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OPTIMAL CONVERGENCE ESTIMATES FOR THE TRACE
OF THE POLYNOMIAL L2-PROJECTION OPERATOR
ON A SIMPLEX

ALEXEY CHERNOV

ABSTRACT. In this paper we study convergence of the L2-projection onto the
space of polynomials up to degree p on a simplex in R?, d > 2. Optimal
error estimates are established in the case of Sobolev regularity and illus-
trated on several numerical examples. The proof is based on the collapsed
coordinate transform and the expansion into various polynomial bases involv-
ing Jacobi polynomials and their antiderivatives. The results of the present
paper generalize corresponding estimates for cubes in R from [P. Houston,
C. Schwab, E. Siili, Discontinuous hp-finite element methods for advection-
diffusion-reaction problems. SIAM J. Numer. Anal. 39 (2002), no. 6, 2133—
2163].

1. INTRODUCTION

Polynomial approximation in R¢ plays an important role in spectral, hp- and
discontinuous hp-finite elements [3, 22| 16} 14l [7, 15l 19, [13]. Compared to ap-
proximation in the tensor product domains, approximation on simplices has several
favorable properties, such as greater flexibility for complex geometries and local
hp-adaptivity. However, approximation analysis on simplices for d > 2 is more
involved, since the tensor product arguments are no longer applicable.

Recently, numerical analysis of spectral and hp-methods on simplices has re-
ceived increasing attention. A number of publications has been devoted to studies
of approximation by polynomials [28] 23] and rational functions [24] in weighted
Sobolev spaces on triangles in R2. Much less theory has been developed on simplices
in d > 3; however see [I8], [6].

In this paper we study approximation property of the L?-projection onto the
space of polynomials up to degree p on a simplex T C R, d > 2, measured in
L2(0T). Our analysis generalizes results for the tensor product domains from
[15, Section 3.3] onto the case of simplices. Results of the present paper in the
case d = 2,3 play an important role in the convergence analysis of Discontinu-
ous Galerkin Methods on the meshes of simplices (cf., e.g., [I5, Theorem 4.7] and
[19, Proposition 8.1] for corresponding results for d-dimensional parallelepipeds).
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Another application is in the convergence analysis of interface problems on non-
matching grids, discretized by Nitsche’s method [8]. At the present time we have
no particular application of our approximation estimates in the case d > 4, which
is, however, an interesting and challenging result from approximation theory.

Let P,(T) be the space of d-variate polynomials on T" of degree up to p and let
11, be the L?(T)-orthogonal projection operator onto P,(T), i.e.

/(u —IL,u)v =0 Yu € Py(T).

1
We denote by |lullo = ([, |u[?)? the L?-norm on a subset (of a manifold) Q C R
The aim of this paper is to prove the following approximation result:

Theorem 1.1. Suppose u € H*(T) with s > 1. Then there exists C' > 0 indepen-
dent of p, such that

(1) Ju = yulor < Co~* fulmscry.
The basic idea of the proof is the following. We prove first the estimate
(1.2) Ju—Tpullr < Clp+1)"%|Vullr  Yue HY(T)
where F' is one of the faces of T" and the constant C' > 0 depends only on the spatial
dimension d. Having this, we proceed as in the one-dimensional case in [I5] Lemma
3.5]. The projection II,, clearly preserves polynomials v € P,(T"), hence by (2,
-~ = flu— v — T, (u — <C(p+1)7% inf_[|V(u—0v)r.
lu = pullor = [lu—v —1p(u —v)|or < C(p+1) L. V(= vz

p

Then we estimate the best approximation error as in [2] [I8] or [22] Remark 4.74]:

: —s+1
(13) V(= o)l < Op ey,
Here we utilize a regularity preserving extension into a larger cube, [25] Chapter 6]
and approximation properties of tensor product polynomials of degree p in each
direction on this cube. Collecting the terms we arrive at ().

Our main concern now is the estimate (L2), which is the result of Theorem
B below if T is a triangle, and of Theorem EI]if T is a general simplex in R?.
Although the structure of the proofs is similar for d = 2 and d > 3 (moreover,
Theorem 311 is a special case of Theorem EET] with d = 2) we give the proof in R?
explicitly, since it is more transparent and helps us to understand the general case
which requires more involved notation.

The structure of the proofs is as follows. We shall find a suitable auxiliary
function g € H(T) and a vector field @ on T, ||@|| ~ 1, such that

(1.4) lu—Tullr <C(p+4) *l0zu—gllr and |gllr < C|Vulz.

Then we arrive at (2] using the triangle inequality. The proof of the left inequality
in (IA) relies on expansions of u in certain suitable polynomial bases. We shall see
that the auxiliary function g naturally appears in an expansion form with respect
to a set of rational functions; see BI4l) and ([@20) below. The proof of the right
inequality in (L4 involves the directional derivatives of w in certain remaining
linear independent directions and is realized by induction in the case of an arbitrary
dimension d.

The remainder of the paper is organized as follows. Section Bl includes some
basic definitions and properties of Jacobi polynomials in one dimension. Section
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contains approximation analysis in R2. Section Hl is devoted to the generalization
to R%. In Section Bl we give several numerical experiments in R? and R? supporting
our convergence estimates. Several important transformations between families of
Jacobi polynomials are collected in the Appendix.

2. BASIC FACTS ON JACOBI POLYNOMIALS IN ONE DIMENSION

In this section we collect some basic facts on Jacobi polynomials in one dimension
which will be important in what follows. We refer to [T}, 26] for more details.

For any n € Ny and «, 8 > —1 we denote by
B 1 ar
—2npl(x — 1) (x + 1)8 da

(2.1) PLB) (1) ((z = 1) (x + 1))

the classical Jacobi polynomials, orthogonal on [—1, 1] with respect to the weighting
function (1 — x)%(1 4 2)”. In the special case 3 = 0 we shall skip the second index
and write

P(z) := PP (g).
Let us recall the orthogonality relation for this family

22) !/lfﬁﬂ@PSW)(1;$>adx 20mn

—1 :2n—l—a—|—1

and the normalization
(2.3) PY(-1)= (-1

We shall write Df for the derivative with respect to the argument of f = f(x):
Df = % f for any differentiable f. It is known that the derivative DP) is propor-

tional to Pf(loflrl’l) [26, (4.21.7)]. In particular, we have the orthogonality relation
1 a
11—z 20

2.4 DPS (x)DPy, 1—a?)de = —"— 1).
20 [ DRwDP@ (5] -t = 2 a1
We define

(25 P = [ Pra@an nz1 Bg) -1

—1

the antiderivatives of the Jacobi polynomials. Clearly, P> and ]5,? are polynomials
of degree n and hence form two different polynomial bases on [—1,1]. In what
follows we shall extensively use expansions involving these polynomial bases and
employ the basis transformations listed in the Appendix. It will be convenient to
write such basis expansions in vector notations. Suppose {P;}° is a basis. Then
we abbreviate the infinite sum

U'P(z):=> UiPi(x)
=0

for a vector of coefficients U = (Uy, Uy, ... )T and a vector of basis functions P =
(Po,Pp,...)T.

