € Tp,, let (AT, AT, A1) denote the associated barycentric coordinates, and
a; (1 <1 < 3) denote the vertices of T. Let e; (1 <14 < 3) denote the edge of T of
which a; is not a vertex. Next, we define the following sets of edges:

EL = {e; enoN =0}, EB .= {e; en0Q # 0}, En=ELUEB.

For any e € 5,{, there exists 11,7 € Tp such that e = T3 NT,. For v €
HY(Ty) N HY(Ty), define the jumps and averages of v on e by

o =5 00 ),

p- Forv e H*(Th) N H*(Ty), a € R?, we define the jumps and
averages of 0,v := Vv -« on e by

1>

where v0 = v

[(%UHG = 9,vT |e — 9™

67

(0u}], = 3 (0™, + 0,07,

and for v € H3(Ty) N H3(Ty), a,B € R?, we define the jumps and averages of
Oapv = D?*va - B (where throughout the paper, D?v denotes the Hessian of v) on
e as follows:

[0apv]], = Bapv™|, — Dapv™

67

1
{aag’l)}|e = 5 (8a5vT1 |e + aag’l)T2 |8) .

For any e € 8,’?, there is a triangle T} € 7Ty, such that e = 0T7 N 9. We then
define the jumps and averages of v, 0,v, and J,gv (assuming such quantities are
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FIGURE 1. Example of a nonuniform mesh (left) and a uniform
mesh (right) of the domain Q = (0,1)? such that every triangle
has no type I edge.

defined) as follows:
[o]|, = v" . {0}], =™,
[aav] |e = vT1’ {a‘lv}|e = le e’
e’ {8QB/U}‘E = O"BUTl’e'

In the rest of this section, we shall often encounter the following shape charac-
terization of the meshes.

e?
[Oav] ‘e = Oap v’

Definition 3.1. For e € &, let n and 7 denote the outward unit normal and unit
tangent vector of e, respectively. We say that e is a type I edge if

(3.1) m=T O W=-—T.
Otherwise, e is called a type IT edge if condition (Bl does not hold.

Remark 3.1. (a) We note that if e is a type I edge, then @ = (ny, —ng) = £7 =
+(m,72) = £(n2, —n1). Therefore, we conclude
V2

= —(x1,£1).
r= L2, 1)

That is, the edge e makes an angle of 7 in the plane with respect to the r-axis.
Examples of meshes such that every triangle in the partition has no type I edge are
shown in Figure [1

(b) For T € Ty, e; C 9T, let n?, 7() denote the outward (from T') unit normal
25

and unit tangent vector of e;, respectively. Then using the identity n(?) = R

e; is a type I edge if and only if
|[VAT| = 0.
We now define a new finite element S = (T, Pr,¥7) as follows:
(i) T is a triangle with no type I edge,
(ii) Pr =Po(T), the space of quadratic polynomials,

_ v(ai)7 1 = ¢ < 3’
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a.

1 a3

FIGURE 2. Element S¥. Solid dots indicate function evaluation
and arrows indicate evaluation of derivatives in the direction 7

where a;; = 3(a; + a;).
The reason to restrict the element such that 7" has no type I edge is explained
in the following lemma.

Lemma 3.1. Suppose T € Ty has a type I edge in the set E,. Then X is not
linearly independent, and hence, S¥ is not unisolvent on T.

Proof. Let e3 denote the type I edge of T. For v € Pp, write
U’T =c1(A)2 + oA + AT AT + e\ T + 50T + 6.
We then have

v(ag) = cg,
v(ag) = ca + ¢5 + v(as),

v(ay) = ¢1 + ¢4 +v(asz),

VALY
Onv(az) = —((01 + ) VAT + (ca +¢c5)VAS + %(V)‘lT + V>‘2T)) ‘ m
3
Noting
(VAT + VALY - VAT = —|VAF| =0,
we obtain
T VAL
Inv(ar2) = ((v(ag) —v(a1))VA] + (v(as) — v(a2))VAz) - W
3
Therefore, the degree of freedom 9rv(a12) is redundant in 3. |

Remark 3.2. In contrast, the two finite elements constructed in [I3] for problem
([CI)-([T2) require that every triangle T' € T, have exactly two type I edges, which
can be considered the opposite mesh restriction that is required to use the Morley-
type element SY.
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Remark 3.3. The basis functions associated with the element S} = (T, Pr, ¥r) are
given by

\¥
o] = IV jT”AjT(Af—l), 1<j<3,
VAT

pi =1 (AT +A])+ 2077

T T

= ; 2 . .

—V)\;TF-V)\T L] + J , 1<i<j<3.
! (HV&TH HV/\jTH)

We note that if we replace V(-) with V(-) and |V(-)| with |[|[V(-)||?, we obtain the
standard basis functions for the Morley element [17], 22].

3.2. Properties of the new finite element. Let V" be the corresponding finite
element space to the element S¥, and let V' consist of the functions in V" whose
degrees of freedom vanish on 012, that is,

vh = {v’T € Py(T); v is continuous at each degree of freedom in Xp, VT € 7}1} ,
Vi = {ve V" v vanishes at all degrees of freedom on o0} .

Next, define the following broken Sobolev norms and semi-norms

ol == D WolEmery:  Plin = Y [olfm)
TETh TeThH
and it is understood that ||[v||o,n = ||v]|L2-

Let IIpv denote the standard interpolation of v associated with the finite element
Sk that is,

3

v = Z goz;-v(ak) + Z cpjraﬁv(aj).

1<i<j<3,k#i,j j=1

We also define II,v € V" such that Hhv|T = Iy (v|T) , VT' € T;,. We note that
IIyv = v Vv € Po(T), and therefore, using standard interpolation theory [7] we
have for 0 < m < 3,

|1} - HTU|H7"(T) S Ch37m|U|H3(T) Yv € HS(T), T e 7;L

Next, we show that the finite element space V" inherits a form of “weak conti-
nuity” which will play a crucial role in our analysis.

