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ACCELERATED FINITE DIFFERENCE SCHEMES
FOR SECOND ORDER DEGENERATE ELLIPTIC
AND PARABOLIC PROBLEMS IN THE WHOLE SPACE

ISTVAN GYONGY AND NICOLAI KRYLOV

ABSTRACT. We give sufficient conditions under which the convergence of finite
difference approximations in the space variable of possibly degenerate second
order parabolic and elliptic equations can be accelerated to any given order of
convergence by Richardson’s method.

1. INTRODUCTION

This is the third article of a series studying a class of finite difference equations,
related to finite difference approximations in the space variable of second order
parabolic and elliptic PDEs in R%. These PDEs are given on the whole R? in the
space variable, and may degenerate and become first order PDEs. Denote by uy,
the solutions of the finite difference equations corresponding to a given grid with
mesh-size h. By shifting the grid so that  becomes a grid point we define uy, for
all x € R? rather than only at the points of the original grid. In [5] and [6], the
first and second articles of the series, we focus on the smoothness in x of uy, rather
than their convergence for h — 0. The main results in [5] and [0] give estimates,
independent of h, for the first order derivatives Duy, and for derivatives DFuy, in x
of any order k, respectively.

In the present paper one of our main concerns is the smoothness of the approx-
imations uy in (z,h). In particular, we are interested in the convergence of uy,
and their derivatives in x, in the supremum norm, as h — 0. We give conditions
ensuring that for any given integer k& > 0 the approximations wuj; admit power series
expansions up to order k£ + 1 in h near 0 like

k
(11) up = Zhju(]) + hk+17“h,
7=0

and such that the coefficients are bounded functions of (¢,z) € [0,T] x R? for
fixed T' > 0 in the case of parabolic equations, and, with the exception of r},, are
independent of h. This is Theorem 23] our first result on Taylor’s formula for uy,
in h. We obtain it by proving first Theorems B1] and below on the solvability
of the PDE that is being approximated, and of a system of degenerate parabolic
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PDEs, respectively, for the coefficients u?), j = 0,...,k. Of course, u(® is the
true solution of the corresponding PDE. The remainder term r, satisfies a finite
difference equation, with the same difference operator appearing in the equation
for uy, and we estimate r, by making use of the maximum principle enjoyed by
this operator. This is a standard approach to get power series expansions for finite
difference approximations in general, and it works well in many situations, when
suitable results regarding the equations for the coefficients u(/) are available. In
our situation it requires some facts either from the theory of diffusion processes or
from the theory of degenerate parabolic equations. However, we do not use any
facts from these theories. We prove Theorem Il and hence Theorem B2 relying
on results on finite difference schemes, obtained in [G] by elementary techniques. It
is worth saying that since long ago finite difference equations were already used to
prove the solvability of partial differential equations (see, for instance, [§] and [9]).
Our contribution lies in considering degenerate equations.

After establishing the expansions of uy, in h not only can we obtain the possibility
to prove the convergence of uy, to the true solution in the supremum norm as h — 0
but also the possibility to accelerate it to any order under appropriate assumptions.
We prove the latter by taking linear combinations of finite difference approximations
corresponding to different mesh-sizes. This method is especially effective when
many of the coefficients in the expansion of uy, are zero. These results are given by
Theorem 2.5 and Corollary 2.8 Their counterparts in the elliptic case are presented
by Corollary B

The idea of accelerating the convergence of finite difference approximations in
the above way is well known in numerical analysis. This is due to L.F. Richardson,
who showed that it works in some cases and he demonstrated its usefulness in [15]
and [I6]. This method is often called Richardson’s method or extrapolation to the
limit, and is applied to various types of approximations. The reader is referred to
the survey papers [2] and [4] for a review on the history of the method and on the
scope of its applicability and to textbooks (for instance, [I0] and [II]) concerning
finite difference methods and their accelerations. Our paper seems to be the first
one to justify the method for degenerate elliptic and parabolic equations in spaces
with supremum norm.

We are interested in approximating in the sup norm not only the true solution
but also its derivatives. Note that even if the coefficients u/) are bounded smooth
functions of (t,z), the derivatives D*uy, of uj, in x may not admit similar expan-
sions, since the derivatives of r;, may not be bounded in h near 0. Note also that
the bounds on the sups of /) and rj, generally depend on T', and may grow expo-
nentially in 7. This becomes a big obstacle to extending our results to the elliptic
case.

Our next result on power series expansions, Theorem [Z.7], improves the previous
theorem in two directions. It gives sufficient conditions such that for any given
integer k > 0:

(a) DFuy, admits an expansion similar to (),

(b) the bounds on the coefficients are independent of 7.

Having (a) we can approximate the k-th derivatives of the true solution by D¥uy,
with rate of order h and accelerate the rate under appropriate assumptions. We
can also approximate the k-th derivatives of the true solution with finite difference
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operators in place of D* applied to wy,, which is more convenient in applications
because it does not require computing the derivatives of uy,.

We ensure (a) and (b) by relying heavily on derivative estimates, independent
of T, obtained in [5] and [6] for solutions of finite difference equations. Property
(b) of the expansions allows us to extend Theorem 27 to the elliptic case. This
extension is Theorem

As a consequence of the derivative estimates proved in [6] we obtain also (see
Theorem below) estimates, independent of h and T, for the derivatives of uy,
in  and h. The derivative of u; in h satisfies a finite difference scheme similar
to that satisfied by wj, with a free term whose supremum is estimated by the
supremum of the third order derivatives of u,. This explains why one derivative in
h is equivalent to three derivatives in x. Clearly, Theorem immediately implies
Taylor’s formula for uy in h, up to appropriate order, with bounded coefficients.
It is interesting to notice that the converse implication does not hold: If for k& > 1
the function uj, admits a power series expansion up to order k + 1 in h near 0 with
bounded coeflicients, it does not imply, in general, that the derivative of u; in h
up to order k + 1 are bounded functions. That is why Theorem 277 does not imply
Theorem [Z9] and the latter implies the former only if condition (i) in Theorem 27
is satisfied. Additional information on the behaviour of the derivatives of uy in x
and h when h is near 0 is given by Theorem 211 The corresponding result in the
elliptic case is Theorem [3.41

In this article we are working with equations in the whole space, and plan to
consider equations in bounded smooth domains in a subsequent article. Still it may
be worth noting that the results of this article are applicable to the one-dimensional
ODE

(1 — 222" (z) — c(z)u(z) = f(z), z € (-1,1).

The point is that one need not prescribe any boundary value of u at the points 41
and if one considers this equation on all of R, the values of its coefficients and f
outside (—1,1) do not affect the values of u(x) for |z| < 1.

Another rather standard example even of a uniformly nondegenerate equation
with constant coeflicients is the following. Take the one-dimensional heat equation

Up = Ugz, >0, wu(0,z)=cosz.
Then the true solution is
u(t,r) = e tcosw, wu(1,0)=e"! =0.3678794,

and the obvious symmetric finite difference scheme in the space variable with mesh-
sizes h = 1/2 and h = 1/4 give the approximations

v(1,0) = 0.3755591 and  w(1,0) = 0.3697965,

respectively, for u(1,0). These approximations are accurate up to the second digit
only, whereas Richardson’s accelerated approximation

4w(1,0)/3 — v(1,0)/3 = 0.3678756

gives the correct value up to the fifth (out of seven) digit. By the way, if one does
not use the acceleration, then one gets such accuracy for A = 0.011, which is almost
25 times smaller than 1/4.
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2. FORMULATION OF THE MAIN RESULTS FOR PARABOLIC EQUATIONS

We fix some numbers ho, T € (0, 00) and for each number h € (0, hg] we consider
the integral equation

(2.1) u(t,x) = g(x) —l—/o (Lhu(s,x) + f(s,z)) ds, (t,x) € Hry

for u, where g(x) and f(s,z) are given real-valued Borel functions of x € R? and
(s,z) € Hp = [0,T] x RY, respectively, and Ly, is a linear operator defined by