Before we continue, let us prove the following technical lemma which is a partial
generalization of [I5], Lemma 3.5].
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Lemma 2.1. Consider a function U : [-1,1] — R such that
1

/ (1 —2)*|U'(x)]? dz < oo

-1

given by the infinite series
(2.6) U(z)=>» U;PXz), r=>0, a>0.
j=r

Then
oo ) ED@RVe ey Vi), r 21,
U( 1) - { ‘/07 r— 07

where Vj is the j-th coefficient of U in the basts {Pﬁ‘(w)},

(oo}
(2.7) U(x)=> ViPf(x), r>0, a>0,
j=0

« (0% y >
and al and ¢, are transformation coefficients from (A2).

Proof. According to [2.3)) we have U(—1) = > (—1)7U; and it remains to estab-

lish the relation between coefficients {U;} and {V;}. To this end we set Uy = --- =
U,—1 =0 and rewrite (Z6]), 27) in the vector form:

UTP*(z) =U(z) =V P"(z) = VT A*P°(x),

where A is the transformation matrix from (A.2). Comparing the coefficients we
obtain
Uj = Vjaj + Vi1 + Vjyaci o, J=0

where af = 1, and hence

UL =Y (170, = > (-1VafVi+ Y (=170 + Y (-1,
i=r j=r Jj=r+1 Jj=r+2
— (1) (a2Vi + (B — A% )Vorn) + D (<17 (a =B + ) Vs
J=r+2
A direct substitution of ([(A2]) gives
(07 _ « — Cja7 .] Z 25
b { 0, j—1L
and hence the assertion follows. [

3. CONVERGENCE ESTIMATES ON A TRIANGLE IN R?

3.1. Notations and formulation of the convergence theorem in RZ?. Let
T be a reference triangle with the vertices (—1,—1), (1,—1) and (0,1) and F =
0T N{y = —1} be its lower face. Although this choice of the reference element is
rather nonstandard (see, however, [5]), it fits very well for our purpose due to its
symmetry with respect to the vertical axis. T' can be parametrized as

(3.1) T:{(??ﬂy) ERQ:(z,y)E[—l,l]Q}
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with the Jacobian determinant

(3.2) det (ggz;) - 1;‘”.

The main result of this section is the following theorem:

Theorem 3.1. For an arbitrary u € H*(T) there holds
V5+1
V2

We prove ([B3) using various convenient basis expansions for u. Clearly, an
orthogonal basis is best suited for representation of u — II,u. We define

(3.3) Ju — Myul| p < (p+1)7% | Vul|r.

B e =2 (2 pe (L) aazo

which is a variant of Dubiner or Koornwinder polynomial basis on a triangle [10]
[16, [I7]. ¢;; is indeed a polynomial of degree i + j, since for P?(z) = >! _ B,2",

(3.5) ij(xz,y) = P7H(y Zan< )n

Using parametrization ([B.1]), orthogonality relation ([22)), and B2) we find
1 1= g\
[ouou=[ poree [ mowraw(t3) T a
T -1 1

20,k 5j[
2i+1i+j+1

(3.6)

Hence {¢;;}i+j<p forms an orthogonal basis in P,(T"). On the other hand, as we
shall see, ||Vu|lr has a lower bound, which is convenient to represent in another
polynomial basis {1;;}i4,<p involving antiderivatives in the y-direction,

2z ~oi 11—y ‘ . _
37) iy =P <m> PF N (y) (T) . 420, i+ <p;

see the proof of Theorem Bl below. Any function v € L?(T) admits two equivalent
expansions

(3.8) u(@,y) = uidi(zy) = Y vii(x,y),
i,j=0 i.j=0

converging in L?(T). Here, due to (B.6), the Jacobi-Fourier coefficients are
21+ 1

Uij =

(i—i—j-l-l)/TU(bij

and {v;;} can be found using the three-term polynomial relationship (A]).
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3.2. An auxiliary upper bound for ||u—II,u| p. First, we prove a simple bound
for ||u — I u||p, which involves expansion coefficients v;; of u in the basis with
antiderivatives in the y-direction.

Lemma 3.2. For a sufficiently smooth function u we have the bound

(3.9) Ju — Thyul|% < ‘ T+ Vi
i=0 j=p+1—i 2i+1(i+7+3) i=p+1 2i+1

with expansion coefficients v;; from (BF]).

Proof. First, we express the approximation error on the face F' via Jacobi-Fourier
coefficients u;;. Orthogonality ([B:6) of {¢;;} provides

i+j>p+1
hence
(u—Thu)r= > wei(z,—1)=> P(z) > (= 1) uij,
i+ji>p+1 i=0 j=max(p+1—1i,0)

and thus by orthogonality (Z2) we have the identity

2
o Tl =3 -2 S (<1,
P F — 21_’_1 )
=0 j=max(p+1—1,0)

Let us consider relation ([B:8) connecting expansion coefficients {u;;} and {v;;}.
Lemma 2T with U; — w;;, V; — v;; for every fixed i gives

2 _ 2i+1 2i+1 2
lu —Iul% = E 5 T 1 (ap+1_,»vi,p+1—i + cp+2_ivi7p+27i) + E 5; 1 1 V0"
2+ impt1 2 +

Using explicit expressions for the coefficients in (A2) we get directly the bounds
|c| < a® for n > 2 and

2+t 2
2 AntitD Ci=0,...n—1,n>1
2n(2n+1) ~ 2n+1

Applying the above estimate with n =p+ 1 and n = p + 2 we get

Tl < zp: 2 2071 207 pya i 2
u— llpullp = ; : + : + o Vo
—~2i+1\ (p+3)? (p+35)? 2+ i

and the assertion (39) follows. O

3.3. Directional derivatives and the proof of Theorem [3.11 We start with
explicit computation of gradients of basis functions ;; defined in (7). To simplify
the calculations, we set Pf*(z) = 0 if k = —1. Recall that P{(z) = 1. Then

Vio; = (0,Pj_1(y)) and  Vipij = (9ubij, Oythis) 0> 1,
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where

i—1
2x 1—y i
s =0 ({2,) (52) 2

2x T 1—y =1 ’
(3.11) 3y1/)ij—DP?(1_y>1_y( 5 ) P (y)

o (25 v (52 - (152

Consider a vector field pointing towards the vertex (0,1) of T

xT

(3.12) = (—1—

,1), 1<|d| < onT.