Lemma 3.2. For all o € R?,
/[&xv]ds:o YoeVh ecé&l,
€
/aavds:o Yoe V), ecé&P.
€

Proof. Given e € &, let a1, as denote the endpoints of e, a2 the midpoint of e,
and n, 7 the normal and tangential direction of e. By hypothesis @ # 7. Thus,
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we can write for any constant vector o € R?,
/&wds = ?1@2 /(a (r =77 m)0rv + - (7= (7 7)) v ) ds
1
z (a (r =7 7)) (v(a2) — v(ar))

T 1-(r-n)?
+a-(m—7(r- ﬁ))aﬁv(alg)).
From this identity, the desired result follows. O
From the above “weak continuity” result, we get the following lemmas (see [22]).
Lemma 3.3. Let e € &,. Then if e = 0T N IT5 for some Ty, Ts € T,
1ol z2ey + RNVl oy < CRE (folsracry + olmary) Vo€ V",

and if e = 0Ty NI for some Ty € Ty,

1022y + BNVl 2y < ChEfolmaery Yo € V"

Lemma 3.4. For every v € V', there exist functions v, € H}(Q) k = 0,1,2 with
Uk|T € Py (T') such that

|’U—’U()|m’h SChQ_m‘Q) 2,h 0<m<2,
}3wkv—vk|mh < ChY ™l 0<m<1, k=12

Corollary 3.1. |- |mn and || - ||m.n are equivalent on V for m = 0,1,2.
Proof. Using the inverse inequality and Poincaré’s inequality, we have
[vllz2 < flvollzz + llo — wollze < ol mr + Ch[v]2
< Cwl|1,n + Chlv|1n < Clofip Yo e Vi
Similarly, for £ = 1,2,

10z, 002 < llvell2 + 10z, v = vllL2 < [vklar + Chlvlan < Clo

2,h-
From these two identities, the desired results follow. ([
3.3. Formulation and convergence analysis of the Morley-type noncon-

forming method. Based on (ZI]), we define our nonconforming finite element
method as seeking uj, € V' such that

(32) Ai(uhav) = (f7 /U) Vo € V0h>
where

A w,w) = > (800, Ow)r + (Yo, Vw)r)
TeTh

+ > bl m bl (([Drro], [Orrw]), + ([Drac, Prawl), ).
ecly,

Recall that 7 = (71, 72) and n = (n1,n2) denote the unit tangent and outward unit
normal to e, 7 := (71, —72) = (n2,n1), and he = le|, the length of e. Also, (-,)r
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and (-,-). denote the L? inner product on T and e, respectively. We note that
Ai(-7 -) induces the following energy norm on V{:

(33) ol = 3 (810003acr) + IV0lBar))
T€7—h

+ 3 Ahl Al (105l + NPravlae))-

ecéy

Remark 3.4. In the finite element method ([B.2), the jump terms are the so-called
penalty terms. The reason to include penalty terms into the finite element method
is to ensure that || - ||as is equivalent (independent of h) to the broken Sobolev norm
|| - l|2,» on the space V{" (see Lemma B.6). We note that the basis functions ¢
satisfy (cf. Remark B3]

Ogl; =0 VT €Ty, 1<i<j<3.

Therefore, equivalence of || - |as and || - ||2,, cannot be obtained in the absence of
penalty terms.

For clarity of the presentation, we also introduce the following additional nota-
tion:

St(v, w) 1= (0770, Opw) g — (Orav, 0r W) o
QT(va w) = Q(aacyvv 89cyw)T + (axacva ayyw)T + (ayyva aacxw)Tv
S(v,w) := Z St(v,w),

TETh

Q(v,w) := Z Qr(v,w).

TeTh

Before proving the main results of this section, we first establish two technical
lemmas.

Lemma 3.5. For any T € Tp, and any two smooth functions v and w on T, the
following identity holds:

St (v,w) = (Opyv, Oxw N2) 5p + (Oryv, Oywn1) o

+ (Oyyv, Oxw n1) gy + (Oza¥, Oyw N2) oo -
Proof. By definition, we have

St(v,w) = <8;;v, 8"w>aT — <8;ﬁv, 8Tw>3T

= <8mv ?12 + 20,4V T1 T2 + Oyyv ?22, Ozwny + Oyw n2> Opa¥ T1T11

oT <

+ 8ry’U 7_7,17_'2 + 8zyv 7_'17_7,2 + 8yy’l) ’7_'217Lg, 8IU) T1 + ayw T2>8T'
Since (71, 72) = (n1, —n2) and (71, T2) = (N2, n1),

St(v,w) = <3mv n% + 20,yv ning + Oyyv n%, Ozwny + Oyw n2>8T

2 2
— <3mv Nn1Ng + OzyU N7 — Oy N5 — Oyy¥ Nany, Opw ng — Oyw n1>8T.
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Finally, expanding the last expression and grouping similar terms, we conclude

St(v,w) = <6ww, Dpz¥ N3N + 20,y ning + Oyy v n3 — Oppv n1n§>aT
+ (Ozw, Ogyv n% — Ogyv n%ng + Oyyv nm%)aT
+ (Oyw, OV ns + 205V nina + Oyyv n3ng + Opevning)or
+ (0w, Oyyv 03 — Dy any — Oyyvnani)or
 (0u, Doy nala + 2) + Oy s (0 +72))
+ (Oyw, By na(nf +n3) + pyvna(ni +n3))or
— <8myv, Ozwna)or + (Ozyv, Oyw n1>8T
+ (Opav, Oyw na)ar + (Oyyv, Ozwna)ar. |

Corollary 3.2. For any T € Tp, v,w € Po(T), the following identity holds:
Qr(v,w) = St (v, w).

Proof. Since v, w|T € Py(T), integrating by parts and applying Lemma B.5] gives us

Qr(v,w) = <8xyv, Oyw n2>8T + <3xyv, Oyw n1>aT
+ <6yyv, Opw n1>8T + <8mv, Oyw n2>aT = Sr(v,w). O

Lemma 3.6. There exists a vo = O(8) such that for v > v the following inequality
holds:

(3.4) vl > 6CIvl3, Vo e Vg,
where C' is a positive constant independent of v and h.

Proof. We divide the proof into three steps.

Step 1. Integrating by parts and applying Corollary yields

lolide = > (10wl + 19el3) + 3 Anlmal(119e0ll32() + 100l )
TETh e€&y
= > (31D 322y + V0l ) — 6Qr (v,0))
TeTh

+ 3 bl (105l 32y + N0raolll3a.))

ecéy,

>~ (81020 132zy + IVl ) — 651 (v,0))
TETh

+ 3 Ah Al (105l 2y + NDravll3ae))-

ecéy,
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Hence, by Lemma [3.2]

(35) ol = 32 (8120 + Vel ) + 3 (bl Al (I0ere] .

TeTh e€lp

+0ravlllzae) = 6 ((10r70], {000}) + ({0770}, [0n]),
— ([Dre]. {0-0}), = ({Brav}, [05]),) )

= Z (5||D2U||2L2(T) + ||VU||2L2(T)) + Z (7h|lnh|(||[8;;v]\|iz(e)

TET ecép

+ ||[5fﬁvﬂ|%2(e)) - 5(([8;;11}, {8nv}>e - <[5ﬂ*ﬂ’}, {aﬂ’}>e))

> 3 (31020l + 1 V0l3ary ) + 3 (vhl WAl (1050l 32,

TETh ecép

+ ||[6;ﬁv}\|22(8)) = 6(|([0770], {9n0}), | + [([Ornv], {BTU}>6D>'

Step 2. Next, we derive a lower bound for each of the last two terms on the right-
hand side of ([B3). Since v is quadratic, both 9z7v and d-7v are constants along
each e € &,. By Lemma 3.2l we have

([0550), {00}, = ([Bs0], {Buv} + %[8nv]>e ([0r+0], O

([Drnt) {0:0}), = ([9rn0], {970} + 2 [0,00),

67

<[8mv], 8Tv>€.

