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ASYMPTOTIC EXPANSIONS OF LEGENDRE SERIES
COEFFICIENTS FOR FUNCTIONS WITH INTERIOR
AND ENDPOINT SINGULARITIES

AVRAM SIDI

ABSTRACT. Let > 77 en[f]Pn(x) be the Legendre expansion of a function
f(z) on (—1,1). In an earlier work [A. Sidi, Asymptot. Anal., 65 (2009), pp.
175-190], we derived asymptotic expansions as n — oo for e, [f], assuming that
f € C°°(—1,1), but may have arbitrary algebraic-logarithmic singularities at
one or both endpoints x = +1. In the present work, we extend this study
to functions f(x) that are infinitely differentiable on [0, 1], except at finitely
many points x1,...,Zm in (—1,1) and possibly at one or both of the endpoints
zo = 1 and xym4+1 = —1, where they may have arbitrary algebraic singularities,
including finite jump discontinuities. Specifically, we assume that, for each r,
f(z) has asymptotic expansions of the form
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where ngt) and (55? are, in general, complex and §R(5£f> > —1. We derive the
full asymptotic expansion of e, [f] as n — oo for this very general behavior of
f(z). In the special case where 5£f) = aﬁi) +s5,1<r<m,and 5(();) =a+s
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and = (8 + s, this expansion reduces to
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where 0, = cos™ !z, n =n+1/2,Zt ={0,1,2,...}, and o) @ d), A, and

Bs are constants independent of n. In the course of this study, we also derive a
full asymptotic expansion as n — oo for integrals of the form fcd f(z2)Py(z) dx
where [c,d] € (—1,1) and f € C®|c,d] or f € C*°(c,d) but may have arbitrary
algebraic singularities at x = ¢ and/or = = d.
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1. INTRODUCTION

Let >0 en[f]Pn(z) be the Legendre series of a function f(z) on (—1,1). Here
P, (z) is the nth Legendre polynomial standardized such that P,(1) = 1, so that

! 1
(1.1) /71 P (z)Py(x)dx = mémvn, m,n=0,1,...,
and hence
1
(1.2) en[f]:(n—i—l/Q)/ f(z)Py(z)dx, n=0,1,....
~1

In a recent paper [I12], we derived asymptotic expansions as n — oo for e,[f],
assuming that f € C*°(—1,1), but may have arbitrary algebraic-logarithmic sin-
gularities at one or both endpoints x = +1. In the present work, we extend the
results of Sidi [12] to the case in which f(z) may have arbitrary algebraic singu-
larities, including finite jump discontinuities, at finitely many points in (—1,1), in
addition to possible algebraic singularities at the endpoints © = £1. To the best
of our knowledge, the expansion we derive in this work has not been given before.
(The case of algebraic-logarithmic singularities seems to be more complex, and we
propose to treat this case in a future publication.) For earlier related work, see the
papers by Jain and Chawla [5] and by Cirulis [4].

The plan of this paper is as follows: In the next section, we describe the func-
tions f(x) we wish to treat in the sequel. In Section Bl we recall three theorems
that are relevant to our problem: (i)a theorem of [12] concerning the asymptotic
expansion of e,[f] when f(z) has only algebraic endpoint singularities, (ii) a theo-
rem concerning the asymptotic expansion of P, (z) as n — oo, where —1 < z < 1,
and (iii) a theorem concerning the asymptotic expansion of integrals of the form
ff h(0)e*? df as v — oo, where h(f) has only algebraic endpoint singularities. In
Section Ml we state the main results of this work, in which we present (i) the full
asymptotic expansion as n — oo of integrals of the form fcd f(z)Py(x) dx, where
[e,d] € (=1,1) and (a) f € C*®[e,d] or (b) f € C*°(¢,d) but may have arbitrary
algebraic singularities at © = ¢ and/or = d, and (ii) the full asymptotic expansion
as n — oo of e, [f] when f(x) is as described in Section

One important feature of the asymptotic expansion of e,[f] we derive here is
that it is determined exclusively by the asymptotic expansions of f(x) at its points
of singularity, the behavior of f(x) at its points of regularity being irrelevant. As for
the asymptotic expansion of fcd f(z)Py(x) dx, where [¢,d] € (—1,1), it is determined
only by the behavior of f(x) at = ¢ and « = d, whether f(x) is singular or regular
at these points.

The results of this work, in addition to being of interest by themselves, can have
applications in asymptotic analyses involving Legendre expansions, such as integral
equations, numerical quadrature, and in series of spherical harmonics.

Now, it is a well known fact that when f(x) has singularities on [—1, 1], its Le-
gendre series >~ o e,[f]P,(z) converges slowly; the stronger the singularities, the
slower the convergence. The convergence can be accelerated by applying suitable
extrapolation methods to the sequence of partial sums S, (z) = > _, ex[f]Pe(x),
n = 0,1,..., of the series. In order to be able to make an educated decision as
to which extrapolation method to use, and how to tune it properly, it is impor-
tant that we have some qualitative information about the asymptotic expansion of
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Sn[f] as n — oo. This information can be deduced rigorously from the asymptotic
expansion of e,[f] as n — oo. It is not necessary to know the exact asymptotic
expansion of e, [f] to make this deduction; knowledge of the form of this asymptotic
expansion suffices. In Section [6] we discuss the consequences of this in relation to
convergence acceleration. For a detailed treatment of this topic with applications,
see Sidi [10], [IT, Chapters 6, 12, 13], [13], for example.

2. ASSUMPTIONS ON f(z)

It is known (see Olver [7, p. 129], for example) that the Legendre polynomial
P, (z) behaves like a trigonometric function for —1 < z < 1, namely, as in

1/2
(2.1)  Py(cosh) = (wn ;n9> sin (n& + g + %) + O(n*3/2) as n — 0o.
In addition, there are known results on the asymptotic behavior of Fourier integrals
ff h(0) e*? df as v — oo, where (a, 3) is a finite interval and h € C™(a, 3), with
possible singularities at o and/or 8. Thus, it seems that one can exploit these facts
in the asymptotic analysis of e, [f] as n — oo. Indeed, this turns out to be the case,
provided we make the variable transformation = cosf in ([2)), and re-express
en|f] as an integral over @ as follows:

(2.2) en[f] = (n+1/2) /07r F(0)P,(cosf)df, F(0)=sinb f(cosh).

