MATHEMATICS OF COMPUTATION

Volume 82, Number 281, January 2013, Pages 2543
S 0025-5718(2012)02611-1

Article electronically published on June 8, 2012

MINIMAL FINITE ELEMENT SPACES FOR 2m-TH-ORDER
PARTIAL DIFFERENTIAL EQUATIONS IN R"

MING WANG AND JINCHAO XU

ABSTRACT. This paper is devoted to a canonical construction of a family of
piecewise polynomials with the minimal degree capable of providing a con-
sistent approximation of Sobolev spaces H™ in R™ (with n > m > 1) and
also a convergent (nonconforming) finite element space for 2m-th-order ellip-
tic boundary value problems in R™. For this class of finite element spaces, the
geometric shape is n-simplex, the shape function space consists of all polyno-
mials with a degree not greater than m, and the degrees of freedom are given
in terms of the integral averages of the normal derivatives of order m — k on
all subsimplexes with the dimension n — k for 1 < k < m. This sequence of
spaces has some natural inclusion properties as in the corresponding Sobolev
spaces in the continuous cases.

The finite element spaces constructed in this paper constitute the only class
of finite element spaces, whether conforming or nonconforming, that are known
and proven to be convergent for the approximation of any 2m-th-order elliptic
problems in any R"™, such that n > m > 1. Finite element spaces in this class
recover the nonconforming linear elements for Poisson equations (m = 1) and
the well-known Morley element for biharmonic equations (m = 2).

1. INTRODUCTION

In the study of qualitative and numerical analysis of partial differential equations
and, in general, of approximation theory, we are often interested in the approxima-
tion of functions in Sobolev spaces by piecewise polynomials (such as finite element
spaces) defined on a partition of the domain by, say, a number of simplexes.

For Sobolev space H!, it is easy to construct approximation subspaces compris-
ing piecewise polynomial subspaces of any degree (that are defined on simplicial
partitions of the underlying domain) by conforming finite element discretization
(see [10]). It turns out, though, that it is much more difficult to construct con-
forming finite element spaces, namely piecewise polynomial subspaces, of H2. The
minimal degree of conforming elements is 5 for n = 2 (the well-known Argyris
elements, see [10]) and 9 for n = 3 (see [45]). For a general Sobolev space H™,
constructing piecewise polynomial subspaces becomes increasingly difficult as the
differential order m and/or the spatial dimension n increases.
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In order to use piecewise polynomials with a lower degree, nonconforming finite
element spaces, i.e., finite element spaces that are not necessarily subspaces of H?2,
have been constructed and used in practice, such as the Morley element |21, 23], [38]
and the rectangle Morley element (see [47, [41]), the Veubake elements [36], the new
Zienkiewicz-type element [40], the Adini element [2] 20, 41], three-dimensional (or
higher) Bogner-Fox-Schmit element [41], the 12- and 15-parameter plate bending
elements (see [47]), the cubic element and incomplete cubic element given in [39].
Obviously, not all piecewise polynomial spaces are convergent finite element spaces.
In addition, certain “continuity” or consistency conditions must be imposed. Such
conditions have been widely studied in the literature; cf. [10, 1T, 3], T4], [I7]-
[19], [22], [24]-[34], [37, [47]. An example of these conditions is the “consistent
approximation” condition, in which, the finite element spaces have approximability
and are weakly compact (see [32]).

From both theoretical and practical viewpoints, we are particularly interested in
consistent approximation spaces for H"" consisting of piecewise polynomials with
the smallest possible degree, as denoted by dpin(m,n), in R™.

It is easy to see that

(1.1) dmin(m,n) >m, VYm>1n>1.

Since it is well-known that convergent linear simplicial finite elements can be easily
constructed for second-order elliptic boundary value problems in any dimension, we
have that

(1.2) dmin(m,n) =m, n>m

is true for m = 1. Due to the classic Morley element [21] for biharmonic equations
for n = 2 and the results in Ruas [23], Wang and Xu [38], (1.2) is also true for
m = 2. With the new class of consistent approximation spaces to be constructed
in this paper, we can conclude that (1.2) is valid for general m > 1.

A universal construction will be given in this paper for consistent approximation
spaces for H™ in R™ (with n > m) consisting of piecewise polynomials of degree
m. This construction can be used as finite element spaces for the discretization of
2m-th-order elliptic boundary value problems.

Denoted by M;", spaces in this class are given by piecewise polynomials with a
degree not greater than m, namely the space P,,. Degrees of freedom for M;" in
each element are given in terms of the integral averages of the normal derivatives
of order m — k on all subsimplexes of dimension n — k for 1 < k < m. The total
number of these degrees of freedom in each element amounts to the dimension of
P,,. One remarkable property of this sequence of spaces M;" is that it has certain
inclusion properties. The degrees of freedom are just those of the nonconforming
linear element when m = 1, which are also those of the Morley element [38] when
m = 2. That is, we recover these two nonconforming elements in a canonical way.