Let e; = (1,0)T and ey = (0,1)7 denote the canonical orthogonal basis for R2.
For e € &, let T € Ty, be the element (with larger global labeling) which has e
as its one edge. On noting that [0z7v] and [0z7v] are constants along e, by the
quasi-uniformity of 7, we get

(3.6)  [[077], {0uv}) | < Che l[0770] ] oo o) IV V]| e ()

< Che 0720 e o) (10ervll ) + sl o))
h|ln k| € ) )
| T (1ectlEcr) + vl )

(3.7 [[07av], {0nv}) | Che [[107a0]l oo o) IVl L= ()

< Che [Brnlll o o (10es ey + 10esvlloe )

h|ln h) 5 £ , )
< = 0wl e + O (196 vlm ) + 1063t le )

<

[8??”]”%2(6) +C

where € is a positive number to be chosen later.

To continue, we use a discrete Sobolev-Poincaré inequality for piecewise polyno-
mials, which was proved in [5] (also see [I6] for a related inequality for piecewise
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H! functions), to get

(38) > 0,0l Ty < CIA| | Y ID%0][72(p
TETh TeThH

- e 2 .
+ 3 PS 10,072 e fori=1,2,

ecéy,
where C' > 0 is an h-independent constant, and P§ denotes the constant projection
of L?(e) onto Py(e).
In view of Lemma [3.2 and the definition of V?, we have
P§[0e;v] =0 Yo e V', Ve € &, i=1,2.
Hence, by B8) we get
Z 186, 0]|7 () < C [Inhl Z ID?0[|72¢ry  fori=1,2.
TEThH TETh
Now, summing over all edges after adding (3.0) and (1), we obtain

(3.9) > (|(0z#0]. {0nv}), | + |([0750], {0-0}),|)

ecéy,
hlInh
= | ; | Z (||[8;;v]||;(e) + HWWWQL%)) +eC Z ||D2”||2L2(T)-
e€n TET,
Step 3. Combining (3] and (B9) gives us

lolidr = 3 (81 = eOND0lZacry + IV ellEacr) )
TETh

1)
+ h|lnh| ('y - E) E (H[affv]”gw(e) + H[afﬁv]||2L2(e))'
ec&y

Choosing € = %, Yo = 20C, for v > -y we obtain

1)
lolidr = 3 (GUD%0lEecr) + IVollEey) = Colloll3 .
TeTh

The proof is complete. i

With Lemma in hand, we are now able to show the first main result of this
section.

Theorem 3.1. There exists a unique solution up to B2)). Furthermore, if u €
H3(Q) and v > 7o, the following error estimates hold:

(3.10) lu=wnllar < A(Crllfllze + Callullms ),
Ch
(3.11) lu = wnllan < 5 (Call s + Colluls ).

where

M,
C, = C\/SO, Cy=C+/5+h2++|Inhl.
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Proof. Since problem ([B2)) is linear and in a finite dimensional setting, it suffices
to show uniqueness. Thus, suppose w € V{* satisfies
Al (w,v) =0 Yo € V.

It follows that w is piecewise constant on each T € T,. By Corollary Bl we
conclude 0 = |w|1,5 > C||lw||1,5, and hence w = 0.
To show the error estimate ([BI0), we use Strang’s second lemma [7, [6] to get

A8 (u,v) — (f,v
(3.12) lu—up|ar < inf |lu—o|ar+ sup A} (u,v) = (f )’
veVy 0£veEV vl ar

Using Lemma B4 (vg is defined there), we obtain
(fa ’U) = (5[’2’& - Aua UO) + (f’ v = UO)
= (=0VOu + Vu, Vug) + (f,v — o)

== ((5(Du, v)r + (Y, Vo) g + (—6V0u + Vu, V(v — v))7
TeTh

— 5<Du, 8ﬁv>8T) + (f,v — o)
3 ((5(Du, Ov)r + (Va, Vo) + (—0V0u + Vu, V(v — v))T)

TETh
=8> (Ou 00]) +(f,0 o)
ecéh
= A} (u,v) + Y (=6VOu+ Vu, V(vg — v))r
TET,
-0 Z <Du, [3ﬁv]>e + (f,v —vg).

e€&y,
Next, by Lemma [3.2] we have

5} Z <|:|u, [8ﬁv]>e‘ = 6‘ Z <Du — P§0u, [0rv] — ’P(‘§[('3,—L1J}>e
e€y ec&y

< 6Ch||VOu|| g2 ||v] 2.

Also,
‘5 Z (VOu, V(vo — v))T‘ = ’(5 Z (VOu, V(v — ”))T‘

TETs TETn
< SCh||VOu|| g2 ||v]2.n,

and by Lemma [3.4] we obtain

| (Vo Vo — )+ (o0~ w0)|

TeTh

=| 3 (Buv o)y~ 3 (@ o, + (0~ v0)

TeT ec&p

3
< C(h2 )| Aullgz + B[ fllz2)0ll2n + D 10ntll 2o o] 22 o)-
ecéy,
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By the Cauchy-Schwarz inequality, the trace/inverse inequality
1
0nullz2(e) < Ch™2 |lull 521y

(assuming e is an edge of the element T', see (iii) of Lemma [2.1]), and Lemma B3]
we get

3 Wil o0l < (X lowula) (X NullBaqe)

eely eely ecéy
g : }
<3 n M) (X Bl )
TETh TETh

< Chllullg= v
< Chl|Aul| g2 [|v]|2,n-

Using these inequalities, the regularity result (Z.3]), and Lemma it follows
that

(813) | A5(w0) - (/,0)] < Ch(8IVDullzz + | Aullzz + Al fl1z2 ) o]l

< Ch(VoMy + My + 1) I z2 o1l

< CMoh| fl|2|lv]l2,n

CMyh
< 1F 1l llvllar-

Ve

Next, appealing to the inverse and trace inequalities, we have

= Tl = > (3100 = ) |32, + IV (= o) 321 )
N

+ > Al (1197 (u = W)y + 107 (u = )] 2,
e€&y

< Ch*(6 4+ h* 4+ v Inh])||ul|3s-
Thus,

(3.14) inf llu—v|lar < Chy/§+ k% + | Inh||ulgs.
veVy
Combining (B12)-@BI4), we obtain

M,
= wnllar < Ch <7§||f||L2 SNy Yy |u||Hs)

< h(Cllf ez + Callullas )
To prove ([BI1]), we use the triangle inequality and Lemma

v —upll2n < [Ju—Thull2n + [TThu — up|l2,n

< Chllullgs + —= ||Hhu —un|lm
Ve

C
< Chllullg= + %(Hu — Ml ar + [l —unlar)
< (s + Callals). -
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The second main theorem of this section, which is stated below, concerns the
H'-norm error estimate for the proposed Morley-type nonconforming method.