Then the directional derivative along d has a simple form
(3.13)

Ogvij = 2 4 1—y\" 1—y\"!
J PP (ﬁ) {szztl(y) (Ty) szz+1(y)2 ( 5 ) } i>1.

Recalling expansion ([B.8)) with coefficients v;; we introduce a formal sum

(3.14) ;Z IUZJPO <1z_—$y> PFH(y) <1_Ty>1 ,

which plays an important role in the following.

Proof of Theorem BIl We make the proof in three steps:

Step 1. First, we prove the bound

p+1

(3.15) 5

lu—Tpull% < |0gu — gl

We start with an explicit computation of dzu — g. According to (B.8]), BI3) and
BI4) we find

aﬂu_g_zzj%po( 2 i) (“Ty)

_ZZ“’H ( P2ty <;y>:1
) (54

(3.16) o T
1—
> { P2’+1( )+z'15f"+1(y)}.

= ZUOjPJ‘l—l( ’L’UZQP (
J=1
-y

B

7,7=1
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Now, we utilize Lemma [A3 providing %szf"{l(y) + z'f?jz”l(y) = Pj%_l(y). Hence
(3.18)) is an expansion in an orthogonal on L?(T) basis and by orthogonality (Z.2),

) 2
105 0) 2 (%o
O~u — 2 — 2 ( z J
19au = gllz Z +221+1 i ﬂlemm
=t 1’}{
.92 ij
= o
P 2i+1 Z°+Z:Z 22’—1—11’—!—]’
00 P pt2—i 2
=D i S DD
i:p+12 —|—1 20] p+1122—|—1l—|—j
00 p pt2—1 02
> (p+D§ 2 Y s
i:p+122+1 =0 j=p+1—1i Z+‘7)
p+1
> P 3,
where we used Lemma in the last step.
Step 2. Second, we prove the bound
3.17 < Lo (222
(3.17) lgllr < §|| — (%) 0ul|.
Let us consider the inner sum over j in ([B.I4) for every fixed i > 1. Using vector
notations v; = (vig, Vi1, . . - )T we introduce auxiliary expansion coefficients {wi;}
satisfying
. . A2'L+1
(318) ETEQZ l(y) _ %T£2z+l(y) P ( )

hence by Lemmas [A. 1] and we find an explicit relation

ﬂT./421~‘r1 — uiT — %Tw2lw2l+l.

In the new basis,

29( ZZ@U}Z]P()( 2_95 )Pfi—l(y) (“Ty)i_l.

1=1 j=0

This is no longer a polynomial basis expansion, but consists of rational functions;
cf. also [24]. However, according to ([Z2)), the new basis functions are L2-orthogonal
on T and hence

2

zwi')

=1 j=0

On the other hand, (84) and (BI8) yield the representation

co oo 2 1— 1—1 ]
Opu(w,y) = ui;DP) <1 — y> (Ty) PZ(y)

oo 00 2 1_y 1—1 )
=S Y wnrt (25 (F5Y) mw,
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Orthogonality (Z2]), orthogonality of the derivatives (Iﬂl) and (319) give

20 2i(i+ 1)
V1= () 0l = ZZ it g 2 Pl

Step 3. The weight 1 — (f_—"”y)Q is always positive and bounded by 1 from above on
T. Furthermore, @] < @, yielding

1 1 NG
gl < 3lly/1 = () 0eully < 5IVullz,  [9aullr < )| Vullr,

hence ([B3)) follows from (BIH) by the triangle inequality. O

4. CONVERGENCE ESTIMATES ON A SIMPLEX IN R¢

In this section we generalize the approach in Section Blonto the case of a simplex
in RY. We pursue the same strategy. First, we use a suitable L?-orthogonal polyno-
mial basis and a basis involving antiderivatives to represent ||u — I u||p. Then, we
bound this expression by a sum of L?-norms of directional derivatives of u, which
in turn is bounded by the L?-norm of the gradient Vu.

4.1. Notations and formulation of the convergence theorem in R%. In this
section we denote by T' the simplex in R? with d + 1 vertices V¥, k =0,...,d,

3 0, 1<j<k-1,
(Vh), = 1, 1<j=k<d,
-1, k+1<j<d,

or, explicitly,

Vo= (-1, -1, -1, . =1 —1)
vi=(@, -1, -1, ..., -1 —1)
(4.1) V2= (0, 1, -1, ..., —1 —1)
Vi = (0, 0, 0, .0 1)

Let F = 0TN{xq = —1} be the lower face of T. The simplex T possesses convenient
symmetries and allows for a simple representation of directional derivatives.

For simplicity of presentation we agree that a product over an empty index set
is equal to 1 and a sum over an empty index set is equal to zero. This agreement
allows us to shorten many expressions in what follows, i.e., the definition of the
following parametrization of 7.

Let us consider the following collapsed coordinate transformation,

=L = T B 1— 2 -
(4.2) @.{ > oz Tk=a II R k=1,...,d,
m=k+1
which parametrizes ¥ = (21,...,74) € T by Z = (21,...,24) € [-1,1]? and is a

variant of a d-dimensional generalization of the Duffy transformation [II]. Note
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that z4 = 24 according to the above agreement. The Jacobian matrix of this
parametrization is triangular and we obtain for the Jacobian determinant

(4.3) det (H) - ﬁ (1 _22’“>k1

k=2

Using ([{2) we obtain

d d
F=0(7) o 1- Y 27g,= [[ O-2m), k=1,...d
m=k-+1 m=k+1

which holds also for & = d according to the convention on the sums and products
over empty index sets. This gives an explicit form of the inverse parametrization

d d—Fk

(4.4) @1;{?; : [ 1;%71]’ o= 2d il . k=1,...,d
Z 2d—mxm
m=k+1
In this section we shall use multivariate basis expansions as sums over multi-indices
i = (i1,...,iq) € N4. For convenience we introduce the notation
n
[;]n :Zik, nzl,...,d, [Z]OZO, [f]d: |;|
k=1

The main result of this section is given by the following theorem.
Theorem 4.1. For an arbitrary u € H*(T) there holds
1
(4.5) lu—Tpullr < C(p+5) * IVullr,
where the constant C' > 0 depends only on the spatial dimension d.