(2.2) Lhw(t ) = Lyp(t,x) — clt, x)p(x),
(2.3) LYo(t, ) Z ar(t, ) xp(w Z At 2)0n a0 (),
)\EA1 AEA;

for functions ¢ on R?. Here A; is a finite subset of R? such that 0 ¢ Ay,
1
Inap(z) = 7 (0@ +hA) —p(z)), A€,

ax(t,x) > 0, pa(t,z), and c(t,z) are given real-valued Borel functions of (t,z) €
Hoo = [0,00) x R? for each A € Ay. Set [A|* =375, N
As usual, we denote

D* = D{ ... D5, Di = ‘, la| = Zal, Dij = D;D;

for multi-indices @ = (a1,...,aq), a; € {0,1,... } For smooth ¢ and integers
k > 0 we introduce D¢ as the collection of partial derivatives of ¢ of order k, and
define

ID¥e* = > DY, [¢le = sup [DFo(x)], ol =D _[¢li-
o=k z€R? i<k

For functions v, depending on h € (0, hg] the notation DZ’L/Jh means the k-th
derivative of ¢ in h. For Borel measurable bounded functions ¢ = ¢ (¢,z) on Hr
we write ¢ € B™ = BT if, for each t € [0, 7], (¢, z) is continuous in R? and for
all multi-indices « with |a| < m the generalized functions D% (¢, x) are bounded
on Hyp. In this case we use the notation

)17, =sup > |D(t, )|
T Jaj<m
This notation will also be used for functions 1 independent of t. We denote by

C5°(R?) the space of infinitely differentiable functions with compact support in R.
Let m > 0 be a fixed integer. We make the following assumptions.

Assumption 2.1. For any A\ € Ay, we have py, qx, ¢, f,g € 8™ and, for k =0,...,m
and some constants M, we have

(2.4) sup (1Y (ID*qa* + D pal?) + [D¥e?) < M.

T NeAy
Remark 2.1. By Theorem 2.3 of [5] under Assumption 2] for each h € (0, ko), there
exists a unique bounded solution uy of (2I), this solution is continuous in Hr, and
all of its derivatives in x up to order m are bounded. Actually, in Theorem 2.3 of

[5] it is required that the derivatives of the data up to order m be continuous in Hr,
but its proof can be easily adjusted to include our case (see Remark 2.6 below).
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Naturally, we view ([2I) as a finite difference scheme for the problem

(2.5) %ua,x) — Lu(t,z) + f(t,x), te€(0,T],xeRY,
(2.6) u(0,2) = g(a), = €RY,
where
d d
(27) L= % Z Z qk)\i/\jDiDj + Z Zp,\)\lDl — C.

NEAL i,j=1 AEA; i=1

By a solution of (23)-(2) we mean a bounded continuous function u(t,x) on
Hr, such that it belongs to B2 and satisfies

(2.8) u(t,z) = g(x) + / (Cu(s,) + f(s,2)] ds

in Hr in the sense of generalized functions, that is, for any ¢ € [0,7] and ¢ €
Cg°(RY),

@utt.)ds = [ s@g@)des [ [ o(-eut i) duds
R4 R4 0 Rd

t d d
(2.9) +/ / > (3D ex\\DiDju+ Y padiDiu)(s, x) dads.
0 JRA i=1

A€EA; B,j=1

Observe that if u € B2, then ([23) implies that (Z3J) holds almost everywhere with
respect to = and if u € B3, then the second derivatives of u in # are continuous in
x and (Z3) holds everywhere.

The reader can find in [7] a discussion showing that in all practically interesting
cases of parabolic equations like (2.8) the operator £ can be represented as in ([2.7]),
so that considering operators L) in form (23) is rather realistic.

The following theorem on existence and uniqueness of solutions is a classical
result (see, for instance, [12], [13], [I4]) which we are going to obtain by using
finite-difference approximations.

Theorem 2.1. Let Assumption 2] hold with m > 2. Then equation (Z8)) has a
unique solution, u(®) € B2 = B2. Moreover, u® e B and

(2.10) @ Nl < NCLF 1+ llgllm),

where N is a constant, depending only on d, m, |A1|, Mo,..., My, and T.

Observe that this result is rather sharp in what concerns the smoothness of
solutions, which is seen if all the coefficients of £ are identically zero and f is
independent of ¢ in which case the solution is ¢ f(x) + g(x).

The existence part in Theorem 2] is proved in Section [l and uniqueness in
Section [41

In Section [@] a repeated application of this theorem allows us to prove a result
on the solvability of [ZI3) below. We first introduce

i) . 1 i+2 1 i+1
(211) LY = Gy 2 pA Ty 2w
AEA AEA,
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where
(2.12) O = \iDip

K2

is the derivative of ¢ in the direction of A. Consider the system of equations

t J
(2.13) w9 (t,x) = / (ﬁu(j)(s, x)+ Z C’;L(i)u(jfi)(s, z)) ds,
0 i=1
(t,x) €eHp,j=1,... k.
Remark 2.2. Quite often in this article we use the following symmetry condition:
(S) Ay = —A; and g\ = ¢_» for all A € Ay.
Notice that, if condition (S) holds, then
Yt w)nap(x) = (1/2) Y aa(t, 2)Anap(),
AEA AEN,
where
Apap(x) = h72(p(@ + hA) = 20(2) + p(z — hA)).
Theorem 2.2. Let k > 1 be an integer.

(i) If Assumption 21 is satisfied with m > 3k + 2, then 2I3) has a unique
solution {uD}¥_, , such that

(2.14) u? € B w35 < N(Ifllmn + gllm)

forg=1,... k.
(i) If the symmetry condition (S) holds and Assumption 11 is satisfied with
m > 2k + 2, then I3) has a unique solution {u)}s_,  such that

j=1s
(2.15) u € B2, 4D g5 < N f b+ llgh)
for 5 =1,... k. In addition, if

(2.16) P_x = —Dx, for A& Ay,

then

(2.17) u?) =0,

for odd numbers j < k.
In all cases the constants N depends only on d, m, |A1|, Mo, ..., My, and T.

The next series of results is related to the possibility of expansion
hi
(2.18) un(t,z) = u@(tx)+ D —u (b )+ Bt w),
1<i<k 77

for all (t,x) € Hy and h € (0, hg], where uy, is the unique bounded solution of (2.1])
(see Remark [2T]) and 7, is a function on Hp defined for each h € (0, ho] such that

(2.19) Irn(t, 2)] < N fllm + [lglln)
for all (¢,2) € Hr, h € (0, ho).
We introduce
XhA = Gx + hpa.
Assumption 2.2. For all (¢,x) € Hr, h € (0, hg], and X € Ay,

(2.20) Xh))\(t,l‘) > 0.
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Assumption 2.3. We have

Z Aga(t,z) =0 for all (t,z) € Hr.
AEA;

Notice that condition (S) is stronger than Assumption 23

Theorem 2.3. Let Assumption 2T with m > 3 and Assumption 22 hold. Letk > 0
be an integer. Then expansion (ZI8) holds with 1y, satisfying (ZI9), provided one
of the following conditions is met:

(i) m > 3k + 3 and Assumption holds;

(ii) m > 2k + 3 and condition (S) holds;

(i1i) k is odd, m > 2k + 2, and conditions (S) and 2I6) are satisfied.
In each of the cases (i)—(iii) the constant N depends only on d, m, |A1|, My, ..., M,
and T. In case (iii) we have u) = 0 for all odd j in expansion [ZIF).

We prove this theorem in Section[ll The following corollary is one of the results of
[3] proved there by using the theory of diffusion processes. We obtain it immediately
from case (iii) with & = 1. Of course, the result is well known for uniformly
nondegenerate equations but we do not assume any nondegeneracy of £, which
becomes just a zero operator at those points where ¢, = py = ¢ = 0.