Theorem 3.2. In addition to the hypotheses of Theorem Bl assume ) is convez.
Then the following estimate holds:

(3.15) = wnllv < 02 (Callfllze + Callull s )

where

Co(1+ 4| lnh|))

—\/5 )
Ci(14 9] 1nh|))

—\/5 ;

Cs = Cs(,6,h, Cp) = OCE(1 F O
Cy = Ci(3,6,h, C) = CCp(h+ C1C5 +

and Cg is defined by (3.19).
Proof. The proof is quite technical, so we break it up into four steps.

Step 1 (A duality argument). Let e, = u — up, pp = e, = Hpu — uy, € VP and
po € H}(Q) be as defined in Lemma B4l First, we state the following stability
estimates:

(3.16) lonll2.n < llenllzn + lu = Hpull2,n < Cllenll2,n,
(3.17) lpnln < lpn — polin +[[Vpoll L2

< hllpnllz,n + IVpollrz < Chllenllz,n + [ Vpol 22,
(3.18) Vool < lpnlin +1po — prlin

< Ipnli,n + Chlpnl2.n < Clpnlin-
Next, let ¢ € H3(Q) N H(2) be the solution to the following auxiliary problem:
SA%p — Ap = —Apg in Q,
Y =0pp=0 on 0f).
Since pg € H}(Q) and Q is convex, it follows from standard elliptic theory [9] that
(3.19) [llzrs < CellVpol L2
Integrating by parts, we obtain
IVpoll7: = (—0VAp + Ve, Vo)

=> ((—WAso + Vo, Vop)r + (=VAp + Vo, V(po — ph))T)

TETh
=> (5(D2s0, D?pp)r + (Veo, Vpu)r + (—0VA@ 4+ Vi, V(py — Ph))T)
TETH
—3 3 (A9 = 0r, [0upnl). + Ourp, o). ).

ecéy,
Applying Corollary yields
(D*¢, D?pp)r = (B¢, Opr)r + Qr(nep, pr) + Qr(e — W, pr)
= (Op,Opn)r + S0, pr) + ST(Ilne — @, pr) + Qr(¢ — Une, pr),
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and hence, we obtain the following identity:

(320)  [IVpollzz = A%(w.pn) + Y (=6V AP+ Ve, V(po = pi))r
T€eTh
=33 (449 = 0rep, [0upnl), + Ouro: [0rpn)), )
e€c&y

+ 5(3(% pr) + Sre — @, pn) + Qe — Inep, ph))-

Step 2 (Bounding the last six terms in (320)). First, using standard interpolation
results and (B10) we get

(3.21) Qo —Inp, pn) < Clo = elanlpnl2.n < Chllo| gsllen

Next, using the trace inequality we have for any T € Tj,

|2,k

St(Ine — ¢, pn) = (O (Inp — ©), Onpn) gy — (Ora (Il — ¢), 0rpn) o
<077 (ne — )2 o7) 1 Onpnll L2 (o1)
+ 1075 (In — ©) | z2(am) 107 pr | L2(07)
< Ch2 s ir) [V onll 2 o)
< ChHSOHH3(T)”Vph“L‘x’(T)-

Therefore, using (BI7) and a similar technique as that found in Step 2 of the
proof of Lemma [3.6] we have

(3.22) S(Mhp =, pn) = >, Sr(ap — ¢, pr)
TETh
< ChInh[|[s]lpnll2,n

< Ch|Inh||¢ g llenll2,n-

Next, using Lemma and (B10)
(323) S((p7 ph) = Z ( <8‘7'77'50a [6nph]>e - <677ﬁ<p7 [87Ph]>e)
e€ly
= 3 ((0rr0 = PG (9r29) . [9npn] = PG (Dupi])),
ecéy

— (Ornp = P§ (Orn) , [0mpn] = P5 (19-p1]). )
< Chllollusllpnll2.n
< Chllellmsllenll2.n,
Similarly, we conclude
(324) ((Aw = 0729, [Onpnl)e + (Onre, [3Tph]>e) < Chllellmsllenll2,n,
ecéy,
and using Lemma [B.4] we obtain
(3.25) > (=0VAp+ Ve, V(o — pn))r < Cllellmsllpo — pallin

TETh
< Chllellmsllenll2.n-
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Applying bounds B2I)-(320) to (320), we have
(3.26) IVpollZe < A4 (2: pn) + Ch(L + o] A [lenll2.nll el a2
Step 3 (Bounding A9 (¢, pp)). To bound A (¢, pr), we write
(3.27) A5 (. pr) = A3 (ens o — Tng) + Af (en, L) + A (@, Wy — w).

Bounding the third term in ([3.27) we get

A (p I —w) = Y (80, Ot = u)r + (Yo, V(I —w)r )

TETh
(3.28) = (—5(VD@,V(Hhu — ), + (Veo, V(ITu — u))T>
TETh
+ > 6(0p — P (D), [0n (Mhu — u)] — P ([0 (Thu — u)))),
ecly

< Ch?|lpll sl -
To bound the second term in ([B21), we have

A (en,Tnp) = A (u, T1hp) — (f, ) — (f.Tnp — @)

(3.29) = > (=0VOu+ Vu, V(I — @) — (£, Ihp — @)
TETh
+6Y (Ou—P§(0u), [0a(Tnp — ©)] = P5 [0a(Ilne — 0)]),
ecEp

< Ch*(llull s + BILf N 22l are-

We bound the first term in 327 as follows:

(3.30) Ap(en, o =) < llenllarlle — Mnglln
< COahllgllsllenllar-

Combining (B27)—(@30), we obtain

(331)  Al(e.pn) < Ch(Rllullms + B2 fllzz + Callenlla ) el

Step 4 (Finishing up). Using bounds [B:26) and (B31]), and the regularity result
BI3)), we conclude
I9p0ll 22 < CCr (h*lull s + K112 + Cahllen]lns + h(1 + 3 A len 2.

Cy(1 4 6|In hl)
<cc hQ[(1+02+— ul s
< CCg 5 75 lull

+ (ncrop+ COTRADY ).
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Finally, using the stability result (BI8]), we have

lu—up|in < |u—Tpulin + |onlie

< CCph? [(1 L2y W) ] s

+ (h +C1Cs + w> ||f|L2]

< 02(Cslfllz2 + Calul ).

The proof is complete. O

We conclude this section by remarking that all results of this section are still valid
if the Morley-type nonconforming element S} is replaced by the original Morley
element (cf. [I7, [20]) but making no change to the formulation of the method.

