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AN ASYMPTOTIC FORM FOR THE STIELTJES CONSTANTS
() AND FOR A SUM S,(n) APPEARING
UNDER THE LI CRITERION

CHARLES KNESSL AND MARK W. COFFEY

ABSTRACT. We present several asymptotic analyses for quantities associated
with the Riemann and Hurwitz zeta functions. We first determine the leading
asymptotic behavior of the Stieltjes constants vx(a). These constants appear
in the regular part of the Laurent expansion of the Hurwitz zeta function. We
then use asymptotic results for the Laguerre polynomials L{ to investigate a
certain sum S, (n) involving the constants v (1) that appears in application of
the Li criterion for the Riemann hypothesis. We confirm the sublinear growth
of Sy (n) 4+ n, which is consistent with the validity of the Riemann hypothesis.

1. INTRODUCTION

Let ((s) be the Riemann zeta function, and the function &, satisfying £(s) =
£(1—s), be given by £(s) = (5/2)(s — 1)T'(s/2)m/2¢(s) [14, 18, 29, B33]. Within
the critical strip 0 < Re s < 1, the zeros of ¢ and £ coincide. The Li criterion [23]
states that the nonnegativity of the quantities

1 d” 1

R PY e _
(n— 1) ds™ k ne()=1,
for each n > 1 is equivalent to the Riemann hypothesis (RH) that all nontrivial
zeros of ¢ have real part 1/2. The A,,’s are connected to sums over the nontrivial
zeros pg of ((s) by way of [19] 23]

(1.2) A= {1— (1-%)1,

J4

(11) /\n =

and thus satisfy A, = A_,,. For n > 1, the series in (1.2) is absolutely convergent,
while for n = 1 the sum should be taken over complex conjugate pairs of zeros of
increasing imaginary part.

The Li/Keiper [19] constants may be written in the form [3| [4, [5] 6]

(1.3) Ap = S1(n) + Sa(n) + 1 — gh + In(47)],

where S7 and Sy are certain alternating binomial sums, and « is the Euler constant.
The sum Sy (n) is relatively easy to estimate. Its leading order is O(nlogn), and this
appears to be that of A, itself. Although it is not necessarily required to verify the Li
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criterion, a precise estimation of the sum Ss(n) is desirable and remains open. Any
subexponential bound for |S2(n)| would suffice to verify the Riemann hypothesis
under the Li criterion. Recently, Coffey has further given the decomposition [111 [10],

(1.4) Sa(n) = [Saa(n) —n] + [S,(n) + n],

where, as the notation suggests, Ssp is a certain summation over the von Mangoldt
function A. We shall review at the end of section 3 that the sum S, is a binomial
sum over the classical Stieltjes constants ~; [31],

~ (=" (n 1,
(1.5) Sy(n) = 1; =1 (k>%1 = /1 ZLnA(lnt)dPﬂt)-
In this equation, L% is the Laguerre polynomial of degree n and parameter o [32]
and Pj(t) is the first periodized Bernoulli polynomial. A key determination of this
paper is to provide a detailed asymptotic analysis of S, (n) + n.

Previously Coffey estimated |S, (n) + n| as O(n'/*) [I1} [I0] by using a known
asymptotic form of the Stieltjes constants and the leading order form of the Laguerre
polynomial. Here we give a self-contained study that presents detailed asymptotic
expressions for |S,(n) + n|. These in turn can be estimated to verify the sublinear
growth in n. As we show, S,(n) + n = O(n®/*). Tt appears that a yet closer
estimation would yield a |S,(n) +n| = O(n'/4%¢) result with e > 0.

We shall also give asymptotic results for v,(a), the Stieltjes constants for the
Hurwitz zeta function ((s,a). Knowledge of 7, (a) is useful for several areas, in-
cluding in analytic number theory in the study of {(s, a) and Dirichlet L-functions.
Our result for v, (a) now reduces to the 7, (1) = v, special case in [21].

The Laguerre polynomials are pervasive in formulating the Li criterion [7]. They
provide certain test functions for a Weil inner product whose nonnegativity is equiv-
alent to the Li criterion.

In addition, Laguerre polynomials are widespread in numerous application areas,
including random matrix theory, quantum mechanics, and many others. For ex-
ample, two important problems of quantum mechanics, that are indeed essentially
equivalent, the higher-dimensional harmonic oscillator and hydrogen atom, have
wavefunctions with Laguerre polynomial factors. Hence, detailed asymptotic forms
for these polynomials are of interest.

There have been previous asymptotic analyses of Laguerre polynomials, including
[13), 15, 27]. We shall use a 2-term asymptotic result from [12] for L% (z) for 2 > 0,
and we also mention a corresponding result for LS (—z) for z > 0 in [34].