Corollary 2.4. Let conditions (S) and (ZI6l) be satisfied. Let Assumption 2T with
m =4 and Assumption hold. Then we have |uj, — ug| < Nh2.

Actually, in [3] a full discretization in time and space is considered for parabolic
equations, so that, formally, Corollary 4] does not yield the corresponding result
of [3]. On the other hand, a similar corollary can be derived from Theorem
below which treats elliptic equations and it does imply the corresponding result of
[B]. Tt also generalizes it because in [3] one of the assumptions, unavoidable for
the methods used there, is that ¢, = ri with functions r) that have four bounded
derivatives in x, which may easily not be the case under the assumptions of Theorem
3.0

To formulate our main result about acceleration for parabolic equations we fix
an integer k£ > 0 and set

k
(2.21) up = ijuzﬂ'iu
=0

where, naturally, u,—;;, are the solutions to (21I), with 277k in place of h,
(2.22) (bo, b1, ..., by) := (1,0,0,...,0)V !
and V! is the inverse of the Vandermonde matrix with entries
Vi =27 0=D0=D =1 k+ 1
The following result is a simple corollary of Theorem 2.3

Theorem 2.5. In each situation when Theorem is applicable we have that the
estimate

(2.23) [an(t, @) = u @ (t,2)] < NI fllm + gl

holds for all (t,z) € Hy, h € (0, ho], where N is a constant depending only on d,
m, |A1|, Mo,...,M,,, and T.
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Proof. By Theorem

k .
h'L Z — .
ug—ip = ul® + Z igzji“( )+ Py BT 5 =0,1, .0k,
=1

with 7y == 277+, which gives

k k ko k ; k
S5 ST, RVCES 3) SRS SN
7=0 7=0 7j=0i=1 7=0
b
1=1 7=0 7=0
since
k
> b= Zb 279U =0, i=12 ...k
7=0
by the definition of (b, ..., bx). Hence,
k
suplin = u®| = sup| 37 057y W4 < N o+ gl 1
T j=0
and the theorem is proved. 1

Sometimes it suffices to combine fewer terms uy-;;, to get accuracy of order k+1.
To consider such a case for odd integers k > 1 define

k
(2.24) up, = Z Eju2—jh )
j=0
where
(2.25) (Do, b1, oy b)) = (1,0,0,...,0)V 1, k= k7L

and V! is the inverse of the Vandermonde matrix with entries
Vi =000 =1 k41

Theorem 2.6. Suppose that the assumptions of Theorem are satisfied and
condition (iii) is met. Then for @y we have

Sup 0@ — | < N(|flln + Ngllm)h*
T

for all h € (0, hg], where N depends only on d, m, |A1|, Mo, ..., My, and T.

Proof. We obtain this result from Theorem 23] by a straightforward modification
of the proof of the previous result, taking into account that for odd j the terms
with A7 vanish in expansion (2I8) when condition (iii) holds in Theorem 23 [

Example 2.1. Assume that in the situation of Theorem 2.6l we have m = 8. Then
Up 2= Fup/o — SUp

satisfies
sup [u” — @] < Nh*

T

for all h € (0, ho).
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The above results show that if the data in equation ([2.8) are sufficiently smooth,
then the order of accuracy in approximating the solution u(°) can be as high as we
wish if we use suitable mixtures of finite difference approximations calculated along
nested grids with different mesh-sizes. Assume now that we need to approximate
not only u(® but its derivative Du(®) for some multi-index o as well. What
accuracy can we achieve? The answer is closely related to the question of whether
the expansion

Bi .
(226)  Dup(t,x) = D*uO(t,x)+ > DUl (t,x) + WDy (t,x)

1<k 7
holds for all (¢,2) € Hr and h € (0, ho], such that
(2.27) [Drp(t, 2)[ < N([|fllm + lgllm)

for all (¢,x) € Hp, h € (0, ho).

The result concerning this expansion and the following series of results appeared
after the authors tried to extend the above theorems from the parabolic to the ellip-
tic case. The main and rather hard obstacle is that the constants in our estimates
depend on T and, actually, may grow exponentially in 7. By the way, this obstacle
is caused by possible degeneration of our equations and exists even if we consider
equations in a bounded smooth domain.

To be able to give some conditions under which this does not happen, we intro-
duce new notation and investigate smoothness properties of u; with respect to x.
As a simple byproduct of this investigation we also obtain smoothness of u; with
respect to h, which, by the way, cannot be derived from (2.I8]).

Take a function 7, defined on A; taking values in [0, c0) and for A € A; introduce
the operators

Thap(z) =@z +hA), 6px=71h " (Thr —1).

AP = D ImaAR

AEAL
For uniformity of notation we also introduce Ay as the set of fixed distinct vectors
1 ..., 0% none of which is in Aq, and define

5;17@7', = To.Dl', Th)gi = ]., A= A1 U AQ,

where 7y > 0 is a fixed parameter. For A = (A}, \2) € A? introduce the operators

Set

Toy=ThxiThaz, Onx=0nr0n2
For k= 1,2, u € A* we set
Quup =h"" Y (Cnpa)onre, L3, = Quup + > (6nup2)0n ¢,

€A, AEN,
An(0) =2 (na@) L) 2\ Thre, Q@) = D xna(Onrg)’
NeA AEA

Below B(R?) is the set of bounded Borel functions on R? and £ is the set of
bounded operators K;, = K, (t) mapping B(R?) into itself preserving the cone of
nonnegative functions and satisfying 1 < 1.

Finally, fix some constants ¢ € (0,1] and K € [1,00).

Assumption 2.4. There exists a constant ¢y > 0 such that ¢ > ¢g.
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Remark 2.3. The above assumption is almost irrelevant if we only consider (1)
on a finite time interval. Indeed, if ¢ is just bounded, say |¢| < C' = const, by
introducing a new function v(t, ) = u(t,z)e 2" we will have an equation for v
similar to (ZI) with LYv— (c+2C)v and fe~2¢* in place of Lyu and f, respectively.
Now for the new ¢ we have ¢+ 2C > C.

By K} in the assumptions below, and later in the article, we mean a generic
operator of class K. This operator may be different at each appearance even in one
line.

Assumption 2.5. We have m > 1 and for any h € (0, ho], there exists an operator
Krn = Kp,m € R, such that

(228) mAR(p) < (1=0) Y Qu(Bnap) + KQu(w) +2(1 = 6)ekn( Y 16nrol)
A€A AeA
on Hrp for all smooth functions .

Assumption 2.6. We have m > 2 and, for any h € (0, hg] and n = 1,...,m, there
exist operators Ky = Kp, ,, € K, such that

n Z Ap(6pup) +n(n—1) Z (Sh2@)QnaThrp < (1—9) Z Qn(Shap)

veA AEA2 AEA2
(2.29) +K Z Qn(dnap) +2(1 = 8)ckn ( Z 10na0|?) + KKn ( Z 10n2¢]7)
AEA AEA2 AEA

on Hrp for all smooth functions .

Obviously, Assumptions and are satisfied if ¢y and p) are independent of
x. In the general case, as it is discussed in [5], the above assumptions impose not
only analytical conditions, but they are related also to some structural conditions,
which can be somewhat easier to analyze under the symmetry condition (S).

Assumption 2.7. For all ¢t € [0,T7,

(2.30) Z Aga(t,x) is independent of z.
AEAL

In the main case of applications we will require the last sum to be identically
zero as in Assumption 231

Remark 2.4. Assumptions and [Z.6] are discussed at length and in great detail in
[5] and [6], and sufficient conditions, without involving test functions ¢ are given for
these assumptions to be satisfied. In particular, it is shown in [6] that if condition
(S) holds, m > 2, 7, = 1, Assumptions 2] and are satisfied, and ¢\ > « for a
constant k > 0, then both Assumptions and [2.0] are satisfied for any ¢y > 0 and
6 € (0,1), if hg is sufficiently small and 7y, K, and K} are chosen appropriately.
Moreover, the condition x > 0 can be dropped, provided, additionally, that cg is
large enough (this time we need not assume that h is small). Remember, that by
Remark the condition that ¢y be large is, actually, harmless as long as we are
concerned with equations on a finite time interval. Mixed situations, when c is large
at those points where some of ¢, can vanish are also considered in [@].