4. INTERIOR PENALTY DISCONTINUOUS GALERKIN METHODS

In the previous section we constructed and analyzed a quadratic Morley-type
nonconforming finite element method for problem (LI)-(T2). As in the case of
conforming finite elements [13], the construction of the Morley-type element is only
possible on some special meshes (it is interesting to note that the mesh constraints
for the conforming elements and for the nonconforming finite element are “orthogo-
nal” to each other). Moreover, in order to ensure the convergence of the Morley-type
nonconforming finite element method, two (super)penalized jump terms must be
introduced in the mesh-dependent bilinear form A¢(-,-). These jump terms are
not only critically used in the convergence proof but also certified by numerical
experiments (see Section ) to be indispensable for the convergence of the method.

To avoid the mesh constraints imposed by both conforming and nonconforming
finite element methods, and also considering the fact that interior penalty terms
must be used in the nonconforming method, it is natural to go one step further and
develop interior penalty discontinuous Galerkin (DG) methods (cf. [10L 8], 23| [I]).
This indeed is the main goal of this section.

In this section, we develop a family of interior penalty DG methods for problem
[CI)-(C2). Our methods are closely related to the DG methods introduced by
Baker [3] (also see [12]) for the biharmonic problem. As it is now well known (cf.
[2, 19] and the references therein), DG methods use trial and test spaces consisting
of totally discontinuous polynomials, and as a result, the weak formulation naturally
include jump and average terms across element edges/faces, and penalty terms are
introduced to control the discontinuity between adjacent elements. DG methods
enjoy a number of advantages over (conforming and nonconforming) finite element
methods. This is especially true for fourth-order problems such as (LI)—(L2) and
the biharmonic problem, which are difficult and delicate to solve by finite element
methods.

4.1. Formulation of interior penalty DG methods. To formulate interior
penalty DG methods for problem ([LI)-(2), we introduce some additional no-
tation. Let 7, be a locally quasi-uniform triangulation of Q with hy = diam(7T)
and h = maxre7;, hr. The notations &, EP, &, [v], and {v} are the same as in
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Section Bl We also define
wh =[] e-(1), WE=W!nH;(Q), H'T,)= [] B D),
TETh TETh

where r > 2 which will be assumed in the rest of this section.
For T € Ty, it is easy to check that the following Green’s identities hold for the
d’Alembertian O and the bi-wave operator [1?:

/ Uvwdzdy = Orvwds —/ Vo - Vw dzdy,
T T T

/Dszdxdy:/ (&—Jﬂv)wds—/ Dvaﬁwds—i—/Dvad:Edy.
T T T T

The second identity together with the elementary algebraic identity,

a"b" —a"b” = [al{b} + {a}[t],
motivates us to introduce the following mesh-dependent bilinear form on the prod-
uct space H*(Ty,) x H*(Tp):

ad (v, w) : = Z (5(Dv,Dw)T + (Vv,Vw)T> + Z ((5{8ﬁDv} — {00}, [w]),

TET e€ly
— 5 ({0}, [Bawl), + (610,00} — {Buw}, [o]), — 3 ({Tw}, [Bau]),
9 ([Dn], (Ol + b () Twl), ) Vo,w e HA(TR).

As in the previous section, 7y is a positive constant independent of i and the terms

involving v are the so-called penalty terms.
The bilinear form a$ (-, -) induces the following norm on H*(T}):

(A1) ol = > (o100 e + I90lacr )
T€7—h

— 2 — 2
+ 3 (P Ml + 702 110m0]1 e
e€&y

2 2 2
+ 0he [{O0}[ 720y + 6hE {0200} () + Pe ({00} 1 12c) )
We also define the following alternative norm which will be used later in the paper:

— 2
(42) ol = 3 (31001 + IVolaery ) + D (vhe® Nellia
TETh ecé&y,

+yhe 100l 720y + he I{O0} 720y + he ||{3nv}||2L2(e))-
We now define a weak formulation of (ILI)—(L2)) as seeking u € H*(7,)NV such
that
(4.3) a)(u,v) = (f,v) Yo e HY(T,) N V.
Remark 4.1. One may easily verify that the formulation ([3)) is consistent. That

is, if u € H*(Q)NV is the solution to (LI)-(LZ), then u satisfies [@3)). Conversely,
if u. € H*(Q) N Vp solves @3], then u is the unique solution to (LI)—(T2).

Based on ([4.3]), we then define our interior penalty discontinuous Galerkin meth-
ods as to find u;, € W/ such that

(4.4) aj (up,v) = (f,v) Yv € Wf,
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We end this subsection by stating a lemma which concerns the approximation
properties of the finite element spaces W/. We omit the proof to save space and
refer the reader to [3] for the proof of similar results.

Lemma 4.1. For any v € H*(Q) (s > 4), there exists © € W such that

1

2
lo—2llp <C ( DM+ h%)llvlqun>

TeTh
< CR 2 (Vy + 6+ h)|vl e, r>3,

1

2

[v-9|g <C ( > hr@G+y+ h%)lvl?{4(T>>
TeTh

< Ch(Vy + 6+ h)l[v]l s, r=2.

Moreover, if v € H*(Q) (s > 3), there exists © € W such that

3
[v—2dlz<C < Y RO+ h?r)”“”%ﬂ(T))
T<Th

< CR2(\/y + 6 + B)||v] ae, r>2.
Where £ = min{s,r + 1}.
4.2. Convergence analysis of interior penalty DG methods. The following

lemma ensures that the bilinear form a] (-, -) is continuous and coercive on the finite
element space W}.

Lemma 4.2. The following inequality holds:

(4.5) jap (v, w)| < 2|ollplwle  Yo,w e HY(T,).

Furthermore, there exists a positive constant vo = O(6 + h?) such that for v > 7o,
we get

(4.6) ad (v,v) > Cllv||% Yo € Wk

Proof. The proof is similar to the one found in [3] Propositions 5.1 and 5.2] (also
see [19]). Clearly (3] is a direct consequence of the Cauchy-Schwarz inequality,

so we only give a detailed proof of ().
First, for v € W we have using the Cauchy-Schwarz and inverse inequalities

(@7) loly < ¢ 3 (0I00M3ary + 19l )
TETh
+0 Y (2 IR + 70 0me] 3 )-
e€ly

Next, by definition we have

(48)  ap(v,0) = > (10072 (r) + VUl F2(r))
TETh

- 2 — 2
+ 3 (Nl 2y + 702 1080 72e)
e€&p

— 2|(5{0a00} = {9n0}, 1), | - 28] ({00}, [Ba]). |).
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Using the trace and inverse inequalities yields for e =T7 N'T5, € 5,{,

|({0n00}, 01}, | < C(I00l ey + ID0llnacny ) e * ol
({00}, [0a0]), | < C (100l 2y + D0l z2cry e 1030l oo

[({0av} ), | < C(IV0llzagry) + 190l 22y ) e Nl ege)