While the construction presented in this paper is mainly motivated by theoretical
considerations, the new element can also be applied to practical problems. The
modeling for plates in linear elasticity is a classic area wherein fourth-order partial
differential equations find their applications in two spatial dimensions. In recent
years, modeling in material science has made use of fourth-order equations (see [7,
8| 12} [15],135]) and also sixth-order equations [5] 42} [43] in three dimensions. Elliptic
or parabolic equations of eighth or higher order are rare for practical applications;
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however, in the theory of differential geometry (see [9]), elliptic equations of order
m = n/2 in any dimension n have been used.

In addition to conforming and nonconforming finite element methods, discon-
tinuous Galerkin methods (see [3, []), which have been the subject of considerable
research interest in recent years, represents another type of discretization method
for 2m-th-order partial differential equations. The discontinuous Galerkin method
uses discontinuous piecewise polynomial spaces, and it imposes consistency on these
spaces by introducing certain penalty terms on the element interfaces in the dis-
crete variational forms. Thus the study of this type of method focuses exclusively
on constructing and analyzing of appropriate discrete variational forms.

The rest of the paper is organized as follows: Section 2 gives a detailed description
of our family of minimal degree finite element spaces. Section 3 discusses the
convergence and the error estimate for their application to 2m-th-order elliptic
problems. The last section offers some brief concluding remarks.

2. NONCONFORMING FINITE ELEMENT SPACES OF MINIMAL DEGREE

In this section, we will construct a minimal piecewise polynomial approximation
of H™(Q) for Q C R™ withn >m > 1.

We first introduce some basic notation. Given a nonnegative integer k and a
bounded domain G C R™ with boundary G, let H*(G), HE(G), (-, k., || - Ik
and | - |, denote the usual Sobolev spaces, inner product, norm, and semi-norm,
respectively.

For an n dimensional multi-index o = (e, - -+ , ), define

ol §n o~ o

o = oy = )
, v Azt - Oz
i=1

We will use a, 8 to denote the multi-indexes. Let e; denote the multi-index with
the i-th component 1 and the others 0. For k > 1, let A be the set consisting of
all multi-indexes o with Y77, .| a; = 0.

Following the description in [I0], a finite element can be represented by a triple
(T, Pr,Dr), with T the geometric shape of the element, Py the shape function
space, and Dp the set of the degrees of freedom, such that Dp is Pp-unisolvent.

Let © be a bounded polyhedron domain of R™. Assume that {h} is a sequence of
positive numbers and A — 0. For each h, let T}, be a partition of € corresponding to
a finite element (T, Pr, Dr), and let h be the mesh size, i.e., the maximal diameter
of the elements in 7j,.

For any element T € Ty, let hp be the diameter of the smallest ball containing
T, and let pr be the diameter of the largest ball contained in 7". Throughout the
paper, we assume that {73} is quasi-uniform, that is,

(2.1) max hr<mn min pp, VreQ,
z€T, TET ) z€T, TETh

in which 7 is a positive constant independent of h.

For |a| < m and v, € L*(Q) with vy,|7 € H™(T) (VT € T3), we denote 95vy, as
the partial derivatives of vy, taken piecewise with respect to the partition 7y.

For a subset B C R™ and a nonnegative integer r, let P.(B) be the space of all
polynomials defined on B with a degree not greater than r, and let @Q,.(B) be the
space of all polynomials with a degree in each variable not greater than r. Define

(2.2) P.p={veL*) : v|pr € P(T), YT € T}
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We will give the description of (T, Pr, Dr) for our new finite element first. Then
we will show the Pp-unisolvent property and give the construction and the error
estimate of the corresponding interpolation operator. Moreover, we will define the
global finite element spaces and show their basic properties, such as the approxi-
mation property and the inclusion property.

2.1. The local degrees of freedom. For our new element (T, Pr,Dr), T is a
simplex and Pr = P,,,(T). The set of degrees of freedom, denoted by D, will be
given next.

Given an n-simplex T with vertices a;, 1 < i < n+1, let Ay, Ag, -+, Apy1 be
the barycentric coordinates of 7. For 1 < k < n, let Fr ) be the set consisting
of all (n — k)-dimensional subsimplexes of T. For any F in Fry, let |F'| denote
its measure, and let vpq,--- ,vF be its unit outer normals which are linearly
independent.

For 1 <k < m, any (n — k)-dimensional subsimplex F' € Frj and 8 € Ay with
|B] = m — k, define

1 9lB8ly

B || Fﬁugjrnygfk’

(2.3) dT,F,,B (’U) Yve H™ (T)
By the Sobolev embedding theorems [1], dr r g is a continuous linear functional on
H™(T). Then the set of the degrees of freedom is given by

(24) Djrg = { dqﬁpﬁ : ﬂ c Ak with |ﬂ‘ =m — k, F e ‘/—"T,ky 1<k< m}

That is, the degrees of freedom are the integral averages of the normal derivatives
of order m — k on all subsimplexes of dimension n — k for 1 < k < m.
For nonnegative integers i, j with ¢ < j set

, 4!
Cl=—"—.
TG — )
Then for each 1 < k < m, T has C’Z;f *1 subsimplexes of dimension n — k. For each
(n — k)-dimensional subsomplex F', the number of all (m — k)-th-order direction
derivatives with respect to vp 1, - ,vpy is C’n"j:f . Therefore, by the well-known
Vandermonde combinatorial identity, the number of the total degrees of freedom is
given by