The paper proceeds as follows. In section 2 we introduce the constants vy (a),
analyze them for k£ > 1, and illustrate the main result numerically. In section 3 we
perform an asymptotic analysis of Sy(n) + n with the help of various asymptotic
results for L& (x) for x > 0. Finally, in section 4 we numerically compare the
asymptotic expressions with known values of S.,(n) + n.

2. AN ASYMPTOTIC FORM FOR THE STIELTJES CONSTANTS i (a)

The Hurwitz zeta function ((s,a) may be analytically continued to the whole
complex s-plane. Its only singularity is a pole at s = 1 with residue 1. Correspond-
ingly, there is the Laurent series for s = 1,

(2.1) ((s,a) = - L S (_1);:7"(@ (s— 1)
n=0 :
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In this expansion, v, (a) are called the Stieltjes constants [2] [8, 7], 20, 22| 24] 25
26, 311 135, 36], and v9(a) = —¢(a), where ¢»p = I"/T is the digamma function.
For the coefficients corresponding to the Laurent expansion for the Riemann zeta
function, one denotes v, (1) = 7,.

In this section, we present the leading asymptotic form of these constants for
n > 1. Throughout we write f(n) ~ g(n) when the limit relation lim,, )

g(n) —
holds. We put
1 n
(2.2) Cn(a) = yn(a) — . log™ a.
We have
Theorem 1. Let v = v(n) be the unique solution of the equation
COS v

(2.3) 2w explvtanv] =n ,
v

in the interval (0,7/2), withv — 7/2 as n — oo. Let u = vtanv with u(n) ~ logn
as n — 0o. Then we have forn > 1,

Cn(a) ~ %em‘[cos@ﬂa) cos(an + B) + sin(2wa) sin(an + )]

B
(2.4) = %e”“‘ cos(an + f — 2ma),
where
1 9 9 U
A: glog(u +v )—m,
_2V2nvu? + 02
[(u 1) 402t/
a=tan"! (E) + S
o U u? + 02’
and
v 1 v
2.5 —t —1(—)——t -1 .
(2.5) B = tan ” 5 an =

Formula (2.4) holds as long as we stay bounded away from zeros of the cosine
factor. We note that, in view of (2.3), the functions A, B, «, § depend weakly on
n as logn and loglogn. The leading order is, A ~ loglogn and B ~ 7 (log n)~L.

The case of v,(1) has been recently investigated by us in [2I]. The additional
oscillation of the asymptotic form of 7, (a) in the parameter a has been anticipated
in Proposition 5 of [§]. Although Theorem 1 is predicated on n > 1, we find that
it provides a useful approximation for even small values of n. As was true for
the special case a = 1, the result (2.4) captures the rapid exponential growth in
magnitude with n. It additionally contains the oscillatory behavior with respect to
both n and a. The form (2.4) explicitly exhibits the 1/2-antiperiodicity of C,,(a)
for large n, i.e., for n > 1 we have C,(a) ~ —Cp(a + 1/2).

Tt appears that in (5) and several later equations in Sections 2-4 of [25] a factor of n! is
missing.



2200 CHARLES KNESSL AND MARK W. COFFEY

Proof. Here we indicate the proof of Theorem 1, concentrating on the extensions to
the argument of [2I]. We start with the integral representation ([36], pp. 153-154)
forn>1,

n—1

(2.6) Cy(a) = /1 T P —a) "

= (n —logz)dz,

where P;(z) = Bi(x —[z]) = . — [x] — 1/2 is the first periodic Bernoulli polynomial.
With the change of variable ¢ = log z, we have

n

(2.7) Ch(a) = /Ooo Pl(et _ a)t”eft (;

Since P; has the Fourier representation [I] (pp. 805),

(25) Pia) = -y ETLT)
L=1

— 1) dt.

we may write

=1 [ ; n
2.9) Cpla) = -1 — 2miLe’ + nlogtle > et (— — 1) dt 5.
(2.9) (a) m{;::1 Lﬂ'/o exp[2miLe’ + nlogt|e e (t )

We shall show below that the series over L is absolutely and uniformly conver-
gent, which justifies exchanging the order of summation and integration in going
from (2.7) to (2.9). We shall show that for n — oo the L = 1 term in (2.9)
dominates the others (see also [2I]). As in [2I] we put

(2.10) h(t) = 2miLe' +nlogt,
and the saddle points occur for h'(¢) = 0. Therefore, they satisfy

(2.11) tel = ——

and are asymptotically given by t ~ logn — loglogn + v + §. For integers M, we
have v = (2M + %) mi — log(2L7) and 6 = loglogn/logn — v/logn = o(1). This
gives

tyr =logn—loglogn—log(2L)