We follow the approach in Section Bl and prove first several auxiliary results. We
start with the definition of polynomial bases. Generalizing (B4, let us consider a
family of rational functions on T’

o i |1 +E—1 11—z e
40 @ = [P ) (F5)

k=1

—o1(@)

and a family of polynomials on T,

- [t]a—1
" ~ g1 4d— 1—x
(@7 08 = T (P g (F57)

see [27] for a similar construction of an orthogonal basis in R? and [16] for R3. Anal-
ogously to ([3.3)) we check that ¢; is a polynomial of degree |i|. Using orthogonality

[22), parametrization (£2), and [3) we find

u I
(48) /¢ = [ e

hence {¢7} 7, forms an L2—orthog0nal basis in P, (7). Next, we define

B (a1
Tt 1-
(4.9) V(7)) = 7Ti17...,id71(f)Pii[ Ja—1+d 1(%) ( 296(1) )
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involving an antiderivative along x4. Let us consider the two expansions
(4.10) u(@) =Y uzs(F) = > vh(d)

ieNg ieNg
which are convergent in L?(T') for every u € L*(T).
4.2. An auxiliary upper bound for |u — Il ul[r. A direct generalization of
Lemma to the case of T C RY is given by the following result.
Lemma 4.2. For a sufficiently smooth function u there holds the bound

202
(4'11) ”u - HP“H%‘ < Z ’Yil,uwidflﬁ + Z ’Yihm,idflvzg
ez (i71+44) e

— J7é-t 2
where i, ,...iqy = [Th—1 2tttk and

IgZ{ZeNg:[E]d_l <pAp+1<Ji] §p+2},
(4.12) ) )
j;:{ieNg;[z‘}d,lzpﬂm’d:o}.

Proof. Using orthogonality (@8] we find
(u—TLu) (&) = Y uy(d).
i >p+1

Next, we utilize normalization ([Z3]) and rearranging the terms obtain

o0

(u—1u)|Fr = Z Ai1,~-7id717ri17»--1id71(f)‘xd:_lv

11500584 —1=0
with m;, _,, , from (0] and
oo
Aiyiay = Z (_1)””7'
ig=max(p+1—[i]a—1,0)
Restricted to I', 7y, ... 4, , becomes a polynomial of the form ¢; in space dimension
d — 1. Analogously to ([L8) we find that m;, _;, , are orthogonal in L*(F) with
the norm ||7Ti17»--1id—1 H%‘ = Yit,ooni

d—1
and, therefore,

d—1
oo
2 _ Z - 2
HU_HPU’HF - /yzly"'sld—lAil,..‘,id_l'
i1y058d—1=0
For every fixed index combination i1, ...,iq—1 we use Lemma 1] with U; —
Wiy ,...ig_1,j and ‘/j — Viy,...ig—1,j and obtain
2 _
Ailvu’id—l -
2(7]a—1+d—1 2[i]a—1+d—1 2 -
(ar Viyysigo1,r T Cri1 vihm,id—lﬂ“Jrl) ) [”dfl <p,
2 e
Vi ig_1,00 [i]li-1 >p+1.

where 7 = p 41— [i]4_1. According to (A2) there holds |¢| < a® for n > 2 and

_ 2(n+qg+d—1) 2
2qtd-1 _ < =0,...,n—1.
fn=q ntd—2)2ntd—1) ~2m+d—1 175"
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We use this bound with n = p+ 1, n = p+2 and ¢ = [f]d_l and obtain the
assertion. 1

4.3. Directional derivatives and the proof of Theorem [l Suppose we are
given a scalar function f = f(#) : T — R. Using parametrization ¥ = ®(2) (£2)
we pull this function back to [—1,1]¢ and denote f(Z) = fo ®(2), f: [-1,1]¢ = R,

_ - 2014, 291
4.13 7)=fod (%) = , .
(13) @) =Foe (@ f<1_zfn2zd—mxm Ly
We are going to find certain directions bin T , such that the derivative along b has a
simple form (£I4]) below. This result will be important for finding a suitable lower

bound for ||Vu|lr in the proof of Theorem E.] below.

Lemma 4.3. Suppose f: T — R and f : [-1,1]¢ — R are related via [EIJ). For
every k =1,...,d there exists a vector field b: T — R? such that
(4.14)

= d -1
8gfo@(5):ﬁ2% where s - H (1_Zm>
8zk 8$k F=d(2) 8a:k T=d(2) ki1 2
and
(4.15) 1< b)) < ¥ k; 5
Proof. Transformation ({4 yields
3 a(zlv"'azd)
4.16 Vaf =Vef 7——=
(4.16) U r—

where the Jacobian matrix is an upper triangular matrix with entries

0 i> 7,
0%z; od—i .
(417) a$; = l_zgﬂ.:i+1 2d—mg, =17,

2d—iy, 047
d -
(A= —ip1 29 mam)?

1< 7J.

Multiplying (£I6]) by b we find that in order to satisfy ([{I4) the vector D(ersenza) pT

O(x1,..,xq)
should vanish except its k-th component which should be equal to gii . It suffices
to choose b1 =+ =bg =0, by =1 and by, ...,bx_1 satisfying

b1 0
(4.18) 8(21, - .—’ Zk) f N
8(m1,...,xk) bk—l 0

1 Ozk.

oz,

Solving this triangular system explicitly we find, fori =1,...,k — 1,

k- .

24=J .

bit > — bj=0, by=L1
joi 1= D m—itl 2-mg,
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According to ([#4), the multipliers in the sum are equal to 277 z;, respectively, and
|zi] < 1. This yields the bound

k

il < Y 2770byl.

j=i+1

This inequality gives |b;] < %, t=1,...,k—1 by induction, hence ([LI0). Equation

([@14) follows from ({I6), (£I]) and the relation

B 9d—Fk b 9
9%k _ . =k 11 . k=1,...,d—1,
Ok 11— 120", @ oo, 12

for ¥ = ®(2); cf. ([@2) and (@A). O
According to the previous Lemma, there exists a vector field d on T such that
0zf 0 ®(2) = 887’;. Suppose u is developed in the basis 1)z, then
u(@) =) vp(@).
ieNg

Recalling [9) and (6] we find that 7, ., ,(2) = 7,
depend on zy4, hence

. Flas
. o 2[ laor Fd—1 1—z4
uu(@) = S v ay ()P (u)( )
1ENZ,ig>1

- - [[la—1—1

N [Fla1 20 a1 +d—1 1—z4

- Y mean @O Ry ()
TENG,[i]g 121

(4.19)

Let us introduce an auxiliary function

(4.20) ¢(&) = Z Vi .ooyia 1 (T) (M)

1eNE,[T]a—1>1

- [{]a—1—1
~2[i]g 14+d—1 1—xy4
% Pid[ la—1+ (xd) ( 5 ) )

Proof of Theorem 1l Step 1. We start by proving the estimate

1 d
(1.21) 3 (p+ 3 ) hu =Tyl < 0au — gl

Analogously to ([BI6]) we obtain from (@I9)), (£20),

oo
Ogu — g = Z U07...,0,id7r0,...,0(f)Piiill(xd)