This representation of e, [f] suggests that we should look at the singularity structure
of F(0) for 0 < 6 < 7. Clearly, as sin 6 is an entire function, the singularity structure
of F(0) is determined only by that of f(x).

We now state the main assumptions on the function F(6) in ([22I):

(1) F(0) has m points of singularity in the interior of (0,7). We denote these
points by 61, ...,60,,, and order them as in

(2.3) 0=60)<br << - <l <Opy1=m.

We assume that F'(6) is infinitely differentiable at all other points of (0, ),
hence on each of the intervals (6,,6,41), 7 =0,1,...,m.

(2) At each of the points 6., F(f) has asymptotic expansions, from the right
and from the left of ,., that are of the form

(2.4) F(O)~ > TE0— 6,17 as 6 6,
s=0
where T, r(ét ) # 0 and ’yﬁf) are, in general, complex, and the ’yﬁf) satisfy
(2.5) —L< Ry SR SRy <o lim Ry = oo,

Here, RNz stands for the real part of z. Of course, the asymptotic expansion
from the left is irrelevant at 6y = 0. Similarly, the asymptotic expansion
from the right is irrelevant at 6,,1; = w. Clearly, under (Z4)) and 23,
F e L1[0,7r] and f € Ll[—l, 1]

Note also that

(+) (+)

(2.6) 10— 0,7 = (0—0,)"", |10-6, = (6, —6)" .
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For future use, we also state the asymptotic expansions of f(x) at the
endpoints x = —1 and = 1 [instead of those of F'() at 0 = 0,,41 = 7w and
6 = 6y = 0, respectively], separately, as follows:

f@) ~ S AP F 1 asa 41
s=0

+
where Ag ) are nonzero constants and

-1< %aéi) < %agi) < %aéi) <. lim RaP =0.
S$—00
As will be clear from Remark 2l below, the asymptotic expansion of F'(0) as
0 = 01 =7 and @ — 0y = 0 given in ([24) are actually implied by those
of f(z) as © — —1 and x — 1, respectively, given in ([27), and vice versa.
By (24), we mean that, for each p =0,1,...,

()

p—1
FO) =Y TP~ 6,7 =00 —6,"") as 6 = 6,+.
s=0

The asymptotic expansions in (24) are termwise differentiable an infinite
number of times. That is, for each £k = 1,2,..., the kth derivative of
F(0) also has asymptotic expansions as § — 6,4 that are obtained by
differentiating those in ([24) term by term.

Following (24]), we have stated that 7'E # 0. This is necessarily the
right statement when the series Z:io Tr(ét )|9 -0,
many terms. When it contains finitely many terms, we write T,Eét) # 0 to
mean that the terms in this finite summation are all nonzero. (In any case,
T T(Oi ) # 0.) We adopt this convention in the remainder of this work with
other asymptotic expansions, such as those in (7)), (ZI0), (31)), and B3).

(£) . . .
Yrs’ contains infinitely

Remarks.

(1)

The following are consequences of ([2.0):

that have the same

real parts. Similarly, for each r, there are only a finite number of 'yﬁs_)

that have the same real parts. Consequently, %fyﬁj) < %vﬁj;ll and

(i) For each r, there are only a finite number of %(nj)

§R'y7(ns_,) < §R”y7(n_s,) 4 for infinitely many values of the indices s and s'.

(ii) The sequences {|0 — 9T|V£f) ° , are asymptotic scales as 0 — 6.+, in
the following sense:

boolis o rm <

=0 g — 00 |1 R =

These limits are zero an infinite number of times since %vﬁ?) < %yﬁzll

and §R’y£;) < %yﬁ;/) 4 for infinitely many integers s and s’. (For a
discussion of asymptotic scales, see Olver [T, p. 25], for example.)

In view of (ZX) and (29), the expansions in ([Z4]) are thus genuine
asymptotic expansions.
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(2) The singularity structure of F(6) on [0, 7] is actually of the same nature

(2.10)

(2.11)

F(o

(2.12)

as that of f(z) on [—1,1]. To see this, assume that f(x) is singular at
xz=ce€ (—1,1) with

f@) ~ iwﬁi)lff—c

§(H)

as r — c,
s=0
where Ws(i) are nonzero constants and
—1 <R < w6 < weH - lim R = oo,

Then, letting £ = cos™! ¢, and realizing that  — c+ if and only if § — £,
we have

5

F(f) ~sind ZWS(i)\cose—cosﬁ as 0 — EF.

s=0

Re-expanding about § = ¢ [by expanding sinf and (cosf — cos§) about
0 = £], we obtain

o oo 4 . ) (+)
)~ SIS W0 - s e Wi = W (sing)

s=01=0

By ordering the (5£i) + i) according to the size of their real parts, and
renaming the distinct ones by *yng), we obtain an expansion for F(6) as
0 — £F of the form
P(6) ~ Y T -0 as - e,
s=0

with

(2.13) féi):WéJ):Wéi)(smf)l%ép and 'y(gi):é((f) when 8‘%5(()i) <%5§i).

This expansion is exactly of the form given in (Z4]) and (Z3)).

In view of this and the assumptions we have made about F'(8), we also
see that, to each point of singularity x, of f(z), there corresponds a unique
point of singularity 6, of F'(8), and vice versa. Between two consecutive
points of singularity, the two functions are infinitely differentiable simulta-
neously.

As an instructive example, let us consider the case in which f(z) has a
finite jump discontinuity at ¢ € (—1,1), but is infinitely differentiable in
sufficiently small right and left neighborhoods of c. In this case, we have

f(z) ~ i%(m— ¢)® asx — ct.
s=0 '

Note that these are simply the two Taylor series of f(z) that are valid for
x> cand ¢ < c. Assuming that these Taylor series are full, it is clear that

f(x) satisfies (210) and 2I1]) with

(s) ) (o
A i G R S NS A G N R L CO TN
s st s st s
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As a result, F'(6) has asymptotic expansions of the form given in ([2I2]) and
&13), with %Si) = s for all s. Thus, F(#) has a finite jump discontinuity
at £.