In [5] we have seen that Assumption imposes certain nontrivial structural
conditions on ¢y which cannot be guaranteed by the size of ¢q if ¢y is only once
continuously differentiable. In contrast, even without condition (S), given that
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Assumptions 1, 2] 277 are satisfied and m > 2, as is shown in [6], Assumption
is also satisfied if ¢q is large enough.

Theorem 2.7. Let Assumptions 211 through hold with m > 3. Let k > 0
and let | € [0,m] be integers. Then for every multi-index « such that |« < [ the
function D*uy, is a continuous function on Hr and expansion ([Z26l) holds with
D%ry, satisfying (Z21), provided one of the following conditions is met:

(i) m>3k+3+1;

(1) m > 2k + 3+ 1 and condition (S) holds;

(#i) k is odd, m > 2k + 2+ 1, and conditions (S) and (ZI0) are satisfied.
In each of the cases (i)—(iii) the constant N depends only ond, m, 6, K, 19, co, |A1],
|AL]l, Mo, ..., M,y,. In case (iii) we have u) = 0 for all odd j in the expansion.

We prove this theorem in Section [l Remember the definition of #; and iy, in
@210 and 224). The following is an obvious consequence of Theorem 27

Corollary 2.8. Suppose that the assumptions of Theorem 21 are satisfied. Then

sup | D%, — DU D[ < NEM (||l + 19llm),
Hr

and if condition (iii) is met, then

sup [D%y, — D*u @) < NEFY(| fll + [|gllm)

Hr

where N depends only on on d, m, §, K, 19, co, |A1], ||A1]l, Mo, ..., M.
Remark 2.5. Observe that for £ = 0 Theorem 7] implies that

(2.31) sup | D%y, — Du®| < Nh

Hr
if m > 34 |a| and Assumptions 2] through hold. In addition, one can replace
D%y, in (Z31)) with J5, where

52‘ — 52‘7161 ..... 5}3‘7&%

and e; is the i-th basis vector in R?. This follows easily from the mean value
theorem and Theorem below. The reader understands that a similar assertion
is true in the case of Corollary with the only difference that one needs larger

m and better finite-difference approximations of D“. We can use, for example, the
approximation

k
> bid5,
=0

of D, where by, ..., b, are defined in (Z2I)), since it is not difficult to see that for
|a| =1 and sufficiently smooth functions ¢,

k
sup [D%p — D 0058l < CRF Mol
R -
7=0

with a constant C' depending only on d, k and .

Next we investigate the smoothness of uy in x and h. Recall that for functions
¢ depending on h we use the notation D} ¢ for the r-th derivative of ¢ in h. As
usual, DYy := .
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Remark 2.6. Suppose that Assumption 211is satisfied. Take hy € (0, hg), consider
equation (2] as an equation about the function uy (¢, ) as a function of (h,t,x) €
[h1, ho] x Hy and look for solutions in the space B (hy) = B (hy) which is defined
as the space of functions on [h1, hg] X Hp with finite norm

(2.32) Z sup |D&D2Uh(t,l‘)‘.
|a]+3r<m [h1,ho]l X Hr

It is obvious that the integrand in (Z1]) can be considered as the result of applica-
tion of an operator, which is bounded in B (hq), to up (s, ). Therefore, a standard
abstract theorem on solvability of ODEs in Banach spaces shows that there exists a
solution of (ZI)) in B (hy). Since just bounded solutions are uniquely defined by
(1), we conclude that our uy, belongs to B"™(hy) for any hy € (0, hg). Obviously,
if the derivatives of the data are continuous in z, the same will hold for uy,.

The above argument actually works if we replace |a| + 3r < m with |o|+7r < m
in 232). We talk about (232) in the above form because we will show that under
our future assumptions the quantity (232]) is bounded independently of hy.

Theorem 2.9. Let k > 0 and m > 2 be integers and suppose that Assumptions 2.1]
through are satisfied. Then, for each integer r > 0 such that

3k+r<m,
the generalized derivatives D’"D’,juh exist on (0, ho] x Hr, are bounded, and we have
(2.33) (D" Dfun| < NIl + lgllm).
where N is a constant depending only on m,d,co, 70, K, Mo,..., My, |A1], and

|ALll. In particular, u, € B™ and
[unllm < NCIFllm =+ [lgllm)-

We prove this theorem in Section Bl and in Section [6l we show that the following
fact, used when we come to the elliptic case, is a simple corollary of it.

Theorem 2.10. Suppose that Assumptions 211 through hold with m > 2. Then
the constant N in (ZIQ) depends only on m,d,co, 70, K, Mo,..., My, |A1], and
[A1]| (thus, is independent of T ). The same is true for the constants N in Theorems

22 23 23 and 28

Additional information on the behavior of DTDZuh for small A is provided by
the following result which we prove in Section

Theorem 2.11. Let k > 1 be an odd number and suppose that Assumptions 211
through hold with m > 3k + 1. Assume that the symmetry condition (S) and

@I9) are satisfied.

Then, for any integer r > 0 such that
3k+r<m-1
we have

(2.34) sup D" Dyun| < N([|fllm + lgllm)h
T

for all h € (0, ho], where N depends only on m, 0, co, 170, K, |A1], [|A1]], Mo,...,
M,,.
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3. MAIN RESULTS FOR ELLIPTIC EQUATIONS

Here we assume that py, g, ¢, and f are independent of ¢ and now we turn our
attention to the equations

(3.1) Lyvp(z) + f(z) =0 z e RY,
(3.2) Lo(z)+ f(z) =0 zcRL

Naturally, by a solution of (32 we mean a function v on R? such that it belongs
to B2 and [B.2) holds almost everywhere. Clearly, if a solution v belongs to B3
and gy, px, ¢, and f are continuous functions on R¢, then (32 holds everywhere.

First we prove the existence and uniqueness of the solutions of equations ([B.1])

and (B.2).

Theorem 3.1. Suppose that Assumption 2.1 is satisfied with an m > 0 and let
Assumptions and 24 hold. Then equation BI) has a unique bounded solution
vp. Moreover, vy, belongs to B™.

Proof. Observe that ([B1]) is equivalent to
() = h2E(@) f(x) + &(x) D xovn(a + M),

A,
where
Eh=hc+ > xa
A,
It is seen that the existence and uniqueness of bounded solution of ([B.I)) follows by
contraction principle. Using smooth successive iterations yields that v, € 8. 0O

Theorem 3.2. Let Assumptions [Z1] through hold with an m > 2. Then equa-
tion B2) has a unique solution v in the space B2. Moreover, v € B™ and there
is a constant N depending only on m, 0, co, 10, K, Mo,..., My, |A1], and ||Aq1]|
such that

(3-3) [ollm < N[ fllm-

Proof. First we prove uniqueness. Let v € B2 satisfy [B2) with f = 0. Take a
constant v > 0, so small that ¢ — v > ¢y/2 and conditions ([228)) and ([229) hold
with ¢ — v and §/2 in place of ¢ and §, respectively. Then for each T" > 0 the

function u(t,z) := e”'v(x), (t,z) € Hr, is a solution of class B2 of the equation

(3.4) %u =(L+v)u on Hrp

with initial condition u(0,z) = v(z). Hence by virtue of Theorem for every
T >0,
e"Tlo(z)] = [u(T,z)| < N|vll2,
where N is independent of (7, z). Multiplying both sides of the above inequality
by e ¥T and letting T — oo we get v = 0, which proves uniqueness.
To show the existence of a solution in B™, let u be a function defined on H,

such that for each T > 0 its restriction onto Hp is the unique solution in B of
B4) with initial condition u(0,2) = f(x) (see Theorem [ZT]). By Theorem 210,

sup > [D"ul < N[ f]lm

> r<m
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with a constant N depending only on m, 0, ¢o, 7o, K, My, ..., My, |A1], and ||Aq].
Hence

v(x) ::/ e u(t,z)dt, xe€R?
0
is a well-defined function on R¢, v € B™, and

Ev(az):/ e " Lu(t, z) dt
0

> —vt 6 —
:/0 e (au(t,x)—uu(t,x))dt——f($)7

where the last equality is obtained by integration by parts. Consequently, v is a
solution of ([B4]) and it satisfies estimate ([B3]). O