1q=1

- [{la—1—1
oy (2[)acatd—2) (1 —a
(4.22) D DR NG ( = ) ( 2 )

[i]a—1>1,i4=0

- [{la—1—1
o 2[(la—1+d—3 1—zq4
- 2 : Uﬁilwwaid—l(‘x)Pid[ it (xd) ( 2 )

[(]la—1>1,ia>1
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where we have utilized identity (AF):

; — 1 - ; — - ; —1 — ; 1
Pz[ la—1+d 1($d) Td (2[ ]d,_;rd 2) P_z[ la—1+d 1(%) —_p 2[7)g—1+d— 3(%).

id —1 2 1d id

Orthogonality (2.2)) yields orthogonality of the functions

- [;]d—lfl
2i)a1+d—3 1—zq
7Ti17-~,id—1Pid[ i (Zd) ( 9 )

in L?(T). Thus [@22)) is an orthogonal expansion in L?(T) yielding

- 2
2 _ d—2
, 7);2 ([Z]d+v;>

||aﬁu—g||T = E Yiv,osia—1 7 + E Yi1,.ooia—1 = — .

)
TeNg ia>1 il + %52 7la>1,ia=0 i+

This is a sum of positive numbers, hence restricting the summation to ic Ig and
i€ I from EIZ) we get using (m a lower bound

[|Oau — gHT Z Yir,sia—1 |—*| Z Yir,osia—1 ( Ja—1 + %) U{%

’LGIg ’LEJd

2
Ua
{z%, T TR DL

zEId 16.7‘1

I V

1
> S+ )llu—Tyuld.

Step 2. We prove the bound ||g|lr < C||Vu|r where C > 0 depends only on the
spatial dimension d. This estimate relies on Lemma 4] which is proven below
separately. Recalling (I0) we rewrite g as an expansion with coefficients {u;}:

9(@) = Z Uz, gy () (M)

TENE,[]a—1>1
- [;]d—lfl
7 - 1-
% Pi[ Ja—1+d () ( 2:&1) .

Suppose fq satisfies the assumptions of Lemma 4] for m = d and & = (0,...,0,1).
For these parameters g has a form similar to ([@26]) differing by the coefficient

M <% 1[ Ja—1. Then by [@27) with m = d and using (£.28) we obtain

d—1
(4.23) lgllr < ——llfallr < ClIVulir.

Step 3. Combining ([AZI]), the triangle inequality, [@I5]) and (23] we get

dy—+ P
(4.24)  Ju—Tullr < V2(p+ 5)"2(10aullr + llgllr) < Clp+ )72 Vulr

where C' depends only on the spatial dimension d. The proof is complete. O

The proof of the right inequality in [@23]) is done by induction and is a subject
of the following lemma.
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Lemma 4.4. Suppose v € H'(T) and let {us} be its expansion coefficients in the
L*(T)-orthogonal basis ¢z; see (@), EI0). Suppose 2 < m < d is an integer and

d = (01,...,04) with the components oy, satisfying
0, 1<k<m-—1,
1 .
5 k=m (if m<d-1)
_ 2 ) = )
(4.25) Tk Oord, m+1<k<d—1, (ifm<d-2),
1, k=d,
in particular & = (0,...,0,1) if m = d. Consider the formal sum

[;]k 1= 0k
~ AP 1—=z
(426) fm(z) = E U“ m 1 | I P2[ K1tk 1 Zk;) ( D) k)

TENE,[7]m—1>1

and its push forward fp, == fr o ® 1 : T = R as in @I3). Then fn, € L*(T) for
any 2 < m < d and there holds

(4.27) |l < CVullr

with a constant C > 0 depending only on the spatial dimension d.

Proof. For any fixed & satisfying ([A28]) we have an equivalent representation
(4.28)

=S e T (152
m ml 2k 9

Z?GN8>[i]7n—l>1

where the relation between {w-} and {uz} follows from (A3). Note that [i |1 > oy.
Expansion (28 is orthogonal in L?(T) and we obtain by (Z2)
d

@) Ml= X e =g >0

;ENgJ;]mlel k=1 ([Z]k _O-k)+k

Although both {w;} and {47} depend on a particular &, we do not trace this de-
pendence explicitly to simplify the notation.
We prove ([E27) by induction on m. Suppose m = 2 and & is fixed. Then

(4.30) £l = 32 (win)*5;

TENZ i1 >1
by @29). Using @.I4) for k = 1 and changing {u;} to {w;} (cf. @2F)), we find
(4.31)

— [z?]k71—1
g—;ofb(i): Z ﬁDPO HPQ( iko1—0k)+k— 1(Zk) <1 22k> |

TENZ i1 >1

Consider a weighting function W7 on T with Wy := Wio®~ ! and

~ / d 1— 2z 1=
Wl(g) = 1—Z%H ( B ) .
k=2
Using orthogonality relations (Z2]), ([24), representation (30) and 31 we find

ou o .
(4.32) HWla—le; = 2w+ i > £l
ieNg i >1
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Clearly W7 <1 on T and [{@32)) implies (£21) for m = 2 with C = 1.

Assume now that ([LZ7) holds for m = 2,...,n with 2 <n < d — 1, and prove
E27) for m = n + 1. Suppose & is fixed for m = n + 1. Denote @ = u o ® the pull
back of u. By Lemma there exists b™ such that

- d -1
_, ou 1— 2z 1 o L
(4.33) Opmuo ®(2) = R H < 5 ) =: h,,(2) — hi,(2),
k=m+1
where
Bl (Z)— Z {HPQ[Zk 1+k— 1 )<1_Zk>mkl
m - B 2k 2
iENZ i >1
[;]mr—l
Lm— 1—2z,
(4.34) x DPAn-rtm=1e, ) ( ' >
d . [{lp—1—1
201 )k—1+k—1 11—z
X H P,Lk i (Zk) < 2 > }7
k=m+1
2 (> skt 1— 2\ e
HOEIEDS H (=) (5
ieNg,[i]m,pl
- . [[]m_1—1
m— [ — m— 1 — cm
(435) % [1]2 l‘Psz"[, Tm—1+ 1(zm) ( 22
[(]e—1—1
1—=z
y H PQ[’L]k 1+k— 1(Zk:)( > k) }
k=m+1
Denote hi :=h! o® 1. Then for the product of h! with the function
~ 1—2z\ 7%k
(4.36) Wy, =W, 0 ® L, =/1-22 H ( k) ,
k=m-+1

we get the representation

(4.37) IWinhon I =

>

7'€N87im >1

%”AY im (im + Q[Z]m—l +m).