1 log]
(2.12) t (oMo ) w28 4 o(1)], M =0,41,42,... .
2 logn

We find that |e"(*M)| as a function of M is maximized at M = 0, and as a function
of L, at L = 1.
More precisely, we have the estimate

log |"*)| = Re[h(tar)] = nloglogn

2

n 1 n 1
2.1 — log1 1+ log(2Lw)] — =——— [ 2M + = 2
(2.13) 1ogn[0g ogn + 1+ log(2Lm)] 210g2n< +2> T

1
+ —LQ[loglogn + 10g(2L7r)]2 + Or (Ls) ,
2log”n log” n

where the O “rough” error term may omit some factors of loglogn. From the
right-hand side of (2.13) we see that the terms in (2.9) with L > 2 are roughly
exponentially smaller than the first term. In terms of M, (2.13) is largest at M = 0,
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but we can also easily show that the original contour (¢ € [0,00)) can be deformed
to a steepest descent contour that passes only through the saddle ty. In Figure 1
we plot the curves Re[h/(¢)] = 0 and Im[h/(t)] = 0 in the (z,y) plane, with L = 1
and t = z + iy. The intersection points of these curves are the saddle points, and
the figure captures 3 saddles in the range y = Im(¢) € [—2m, 37| (here we used
n = 1,000). The steepest descent (SD) curve through the saddle ty = ug + ivg is
given by Im[A(t)] = Im[h(¢o)] so that

(2.14) ntan ! (g) + 2me® cosy = % +ntan~! (U—O) .
x ug + vy Ug

The right side of (2.14), for n — oo, is approximately nr/(2logn) so that the SD
contour starts at the origin roughly at the slope y/xz = 7/(2logn), traverses the
saddle in a nearly horizontal direction (since h”(tg) is to leading order real and
negative) and winds up at ¢ = oo + iw/2. In Figure 2 we sketch the SD contour
when n = 1,000, along with the steepest ascent (SA) contour that is also a branch
of (2.14), and which orthogonally intersects the SD contour at the saddle ¢y (here
to A~ 3.706 + 1.246i).

0o 2 4 6 8

FIGURE 1. The real and imaginary parts of the saddle point
equation A/(t) = 0 are plotted in the (z,y) plane, with L = 1
and t = x + iy. Three saddle points are present in the range
y = Im(¢) € [-2m,3n]. Here, n = 1,000 in (2.11).

The saddle point calculation can also be used to estimate the Lth term in (2.9)
for n fixed and L — oo, and this shows the rapid decay with L of the summand in
(2.9), and the absolute and uniform convergences of the series.
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FIGURE 2. The steepest descent and ascent contours intersecting
at the saddle point ¢y are shown. Here, n = 1,000.

We have h"(t) = 2Lmiet — n/t?, so that h'(ty) = —n/to — n/t3. We put A(n) =
Rellog to — 1/to] and a(n) = Im[logty — 1/t] and find
1 .
(2.15) i) — oxp [n (log to— t_)] _ onlA@)+ia(m)]
0

We then have from (2.9),
2n e~ to . )
C, ~ g | 2l enAn)T ina(n) —2wia
(a) \/ —e m TS e e ,
2 1t . )
2.16 = 24/ — nA(")I Y0 ina(n),—2mia
(2.16) \/ e m 1 e e ,
where the saddle point relation (2.11) at L = 1 has been used. Therefore, we have
Cn(a) ~ 24/ 2—7Te"‘4(”) —Re _ o (™) ) sin(27a)
" n t(] =+ 1

ito :
(2.17) + Im (76"1&(") cos(2ma) | .
Vig+1
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We now use, with the definitions (2.5), the relations

Re ( 1to eina(n)) — —Im ( to eina(n))
Vig+1 Vito+1
1
2.18a =— Bsin|na(n) + B(n)],
(2.18a) 55 Beinlna(n) + A(n)

and

’Lto ; to ;
Im e”“*(”)) = Re <7ema(n))
(vto +1 Vio+1
1

2.18b = ——=DBcos|na(n) + B(n)].
(2.18b) 575 B eoslnaln) + B(n)
Then (2.4) results from (2.17).

Putting to = w4+ v in the saddle point relation (2.10) at L = 1, and eliminating
u, results in the equation (2.3) solely for v. O

Remarks. The representation (2.6) may be readily verified by substitution in the
defining relation (1.1). Then we obtain

1—s —s oo
(2.19) ((s,a) = :_1—1—&7—3/0 %dm, Re s > —1.

Some discussion on how to add higher order corrections to the saddle point
method employed above is provided in [21]. In particular, only the L = 1 term is
still required, but the Taylor expansion of h(t) should be extended, as well as a
more detailed treatment of the factors e *(n/t — 1) in (2.7).

We have noted the near anti-periodicity of Cy,(a) for large n. A simple explicit
example of this is the special case C,,(1/2) ~ v,(1/2) ~ —v, = —Cp(1) for n > 1.