Similar inequalities hold on e € £P. Thus,
%
(5 o
e€cly,

> 8|({0s00}, [v]), | < 6C < > IIDvlem)
<3 Z I00] 2207y +0C > B 0] 72 o)

w\»-A

=

eely, TEThH

TET;L ecéy
Z 5‘<{DU}7 [8ﬁv]>6] <dC ( Z ||DU|%2(T)> <Z he_1 ||[aﬁv]||2Lz(e)> )
eely TeT eelp
6
<3 130032y +0C Y b 1[0a0]]72 e
TETh ecty,
> [{onvd [on]y,| < € ( > IIVvllizm) (Z ! II[v]Iliz@)
e€&y TeTh e€&y

1 _
<1 > IVullay +C Y Rt ||[U]||2Lz(e) :

TeT eelp
Combining these estimates with (L8] we obtain

1
A (0,0) 2 5 3 (1000 + IVl
TETh

+ 30 (= 06+ ) IR

e€&y
+ht (7= 0C) |00l ).
Choosing vy = C(6 + h?) and using ([T), we have for v > 7,
ay(v,0) = Clvllg O

An immediate consequence of the above lemma is the following existence and
uniqueness theorem.

Theorem 4.1. The discrete problem ([&4) has a unique solution for v > ~o.
We now are ready to state and prove one of the main theorems of this section.

Theorem 4.2. Lety > vy and suppose u € H*(Q2) (s > 4) solves (LI —~L2)). Then
the following error estimates hold:

(49) Ju—unlls < CRE2(VA 8+ Wllule, 723,
(4.10) lu —up|lg < Ch(v/v+ 6 + h)|ul g, r=2.

where £ = min{r + 1, s}, and C is independent of h, v, and §.
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Proof. Using the consistency, coercivity, and continuity of the bilinear form a$, we
have for v > 7y and v € W},

Cllup, — v||% < ai(uh —v,up — ) = ai(u — v, Uup — V)

< 2||u —v[|gllun — vl £
and therefore
lu—unlle < [lu=vle+ lun —vl|p < Cllu—v|E.

The error estimates ([{9)—(ZI0) then follow directly from Lemma ATl O

Next, we derive error estimates when the solution only belongs to H3(£2). To
conclude, we need the following technical lemma which is concerned with how well
a function in W can be approximated by continuous functions. A proof of the
lemma can be found in [I5].

Lemma 4.3. For any v € W}, there exists Epv € th such that

2
(4.11) lv—=Envllfe <C Y he[ll720) + Y hellvllage,
eEEi eeff
_ 2 _
(4.12) lv— Epvlf, <C Z he )l + Z he ol e)-
ec&l ecEp

Theorem 4.3. Suppose u € H3(Q) is the unique solution to (LI)-@2). Then for
v > v, T =2, the following error estimate holds:

(4.13) lu = unllz < Ch{ (VA +3+ W) [ulls + Mo(V3 + RIS 122 }-
Proof. We note that in the case r = 2, uy, satisfies

@ (un,v) = (f0)  vwe W),
where

ag(vw) =Y (5(Dv,Dw)T - (Vv,Vw)T) -y (<{6nv}, [w]).
TET ecéy,

+ 0 ({Ov}, [Oawl]), + {Onw}, ], + 6 {Ow}, [Oav]),
=gt (9o, [Ba]), — vhe® (0], wl)..).
We also have for v > 7,

s 1 1
a(0,0) = ah(0,0) 2 slols = 5lbllp Vo e WY

Since the bilinear form d‘fl(~, -) is no longer consistent, we employ Strang’s Second

Lemma to conclude

..,6 _
@10)  Ju-wlp<O( inf fu-vlp+ sup B0 ULV
vewy 0FvEW S vl
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To bound the last term in ([@I4]), we write
(f,v) = =6(VOu, VERv) — (Au,v) + (f + Au,v — Epv)
= Z ((S(EIu7 Ov)r + (Vu, Vo)r — 6 (Ou, 05v) 57 — (Ont, ) g

T€Th
- §(VOu, V(Epv — v))T) + (f + Au,v — Epv)

ad (u,v) — 6 Z (VOu, V(Epv — )1 + (f + Au,v — Epv).
TETh

Bounding the last two terms in the expression above, we use Lemma [£.3}

5‘ > (VOu, V(B - v))T] < 6C|IVOul| 2 (Z he'! ||[v]||i2(e>>
TET ccen
< SCh||VOu| 2 |v] 5,

1

’(f + Au,v — Ehv)‘ < CO([[fllz> + |Aullz2) (Z he ||[U]||i2(e)>

eelp
< CR(||fllp2 + | Aull2) o]l -

Thus by 2.3),
a (u,v) — (f,v
(4.15) sup | ACK) ~( )| < Ch (8||VOul| 2 +h(HAuHL2 + ||fHL2))
veW ) ol

< CMoh (V6 + B)|| £l 2

Next, it is clear from the proof of Lemma [£1] that

(4.10) ol < (VA F 3+ 0) e
Combining ([@I4)—(I8), we obtain
Ju=wnllp < CR{(VAF 3+ Bllulls + Mo(VE+ W) flzs}. O

Remark 4.2. Using a standard duality argument ([3, [13]) and the regularity es-
timates (23)), it is also possible to show the following L?-error estimates when
u € H4(Q):

lu—unllze < CRN VA F0+ W)l 723,
lu—unllze < CRAVA+ 0+ Wllulls,  7=2.

5. NUMERICAL EXPERIMENTS

In this section, we provide numerical experiments to gauge the efficiency of the
finite element methods developed in the previous sections. We calculate the rate of
convergence of ||u — wy|| for fixed ¢ in various norms and compare each computed
rate with its theoretical estimate.
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Test 1. For this test, we solve ([B:2)) using the Morley-type nonconforming element
Sk defined in Section [J with Q = (0,1)% and v = . We use the following data:

f = =85 (cos?(nrx) — sin’(my))
— 2772{ sin®(my) (cos®(rz) — sin®(7rz)) + sin®(wz) ( cos® (ry) — sin®(wy)) },
so that the exact solution is
u = sin’(7z) sin? (7y).

We list the errors along with their estimated rates of convergence in Table [T for
d-values 10, 1, 1072, 1073, and 10~* and plot the errors in Figures Bl and @ The
table indicates the following rates of convergence:

lu = unllar = O(h), u = unll2.n = O(h),

lu = unllin =OM?),  [lu—unllz2 = O(h?).
Ignoring the insignificant |InhA| terms in BI0)-BII), BI5), these are the same
rates of convergence established in Theorems B and We also observe that as
§ — 07, the error increases in the L?, H', and H? norms which is expected by the
definition of the constants in the error estimates BI1]) and (BI5).

Finally, we solve [2) but with v = 0 and § = 1. Table [2 clearly shows that

the method does not converge, this then indicates that the penalty terms in the
method are essential.