Clearly, this treatment also covers the cases in which ¢ = +1.

(3) As for the fourth assumption on the termwise differentiability of the asymp-
totic expansions in ([24)), we mention that this assumption is crucial. It is
automatically satisfied if the asymptotic expansions of f(x) at its singular
points can be differentiated termwise; this occurs in many cases of practical
interest. One such example is that for which f(z) has endpoint singularities
and is of the form f(x) = (1 — 2)*(1 + x)Pg(x), where g € C>[~1,1]. For
this case, we have

00 3)
1
N Z ( ) . 1|a+s asz—1—, g (2)=(1 +$)ﬂg($)a
s=0 .
0o S) _
Nzg |33—|—1|ﬁ+s asx — —14, g4(z) = (1—x)%(x).
s=0 .

Note that the first expansion is nothing but the product of (1 — ) and the
Taylor series of g_(z) at x = 1, while the second expansion is the product
of (1 + x)? and the Taylor series of g, (z) at z = —1. By the fact that
f®) € ¢=(-1,1) for all k > 0, it is easy to show for each k = 1,2,...,
that f(*)(x), just like f(z), has asymptotic expansions as z — 1— and
as * — —14, and that termwise differentiation k times of the asymptotic
expansions of f(x) results in the same expansions.

It is easy to see that the same arguments apply to interior singularities.

3. REVIEW OF NECESSARY BACKGROUND

To derive the asymptotic expansions mentioned in Section [I we will need three
known theorems, and we state them in this section for future reference and use.
The first concerns the asymptotic expansion as n — oo of e,[f] when f(z) has no
singularities in (—1,1), but may have general algebraic singularities at one or both
endpoints x = £1. The second concerns the full asymptotic expansion as n — oo
of P,(z) for —1 < < 1. The third concerns the asymptotic expansion as v — 0o

of Fourier integrals of the form ff h(0) e*? df when h € C>(«, 3), but may have
general algebraic singularities at § = « and/or § = .

3.1. Asymptotic expansion of e,[f] when f(z) has no interior singular-
ities. As mentioned earlier, the case when f(z) has no interior singularities in
(—1,1) [that is, when m = 0 in (Z3))] is considered in Sidi [12]. For future use
and reference, we summarize the main result of [I2] that concerns purely algebraic
endpoint singularities and that is relevant to us here.
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Theorem 3.1. Let f(z) be exactly as described above, with m = 0 [that is, [ €
C>(—1,1), hence has no interior singularities|. Let

x) ~ ZAS(l —xz)* asx— 1—,

(3.1) -
x) ~ ZBS(l +2)% asx— -1+,
where
—1 < Rag < Rag < Rag < --- ;5 lim Ra; = oo,
(3.2) 5—00

1 <RPo < NPy < NP < -+ lim R, = oo,

and As and B, are nonzero constants. Assume also that the asymptotic expansions
in BI) are termwise differentiable an infinite number of times. Then, with n =
n+1/2 and Zt ={0,1,2,...}, ey|[f] has the asymptotic expansion

Ck 059
(3.3) Z As Z n2(as+k+1/2)

Qs €Z+

Z Z 2(25@11/2) asm = oo
slgzr

Here, c(w) are given as in

(3.4)

I'(1+w) B (0/2) T(2k + 2w + 2)

@) =2 T T T e )

k=0,1,...; o=-2w-—1,

and are analytic functions of w for Rw > —1. Bga)(u) is the sth generalized
Bernoulli polynomial When w € ZT, there holds cx(w) = 0 for each k =0,1,... .

Remarks.

(1) An interesting feature of the asymptotic expansion of e,[f] given in (B3)
is that it can be written down easily by looking only at the asymptotic
expansions of f(z) as @ — +1, which are given in ([B.1l), nothing else being
needed.

(2) Another feature of this expansion is that the powers (1Fz)®, s > 0 integer,
even when they are present in the asymptotic expansions of f(x) as x — £1
given in (B.1]), do not contribute to the asymptotic expansion of e, [f]. Thus,
if f(z) is a regular function, then a; and fs in BI]) are all nonnegative
integers; consequently, the summations in ([B3)) are both empty, and this
means that e,[f] = O(n™") as n — oo for every u > 0.

I The generalized Bernoulli polynomials Bga)(u) are defined via (see Andrews, Askey, and Roy
2] p. 615], for example)

t 7 > (o) t°
(etfl) e“t:ZBSG (u)g, [t] < 2.

s=0
They satisfy ng)(a —u) = (71)SB£0)(u); hence Bgo)(a/2) =0 for s =1,3,5,... . Bﬁ")(o) are
called the generalized Bernoulli numbers and are denotedR by B§“>. Note that Béo) =1 for all
o. In addition, B,(C@(u) = Z];:O (’;)B,(ci)sus for all k.
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3.2. Asymptotic expansion of P,(z) when —1 < z < 1. Asymptotic expan-
sions for P,(z) with —1 < 2 < 1 come in different forms in the literature. See
Olver [7], for example. There is one particular form that is suitable for us, and this
is given in Szegd [15, p. 196, Theorem 8.21.9]. A slightly modified version of this
theorem, restricted to our problem, is as follows:

Theorem 3.2. There exist analytic functions ¢r(z) that are regular for |z| = 1,
z # £1, such that, withn =n+1/2,

(3.5) P, (cos6) ~ { kf:ﬁ }asn—>oo,
(o,

w/4) fized. That is, for each p=0,1,...,

uniformly for e < 0 < m — €, with € €
and for 0 < 0 < 7, there holds

(3.6) P, (cosf) = { ino [Z Ak+1/2 (9)} },

where

(3.7) R, (0) = O(ﬁ_p_l/Q) as n — oo, uniformly fore <0 <7 —e.
Actually, with Dy = d/d#,

(38) ¢k(ei0) — (_1)k%( 1/2> i(0— TF)/QB(l/Q)((l/2)D9) [(1 _ ei29)71/2]'

k
Here, B(g) (’;)B,(C‘T_)Sys is the kth generalized Bernoulli polynomial (see
footnote [I), cmd by B(U)(CDQ)Y(Q), we mean
" [k [k
B Do)y (0) =3 (S)B;i”)scs (DY (O] =3 <s)B£"LcSY<S> (6).
s=0 5=0

Remark. In Theorem[A Tlof the appendix to this work, we derive the full asymptotic
expansions of PH(x) and Q#(z), the associated Legendre functions of the first and
second kinds, respectively, when v and u are real and u < 1/2. Theorem follows
from Theorem [A-J} it can be obtained by setting u =0, v =n,and v =n =n+1/2
in Theorem [AJ] and recalling that P%(x) = P,(x). We also note that explicit
expressions for the ¢y (z) are not given in [15].