Recall (@29)), then (317) and (£33) yield by simple calculations

(4.38) fnsallF < D Wbl 17 < > 2050
m=1 m=1

n
7+ D 20 Winhi |17
o
Every term in the first sum is bounded by 2|Vul%; cf. (@IF). Definitions

ield the identity W,,h2 = HZT" m Where
(E.30), @30) y y m @

_ Flisth1 1= 2\ e
(439) Pm(®= Y. Jm—1 H (1) ( 5 )
;GNS,[;]m71>1
with o}, = 1/2 and o} = oy for & # m. Then ¢, has the form (@20) with

m < n and hence satisfies the inductive hypothesis yielding ||om |17 < C||Vul|r for



TRACE OF THE POLYNOMIAL L?-PROJECTION ON A SIMPLEX 781

Om = Pm o @71, Inequality ([E38) yields

n(n+7) - .
(4.40) sl < = IIVull7 +2 > llemld < CIVullz
m=1
where C' depends only on the spatial dimension d. The proof is complete. O

5. NUMERICAL EXPERIMENTS

In this section we demonstrate the convergence behavior of the L?(T)-projection
on the boundary of a simplex 7' C R? for d = 2,3. In the numerical tests below
we show the convergence behavior of the L2-error on the lower face F' of T and
compare it to the well-studied convergence of the L?-error in the entire simplex 7T":

lu—Thullr and  flu = yullr

for a class of functions u € H*(T'). We also provide convergence curves for the best
approximation error in the H!(T)-seminorm used in (L3):

(5.1) IV(u = up)lr = inf [[V(u—wv)l.

As a prototype of a function in H*(T') we take a function with an isotropic radial
singularity located in X € R? of order ~:

d El
U)Z’,Y(f) = (Z(l’z — X2)2> .

i=1
It is known (cf., e.g., [ 12]) that ug € HEH7=¢(T) for arbitrary € > 0 if the
singularity is located inside the simplex or on its boundary. Hence there holds

d

5.2 inf  |ug . —v||gmy < COp2 7m0,
(5.2) el lug ., = vllam@r) < Cp
Moreover, if X coincides with one of the vertices of T’ a sharper analysis involving
Jacobi-weighted spaces yields at least the doubled convergence rate
d+2v—2m—e.

5.3 inf ¢ . — mry < C
3 ol 5. = oy < C

We perform our numerical tests on the reference simplex T' with vertices listed
in @I). As before, let ' = 0T N {zq = —1} be the lower face of T In our tests
we examine functions u Xy with singularity located at X=X 0 ... ,X' @ as shown
on Figure [l (not on the lines of symmetry of T').

The computation is organized as follows. First, we compute the expansion coef-
ficients {uz} 7, of the L?(T)-projection

Mpuge (&) = ) i@ u;= ||¢;H52/T%zk,y(f)¢;(f) da.

li|<p

For this, we decompose T into k + 1 smaller simplices 77 in such a way that the
restriction of the function wu g, 7|Tj has a singularity in X* being a vertex of 77.
For example, in the case d = 2, k = 1 we have X! = (0.3,—1) and T = T°UT" with
T° = convhull{(—1, —1),(0,1), (0.3, —1)}, T* = convhull{(1, 1), (0, 1), (0.3, —1)}.
Next, we parametrize 77 by [—1,1]% using a d-dimensional Duffy transformation
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0.3)

XO=(-1 F

FIGURE 1. Location of an isotropic radial singularity in R? and R3

collapsing at the vertex X* [I1]. The integrand transformed to [—1,1]¢ has a one-
dimensional singularity in one direction and is analytic in the other direction(s).
An efficient integration is then performed on [—1,1]¢ by the product-type quadra-
ture rule consisting of the one-dimensional Gauss-Legendre quadrature rules in the
regular directions and a one-dimensional composite variable order Gauss-Legendre
quadrature rule in the singular direction; see e.g. [20} 2I] 9] for more details. Having
this, we evaluate the L?(T)-error as

2 2 2 2
H“)?k,y - Hp“)?kﬁHT = Hu)?k»y”T - Z U;H%”T
[i1<p
The order of the quadrature is chosen in such a way that the quadrature error is
smaller than the approximation error and does not affect the convergence behavior.
The L?(F)-error is evaluated directly in the form

luge, — > usdill®

li|<p

using an analogous decomposition of F' into smaller simplices with a singularity in
one of their vertices.

The computation of the best approximation error (5.1) is equivalent to the com-
putation of the unique up to a constant Galerkin projection u, € Pp:

/Vu,va:/VuXW-Vv Vv € Pp.
T T '

The best approximation error (5.1)) is evaluated via [|[V(ug —up)|% = HVU)ZVHQT -
|V, |3 which holds by the Galerkin orthogonality.

In FigurePland FigureBlwe give the convergence results for the radial singularity
of the order v = % Theorem [[T] predicts the convergence rate at least of the order
I —¢efor d = 2 and of the order 3 — € for d = 3 for the L?(F)-error, which is
achieved in all tests. Furthermore, we observe superconvergence in the case when
X = X0 is a vertex of T or when X = X? is located in the interior of 7. In the
first case, the doubled order of convergence, ~ % for d = 2 and ~ % for d = 3,
is achieved, which corresponds to the doubling of the convergence order in (G5.3]).
Superconvergence in the second case is connected, presumably, with the location of

the singularity, X 4 outside the face F.
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X' singularity on the edge F
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10° 10f
-o- H‘(T)—error o~ - -o- H'(T)—error
B~ - —6— L2(F)-error oo ~o —6— L2(F)-error
y oo -+ - LZ(T)—error -+ - L2(T)—error
10 F E|
4 g
107}
0% k!
s 8
s o
@ 443 -2
£ 107k 1 £10°
° °
2 2
2 2
@ El
107 El
10} N‘\\
107°F E
107 o X 2 107! o o
10 10 10° 10 10 10

polynomial degree

polynomial degree

~B= H'(T)-error
—— L2(F)—error
-+ = LE(T)—error

absolute error

polynomial degree

FIGURE 2. Approximation of an isotropic radial singularity in R?