Test 2. In this test, we compute the solution of the discontinuous Galerkin method
(#4) with r = 2 and v = 1005. We use the same domain and test functions as in
Test 1. We list the errors in Table Bland plot the computed errors in Figures Bl and
[6 for 6—values 10, 1,102, and 10~%. As expected, the rates of convergence depend
on both the parameters h and . In fact, Theorem and Remark tell us that
for V6 >> h, v~ 6,

lu —unllz < CR(VGS +h)(lullas + 1 fll2) < Ch(llullms + 1 f]l22),
lu = wnllin < CR(VS + h)(lull s + 11 £1lz2) < Ch(|ullms + | £llz2),
lu = unllze < CRA(VE + h)l|ull s < CH2|full s,

where, as for V6 < h, v~ 6,
lu—unllz < Ch(VS+h)(lullus + 1 f1lz2) < CR?(Jullms + 1 f1l22),
lu = unllin < CR(VS + h)(lull s + 1 £l 22) < CR?(ullms + 1 1lz2),
lu —unllzz < CRA(VS + h)ullgs < OB |Jul|rs.

As seen from Figure Bl the computed error bounds agree with these theoretical
error bounds. Finally, we note that ||u — up||2,5 appears not to converge unlike the
previous test. However, additional numerical experiments (not listed here) indicate
that ||u — up||2,n converges with order O(h?) if cubic polynomials are used.
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FIGURE 3. Test 1. L? norm (top) and H! norm (bottom) errors
w.r.t. h with § = 10, 1, 102, 10~3, and 10~*.
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FIGURE 4. Test 1. Energy norm (top) and H? norm (bottom)
errors w.r.t. h with 6 = 10, 1, 1072, 10~3 and 10~%.
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DISCONTINUOUS FEMS FOR A BI-WAVE EQUATION
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FIGURE 5. Test 2. L?-norm (top) and H'-norm (bottom), errors
w.r.t. b with 6 = 10, 1, 10~2 and 10~4.
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FIGURE 6. Test 2. Energy norm (top) and H2-norm (bottom),
errors w.r.t. h with § = 10, 1, 1072 and 104.
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TABLE 1. Test 1. Errors with estimated rates of convergence (v = ¢).

§ h |- |l 2 err. (cnv. rate) || - || ;1 err.(cnv. rate) || - [|p err. (cnv. rate) || - [l2,n err.(cnv. rate)
10 0.333  3.02B-01(—) 1.58E+00(——) 4.38E+401(—) 141E+01(—)
0.200  9.01E-02(2.38) 7.46E-01(1.46) 2.94E+01(0.78) 9.49E+00(0.78)
0.125  3.30E-02(2.14) 3.41E-01(1.67) 2.07E+01(0.75) 6.37E+00(0.85)
0.071  1.08E-02(1.99) 1.36E-01(1.64) 1.31E401(0.82) 3.92E+00(0.86)
0.042  3.87E-03(1.91) 4.84E-02(1.92) 7.69E-+00(0.99) 2.29E400(1.00)
0.024  1.27E-03(1.99) 1.65E-02(1.92) 4.46E+00(0.97) 1.32E+00(0.98)
0.014  4.21E-04(1.99) 5.48E-03(2.00) 2.56E-+00(1.00) 7.55B-01(1.01)
0.008  1.39E-04(2.00) 1.82E-03(1.99) 1.47E+00(1.00) 4.34E-01(1.00)
0.005  4.52E-05(2.00) 5.98E-04(1.99) 8.45E-01(0.99) 2.48E-01(1.00)
1 0.333  3.02E-01(—) 1.57E+00(—) 1.39E+00(—) 1.41E+01(—)
0.200  9.26E-02(2.32) 7.46E-01(1.46) 9.39E+00(0.77) 9.51E+00(0.77)
0.125  3.44E-02(2.11) 3.41E-01(1.67) 6.60E+00(0.75) 6.40E400(0.84)
0.071  1.14E-02(1.98) 1.36E-01(1.64) 4.16E+00(0.83) 3.95E+00(0.86)
0.042  4.06E-03(1.91) 4.82E-02(1.92) 2.45E+00(0.99) 2.30E+00(1.00)
0.024  1.33E-03(1.99) 1.64E-02(1.92) 1.42E400(0.97) 1.33E400(0.98)
0.014  4.41E-04(2.00) 5.45E-03(2.00) 8.15E-01(1.00) 7.60E-01(1.01)
0.008  1.45E-04(2.00) 1.81E-03(1.99) 4.69E-01(1.00) 4.37E-01(1.00)
0.005 4.74E-05(2.00) 5.95E-04(1.99) 2.69E-01(0.99) 2.50E-01(1.00)
10720.333  3.22E-01(—) 1.34E+00(—) 1.96E+00(——) 1.29E+01(—)
0.200  1.99E-01(0.95) 9.26E-01(0.73) 1.54E+00(0.47) 1.17E+01(0.19)
0.125  1.05E-01(1.35) 5.47E-01(1.12) 1.17E400(0.58) 1.01E401(0.31)
0.071  4.37E-02(1.57) 2.42E-01(1.46) 7.74E-01(0.74) 7.11E+00(0.63)
0.042  1.58E-02(1.89) 9.03B-02(1.83) 4.68E-01(0.94) 4.47E+00(0.86)
0.024  5.40E-03(1.92) 3.10E-02(1.90) 2.74E-01(0.96) 2.63E+00(0.94)
0.014  1.80E-03(1.99) 1.04E-02(1.99) 1.58E-01(1.00) 1.53E400(0.99)
0.008  5.95E-04(1.99) 3.44E-03(1.99) 9.10E-02(1.00) 8.80E-01(0.99)
0.005  1.96E-04(1.99) 1.13E-03(1.99 5.22E-02(0.99) 5.04E-01(1.00)
1073 0.333  3.55B-01(—) 1.30E+00(——) 1.40E+00(——) 1.30E401(—)
0.200  2.92E-01(0.38) 1.24E+00(0.09) 1.38E400(0.02) 1.59E+01(-0.41)
0.125 2.29E-01(0.52) 1.11E400(0.24) 1.37E+400(0.02) 2.18E+01(-0.66)
0.071  1.45E-01(0.81) 7.84E-01(0.62) 1.15E400(0.31) 2.44E+01(-0.21)
0.042  7.17E-02(1.31) 4.17E-01(1.17) 8.25E-01(0.62) 2.19E+01(0.21)
0.024  2.88E-02(1.63) 1.74E-01(1.56) 5.26E-01(0.80) 1.55E+01(0.62)
0.014  1.02E-02(1.87) 6.27E-02(1.84) 3.14E-01(0.93) 9.66E+00(0.85)
0.008 3.48E-03(1.95) 2.14E-02(1.94) 1.83E-01(0.97) 5.72E+00(0.95)
0.005  1.15E-03(1.98) 7.11E-03(1.97) 1.06E-01(0.99) 3.31E+00(0.98)
1074 0.333  3.54E-01(—) 1.29E+00(——) 1.33E+00(——) 1.30E401(—)
0.200  3.11E-01(0.25) 1.32E+00(-0.06) 1.40E+00(-0.10) 1.75E+01(-0.59)
0.125  2.77E-01(0.24) 1.31E+00(0.02) 1.50E+00(-0.15) 2.77TE+01(-0.98)
0.071  2.02E-01(0.56) 1.04E+00(0.41) 1.35E+00(0.18) 3.53E+01(-0.43)
0.042  1.16E-01(1.04) 6.48E-01(0.89) 1.05E+00(0.48) 3.66E+01(-0.07)
0.024  5.27E-02(1.40) 3.10E-01(1.31) 7.08E-01(0.69) 2.96E+01(0.38)
0.014  2.00E-02(1.75) 1.21E-01(1.71) 4.37E-01(0.88) 1.98E401(0.73)
0.008  6.99E-03(1.90) 4.26E-02(1.88) 2.58E-01(0.95) 1.21E+01(0.89)
0.005 2.34E-03(1.96) 1.43E-02(1.95) 1.49E-01(0.98) 7.07E4+00(0.96)