3.3. Asymptotic expansion of ff h(0)e? df. We also need a result on asymp-
totic expansions of finite-range Fourier integrals of functions with algebraic singu-
larities. The following theorem is actually a special case of one given in Bleistein
and Handelsman [3, Sections 3.4, 6.3, and 6.4]. For a simple proof, see Sidi [I4]:

Theorem 3.3. Let o < 8, and let h € C*(«, 8) and satisfy

H)NZAS(H—Q)”S as 0 — a+,
(3.9) o
0) ~ Y Bi(B—0)7 as0— -,
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such that As and B are nonzero constants, and

-1 <Rpg <Rp1 <Rpa < -+ 5 lim Rp, = o0,
S§—>00

(310) —1<§R0’0§§R01§§R0’2S'“; lim %US:OO.
$—00

Assume also that the asymptotic expansions in B9) are termwise differentiable an
infinite number of times. Then

(3.11)
A . e~ . T(ps+1) 1)
+ivh tiva Ps + iwﬂ US +
/ h(@)e df ~ e ZAW ZB o‘+1 as v — oQ.
@ s=0
Remarks.

(1) It is important to note that, once it is established that h(#) is infin-
itely differentiable in the open interval (a, (), the asymptotic expansion
of ff h(0)eT¥? df is determined by the asymptotic expansions of h(f) at
the endpoints of (a, ).

(2) In case f € C*°(«, 8) and has a full Taylor series at § = o and/or at 6 = j3,
we have Ay = h S)( )/s! and/or By = (=1)*h()(B)/s!, and p, = o, = s,
s=0,1,... .

(3) In addition, if h() is infinitely differentiable at o such that h(Y(a)) = 0 for
all i > 0 [or at 3 such that h(Y)(3) = 0 for all i > 0], then the asymptotic
expansion of h(f) as § — « (or as § — ) is empty or, equivalently, it
is zero. In such a case, the endpoint a (or ) has no contribution to the
asymptotic expansion of ff h(0)eTv? df as v — oo.

(4) In case h(a) = h(B) = 0 for all i > 0, the asymptotic expansion of

= ff h(6)et¥? dh as v — oo is empty, hence zero. Of course, this does
not mean that I(v) is zero. However, it does mean that I(v) tends to zero
as v — oo faster than any negative power of v; that is, I(v) = O(v~7) as
v — oo for every 7 > 0.

(5) Finally, the asymptotic expansions in BI1)) are valid also when Ra; <
—1 and/or RB;, < —1 as long as as,fs # —1,—2,... . In such cases,
the integrals | f h(0)e**? df diverge in the ordinary sense but do exist as
Hadamard finite parts. For this point, see [14].

4. MAIN RESULTS

4.1. Asymptotic expansion of f f@)Py(x)dz, -1 <c<d<1.
Theorem 4.1. Let —1 < ¢ < d < 1, and assume that f € C*(c,d), which implies
that F(0) = sin@ f(cos®) is in C>(a, 3), where a = cos™d and B = cos™ ¢ and

0<a<f<mw. Assume that, as x — ¢ and as x — d, f(x) is such that F(0) has
the asymptotic expansions (cf. Remark [2 in Section [2])

H)NZUS(H—a)”S as @ — a+; a=cos 'd>0,
(4.1) ~
G)NZVs(ﬂ—l?)US as@ — B—; B=cos te<m,
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where
—1 <Rpo <RNpr < Rpa < -+ lim Rp, = o0,
(4.2) oo
—1 < Rog <Roy <Roy < --- ;5 lim Roy, = o0,
S§— 00

and Ug and V are nonzero constants. Assume also that these asymptotic expansions
can be differentiated termwise an infinite number of times. With the functions ¢y (z)
as in Theorem B2, for arbitrary 0 € [«, B, let

1 d

FW k(ew)’ jak:Oala"'a

(4.3) Gr;(0) =
and

1 ot .
GG =5 > T oy(O)Dw+j +1),
J,k=>0
Jtk=p
. 1 P p— .
GB:w) =5 > ()T GO Dw+i+1),

3,k>0
J+k:#

D (=17 (=) g () T(w +j + 1),
J,k>0
jtk=p

> (1) G (0) D(w + 5 + 1).
3,k>0
Jtk=p

GEL_)(H;w) =

DN | =

)
—

G (0 w) =

DO |

Then, as n — oo,

/ F@)Pata) o0 3 z s ey z G tosp)

in 67 S —1n /3’ S
+e IBZV Z nag+,u+'332 BZV Z na';+y+§/2 '

n=0 s=0 pn=0
Remarks.

(1) The case f € C®|[e,d] is actually included in Theorem EIl In this case,
F € C*[a, f] necessarily. Therefore, when F(0) has full Taylor series at «
and 3, (£I) holds with

Us = %, ps =s and Vs:(—l)sw7 os=s8, s=0,1,....

(2) Note that the only contributions to the asymptotic expansion in ([@H]) come
from the endpoints x = ¢ and z = d. In addition, it is quite easy to
write down these contributions; we simply replace (6 — «)?= and (8 — 6)°-
in ([LI) by appropriate asymptotic expansions in terms of the powers
{n—(petuts/200 | and {7« trt3/2) )20 | respectively, with coefficients
that are independent of the U, and V.