Our asymptotic result also has relevance for determing the asymptotic form of
expansion coefficients of other important functions of analysis and analytic number
theory. We briefly describe applications to the Lerch zeta function ®(z,s,a) and
to Dirichlet L functions.

For instance, we may consider the Lipshitz-Lerch transcendent

09 I > e2ming o i
(2.20) (x,s,a)—z_:m— (e s, a),
n=0

for complex a different from a negative integer. If we take here = real and nonin-
tegral, the sum in (2.12) converges for Re s > 0. (For = an integer in (2.20), we
can reduce to the Hurwitz zeta function.) A case of interest is « = 1/2. Then we
obtain the alternating Hurwitz zeta function,

o]

(2.21) L<%,s,a>—2%—25 {g(s,%)—ce,“;l)}

n=0

Therefore, expansion at s = 1 can be made in terms of a combination of differences
of Stieltjes constants yx(a/2) — vk[(a + 1)/2]. More specifically, we have, with the
superscript denoting differentiation with respect to the second argument of L,
(2.22)

Lo (%5@) = (—1)]’2—32(_1%@) log' ™7 (2) {g“’) (s.5) ¢ (s a?“)] :

J
£=0
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yielding

(2.23) LW <% 1,a) - (_;)j ZJ: (é) log" ™ (2) {w (g) v (aglﬂ .

£=0

Dirichlet L-functions L(y, s) are known to be expressible as linear combinations
of Hurwitz zeta functions. We have for Dirichlet characters y of modulus k,

n

[e9) k
(2.24) L(x,s) = Z X(ZL) = % Z x(m)¢ (s, %) , Res>1.

m=1

This equation holds for at least Re s > 1. If x is a nonprincipal character, then
(2.24) converges for Re s > 0. Again, derivatives at s = 1 may be obtained as
combinations of Stieltjes constants.

Numerical results. Formulas (2.2)-(2.5) are easily implemented for numerical
computations. In Figure 3 the exact values of Cs(a) from Mathematica V7 are
plotted versus a for 0 < a < 1. In Figure 4, values of C5(a) obtained from (2.4) are
plotted versus a in the same range. Already for the small value of n = 5, Theorem
1 gives a very good numerical approximation.

In Figure 5, the ratio R, of the exact values of C,,(1/3) to the values obtained
from (2.4) is plotted for n = 10, 15,20, ...,150. Over this range of n, C,, oscillates
and its magnitude varies from less than 1.2 x 10% to greater than 2.1 x 1036, This
range of values of |C),(1/3)| illustrates the rapid growth of the Stieltjes constants
with n. The only points where R,, deviates significantly from 1 is near the zeros of
the expression in (2.4), as we would expect.

Cs
o ©®
: L]
0.0010 ° .
r .
[ °
0.0005 | .
.
! ! ! ° ! a
0.25 e 0.5 0.75 1
[ °
—-0.0005 - °
[ .
r .
—-0.0010 - . °
[ e o °

FIcure 3. Exact values of Cs(a) are plotted versus 0 < a < 1.
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N

0.0010

0.0005

0.25 0.5 0.75 1

—0.0005

-0.0010

FIGURE 4. Values of C5(a) obtained from (2.4) are plotted versus
a in the same range.

R,
1.04 -
L .
1.02 -
[ .
I,OOj .....0 ........00 o ©® © o © ©
r .
L L4 °
098 °
I I I I I I I
r 25 50 75 100 125 150

FIGURE 5. The ratio of the exact values of C,,(1/3) to the values
obtained from (2.4) is plotted versus n = 10, 15,25, ..., 150.

3. ASYMPTOTICS OF S,(n)+n

First, we present a result going beyond Theorem 8.22.5 of [32], which is given
in [I2], and can be obtained using integral representations and the saddle point
method. We have
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Lemma 1. For z >0 and o > —1 we have

iz )2
i) == (2)" (e s v -+ 3]

(3.1) + cos [2vnz — o + 1] % +0(n—1)},

where

(32) M=Mza)=(a+1)Z -2 4L

2 12 4 16
This applies for n — oo with a fired x and 0 < x < c©.

For n — oo the sum in (1.5) behaves as S, (n) ~ —n and here we seek to estimate
S, (n) +n , which we will show to be at most of the order O(n?/*), with significant
oscillations. We first express (1.5) in terms of Laguerre functions, and obtain the
following.

Lemma 2. We have, with N =n—1,

o0
(3.3) Sy(n) +n=>" F(m;N +1),
m=1
where
log(m+1) 1
(3.4) Fim;N+1) = / L (y)dy — ﬁL}V[log(m +1)],
logm
and also
(3.5)

Z—TL

F(m; N +1) = 21 j[m{zz;l (m+1)75

where the contour is a small counterclockwise loop about z = 0.