TABLE 2. Test 1. Errors with 6 =1 and v = 0.

) h | - HLQ err. |- HHl err. || -|la err. || - ||2,n err.
1 0.333 1.78e+01 6.46e+01 6.51e+01 4.57e+02
0.250 1.68e+01 6.21e+01 6.24e+01 6.64e+02
0.167 1.65e+01 6.46e+01 6.49e+01 1.12e+03
0.125 1.72e+4-01 6.74e+01 6.78e+01 1.95e4-03
0.091 1.71e401 6.77e+01 6.81e+01 3.40e+03
0.067 1.73e+401 6.82e+01 6.87e+01 5.93e+03
0.048 1.72e401 6.82e+01 6.87e+01 1.03e+4-04
0.034 1.72e+401 6.82e+01 6.87e+01 1.80e4-04
0.024 1.73e+4-01 6.83e+01 6.88e+01 3.14e+04
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TABLE 3. Test 2. Errors with estimated rates of convergence

§ h |- |l 2 err. (cnv. rate) || - || ;1 err.(cnv. rate) || - || 5 err. (cnv. rate) || - ||2,n err.(cnv. rate)
10 0.333 4.82e-02(—) 5.42¢-01(—) 1.55e+01(—) 9.50e-+00(—)
0.250 2.70e-02(2.01) 3.93e-01(1.12) 8.03e+-00(0.95) 8.67e+00(0.31)

0.167 1.20e-02(2.00) 2.55¢-01(1.06) 5.41e+00(0.97) 8.00e+00(0.19)
0.125 6.75¢-03(1.99) 1.90e-01(1.03) 4.07¢+00(0.98) 7.75e+00(0.11)
0.091 3.57e-03(1.99) 1.37e-01(1.01) 2.97¢+00(0.99) 7.59¢+00(0.06)
0.067 1.92e-03(2.00) 1.00e-01(1.01) 2.18¢+00(0.99) 7.51e+00(0.03)
0.048 9.79e-04(2.00) 7.156-02(1.00) 1.56e4-00(0.99) 7.46e400(0.01)
0.034 5.13e-04(2.00) 5.18¢-02(1.00) 1.13¢4-00(0.99) 7.44e+00(0.01)
0.024 2.55¢-04(2.02) 3.66¢-02(1.00) 7.98¢-01(0.99) 7.43e+00(0.01)
1 0.333 4.79¢-02(—-) 5.38¢-01(——) 3.37e+00(—) 9.43¢+00(——)
0.250 2.68e-02(2.02) 3.89¢-01(1.12) 2.57¢+00(0.95) 8.57e+00(0.33)
0.167 1.19e-02(2.00) 2.53¢-01(1.06) 1.73¢400(0.97) 7.88¢+00(0.20)
0.125 6.68e-03(2.00) 1.88¢-01(1.03) 1.30e4-00(0.98) 7.62e+00(0.11)
0.091 3.53¢-03(2.00) 1.36e-01(1.01) 9.47¢-01(0.995) 7.46e+00(0.06)
0.067 1.90e-03(2.00) 9.92¢-02(1.01) 6.95¢-01(0.996) 7.37e+00(0.03)
0.048 9.68¢-04(2.00) 7.07¢-02(1.00) 4.97¢-01(0.998) 7.32e+00(0.02)
0.034 5.07e-04(2.00) 5.12¢-02(1.00) 3.60e-01(0.998) 7.29¢+00(0.01)
102 0.333 3.83e-02(——) 3.94e-01(——) 5.54e-01(——) 8.01e+00(——)
0.250 1.78e-02(2.66) 2.46e-01(1.63) 3.91e-01(1.21) 6.47e+00(0.74)
0.167  6.68¢-03(2.41) 1.38¢-01(1.42) 2.49¢-01(1.11) 5.01e+00(0.62)
0.125 3.52¢-03(2.22) 9.59¢-02(1.25) 1.84¢-01(1.05) 4.38¢+00(0.47)
0.091 1.78¢-03(2.13) 6.64¢-02(1.15) 1.33e-01(1.02) 3.94e+00(0.33)
0.067  9.38¢-04(2.07) 4.74e-02(1.08) 9.68¢-02(1.01) 3.69¢+00(0.21)
0.048 4.72-04(2.04) 3.34e-02(1.04) 6.90e-02(1.00) 3.54e+00(0.12)
0.034 2.46¢-04(2.01) 2.40e-02(1.02) 4.99¢-02(1.00) 3.46e+00(0.06)
10~ 0.333 3.27¢-02(——) 3.38¢-01(——) 3.42¢-01(——) 7.93e+00(—)
0.250 1.22¢-02(3.41) 1.84¢-01(2.108) 1.89¢-01(2.06) 6.11e+00(0.90)
0.167 2.97e-03(3.49) 7.96¢-02(2.070) 8.47¢-02(1.98) 4.14e+00(0.96)
0.125 1.10e-03(3.43) 4.44¢-02(2.027) 4.95¢-02(1.86) 3.12e+00(0.98)
0.091 3.83e-04(3.32) 2.34e-02(2.007) 2.84e-02(1.75) 2.28¢+00(0.98)
0.067 1.42e-04(3.20) 1.26e-02(1.994) 1.72e-02(1.60) 1.68e4-00(0.99)
0.048 5.03e-05(3.08) 6.48¢-03(1.984) 1.06e-02(1.44) 1.20e4-00(0.99)
0.034 2.00e-05(2.86) 3.43e-03(1.970) 6.98¢-03(1.29) 0.87¢+00(0.98)
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