(3) Tt is easy to see that, when w is real, there holds

(4.6) AP (Gw) = G (Bw) .
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Therefore, if the Us, V;, ps, and o, are all real, then (@3] becomes
ina G(+ Oé ps
(4.7) / f(x)Py(z) da ~ zm{ ZU Z =

in /87
+e ﬁZV Z nob+u+?()j/s2 }

4.2. Asymptotic expansion of ¢,[f].

Theorem 4.2. Let f(z) be such that F(0) is precisely as described in Section
with the notation therein. Then, as n — 00, e,|[f] has the asymptotic expansion

(4.8)
~ inf, (+) u (=) K AT TS
€n [f] Zl {6 |:ZO Trs ZO ﬁ'y,s.:,r)+p+l/2 T ZO TTS ZO ﬁ7§';)+ﬂ+1/2 :|
r= s= p= 5= p=
> o A+) (+) © o A=) (-)
TS G (HT Yrs ) _ G (07‘"}/7“5 )
+e iné, Tﬁj) T AT TS + T}S ) e AT TS )
{; uz:% A +pt+1/2 ; ;;J Ave Hut1/2
[e'e) oo (+) o0 e (7)
Ay _alos ) gy Ay e )
+ Zo s Z el +hi1/2) +(=1) Z s - 72(al 7 +k+1/2)

s= k=0 =0 k=
aPez* oD gzt

| @

The functions ci(w) are exactly as described in Theorem BIl The functions
Gﬁi)(ﬁ;w) and @Li)(G;w) are as described in Theorem H11

Remarks.

(1) Note that the only contributions to the asymptotic expansion in (8] come
from the points of singularity in [0, 7]. In addition, it is quite easy to write
down these contributions; we simply replace (§ — 6 )Vfai) in (24) by appro-
priate asymptotic expansions in terms of the powers {n (733 +pt1/ 2)};?:0,
with coefficients that are independent of the Tr(ét ),

(2) We have chosen to express the asymptotic expansion of e,[f] in terms of
n =n+ 1/2 instead of n. The reason for this is that the contributions to
this asymptotic expansion coming from z = 41 have half as many terms in
powers of 1 = n + 1/2 as there are in terms of powers of n. Of course, we

s
can re-expand () in powers of n; in this case, the powers p2(@s" +F+1/2)

in @8] are replaced by n2"(i)+2k+1, while the rest of the asymptotic ex-
pansions retain their forms, with n replaced by n.
(3) If the T'F) and the y(i) are all real, then, by (8], the result in (L8]

becomes
(4.9)
m + *) (=)
-~ (+) L TafyT‘S (=) 14 (07‘;77"3 )
e [y S G S a0 S G )
=1 s=0 pn=0 n=0
> > (+) > > (=)
Cooglas) (=) cr(as ’)
+ SZ A Z (@D k11/2) +(=1) ; A5 1;) 20 +k+1/2)

ocgJr Z+ agf)€Z+
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5. PROOFS OF MAIN RESULTS

5.1. Proof of Theorem [4.3l Making the variable transformation z = cosf, we
first have

B
(5.1) / F(2)Py () da = / By (0)do, ®(0) = F(6)Py(cosh).
Following this, we define

(5.2) Hy(0) = F(0) ¢r(e"), Hyp(0) = F(0) p(e?), k=0,1,...,
and let

p—1
(5.3) Uyn(0) = % > [ Hy(0) + e Hy(0)]nF 2,
k=0
In addition, we let
(5.4) U, n(0) = F(O)R[¢™ R, . ()].
With these, we have
(5.5) ®(0) = Upn(0) + T,y (6)
and
B B
(5.6) / F(@)P(2) do = / U, (0)do+ / B, 0(0) db.

We now have to derive asymptotic expansions for the integrals | f U, (6)df and
ff U, (0)df. By (37) in Theorem B it is clear that

(5.7) /5 U, n(0)d) = OHP~Y?) asn— oo.

As for ff U, (0)dh, we need to analyze the asymptotic behavior of the integrals
ff ™ Hy.(0) df and ff e H,.(6) df carefully. Now, by Theorem 3.2 the func-
tions ¢y (') are analytic for § € (0, 7), hence have convergent Taylor series expan-
sions about arbitrary n € (0,7), and these are given as in

(5.8) dr(e) = bw;(n) (6 —
i=0

Being Taylor series, these are also asymptotic expansions as § — n+. By ([@I) and

X)), we have

Hi(0) ~ > U Y i) (0 — ) as 6 — at,
s=0  j=0
Hy(0) ~ > Ve > (1) ¢ri(B) (B—0)7" as 0 — p—,
(5.9) I
ZU Z¢k3 Q)P as 6 — a+t,
Hi(0) ~ 3 _ Ve D (1) 915(8) (B = 0)" s 6 5.
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Now applying Theorem [3.3] we obtain

B 1
(5.10) / e Hy(0) d ~ ™ Z Us Z Prj(a M

1n Ps*‘rj*’rl
+emﬁzvz 1 ¢ I(os+j+1)
5 (53) G as m — 00

s=0 J =0
and

B
—iné ry —i ps+.7+1)
an) [ 00~ e "“ZU Z% @y

O NDIEIE N Lo

Substituting (B.I0) and (&I in (B, rearranging, and invoking (@A), we obtain
(5.12)

00 p—1 ~(4)
ina G (a;ps) /\ s 3/2
[ pattra0 e ZU{Z—WWﬁ o

—ina G(+ (a pS) 3 2
ZU |:Z nPstu+3/2 + O[T / }

Nos+u+3/2
pn=0

o0 p=l ~(=)g.
CE ZVS{Z G (ﬁvas)_i_ foep-3/2)

—in G (Bi0) | o
BZV{X%W*'O(” P 3/2)] as n — 0o.
w

Substituting (E7) and (I2) in (B.6]), and letting p — oo, we obtain the result in
(#3). This is a consequence of the fact that p is arbitrary and that the O terms in
G and (BI2) all tend to zero simultaneously.

5.2. Proof of Theorem

5.2.1. Introduction of neutralizers. We first introduce appropriate neutralizers that
will allow us to break up the problem into two smaller subproblems.