Theorem 3.3. Let k > 0 and suppose that Assumptions 211 through are sat-
isfied with an m > 3k. Then, for any h € (0,ho] and for each integer r > 0, such
that

3k+r<m,
for the unique bounded solution vy, of BI) we have
(3.5) sup |D"Dyn| < NJ|f|lm,

(0,ho] x R4

where N is a constant depending only on m,d, co, 70, K, |A1], |A1]l, Mo, ..., My,.
In particular,
[vnllm < NI fllm-

Proof. To prove [3.3]), take a constant v > 0 as in the proof of Theorem B2l define
u(t,z) := vp(x)e?t, and observe that u is the unique bounded solution of

%u =LYu— (c—v)u+e’tf, u0,x)=uvy(x).

By Theorem 29 for any T' > 0,
e""| D" Dwy ()| = | D" Diu(T, x)| < Ne*™|| fllm + Nonlm,
where N is a constant, depending only on m, 4, co, 70, K, |A1], ||A1]], Mo, ..., My,.

By multiplying the extreme terms by e 7 and letting T — 0o, we get the result.
O

From estimate (2.34) we obtain the corresponding estimate for the derivatives
of vy,.

Theorem 3.4. Let the conditions of Theorem Il hold. Then for any integer
r >0 such that

3k+r<m-—1,
for the solution vy, of BI) we have

sup [ D" Dfon] < N f

R

for all h € (0, hol, where N depends only on m,d, co, 70, K, |A1], ||A1] and My,...,
M,,.

Proof. This theorem can be deduced from Theorem 2Tl in the same way as The-
orem is obtained from Theorem O
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Now we want to establish an expansion for vy, i.e., to show for an integer k£ > 0
the existence of some functions v(?) ... v*) on R%, and a function R, on R? for each
h € (0, ho] such that for all z € R? and h € (0, ho),

B

(3.6) wn(@) =v Q@) + Y —oP (@) + R, (2),
1<j<k 77

(3.7) sup sup |Rp| < NI f[lm

he(0,ho] R4

with a constant N.

Theorem 3.5. Suppose that Assumptions 211 through are satisfied with an
m > 3. Let k > 0 be an integer. Then expansion [B6) holds with v(©) being the
unique B solution of B2 and Ry, satisfying BI) provided one of the following
conditions is met:

(i) m > 3k +3;

(i) m > 2k + 3 and condition (S) holds;

(1ii) k is odd, m > 2k + 2, and conditions (S) and [2I6) are satisfied.
In each of the cases (i)—(iii) the constant N in B) depends only on d, m, §, co, o,
K, |A|, |ALll, Mo, ..., M,,. Moreover, when (iii) holds we have vU) = 0 for all
odd 7.

Proof. Take a small constant v > 0, as in the proof of Theorem B2 let u be a
function defined on H,, such that for each T" > 0 its restriction onto Hr is the
unique solution in B of

= (L + ) (6,0) € Ha,

up(0,7) = f(z) = €RY
(see Remark [ZT]). As in the proof of Theorem B2l we get that

vh(x):/ e hup(t, ) dt.
0

By Theorem [Z3]in each of the cases (i)—(iii) we have
Jo

POt ) + 4 (1),

J!

(3.8) un(t,x) =uO(t,2)+ Y

1< <k
for all (¢,2) € Hoo, h € (0, ho], and by Theorem 210 we have

k

(3.9) sup sup{|un| + Y _ [P + [ru[} < NI[f]lm
he(0,ho] Hoo =

with a constant N depending only on d, m, 6, co, 70, K, Mo,...,M,,, |A1| and ||Aq].
Multiplying both sides of equation B8] by e¢™* and then integrating them over
[0,00) with respect to dt, we get expansion ([B.0]) with

Ry (x) ::/ e iy (t, o) dt,
0

v(j)(x) = / ef”tu(j)(t,x) dt, forj=0,... k.
0
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Clearly, (89) implies that 1) holds with N depending only on d, m, ¢, cq, 70, K,
My,...;M,,, |A1], and ||A]|. As we know the function u(*) in ([B8) is the B™ solution
of

0
—u=(L+v)u (t,x)€ H,
ot
u(0,2) = f(x) x€RY,
which as we have seen in the proof of Theorem B2 guarantees that v(©) is the unique
B solution of equation (B.2). O

Remark 3.1. We can show similarly that v(*), i = 1,..., k, is the unique solution of
the system

J
Lo (s, ) + Z C’;E(i)v(j_i) =0
i=1
in an appropriate class of functions (cf. Theorem 2:2]).

The following result can be obtained easily from Theorem 2.7 by inspecting the
proof of the previous theorem.
Theorem 3.6. Let py, qx, ¢, and [ satisfy the conditions of Theorem [3.5], with
m—1 in place of m in each of the conditions (i1)-(iii) for an integer | € [0,m]. Then
D%y, is a bounded continuous function on R for every multi-index o, |a| <1, and
the expansion B0l is valid with D%vy, {D“v(j)}fzo and D*Ry, in place of vy,
{v(j)};?zo and Ry, respectively. Furthermore, B) holds with DRy, in place of Ry,
and a constant N depending only on d, m, 0,co, 70, K, |A1], |ALll, Mo, ..., Mpy,. In
case (i) we have vY) = 0 for all odd j in the expansion.

Set )
k k

Uy = E bjva-in, Up = E bjva-ip s
=0 i=0

where (bo, by, ..., by) and k, (bo, by, . .., b;) are defined in (222) and in (Z23]). Then
we have the following corollary.

Corollary 3.7. Suppose that the assumptions of Theorem are satisfied. Then
for every multi-index o with |o| <1,

sup | D0, — D*v V| < N[ f[|mh* T,
Rd

and if condition (i) is met, then

sup | D0y, — DO | < N| f|lmh*+,
Rd
where N depends only on on d, m, 6, K, 19, co, |A1], ||A1]l, Mo, ..., M,,.

4. PROOF OF UNIQUENESS IN THEOREM [2.I] AND A STIPULATION

We will see later that the proof of Theorem only uses the existence of suf-
ficiently smooth solutions of [238) and [ZI3). Therefore, if m > 3, uniqueness of
u(®) follows from expansion (ZI8). If m = 2, one can use simple ideas based on
integration by parts. We briefly outline these ideas referring to [12], [13], [I4] for
details.
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First, one may assume that ¢ = f = 0 and let u(°) be the corresponding so-
lution. Then, by introducing a new function v = u(®) (cosh |z|)~! one reduces the
issue to uniqueness of v, which satisfies an equation similar to (Z3) with g = f =0
and different coefficients which we denote by ¢y, px, and ¢ = ¢, and, moreover,
v,Dv,D?v € Ly(Hr). After that, one multiplies the equation for v by v and
integrates over Hy. One uses integration by parts, and the fact that due to the as-
sumption gy > 0 we have |Dgy|? < 44, sup |[D?@y|. One also uses Young’s inequality
implying that

0(0xGx)Oav| < N|vgy/*0xv] < Gx(0av)? + Nv?,

and the fact that 20py0x9 = pxOx(9)%. Then one quickly arrives at a relation like

/ (N — ¢)|v|? dadt > / |o(T, z)|* da > 0,

Hr R4

where NV is a constant independent of c. If ¢ is large enough, the above inequality is
only possible if v = 0, which proves uniqueness if ¢ is large enough. In the general
case it only remains to observe that the usual change of the unknown function
taking v(t, z)e* in place of v for an appropriate A will lead to as large a ¢ as we
like.