—mﬁ} —(m—i—l)ﬁ}dz,

Proof. By the definition of P, from (1.5) we have
<1
3.6 Sy(n)= [ =L} (logt)dt — L 1 (1
(36) (o) = [ 2 (los) Z (1og m).
Then using L. _;(0) = n we obtain

(37 Syn)+n=> [

m=1

m—+1 1 ) 1 .
/ S (log t)dt — —— L log(m + 1)]} .

m

The change of variable y = logt then yields (3.3) with F as given in (3.4). To
obtain (3.5) we apply the contour integral representation

(3.9) eTLO(z) = ﬁ 74 (1_z;;a+1 exp( 1)dz

and let z =logt in (3.7). Then integrating over ¢, using

m—+1
—1
(3.9) / t=rdt = 2 g
z

t=m-+1

t=m

b
m

we obtain (3.5).
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We proceed to evaluate the summand in (3.3) for N and/or m — oo. This will
involve separately treating several ranges of m and N, and we first consider m — oo

with N = O(1). O
Lemma 3. Let
log(m+1)
(310)  F(m:N+1ia)= / L3 (y)dy — % [log(m + 1)].
logm
Then for N = O(1) as m — oo we have
1
. . a+1
(3.11) F(m; N+ 1;a) = o 2L (logm) [1 +0 (E)} .
Proof. We let yo = log(m + 1), y1 = logm and since (d/dx)L% ., (x) = —L% (),
we have
Y2
F(m; N+ 1;a) = / LYy (z)dz — e Y2 L (y2)
Y1
= L(lejrl1 (Y1) — L?v111 (y2) — e 2 LY (y2)
(3.12) = Ly (v + A) = Ly3a (32) — e 72 LY (2),
where A = 31 —yo = —1/m+1/(2m?) + O(1/m?). Then expanding A for m — oo
we have

A2
F(m; N+ 150) = =(A +e7") LY (y2) + = L3 (1) + O(AT) LT (32)

:[J_+o&%ﬂmeH[J_+oQ%ﬂLMWM+om%m“@g

2m?2 2m?2

— {LJFO(T:L )} (L% (y2) + LY, (y2)]

" erol@) s

(3.13) = %Lo‘ﬂ(logm) {1 +0 <%)] :

Here, we used the recursion L (z) + LY, (z) = LY (2). 0

Lemma 4. Let F(m;n) be as defined in (3.4) and let 8 = (logm)/n. Let Ai denote
the Airy function (e.g., [28]). Then we have the following B-dependent asymptotic
forms:
(i) For B > 4 we have
nHrtt1r 11 1 1 1
(3.14) F(m;n)~ (=1 TtmET

2m BV Va2

where

(3.15) =it VBB 4= (VB - VB

(ii) For B~ 4, we let § =4 +n~%/3a, with « = O(1). Then we have

. 1 (=) N a
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(iii) For 0 < f < 4, we have

1 1 ﬁ—5/4

(3.17) F(min) ~ — N sin[nf(8) + 9(B)],

where

(3.18) 2y = %[2—6“\/3\/@],
(319) £(8) = Sv/BVI=B+ a2 - -+ iV/BA= A

(3.20) 9(8) = argl(1 — 21)%] - % ™ %“’”9 (%j(;—ir;Q '
57

The values of arg are such that arg € (%, 7), with the left endpoint corresponding
to B — 4 and the right endpoint to 8 — 0. The value arg = 7w corresponds to

B=24+2.
(iv) For m, n — oo with £ fized, where & = £(m,n) is defined by

Jn

(3.21) S Ry o
we have
. 1 [log(m+1)]7'/* . ™
F(m;n) ~ N {(cos§ —1)sin {2\/77 log(m + 1) + Z}
(3.22) +(€ —sin¢) cos {2\/5 log(m +1) + %} } .

(v) For n — oo with m = O(1), we have

nl/A -
(3.23) F(m;n) ~ NN ESTT TS cos {2\/5 log(m + 1) + Z} )

Proof. We merely sketch the main points. Note that some of these results also

follow from the uniform asymptotic results for the Laguerre function in [I5]. But,

here we wish to give the expressions for F'(m;n) in the simplest possible forms.
From Lemma 3 with o = 1 and the representation (3.8) we have

F(m;N) = ﬁL?\,(logm) {1 +0 (%)}

1 1 1 log m
3.24 ~———— e BT (],
(3:24) 2m27rij{(1—2)36 e
The latter expression is suitable for a steepest-descents expansion, and the saddle
points occur for
n logm
3.25 — ———=0
(3:25) z  (z—1)2 ’
or 22+ (8—2)z+1 = 0. This equation has real roots for 42 —43 > 0, or 3 > 4. The
root inside the unit circle is given by (3.15), so that 1 — z, = (8 — /82 —408)/2.
The steepest descent method gives
1 (—1)n+t L [n 28n 172
+ 7)3 )

3.26 Fro—? () m= | L
(3:26) 2m(1—z*)3( 2) " 22 (ze—1

leading to (3.14).
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From (3.15) we have that the saddle point z, — —1 as § — 4. So for 8 = 4 we
expand the integrand of (3.24) about z = —1. We introduce the scaling z + 1 =
n~ 3w and B — 4 = n~2/3a and determine that

1 (=1 n~1/3 wd 1

where the path L extends from w = o0e’™? to w = ooe” /3. By applying a
standard contour integral representation [28], (pp. 53) for the Airy function, we
obtain (3.16).