Definition 5.1. Given a < b, a neutralizer Q(x;a,b) is an infinitely differentiable
function on (—o0, 00), such that, either

0 ifx<a,
1 ifxz>b

(5.13) Qaia,b) = {

or

1 ifx<a
5.14 ;a,b) = -7
(5.14) Q(@ia,) {0 itz >b.
Consequently, Q(x;a,b) also satisfies

(5.15) QW (a;a,b) =0, QW(b;a,b)=0, i=1,2,....
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Neutralizers can be constructed in different ways. For example, if we let

p(z) = {2_1/95

AVRAM SIDI

if z <0,
if z > 0,

then we can construct two neutralizers Q4 (z;a,b) and Q_(x;a,b) as follows:

Cab) = p(x —a) ab) — p(b—z)
Q4 (; ’b)_p(;v—a)-l—p(b—fl?), Q-(z;a,b) p(x—a)+pb—21)

Now, Q4+ (z;a,b) is as in (BI3), while Q_(x;a,b) is as in (BI4]). In addition,
Q+(z;a,b) + Q_(x;a,b) = 1.

Going back to our problem, let us choose a, b, ¢, d such that

(5.16) O<a<b<b, O,<c<d<m.
With the help of the above, we now construct two functions, R4 (6) and R_(0), as
follows:
Q+(0;a,b) if 0 < 64,
(5.17) Ri(0)=<1 if 01 <6 <0,
Q_(0;c,d) if 0 > 0,,,
Q_(0;a,b) if 6 < 04,
(5.18) R_(8)=1<0 if 01 <6 <0,
Q+(0;¢,d) if 0 > 0,,.
Clearly, R, (6) and R_(0) are infinitely differentiable everywhere, and satisfy
if 6 0 1 ifé 0>d
(5.19) R.(0) = 0 1 <aorf>d, R (2) = 1 <aorf>d,
1 ifb<l<eg, 0 ifb<<e,
(5.20) R (6)+R_(0)=1,
and
(5.21) RV =0, RY@=0, i=1,2....

See Figures [l and

R (6)4
1 ...... -

0a b 0, - 0,,€ dﬂ'bo

FIGURE 1. Graph of the the function R (6) in (517).
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R_(0)4
! :

OCL b 019mC
FIGURE 2. Graph of the the function R_(#) in (B.I8).

5.2.2. Splitting F(0) and e,[f]. With the functions Ry (6) available, we now split
F(6) as in

(5.22)  F(0) = Fi(0) + F-(0); Fy(0) =Ry (0)F(0), F_(0)=R_(0)F(0).
Clearly,

F.(0)=0 if 0 <aorb>d, F,.(0)=F) ifb<b<e

(5.23) F.(0)=F®) if6<aor®>d,  F_()=0 iftb<f<e

In addition,

(5.24) Fla)=0=F), i=12,....
In view of (5:22) and (I2),

1

625 ealfl =Dl = [ 0P (cost) do.
—1

Going back to the variable z, it is easy to see that

F(0)
ﬂ:) _ _ +
(5.26) ) / flo)Pulr) e = elfs], fale)= 20|

To complete the proof, we need the asymptotic expansions for the integrals e, [f+],
to which we turn next.

5.2.3. Completion of proof. We begin with e, [f_]. Clearly, f_(z) satisfies

(5.27)

fo(z) = f(x) if x < cosd or x > cosa,
o if cosc < & < cosb,

and, therefore, f_ € C°°(—1,1), and its asymptotic expansions as z — =+1 are
precisely those of f(x). This implies that Theorem B.1] applies to e, [f—]. Thus, as
n — 00, e,[f—] has the asymptotic expansion

(5.28)
(+) cx( Oés - ( - cx( Oés
Z A Z n2( (+)+k+1/2 ZO = ; (al” )+k+1/2)

s
(+)€2+ ( Y gzt
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As for e, [fy], we first observe that
0,41
(529) enlfs] =AS I 1 = / Fo(0)Py(cos8)dd, r=0,1,....m.
0
In addition, by (523)), we realize that
01
= / F,(0)P,(cosb) df,

0rt1
(5.30) 1) = / F(0)P,(cos®)df, r=1,...,m—1,
6

r

d
1) = / F,(0)P,(cos ) db.
O
It is clear that we can achieve our goal by determining the asymptotic expan-
sion of each of the integrals Ir(,—;) in (B30) as n — oo. Recall that, for each
r € {l,...,m— 1}, the integrand of I,EE), is in C*°(0,, 0,11) and is singular both at
0, and 6,11, whereas that for ] é;) is singular only at #; and that for I, T(n+7)1 is singular
only at 6,,. In addition, in all cases, the asymptotic expansions as § — 6,+ of the

respective integrands are precisely those of F'(6) P, (cosf). Therefore, Theorem [£.]

applies to each Iﬁ;).

Thus, for IT(,J,Q), 1<r<m-—1,letting r +1 =r’, we have, as n — oo,

(5.31)
+ + +
I(H) o i ZT(+) ( )(9r§%(“s) o~ iA0: ZT(+) (L )(9r§77(“s))
o =5 A uts/2 AT Hut3/2
-) (=)
1n9 - ) 7" 777” s 71710 ’ (- ) (97" ;’Y,,‘ s )
T T, T Ints /)
Z ;;) ﬁv( )+u+3/2 Z =0 ﬁ'y( J+ut+3/2

By (5.24), there is no contribution to I0 ™) from @ = a and no contribution to

I,(n+7)1 from 6 = d. Thus, as n — oo,

R G(—)(g. (—))
+ in 15 V1s
(5.32) If(%n) ~e ZTl(S) R +;/2
s=0 =0 nMs tH
( ) 9 (=)
7177,01 T( ( 15 V15 )
Z h uz% s w3z

20 G (Bms )
= v +ut3/2

&> © @(4')( ’Y(_))
—inb,, (+) 14 TI’La ms
e E_:Tms > R +ut3/2

=0 nym

Substituting (E31)—E33) in (B29), and adding (B28]), we obtain ([J]). This

completes the proof.

(5.33) IGH) ~efm Z T+
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6. CONSEQUENCES OF THEOREM

Theorem concerns the general case in which F'(#) has arbitrary algebraic
singularities in [0, 7], that is, the *y(i) in (Z4) and the ol in @70) are arbitrary.