Remark 4.1. Notice that apart from uniqueness in Theorems 2] and all of our
other assertions and assumptions are stable under applying mollifications of the
data with respect to z. For instance, take a nonnegative ¢ € C§°(R?) with unit
integral, for ¢ > 0 define (.(z) = e~%¢(x/¢) and for locally summable 9 (z) use the
notation

P& = x (e

Then qE\E),p(;), c®), £ and ¢©) will satisfy the same assumptions with the same
constants as the original ones and will be infinitely differentiable in x.

It is not hard to see that if our assertions are true for the mollified data, then
they are also true for the original ones. For instance, let v¢ be the solution of (2.3))
with the new data. The uniform in e estimates of the derivatives in x and the
equation itself, guaranteeing that the first derivatives in time are bounded, show
that v® are uniformly continuous in [0, 7] x {|z| < R} for any R. Then there is a
sequence €, J 0 such that v converges uniformly in [0, 7] x {|z| < R} for any R
to a bounded continuous function v.

This along with uniform boundedness of | D*v¢|, |a| < m, lead to the fact that the
generalized derivatives |D%v|, |o| < m, are bounded and admit the same estimates
as those of v¢. Also, since D“v°» — D%v in the sense of distributions and all of
them are uniformly bounded, we conclude that this convergence is true in the weak
sense in any Lo([0,7T] x {|z| < R}). Now it is easy to pass to the limit in equation
Z3) written for modified coefficients and v° in place of u concluding that since the

derivatives converge weakly and q/(\s) — Qxseery [ — f uniformly on Hp, v satisfies

2.9).

A similar argument takes care of Theorem (in which uniqueness will be
derived from uniqueness in Theorem 2]).

Our claim about stability of other results is almost obvious and from this moment
on we will assume that the data are as smooth in x as desired.
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5. PROOF OF THEOREMS AND 2171

In [5] (see there Theorems 2.3 and 2.1 and Corollary 3.2 if m = 0) and [6] we
obtained the following result on the smoothness in x of the solution u; to equation

I).

Theorem 5.1. Suppose that Assumptions 211 and 2.4 are satisfied. Suppose that
(i) if m = 1, then Assumptions and are satisfied, and
(ii) if m > 2, then Assumptions 2.2, 23 26, and 271 are satisfied. Then for
h € (0, ho] we have that D*uy,, k =0, ...,m, are continuous in = and

m
(5.1) sup Z |Dkuh| < N(Fp + Gn)s
Hr o
where

Fo=) sup|D*fl, Gn=> sup|D'g,
R

k<n “'T k<n
and N depends only on 19, m, 6, co, K, |A1|, ||A1]l, Mo, ..., My, (N depends on
fewer parameters if m < 1).

To proceed further we need a few formulas.

Lemma 5.2. Let ¢ be a function on Hy and n > 0 be an integer.
(i) Assume that the derivatives of o in x € R up to order n+ 1 are continuous
functions in x. Then for each h > 0,

1
(5.2) D> padhag = > pa / 0"V po(t, x + hON) b
AEA; AEA, 0

on Hrp, where Oxg is introduced in ([212]).
(ii) Assume that the derivatives of ¢ in x up to order n + 2 are continuous
functions in x, and that Assumption holds. Then

1
(5.3) P hadae = Y o [ (1000700 u(ta + ko) o,
AEA, AEA 0

on Hrp.

Proof. By Taylor’s formula applied to ¢(t, z + h8X) as a function of 0 € [0, 1],

1
Snap(t, ) :/ Ohp(t,z + hON) db
0
and )
Snap(t, ) = drp(t, ) + h/ (1 —0)d20(t,x + hoX) db.
0

Multiplying the first equality by py and summing up in A over A; we obtain (2]
for n = 0. Multiplying the second equality by ¢, summing up in A over A; we

obtain (&3] for n = 0 since
> e =0

A,
due to Assumption
After that it only remains to differentiate n times in i both parts of the particular
case of formulas (2)) and (23]). The lemma is proved. O
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We introduce _
u(J ) = Djup,

and observe that by Remark 2.6 under Assumption 2] the functions 8”u§j) are
well defined if n + j < m. By comblmng this with Lemma and the Leibnitz
formula we obtain the following.

Corollary 5.3. Let Assumptions 211 and be satisfied. Let k > 1 be an integer
such that k+2 <m. Then

(5.4) M (t,z) = /o (Lhuglk)(s, z) + R(s,x)) ds

on (0, ho] x Hr, where

R (t,x) Zok / 07 [pa(t, 2) (O ulF ) (¢, 2 + hOA)
i=1 AEA

+(1 = 0)qx(t, ) (9L 2ul ) (¢, = + hoN)] 6.
Now we are ready to prove Theorems and 2111

Proof of Theorem If m =2 or k = 0, our assertion follows directly from The-
orem [5.Il Therefore, in the rest of the proof we assume that m >3 and k > 1.
We will be using (&.4]). Observe that if 1 <4 <k, then

(i+2)+r+(k—t)=k+2+7r<3k+r<m.

Thus by Remark we know that Di+2+”"u§lk7i) are bounded and continuous on
Hr. Tt follows that R € B". By Theorem 5] with 7 in place of m we obtain

Iy =sup > |DIuf”| < Nsup Y |D7RE|
H

T j<r T j<r
It is not hard to see that
k i+2+j
ID'RE| < Nsup» > [D"u) v < NZIk 245
T j=1 n=1 i=1
Hence,
k
I, < Nzlk—i,i+2+r-
i=1

Here on the right the first index of I}, is reduced by at least 1 and the sum of
indices increased by 2. Therefore, after k iterations we will come to the inequality
I < Nojyokyr-

It only remains to observe that Iy si+» < Iy, and the latter quantity is estimated
in Theorem [5.Il The theorem is proved. O

Proof of Theorem 211l First, observe that the symmetry assumption and (216
imply that for any smooth function ¢(z), odd ¢ > 0, and any multi-index «, such
that |a| < m, we have

(5:5) Y (D)= (D)o e = 0.

AEN, AEA
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If k=1 and an integer n < r, then owing to (B.5]), we have
D™ " ga(t, ) (03un) (t, = + hoN)|

AEAL
=|D" Z ax(t,2) [(B3un)(t, x + hOX) — O3up(t, z)]|
AEAL
< Nhsup Y |DHuy| < Nal[ulm < N(|F o + lgllm)h =: N,
T i<r

where the last two estimates follow from the fact that r +4 =7 +3k + 1 <m and
from Theorem 2.9 respectively. Similarly,

‘D” Z p,\(t,x)(af\uh)(t, T+ h@)\)’
AEA
= [D" > palt, ) [(O3un)(t,  + hON) — Run(t, x)]| < NJTh.
AEAL
Hence,
sup Y [D"Ry| < N (|| fllm + llgllm)h < NJh

T n<r

and applying Theorem Bl to (54) yields [234).