Next, we consider when 0 < 8 < 4. In this case we obtain the oscillations in F'.

Now the two saddle points,

(3.28) 2= g2 B+iVBVI- B

are complex conjugates lying on the unit circle. For 0 < 8 < 2 we have Re(z1) > 0
and for 2 < < 4 we have Re(z4) < 0. The function h(z) = —nlogz+ fn/(z —1)
has

d? 1 26
2 Y ) =n |~
(3.29) Sh(z) =n [22 e 1)3} :
so that at z = 2z, using relation (3.25) we have
1 1 2241 )
3.30 Y y= -2 2l ey
( ) n (Z+) Z_%_ (Z+ — 1) pe

The steepest-descent method gives

11 1 Bn | ,
3.31 F(min) ~ ————Tm |e "8+ ¢ €_Z¢'+/26_”T/2:| .
B30 Flmin) e o V5 | = (:25)
Here,
(3.32) o= Z+_1’_ —
and also from (3.29),
o Z+ —|— 1

(3.33) ¢4 = arg (723(1 — z+)) .
We obtain from (3.31)
B31) P~ bt L B () + 0(6)

' T AR T 2P Vo (A B) I

where |1 — 2| = /B, and f and g are given in (3.19) and (3.20). Therefore, (3.17)
results.

We can easily verify that as 8 1 4, (3.17) asymptotically matches to (3.16) as
a — —oo. Similarly, as § | 4 in (3.14), the result matches to (3.16) as & — oo, in
view of the asymptotic form

1
(3.35) Ai(z) ~ mzflﬂe*%zsﬂ,

Z — OQ.
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To obtain (3.23) in Lemma 4 we simply use the leading term in (3.1) and note
that for m = O(1),

F(mi ) = Lullogm) — Lullog(m + 1] = ——L}_, log(m + 1)

1
~ —m—_HLvlzq[lOg(m +1)]

1 nl/4 vm+1 . 7r
(3.36) ~ ") fogm T DA vr sin {Qﬁ\/log(m +1) — Z} .

Then using — sin(z — 7/4) = cos(x + 7/4) yields the results.

Now observe that the expression in (3.23) is not summable over m, as the am-
plitude decays only as m~/2 for m — oo. Furthermore, as m — oo, (3.23) does
not match to (3.17) as 8 — 0. Indeed, as 8 — 0, (3.16) behaves as

1 —5/4 _; T
B m3/22\/7rn6 St [Zn\/g + Z}
n3/4 1 . T
(3.57) = v gt [PV loem .

This means that another scale must be found between n — oo with m = O(1),
and n, m — oo with 8 = (logm)/n > 0. We analyze this new scale below, and this
will lead to the expression in (3.22).

To establish (3.22) we first use Lemma 1 to obtain a two-term asymptotic ap-
proximation to F(m;n). O

Lemma 5. We have the following refined asymptotic approximation for the sum-
mand of (3.3). We adopt the notation

(3.38) sin,, = sin[2y/ny/logm + 7/4], cos,, = cos[2y/n\/logm + 7 /4].

Then F(m;n) ~ F(m;n) where

2
(3.39) F(m;n) = vm _ |:sinm+ ! (logm _logTm i) cosm]

n1/4/x (logm)i/4 Vnylogm \ 2 12 16
m+1 1 . 1 log(m+1)  log2(m + 1) 1
—n1/4ﬁ log(m + 1)]1/4 [Slnm+1 f Jivlogm £ 1) ( 2 - B — E) cosm+1]
+ '/ ! l:coSerl + ! (logQ(m +1) — i) sinm+1:| .
Vv £ 1 log(m + DP/A Vilogm+ D\ 12 16

This expression is O(m~=3/2) as m — oo. Form =1 the first term in F (involving
sin,, and cos,, ) must be replaced by 1.