We now consider the special case in which 'y(i) ,(«i) + s, and agi) =aF 45,
s =0,1,... . Then ’yﬁs)—l—,u—l—l/Z = 'ng )—l—s—l—,u—l—l/Z and agi)—l—k‘—l—l/Q =
a®) 4 s4+k+1/2in [@SF). Realizing now that s+ and s+k take on only the values
0,1,2,..., and re-expanding in negative powers of n instead of n, and rearranging,
we can rewrite (L8] in the simpler form
m ) o L(+) °° L( )
in, s s
Y e Do e ]
—in6,. _ Hrs T8
e [Z_:O ) +s+1/2 2 e )+s+1/2]}
0 (+) o0 -)
M n
+ Z n2a(+)+s+1 + (_1) Z n2a( )+s+17
s=0 5=0

where M) = 0 when o) € ZF.
A further simplification takes place when 'y,(«Jr) — vﬁf) are all integers. Letting
Yr = mm{ﬂy(ﬂ7 ’yﬁ_)}, (610 can be rewritten as in

in L”‘S —m
(6.2) Z { or Z W ” Z n%+s+1/2 }

M ane M
+ Z n2a(+)+s+1 + (_1) Z ,,7‘201(_)4-5-{-17
s=0 5=0
where Ms(i) =0 when o®) € Z7F.

This is the case when, for example, (i) f(z) = (1 —xz)® at® (1 —l—m) (ac)7 g(x) being
infinitely differentiable at @ = +1 and g(£1) # 0, and (ii) f(«) has finite jump
discontinuities at m interior points @1, ..., 2, of (=1,1), with f*)(2,4) defined
for all £ = 0,1,...; in such a case, we Wlll generally have 'y(ﬂ ( ) = 1, and
hence ~, = 1, for all r.

We now consider the problem of summing the infinite series Y~ e,[f] P (z)
that represents f(z) for € [—1, 1]. Multiplying the asymptotic expansion in (6.2))
with that in B3] of Theorem B2l and rearranging, we realize that e, [f]P,(cos8)
has an asymptotic expansion of the form

(6.3) en|f] Py (cos @) ch Zﬁkm U ag n = 00,

where M = 4m + 4 and the ( (with corresponding d;) are eii(e*‘e 2 ii(a—e ),
(with 6, = —y, — 1), r = 1,...,m, and e (with ¢, = —2a(*) — 3/2) =)
(with 6, = —2a(~) —3/2). (Note that the (;, here are distinct and G # 1. ) This
being the case the sequence {e,[f]P,(cosf)}52, belongs to the set of sequences
denoted b™). See Sidi [I1, Chapter 6, p. 123, Definition 6.1.2].
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Since [¢x| = 1 for all k£ in (G.3)), the series > ", e,[f]Pn(x) converges very
slowly for —1 < z < 1, especially when f(x) has strong singularities on [—1, 1].
To overcome this problem, we can apply suitable convergence acceleration meth-
ods to the sequence of partial sums of this series. The fact that the sequence
{en[f]Pn(x)}5%, is in the class b(M) suggests that the convergence of the infinite
series Y o0 e, [f]Pn(z) can be accelerated very effectively by the d™) transfor-
mation of Levin and Sidi [6]. See also [I1I, Chapter 6, p. 130, Definition 6.2.1].
Convergence acceleration can be achieved in this case also by the transformation
of Shanks [§]. See also [II, Chapter 16]. As a matter of fact, these two methods
seem to be the only nonlinear methods that can achieve convergence acceleration
on the series > > e, [f]P.(x) when e,[f] is as in ([G.2). To apply these methods,
we do not need to know the (; and dj in ([6.3). Mere knowledge of the existence
of an asymptotic expansion of the form given in (6.3]) is sufficient for deciding that
these two transformations are suitable. Finally, these methods can be applied in
a much more economical way by introducing the @, (x), the Legendre functions of
the second kind, as has been shown in Sidi [I0]. See also [11, Chapter 13].

So far, we do not have any theoretical results on the performance of these meth-
ods on such series with M > 1. We do, however, have rigorous results on the con-
vergence and stability of the generalized Richardson extraplation process (GREP)
of the author [9] on such problems (assuming that the (; and d; are available), and
these appear in the recent paper Sidi [13].

APPENDIX: ASYMPTOTIC EXPANSION OF ASSOCIATED LEGENDRE FUNCTIONS OF

THE FIRST AND SECOND KINDS

In the sequel, PH#(xz) and QH(x) denote the associated Legendre functions of
degree v and order pu, of the first and second kinds, respectively. See, Abramowitz
and Stegun [T, Chapter 8], for example.

Theorem A.1. Let p and v be real and p < 1/2. There exist analytic functions
or(2) that are regular for |z| =1, z # £1, such that
(A1)

2
Z*¥ (cos @)= P! (cos 0)—1— Q" (cos ) ~ e”f Z - u+1/2 as v — 0o, U=v+1/2,

uniformly for e < 0 < mw —e¢, with e € (0,7/4) fixred. That is, for each p=0,1,...,
and for 0 < 0 < 7, there holds

" iv (e
(A.2) ZH(cos §) = e™? [Z i u+132 +R,.(0)],
where
(A.3) R,.(0) = O(ﬁ_p+”_1/2) as v — oo, uniformly fore <0 <m—e.

Actually, with Dy =

. pt1 _ )
(A.4) ¢k(el9) = (_1)’f2 7 (“ k1/2> (sin 0)* ll(u+1/2)0—7/2]

x B2 ((1/2) D) [(1 - e20) 7112,
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Here, B,(cg)(y) = Zf:o (’;) B,g'i)sys is the kth generalized Bernoulli polynomial (see
footnote [l), and, by B,(:)(cDg)Y(O), we mean

k k
s ev ) =3 (5)80.c i) =3 (1) B0.evoo.

S

s=0 5=0
Remark. Tt is clear that, when p and v are real,
PH(cosf) = RZH(cosh), QL (cosh) = —g SZH (cosb)

In addition, invoking

. on+1 . .
¢0(619) — (SiIl e)u 61[(;1,-1-1/2)0—71'/2](1 _ 6129)_M_1/2,

172
in (AJ), namely, in

ZH(cosf) = e? [(zﬁo(eig)ﬁ‘“l/2 + 0(17“*3/2} as v — 00,

after some simple manipulation, we obtain the asymptotic results given in [Il p. 336,
Egs. 8.10.7, 8.10.8].