Now we proceed by induction on k. Assume that for an odd number j estimate
[234) holds whenever 3k+7r < m—1 and odd k < j. This hypothesis is justified by
the above for j = 1 and to prove the theorem it suffices to show that the hypothesis
also holds with 7 + 2 in place of j. Take an odd k and an integer r such that

k<j+2 3k+r<m-—1
and again use (54). As above, to obtain ([2:34)) it suffices to prove that
(5.6) sup » |[D"Rj| < NJh.
Hr n<r
Take an integer n < r. Observe that if 1 < ¢ < k and 7 is even, then k — i is odd
and k—i<j+2—1¢<jand
3k—i)+i+24+n=3k+n—-2i+2<m-1-2i+2<m-1
so that by the induction hypothesis
(5.7) sup [D" > aa(t, 2) (05 2ult V) (t, 2 + hoN)| < NJh.
T AEA,
If 1 <i<kandiis odd, then i 4 2 is odd too and as in the beginning of the proof
‘D” Z q)\(t,x)(8§\+2uglk7i))(t,x + hﬁ)\)‘
AEA;

= D" 3" aa(t. ) [0 2uy )t w + hOX) — 95 2ul T (@) |
AEAL

< Nhsup Z \Dl+i+3ug€7i)\,

Hr jcpi<r
where the last sup is majorated by NJ owing to Theorem since
3k—=i)+r+i+3<m-—-1-2i+3<m.
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In both situations we have (B7). Similarly, if 1 < i < k and 7 is odd, then i + 1 is
even and

D" 37 palt,2) (05 D) (8 @ + hoN)|
AEA,
=D Y palt,2) [(O5 )t + hOA) — 05 Ml (1, )|
A,
< Nhsup Z ‘Dl+i+2u2k7i)‘,

Hr ycpi<yr
where the last sup is majorated by NJ again owing to Theorem since
3k—i)+r+i+2<m—-1-2i+2<m.
Finally, if 1 <i < k and i is even, then k —iisodd, k —i < j+2—i < j, and
3k—i)+r+i+1<m—-1-2i+1<m-—1,
so that by the induction hypothesis

D™ 37 palt,2) (0 ul ) (¢, @ + hON)| < NJh,
AEAL

which is now shown to hold in both subcases. By combining this with (&) we
come to (5:6) and the theorem is proved. O

6. PROOF OF THEOREMS 2.1], 22, AnD 210

Proof of Theorem 21l First we replace gy with symmetric ones using the fact that
the symmetrization does not affect formula ([2.7). To this end introduce

A=A N (=Ay), A=A U(=Ay).

On Af we set gy = (1/2)(q)\ + q_,\). If \ e :|:(A1 \ Af), we set g = (1/2)Qi)\~
Then A; and gy satisfy the symmetry condition (S) and can be used to represent
the first term on the right in (2.7) in place of the original ones. Next, we redefine
and extend py introducing py on Ay, so that py = My + px on A3, for A€ A\ A
we set pry = My = (1/2)pa, and for —X € Ay \ A we set pry = Mo F (1/2)p_».
(Remember that for the constant My from Assumption 2] we have |py| < Mp.)
Then A; and py can be used to represent the second term on the right in (7)) in
place of the original ones. One of the advantages of the new p, is that py > 0,
which implies that the new y, satisfies Assumption 2.2

Choose 75 > 0 arbitrarily. As in Remark 6.4 of [5] and Remark 4.3 of [0]
one shows that Assumptions and are also satisfied for any § € (0,1), say
0 = 1/2, if ¢ is sufficiently large (independently of h) and 79 > 0, K, and K}, are
chosen appropriately and depending only on d, |Aq], ||A1]|, Mo, My, My. We first
concentrate on the case that ¢ is indeed sufficiently large. In that case by Theorem
29 for h € (0, hgl, there exists a unique solution uy (¢, x) of class B satisfying
equation (1)) with ﬁh in place of Lj, where ﬁh is constructed from [A\l7 qx, and
Px. Furthermore,

(6.1) [unllm < NS llm =+ [lgllm),
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where N is a constant depending only on m,infe, |Ay|, Mo,..., My, and ||Aq].
Upon observing that owing to Remark [Z.2]

|ﬁhuh| < N(sup |D2uh\ + sup |Dup| + sup |up|)
Hp Hr Hr

with N independent of h, we conclude from the equation for w; that their first
derivatives in ¢ are bounded uniformly in h. Therefore, there exists a sequence
h(n) | 0 such that wuy,) converges uniformly on [0,7] x {x : |z| < R} for any R to
a continuous function v. Then (6.1)) implies that v € B™ and

(6.2) [0llm < NI llm + llglim)

with the same N as in (). If we take 7, = 1, then Remark 6.4 of [5] and Remark
4.3 of [6] imply that both N’s can be chosen to depend only on d, m, infe, |Aq],
and My, ..., M.

Next, the modified equation (1)) yields that for any ¢ € C5°(R?) and ¢ € [0, 7],

/Rd up(t, x)o(x) de = /Rd g(z)o(z) dx
-1—/0 /Rd Z up (s, 2)[(1/2) Ap A(Gr@) + 0n,—A(DA@)] (s, z) dads

)\6[\1

+/01t /Rd(—ch + f)o(s, z) dx ds.

We pass to the limit in this equation and find that v satisfies an integral equation,
integrating by parts in which it proves that v is a solution of (Z.8]).

Finally, we notice that the case that c is not large is reduced to the one above
by the usual change of the unknown function taking v(t,x)e* in place of v for
an appropriate A, which leads to subtracting Av from the right-hand side of (23).
For the new equation we then find a solution admitting estimate (62) with N
independent of 1" but coming back to the solution of the original equation will
bring an exponential factor depending on T

This and the uniqueness proved in Section [] completes the proof of the theorem.

O

Remark 6.1. In the above proof we considered arbitrary 7, > 0 for the following
reason. If Assumptions 2] through hold with m > 2, then by Theorem
estimate () and hence ([G2)) hold with N depending only on m, d, ¢o, 79, K, My,
vty Mo, |Aq], and ||A1]|. This proves the assertion of Theorem 210 regarding the
constant N in Theorem 21

Proof of Theorem Notice that for each j = 1,...,k equation (2I3) does not
involve the unknown functions u(?) with indices I > j. Therefore, we can solve
[2I3) and prove the statements (i) and (ii) recursively on j.

First we prove that there is at most one solution (u™),... u(*)) in the space
B2 x .- x B2, Denote

J
Sj=>_ CiLOulb=",

i=1
We may assume that ©(°) = 0. Then clearly S; = 0 and by Theorem [Z1] we have
u = 0. If for a j € {2,...,k} we have u) = u(® = ... = 40U~ = 0, then

clearly S; = 0 which by Theorem ] yields u(/) = 0. Hence the statements on
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uniqueness follow because for every j = 1,2, ...,k we obviously have B3 ¢ B2
when m > 3k + 2 and B2 C B2 when m > 2k + 2.

While dealing with the existence of a solution, first take j = 1. Observe that by
Theorem 2] we have ©(® € B™ with m > 5 in case (i) and with m > 4 in case
(ii). Thus in case (i) we have S; € B™3 C B2 and by Theorem it follows that
there exists u(!) € B3 satisfying (ZI3)) and admitting the estimate

||u(1)||m—3 < NHU(O)Hm-

Taking the estimate of the last term again from Theorem 2] we obtain ([ZI4) for
j = 1. In case (ii) we actually have better smoothness of S, because the first
sum in ZTI)) is zero for ¢ = 1 and, for that matter, for all odd i. It follows that
S1 € B™72 and this leads to [2I5) for j = 1 as above. By adding that under the
conditions (S) and ([ZI8) we have £V =0, S; = 0, and u") = 0, we obtain (17
for j = 1. Notice that here we use that by Remark [£.J] we may assume smooth data
in z for equation (21]).

Passing to higher j we assume that k& > 2. Suppose that, for a j € {2,...,k} we
have found ™) ,... uU~Y with the asserted properties. Then in case (i) we have

E(z)u(]_z) e%m—&j C%2
fori=1,...,7, since
m—3(—i)—(i+2)=m—-3j+2—2>m—3j>2.

Hence S; € B35 and therefore by Theorem 1] there exists ul/) € B 37 satis-
fying (ZI3) and admitting the estimate

i
[u g < N[0 nsjrivo
i=1

J
<N w9 sty < N[ £l + lgllm),
i=1

where the last inequality follows by the induction hypothesis.
In case (ii) we take into account that due to condition (S) we have

(6.3) > ad e =0,
AEA;

and due to condition (ZI6]) we have

(6.4) > ot =0
AEA,

for odd numbers i and sufficiently smooth functions ¢. It follows that in case (ii)
fori=1,...,j we have

L@, ¢ ;ym=2] ~ B2,
since LMy~ =0 and for 7 > 2,

m—20—i)—(i+2)=m—2j+i—2>m—2j>2.
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Hence, S; € B™~2 and therefore by Theorem ] there exists ul9) € B2
satisfying (2I3) and admitting the estimate

j j
[P 25 < Ny a0 n—gjpire < N D b7 [lag ),
i= i=2

and by using the induction hypothesis we come to (ZI3)).