Proof. We let A(m;n) denote the 2-term asymptotic form of L, (logm) coming
from Lemma 1. Using Lemma 4 we arrive at

(3.40)

' vm 1 . 1 logm log?m 1
A(m’n)an/‘lﬁ(logm)l/‘l Smmlnl/z(logm)lﬂ 5 " 3 1) |
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From Lemma 1 we also have

Ly, _y[log(m +1)] _ 1 (-4 [ i
- m+1 T Um/m 1 [log(m + 1)]3/4 [Sm (QV”‘lm—z)
+M(log(m + 1);1) cos (2vn = 1v/log(m +1) - 7 )]
n1/4 _ 1 1 x
O e { — cos (2vn—T/ioglm T 1 + 7
+sin (2\/5\/10g(m+1)+3> _ {iJrlog(er 1) — w} + }
4/ \/n\/log(m + 1) 16 12 T

Expanding the cosine factor, using vn — 1 =+/n—1/(2y/n) + ..., then gives

L} \flog(m+1)]  n'/A |
— 1m+1 ~ Jmv/m £ 1 [log(m + 1)]3/4 {605[2\/5\/10g(m+ 1) + /4]

1 log?(m+1) 3 ) . ]
3.41 + — — | sin|2y/n+/log(m + 1) + 7 /4] |.
1)+t (P ) i log ) /4
The use of (3.40) and (3.41) gives Lemma 5.

We observe that for m — oo,

1 n1/4
A(m;n) — A(m+ 1;n) = =7 Jllog m)i COSyp,
1 n—1/4 log>m 3
42 - — = |si —3/4 -3/2y
(842) V7 v/m(logm)5/4 [ 12 16] Sitim +On (n77) 4 O (m ™7

Here the symbol O,, (O,,) is used to denote the order of magnitude for n (m) — oo;

but the above is the same as the negative of (3.41) with m+1 replaced by m therein.

Thus for m — oo (3.39) behaves as the second difference A(m;n) —2A(m+1;n) +

A(m + 2;n) + O(m™3/2) which is of the same order as ding(m;n), and this is,

apart from some logarithmic factors, O(m=3/2). Thus (3.39) is summable over m.
We next simplify (3.39) and obtain (3.22) in Lemma 4. We write

sin,,, = sin [Qﬁ\/log(m +1)+ Z + (5}

(3.43) = Sillyy 41 COS I + COSpy 41 8N &

where, for m large,

§ = 2v/ny/logm — 2y/n/log(m + 1)
B A
g~ Do

Thus we replace sin,, in (3.39) by sing, ;1 cos€ — cos;, 41 sin§ and note that, for m
large,

(3.44)

VR S
nt/A(logm)t/* \/log(m + 1) V&

Then retaining only the leading order terms in (3.39) leads to the approximation in
(3.22). This applies for n, m — oo with £ = O(1). But in fact it remains valid for
n — oo with m = O(1), and reduces to (3.23) in Lemma 4 in this limit. Note that
for m = O(1) and n large, £ — oo and & —sin ~ ¢, and this dominates cos€ — 1,
which remains O(1). Thus (3.22) reduces to 7~ /2[log(m+1)]~'/2\/€ cos,, 11 which
is precisely (3.23). Also, for m > O(y/n) (3.22) asymptotically matches (3.17),

(3.45)
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since it agrees with (3.37). Now we have £ — 0 so that & — siné = O(£?) while
cosé — 1~ —£2/2 and thus (3.22) becomes

1 53/2

G 2y/log(m + 1)

which agrees with (3.37) for £ (hence §) — 0. We have thus shown that (3.22)
provides an asymptotically correct approximation to F(m;n) for n — oo, both
for m = O(1) and for m = O(y/n). Also, for m — oo, £ — 0 and (3.22) is
O(£3/2) = O(m~3/?) so the expression is summable over m. O

sin {2\/5 log(m +1) + g]

Next, we return to our main goal, which is to approximate S,(n) + n in (3.3).
The approximations to the summand F' are given in Lemmas 4 and 5. Expressions
(3.14), (3.16), and (3.17) apply for B > 0 so that m = €™ is exponentially large
in n. But in this range the order in m of F' changes from O(m~3/2) (cf. (3.17)) to
(roughly) O(m=2) (cf. (3.11)) and thus the summand is uniformly exponentially
small in n when 8 > 0. Hence only the terms in m that have m = O(1) or
m = O(y/n) contribute to the leading term of S, (n) + n and we have

Theorem 2. Forn — oo and away from the zeros of Sy(n) 4+ n we have

— 1 1 1 , T
Sy(n)+n~ ;ﬁWﬁ {(cosf —1)sin {2\/77 log(m + 1) + Z}

(3.46) +(€ —sin¢) cos [2\/ﬁ log(m +1) + g}}

where &€ = v/n/[(m + 1)4y/log(m + 1)]. An alternative asymptotic form is
(3.47) Sy(n)+n~ Z F(m;n),
m=1

where F is given by (3.39), and if m = 1, the term in (3.39) proportional to sin,,
and cos,, must be replaced by 1.

In section 4 we test the numerical accuracy of both (3.46) and (3.47). We can
also obtain the simple upper bound below.