APPENDIX A. RELATIONS BETWEEN JACOBI POLYNOMIALS
AND THEIR ANTIDERIVATIVES

Lemma A.1. There holds
(A1)

where
1
Toat
(A2) A*=| ¢ b
0 c§
0

Proof. The relation
Py (x)

azpv?(z> + b% r?—l

A~
P = AP,
0
«
as
(03 «
3 a3

() + cn Pis(2),

a>0
a 2(n+a)
An = 2n+a—1)2n+a)’
o 2c
’ b’ﬂ — (2nt+a-2)2n+a)’
a —2(n—1)
Cp = 2n+a—2)2n+a—1)"

n>2
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X0 singularity in a vertex of F o X' singularity on an edge of F
T 10 T
-o- H‘(T)—error -o- H'(T)—error
i —6— L2(F)-error ' —6— L2(F)-error
S -+ - LZ(T)—error -+ - LZ(T)—error

absolute error

10° 10’ 10 10 10' 10
polynomial degree polynomial degree
) X2: singularity in the interior of the face F o X singularity in the interior of T
10 T 10 T
N
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2 B 2 4
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] ]
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3 ]
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107 0 X 2 10 o 5 2
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polynomial degree polynomial degree

FIGURE 3. Approximation of an isotropic radial singularity in R?

has been shown in [5, Lemma 2.2]. For n = 0, 1 the assertion follows from (ZX]) by
the direct computation. O

Lemma A.2. There holds

(A.3) pot = wepe, a>1

where
1
ta sa ~a . nta
1 ay 0 ap = 2n+a?

o= 7 ~ o
(A4) we=1 0 i as e
n - 2nta’

Proof. The required transformation follows from [I 22.7.18] for n > 1 and the
identity Py *(z) = 1 = Pg(x). O
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Lemma A.3. For all a« > 0 there holds
(A.5) 2P (z) = (x — 1)P*T () + aPT (), n>1.
Proof. Let us denote
f(z) = (x = )P (2) + aPy T (2)
and show that f = 2P2~!. We have
(=1 f = (2 = )P + ale — 1) P

(A.6)
. d a pa+1
== {@=1pytt
On the other hand, using Rodrigues’ formula ([2.1]) we get
1 an
1 1 10,2
(x —1)* P dx = Snrl dan (z—1)* H=* = 1))
1 d i 1
(A7) :2"_nldac—”{($_1) (z+ 1) (2 — }
_14d (a,1)
= {@ -1 @+ npe }
Comparing (A6) and (A1) we find that (A5 is equivalent to
(A38) Prti(e) = TR ()
n

It remains to prove ([A.§)). To this end, we use classical relations between Jacobi
polynomials. Using [26] (4.5.4)] and [20], (4.21.7)] and [II (22.7.19)] in sequence we
obtain

d [z+1 (a,1) _ 2 d o o
1 G @)} = e g 1P )+ PE@))

n
+1,1 +1,1
2n+ {4+ )P (@) + (n+a+ )P @)}
— P0l+1( )
This finishes the proof. O
REFERENCES

1. Milton Abramowitz and Irene A. Stegun, Handbook of mathematical functions with formulas,
graphs, and mathematical tables, National Bureau of Standards Applied Mathematics Series,
vol. 55, U.S. Government Printing Office, Washington, D.C., 1964. MR0167642|(29:4914)

2. 1. Babuska and Manil Suri, The optimal convergence rate of the p-version of the finite element
method, SIAM J. Numer. Anal. 24 (1987), no. 4, 750-776. MR899702|(88k:65102)

3. I. Babuska, B. A. Szabo, and I. N. Katz, The p-version of the finite element method, STAM
J. Numer. Anal. 18 (1981), no. 3, 515-545. MR615529)/(82j:65081)

4. Ivo Babuska and Benqi Guo, Direct and inverse approximation theorems for the p-version of
the finite element method in the framework of weighted Besov spaces. I. Approzimability of
functions in the weighted Besov spaces, STAM J. Numer. Anal. 39 (2001/02), no. 5, 1512-1538.
MR1885705(/(2003a:65101)

5. S. Beuchler and J. Schoberl, New shape functions for triangular p-FEM wusing integrated
Jacobi polynomials, Numer. Math. 103 (2006), no. 3, 339-366. MR2221053(2007d:65107)

6. Dietrich Braess and Christoph Schwab, Approzimation on simplices with respect to weighted
Sobolev norms, J. Approx. Theory 103 (2000), no. 2, 329-337. MR1749969 (2001f:41038)


http://www.ams.org/mathscinet-getitem?mr=0167642
http://www.ams.org/mathscinet-getitem?mr=0167642
http://www.ams.org/mathscinet-getitem?mr=899702
http://www.ams.org/mathscinet-getitem?mr=899702
http://www.ams.org/mathscinet-getitem?mr=615529
http://www.ams.org/mathscinet-getitem?mr=615529
http://www.ams.org/mathscinet-getitem?mr=1885705
http://www.ams.org/mathscinet-getitem?mr=1885705
http://www.ams.org/mathscinet-getitem?mr=2221053
http://www.ams.org/mathscinet-getitem?mr=2221053
http://www.ams.org/mathscinet-getitem?mr=1749969
http://www.ams.org/mathscinet-getitem?mr=1749969

786

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

ALEXEY CHERNOV

C. Canuto, M. Y. Hussaini, A. Quarteroni, and T. A. Zang, Spectral methods, Scientific
Computation, Springer-Verlag, Berlin, 2006, Fundamentals in single domains. MR2223552
(2007¢:65001)

. Alexey Chernov and Peter Hansbo, An hp-Nitsche’s method for interface problems with non-

conforming unstructured finite element meshes, Lecture Notes in Computational Science and
Engineering, vol. 76, Springer, 2011, 153-161.

. Alexey Chernov, Tobias von Petersdorff, and Christoph Schwab, Ezponential convergence of

hp quadrature for integral operators with Gevrey kernels, M2AN Math. Model. Numer. Anal.
45 (2011), no. 3, 387-422.

Moshe Dubiner, Spectral methods on triangles and other domains, J. Sci. Comput. 6 (1991),
no. 4, 345-390. MR 1154903 |(92k:76061)

Michael G. Duffy, Quadrature over a pyramid or cube of integrands with a singularity at a
vertex, SIAM J. Numer. Anal. 19 (1982), no. 6, 1260-1262. MR679664 (83k:65020)

Benqi Guo, Approximation theory for the p-version of the finite element method in three
dimensions. 1. Approzimabilities of singular functions in the framework of the Jacobi-weighted
Besov and Sobolev spaces, SIAM J. Numer. Anal. 44 (2006), no. 1, 246-269. MR2217381
(2007b:65121)

, Approzimation theory for the p-version of the finite element method in three dimen-
stons. II. Convergence of the p-version of the finite element method, STAM J. Numer. Anal.
47 (2009), no. 4, 2578-2611. MR2525612//(2010h:65225)

J. S. Hesthaven and D. Gottlieb, Stable spectral methods for conservation laws on triangles
with unstructured grids, Comput. Methods Appl. Mech. Engrg. 175 (1999), no. 3-4, 361-381.
MR1702193|/(2000e:65096)