Proof. We begin with the Fourier series representation of the associated Legendre
functions P! (cos @) and Q#(cos @) given in Abramowitz and Stegun [1l p. 335, Egs.
8.7.1, 8.7.2], which are valid for real p and v and u < 1/2. It can easily be seen
that we can express Z¥(cos ) in terms of the Gaussian hypergeometric function as
follows:

2D (v + 1)
72T (v + 3/2)
x @At RIp(u 4 v+ p+ v+ 3:¢), (=%

(A.5)  ZE(cosb) = (sin@)*

Invoking the integral representation of F'(a,b;c; z) given in [I, p. 558, Eq. 15.3.1],
we obtain the following integral representation for Z*(cos6):

(A.6)

21+ (sin O)H

ZH(cosl) = ST (12 )

1
% ei[(V+M+1)9—7T/2] / tu+u(1 _ t)—u—1/2(1 _ Ct)_“_l/zdt, C _ €i29.
0

Upon making the change of variable t = e~7, ((A.f]) becomes

417 o3
2+t (sin Q)+ il(vu+1)0—m/2] /OO 6_97—7_“_1/29(7';C) dr,
0

(A7) Zy(eost) = Srriim =)

where

(A.8)
g(:0) = u(r)o(ri Q) ulr) = (

Now, when e < 0 <71 —¢, g € C*°[0,00) as a function of 7 and has a (convergent)
Maclaurin series

p+1/2
) mO =y

e —1

el Tk dk

(A.9) g(m3¢) = Zg(k)(O;C)g; g®(r:¢) = R 9T ).

k=0
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[Here and in what follows, w® (1) = %w(T).] We can now apply Watson’s lemma
(see, Olver [7], for example) to the integral in (A7), and obtain the asymptotic

expansion

< = g®0; ) T(k — p+1/2)
—Dr_—p—1/2 . - g ( 7() H
(A.10) /0 e VTR 2g(T;¢) dr ,;_0 u ST YD as v — 00.

Upon substituting (AI0) in (A7), and recalling that ( = €2/, we obtain (A,
with

; 20 (K — 1/2 . (k) (). 5120
(A.11) dr(e?) = (k—p+1/2) (sin O) l(n1/2)0-7/2] 9 (0;e )'

l/20(1/2 — p) k!

To obtain a closed-form expression for g(*)(0;e'??), we express g(7;¢) as the
Cauchy product of the Maclaurin series of the functions u(7) and v(7;¢) in (AZg).

First, we have

e k
_ (n+1/2) T
(A.12) u(r) = I;)Bk R

Next, by the fact that 7 > 0, for |w| < 1 and arbitrary «, we have

(1—we™ ")* = i(—l)s <j)wseﬁ - i(_l)s (j) w? i(_l)kSk Tk_’:

s=0 s=0 k=0
=Ry e ()= () ]

Since (1 — we™7)® is analytic for all w, w & [1,+00), the last equality holds also
when |w| = 1, but w # 1. From this, we have

(A.13) v(r;¢) = i(—l)’“[@%)k(l - C)_”_Wﬁ_i

k=0
— [ d* 20\ —p—1/2 (17/2)k
k=0

Combining now (A12) and (AI3) and (A:F), we obtain

k (B+1/2) /o ons s
lg(k) (0; €120) — Z By, (i/2)° [ d (1= &20)-n=1/2],
(A14) k' ’ =0 (k—s)' S! d95
1 ) 20N —
= BT/ D) (1 - 207,

The explicit form of ¢ (e'?) given in ([(A4) can now be obtained by substituting
(A14) in (AII), and by invoking the facts that

S e ma =)

To prove that (A1) holds uniformly for ¢ < # < 7 — ¢, we proceed as follows:
By first expanding u(7) in powers of e~ 7, and then, by differentiating the resulting
(convergent) expansion with respect to 7, it can be shown that

u(k)(T) _ O(Tﬂ+1/2e*(#+1/2)7) asT — o0, k=0,1,....
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By this and by the fact that u(7) is infinitely differentiable for 7 > 0, we conclude
that uy(7) is of exponential order and hence

(A.15) |u™(7)| < Upe*, forr>0, k=0,1,...,
where Uy, are some positive constants and A > —p — 1/2. Next, by the fact that
v(7; () is infinitely differentiable for 7 > 0 and

k
v®) (7 ()= Zwm‘(l - Ce_T)_“_l/Q_i7 for some constants wy;,

i=0
and because
in2¢)"H1/2 if —1/2
[o(1; Q)| < {;Sujf;z Tfui 1§2’ fort>0and e<<7—e¢
op=s— 3

we also have that

(A.16) ’U(k)(T;C)’ <Vi, forr>0ande<f<m—¢ k=0,1,..

)

where Vj are some positive constants. Finally, by (A.15) and (A.16) and by

k
9P (ri¢) = (k) u* = () (7;0),

s=0 §
we conclude that
(A.17) |g(k)(7';§)‘ <GReM, forr>0ande<f<m—e¢ k=0,1,...,

where G, are some positive constants and X is as in (AT5).
Let us now replace g(7;¢) in (A7) by its Maclaurin series with remainder,
namely,

iy Tk TP
9(15¢) = Zg(k)(O;C)F + Sp(7; C)g ;
— ! !

Sp(13¢) = §Rg(p) (Tr; C) + ii‘sg(p) (71;¢)] for some Tg, 71 € (0,7).

(Note that 7g and 77 depend on 7 and ¢.) It is clear by (A7) that |S,(7;¢)| <
Cp e’ forall T € [0,00) and 0 € [¢, 7—¢], C,, being some positive constant. Carrying
out the individual integrals, and noting that, for all v > A,

oo N yY oo .
‘/ ef”Trf“fl/QSp(T;C)—T dT‘ < G / e~ W= NTp—1=1/2 g
| |
0 p: b Jo

_ Gy (p—p+1/2)

Cpl (D= \)patl/2?
we see that (A2) holds with (A3)) and (A4), uniformly for ¢ < § < m — ¢. This
completes the proof. O
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