Theorem 3. For n sufficiently large,

S0 3/4
3.48 S~ (n)+n| < ——n>'",
where
> 1
(3.49) = Z Toalm T T (3 172 = 10819964,
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Proof. To establish (3.48) we use the elementary inequality |Asinp + Bcosg| <
VA? + B2. Then denoting the summand in (3.46) as Fi.(m;n) we have

(3.50) JAIE| < \/ﬁ%\/(cosﬁ 124 (€ —smé).

But

(cos& — 1)2 + (£ - sin§)2 =2(1 —cos& —Esiné) + 52
§ 3
(3.51) = /0 2x(1 — cosz)dx < /O 2x (%2) dr = %

so that /7| F.| < 271/2[log(m +1)]~1/2€3/2 = n3/*(m +1)~3/?[log(m +1)]~>/* and
Theorem 3 follows.

However, the numerical studies in section 4 suggest that the actual order of
magnitude of S, (n) + n is smaller than O(n®/*), as Theorem 3 does not take into
account the oscillations of the summands in Theorem 2. The numerical studies
suggest that (3.48) is valid also for moderate n, and we conjecture that (3.48) is
true for all n > 5.

We conclude by establishing the first equality in (1.5). We have that for 0 <
Re s <1,

N 1-s
(3.52) Jim [Z m™® — ]1V_ S] = ((s).

Therefore, we find that

N-1
m=1

Having interchanged summation and integration in (3.3) with (3.5), it follows that

soene e f 1)

(3:54) = [ (35) [7 -]

T omi Jo\w—1) |w—-1

where C' is a vertical contour to the right of Re(w) = 1/2. By employing the
Laurent expansion of {(w), we recover the defining binomial expansion in (1.5) for

Sy (n):

T om w—1

n n—1
1 w (1) n
(3:55) ~omi /o (w - 1) dw n <e+ 1)

n

Sy(n)+n= = : (L) ll - (_;) ~Ye(w — 1)‘71 dw
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4. Numerical studies. As we have discussed, S,(n) + n exhibits oscillations,
taking on both negative and positive values as n increases. This oscillation contains
some local substructure, such as the pairs of nearby maxima and minima near
n = 500, 1100 and 1550 in Figure 6. Also plotted there are the corresponding
results using the forms (3.46) and (3.47). At this level of graphical resolution, the
refined result (3.47) is virtually indistinguishable from the exact values.

Known and reliable values of S,(n) + n may be obtained based upon the high
precision values of v due to R. Kreminski [22]. The first 2000 of these values of
v are valid to 5000 decimal digits. Further values of 4 are less accurate, with
Y5000 valid to 1419 decimal digits, and 719000 valid to about 862 decimal digits.
These were computed using a variation of the published algorithm in [22]; but
instead of using Newton Cotes integration a slightly faster approach using numerical
differentiation ideas was used. Accordingly, R. Smith has now calculated S, (n)+n
for n up to 10* [30]. This result is shown in Figure 7, along with the corresponding
values from (3.46) and (3.47). The numerical results of Smith, obtained with the
aid of Mathematica® 7, were simply calculated to 10 significant figures.

The expression (3.46) is usually a lower bound for the exact values of S, (n)+n,
while the refined result (3.47) virtually coincides with the exact values, in particular,
well capturing the local substructure in both curvature and magnitude. Included
in Figure 8 are values of S, (n) + n and the results of (3.46) and (3.47), as well as
the upper bounding curve v/2n'/4 + 1 and the lower bounding curve —v/2n'/%. It
does appear that the values of |S, (n) +n| are very close to O(n'/%), in place of the
conservative upper bound of Theorem 3.

The inequality in (3.48) of Theorem 3 begins to hold as soon as n > 5. As this
onset is dependent upon the value of sy, we briefly comment on it. From (3.49) we
have

S =
0 log®/4 2 23/2 [log(m + 1)]5/% (m + 1)3/2

m=2
1 1 > 1
= log®/4 2 23/2 * z_: (m+1)3/2
1

(41 _ L ) —1-

1
B log®/4 2 23/2 2V/2°

Therefore, we have the simple lower and upper bounds

1 1 1 1 1 1
log?/* 2 2377 + log?/* 3 33/2 + log?/* 4 4377 < S0
1 1 1
(4.2) <32 -1

10g5/4223/2 2\/57

ie., 0.813218 < sp < 1.81784.
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FIGURE 6. Exact values of S, (n) + n, (4.44), and (4.45) for n up to 2500.

1o | | M' ﬂ _
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FIGURE 7. Values of S, (n) + n, (4.44), and (4.45) for n up to 10%.
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15

_10 - e 7

0 1000 2000 3000 4000 5000

FIGURE 8. Values of S, (n)+n, (4.44), (4.45), and bounding curves
varying as #v/2n'/* (in black, dashed) for n up to 5000.
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