Paul Houston, Christoph Schwab, and Endre Siili, Discontinuous hp-finite element methods
for advection-diffusion-reaction problems, SIAM J. Numer. Anal. 39 (2002), no. 6, 2133-2163.
MR1897953|/(2003d:65108)

George Em Karniadakis and Spencer J. Sherwin, Spectral/hp element methods for CFD,
Numerical Mathematics and Scientific Computation, Oxford University Press, New York,
1999. MR1696933 (2000h:76120)

Tom Koornwinder, Two-variable analogues of the classical orthogonal polynomials, Theory
and application of special functions (Proc. Advanced Sem., Math. Res. Center, Univ. Wiscon-
sin, Madison, Wis., 1975), Academic Press, New York, 1975, pp. 435-495. Math. Res. Center,
Univ. Wisconsin, Publ. No. 35. MR0402146|(53:5967)

Rafael Munoz-Sola, Polynomial liftings on a tetrahedron and applications to the h-p version
of the finite element method in three dimensions, SIAM J. Numer. Anal. 34 (1997), no. 1,
282-314. MR1445738|/(98k:65069)

Dominik Schétzau, Christoph Schwab, and Andrea Toselli, Mized hp-DGFEM for incom-
pressible flows, SIAM J. Numer. Anal. 40 (2002), no. 6, 2171-2194 (2003). MR1974180
(2004k:65161)

C. Schwab, Variable order composite quadrature of singular and nearly singular integrals,
Computing 53 (1994), no. 2, 173-194. MR 1300776 (96a:65035)

C. Schwab and W. L. Wendland, On numerical cubatures of singular surface integrals in
boundary element methods, Numer. Math. 62 (1992), no. 3, 343-369. MR1169009 (93h:65035)
Christoph Schwab, p- and hp-finite element methods, Numerical Mathematics and Scientific
Computation, The Clarendon Press Oxford University Press, New York, 1998, Theory and
applications in solid and fluid mechanics. MR1695813|(2000d:65003)

Jie Shen and Huiyuan Li, Optimal error estimates in Jacobi-weighted sobolev spaces for poly-
nomial approzimations on the triangle, Math. Comp. 79 (2010), 1621-1646. MR 2630005

Jie Shen, Li-Lian Wang, and Huiyuan Li, A triangular spectral element method using fully
tensorial rational basis functions, SIAM J. Numer. Anal. 47 (2009), no. 3, 1619-1650.
MR2505867(2010b:65274)

Elias M. Stein, Singular integrals and differentiability properties of functions, Princeton
Mathematical Series, No. 30, Princeton University Press, Princeton, NJ, 1970. MR0290095
(44:7280)

Gabor Szegd, Orthogonal Polynomials, American Mathematical Society, New York, 1939,
American Mathematical Society Colloquium Publications, v. 23.



http://www.ams.org/mathscinet-getitem?mr=2223552
http://www.ams.org/mathscinet-getitem?mr=2223552
http://www.ams.org/mathscinet-getitem?mr=1154903
http://www.ams.org/mathscinet-getitem?mr=1154903
http://www.ams.org/mathscinet-getitem?mr=679664
http://www.ams.org/mathscinet-getitem?mr=679664
http://www.ams.org/mathscinet-getitem?mr=2217381
http://www.ams.org/mathscinet-getitem?mr=2217381
http://www.ams.org/mathscinet-getitem?mr=2525612
http://www.ams.org/mathscinet-getitem?mr=2525612
http://www.ams.org/mathscinet-getitem?mr=1702193
http://www.ams.org/mathscinet-getitem?mr=1702193
http://www.ams.org/mathscinet-getitem?mr=1897953
http://www.ams.org/mathscinet-getitem?mr=1897953
http://www.ams.org/mathscinet-getitem?mr=1696933
http://www.ams.org/mathscinet-getitem?mr=1696933
http://www.ams.org/mathscinet-getitem?mr=0402146
http://www.ams.org/mathscinet-getitem?mr=0402146
http://www.ams.org/mathscinet-getitem?mr=1445738
http://www.ams.org/mathscinet-getitem?mr=1445738
http://www.ams.org/mathscinet-getitem?mr=1974180
http://www.ams.org/mathscinet-getitem?mr=1974180
http://www.ams.org/mathscinet-getitem?mr=1300776
http://www.ams.org/mathscinet-getitem?mr=1300776
http://www.ams.org/mathscinet-getitem?mr=1169009
http://www.ams.org/mathscinet-getitem?mr=1169009
http://www.ams.org/mathscinet-getitem?mr=1695813
http://www.ams.org/mathscinet-getitem?mr=1695813
http://www.ams.org/mathscinet-getitem?mr=2630005
http://www.ams.org/mathscinet-getitem?mr=2505867
http://www.ams.org/mathscinet-getitem?mr=2505867
http://www.ams.org/mathscinet-getitem?mr=0290095
http://www.ams.org/mathscinet-getitem?mr=0290095

TRACE OF THE POLYNOMIAL L?-PROJECTION ON A SIMPLEX 787

27. T. Warburton and J. S. Hesthaven, On the constants in hp-finite element trace inverse in-
equalities, Comput. Methods Appl. Mech. Engrg. 192 (2003), no. 25, 2765-2773. MR1986022
(2004d:65146)

28. Ben yu Guo and Li lian Wang, Jacobi approzimations in non-uniformly Jacobi-weighted
Sobolev spaces, J. Approx. Theory 128 (2004), no. 1, 1-41. MR2063010 (2005h:41010)

HAUSDORFF CENTER FOR MATHEMATICS & INSTITUTE FOR NUMERICAL SIMULATION, UNIVER-
SITY OF BONN, 53115 BONN, GERMANY
E-mail address: chernov@hcm.uni-bonn.de


http://www.ams.org/mathscinet-getitem?mr=1986022
http://www.ams.org/mathscinet-getitem?mr=1986022
http://www.ams.org/mathscinet-getitem?mr=2063010
http://www.ams.org/mathscinet-getitem?mr=2063010

	1. Introduction
	2. Basic facts on Jacobi polynomials in one dimension
	3. Convergence estimates on a triangle in R2
	3.1. Notations and formulation of the convergence theorem in R2
	3.2. An auxiliary upper bound for "026B30D u-p u"026B30D F
	3.3. Directional derivatives and the proof of Theorem 3.1

	4. Convergence estimates on a simplex in Rd
	4.1. Notations and formulation of the convergence theorem in Rd
	4.2. An auxiliary upper bound for "026B30D u-pu"026B30D F
	4.3. Directional derivatives and the proof of Theorem 4.1

	5. Numerical experiments
	Appendix A. Relations between Jacobi polynomials and their antiderivatives
	References