Furthermore, in case (ii) if (2I0)) is satisfied, our induction hypothesis says that
u® =0 for all odd I < j — 1. If j is even, then, obviously, u(¥) = 0 for all odd I < j
as well. If j is odd, then to carry the induction forward it only remains to prove
that «(9) = 0. However, for odd i we have

2009 — 0

due to ([63)-(G4)). This equality also holds if ¢ > 2 and i is even, since then j —i is
odd and uU~" = 0 by assumption. Thus, S; = 0 and u) = 0. O

Remark 6.2. The above proof is based on Theorem 2] and leads to estimates
@I4) and @2I5) with N depending only on the same parameters as in Theorem
21l Therefore, according to Remark [6.1]if Assumptions 2T through 2.6] are satisfied
and the restrictions on m and k from Theorem are met, then the constants N
in estimates (ZI4) and (ZTI3) depend only on m,d, co, 70, K, My, ..., My, |A1], and
[IA1]]. This proves the part of assertions of Theorem concerning Theorem
The proof of its remaining assertions can be obtained in the same way and is left
to the reader.

7. PROOF OF THEOREMS [2.3] AND 2.7]

We need some lemmas. The first one is a simple lemma from undergraduate
calculus on Taylor’s expansion.

Lemma 7.1. Let F be a real-valued function on (0,1] such that for an integer
m > 0 the derivative F(™ TV (h) of order m + 1 exists for all h € (0,1], and F(m+Y
is a bounded function on (0,1]. Then

F®(0) := lim F®) (s)

ezists for 0 < k <m, and

F(h) =3 77F®(0) + Ryn(h)
k=0

holds for h € [0, 1] with

Rl = [ "R pni () as,

so that
hm+1

|Rin(h)] < sup [FO"HD(s)]

—— forall h €[0,1].
5€(0,1] (m+1)! 0-1
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To formulate our next lemma we recall the operators Ly, £ and £, defined in
22), 1), and (ZII), respectively, and for each h € (0, hg] and integer j > 0 we
introduce the operator

O =Ly—£- Y =W
1<i<j -

Lemma 7.2. Let Assumption hold. Assume that for some integer | > 0 the
functions px,qx belong to B! for all X € Ay. Then for any integer j > 0,

(7.1) 109¢ ]l < Nlgllirj+ahi*t

for all h € (0,ho] and ¢ € B!I+3 where N is a constant depending only on
|Ay], Mo, ..., M.

Proof. We may assume that the derivatives in x of ¢ up to order [+ j+3 are bounded
continuous functions on Hp. By Lemma [5.2] the derivatives of the function Ly in
h up to the (I + j + 1)-th order are bounded functions on (0, hg] x Hy and

(£6)(t,2) = Jim (Lup) (1),

Thus applying Lemma [[T] to F'(h) := Lpp(t, z) for fixed (¢,z) and using Lemma

B2 we have
02])()0:/ (h 19) L(]+1) v
0

J!
h 19 j+197+3
=Y u ( — )07 9B p(t, -+ VN d dY
A€,
+> p / / G2 (8, x + VON) d6 do.
AEN,
Now estimate () follows easily. O

The next lemma is a version of the maximum principle for 9/0t — Ly,. Tt is a
special case of Corollary 3.2 in [5].

Lemma 7.3. Let Assumption 21 with m = 0 be satisfied and let xpn > 0 for
all X € Ay, Let v be a bounded function on Hrp, such that the partial derivative
Ovu(t,xz) /0t exists in Hp. Let F' be a nonnegative integrable function on [0,T], and
let C' be a nonnegative bounded function on Hy such that

v:=sup(C —¢) < 0.
Hr

Assume that for all (t,z) € Hr we have

(7.2) %v < Lyv+ Coy + F,
where v(t) = sup{v(t,z) : * € R?}. Then in [0,T] we have
(7.3) o(t) < 04(0) + |v|"tsup F,

[0,4]

where ay := (|a| + a)/2 for real numbers a.
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Proof of Theorem By taking upe” (MotDt in place of uy, we may assume that
¢ > 1. Consider first the case k& = 0. Since m > 3, by Theorem 2] equation
(@7 has a solution u(®), which belongs to B and estimate (ZI0) holds. Clearly,

w = uy, — u® is the unique bounded solution of the equation
t
(7.4) w(t, z) = / (Lnw(s,x) + F(s,)) ds, (t,z) € Hr,
0

where F := O,(lo)u(o) = Lyu® — £u®. By Lemma [Z2 and estimate (Z10),

0
106 < NS (Ipalle + laallo) 1@k < N(Iflls + lglls)
AEAL
with constants N depending only on d, |A;| Mg, My, M3, and T. After that an
application of Lemma to equation (7)) proves the statement of Theorem
for k = 0.
Let k > 1. Then by Theorem the system of equations ([2I3) has a bounded
solution {u(?}%_ . Observe that for
k .
Y
e ()
(7.5) w = up, Zu i
3=0
we have equation (T4) with

k R k Ny
F = Lhu(o) — Eu(o) —+ ZLhU(])_I — ZEU(])_I — G
— ! — 7!

Jj=1 Jj=1
and
k 1 k k 1
G .= _ L@, G=Dpi — L@, =)
;;“(J—l)' ;;@'(J—@)'
k k—i k=1, k=l ,;
= %ﬁ(i)u(l)hl+l _ h_' Q'E(z>u<l>
i=11=0 " =0 " i=1

Hence, by simple arithmetic,
(7.6) F=Y —0F 70,

Notice that
k—j+3<m-—3j for j=0,1,...,k in case (i),
k—j7j+3<m-—2j for j=0,1,...,k in case (ii),
kE—j+3<m-—2j for j=0,1,...,k—1 in case (iii).
Therefore, by Theorem [Z2] under each of (i), (ii), and (iii),
49 k=543 < NI Fllm + llgllm)
for j=0,1,...,k (u® =0 in the case (iii)). Thus by Lemma [72}
k=) (j s - .
10 P o < NET4H D s < NEI( £l + lgl)-
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Consequently,

1Fllo < N[ fllm + lgllm)n**t for b € (0, hol,
where N depends only on d, m, |Ay|, My, ..., M,,, and T. Hence we get (ZI8) by
Lemma [Z.3] and the proof is complete. O

Proof of Theorem 21 Coming back to the above proof of Theorem [2Z:3] we see that
function (7h)) satisfies (T4) with F given by (Z.6]). We notice that

k—j+3+1<m-—3j for j=0,1,...,k in case (i),
k—j7j+3+1<m-—2j for j=0,1,...,k in case (ii),
k—j+3+1<m-—2j forj=0,1,...,k—1 in case (iii).

Therefore by Theorem 2.1 when k& = 0, and by Theorem 2.2] when k > 1, under

each of (i), (ii), and (iii),
4551 < N1l + gl
for j =0,1,...,k (u®) = 0 in case (iii)). By Theorem EI0 the constant N depends
only on m, 4, co, 70, K, My, ..., My, |A1], and ||A1]]. By Lemma [[2]
103 uD Ny < NRFTH D s,
where N is a constant depending only on |[Ay|, My,..., M;. Hence,
I < N[ fllm + lgllm)h* T for b€ (0, ho).

Consequently, applying Theorem [Z9] to equation ([T4), for any multi-index «, |a| <

l, for
k

réa) = p~ (D) (Dauh - ZDQU( i
J=0 :

nl

)

we have
1o = A= *+V)D%w]lg < N (|| fllm + [1gllm),

with a constant N depending only on m, d, ¢, ¢y, 79, K, Mo,..., My, |A1| and
[IA1]], which proves the theorem. O
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