Z Crtion Ty =Cn
k=1
which is precisely the dimension of P,,(T).
Let J=CM We also number all the degrees of freedom by

n+m:*
dr1,drga,--- ,dr .
Then, D7 = {dr1,dr 2, ,dr s}
For 1 < k < m and an (n — k)-dimensional subsimplex F without a;,,--- ,a;,
as its vertices, different choices (for k > 1) of vp1,--- ,vp will lead to equivalent

degrees of freedom. The particular and convenient choices of normal directions are
as follows:
V)\ji

(25) Vri = — 5 1 S 1 S k.
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TABLE 1. Degrees of Freedom

m\n 1 2 3
3

Some special cases: 1 < m < 3. We now offer a brief discussion regarding all
spaces that corresponding to the three lowest indices 1 < m < 3. The degrees
of freedom in these cases are depicted in Table [l for m < n < 3. For m = 1
and n = 1, we obtain the well-known conforming linear element. This is the only
conforming element in this family of elements. For m = 1 and n > 2, we obtain the
well-known nonconforming linear element. For m = 2, we recover the well-known
Morley element for n = 2 and its generalization to n > 2 (see Wang and Xu [38]).
For m = 3 and n = 3, we obtain a new cubic element on a simplex that has 20
degrees of freedom.

2.2. Unisolvent property and canonical nodal interpolation. We need to
show the Pp-unisolvent property of our new finite element. First, we show a crucial

property.

Lemma 2.1. Let1 <k <m and F € Fry. Then for anyv € H™(T), the integrals
of all its (m — k)-th-order derivatives on F,

/ %, |al=m -k,
F

are uniquely determined by all dp g g(v) given in (Z3) withk <r <m, F' (n—r)-
dimensional subsimplex of F', B € A, and |5 =m —r.
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Proof. Let v € H™(T'). We prove the lemma by induction. When k = m,

= dr,F0(v).
),
The lemma is obviously true.
Assume that the lemma is true for all k € {i +1,--- ,m} with 1 < i < m. We
consider the case that k = i.
Denote all (n — k — 1)-dimensional subsimplexes of the (n — k)-simplex F' by

S1,52,++ , Sn—k+1, and the unit outer normal of S; by n), viewed as the boundary
of an (n — k)-simplex in (n — k)-dimensional space. Choose orthogonal unit vectors
TFk+1s " ,TFyn that are tangent to I'. Then

VE1, " s VFksTEk+1, " s TFn

form a basis of R™.
Now let |a| =m — k. If a1 =+ = oy, =0, then

am k
= . .
|F| /F gl - vph IR - O, 7.7,5(v)

with 8 € Ay and 8; = a;, 1 < 7 < k. Otherwise, without loss of generality, let
ag+1 > 0. Green’s formula gives

/ om k
ay | ag k1 a,
FOVEY - VR OTR - 0T,
n—k+1 amfkrfl
()
n>’ - Tpk+1 .
) o k A1 — 1 Q2 Qn
j=1 S 8VF,1 : 8 TR k+1 87F,k+2 o '8TF7n

By the assumption of induction, the right-hand side of the above identity can
be expressed in terms of all dr g g(v) with k < r < m, F’ (n — r)-dimensional
subsimplex of F, f € A,, and |8| = m — r. Consequently, the lemma is true for
k=1. O

Lemma 2.2. For 1 < i < J, there exists a unique polynomial p; € P,,(T), such
that

(2.6) drj(pi) = dij, 1<j <,
where §;; is the Kronecker delta.

Proof. As the dimension of P,,,(T) is also J, it is sufficient to show that if p € P,,,(T)
and

(27) dT,F,ﬁ(p) =0, B€ A with |ﬂ| =m-—k, Fe ]:T,k; 1<k<m,

then p = 0.
By Lemma 2] and its proof, we deduce that

(2.8) /8O‘p:0, lal=m—k, FeFrp 1<k<m.
F

By Green’s formula and (2.8)), we have for all 1 < ky < ko < -+ < kyp, < m, that,
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9™p 1 o™p
8xk1 8ka |T| T 8$k1 ~-~5‘ka,

1 8m71p
7] 2 /Fm(ym)kl—o,

FeFr1

where |T| is the measure of T'. That is, p € Pp,,—1(T).

When 1 <k <m and p € P,,,_(T), by 28], all (m — k)-th-order derivatives of
p are zero and p is in P,,_k_1(T). Thus, p is a constant. By (28], we obtain that
p=0. O]

Lemma shows the Ppr-unisolvent property of our new elements, specifically
that a polynomial p € P,,(T) is uniquely determined by dr;(p), 1 < j < J.
The polynomial p; given by (24) is the basis function corresponding to degree
of freedom dr,. Based on Lemma [Z2] we can define the interpolation operator
Iy : H™(T) — P, (T) by

J
(2.9) v =Y pidpi(v), YveH™(T).
i=1
We would like to emphasize here that operator Il is well-defined for all functions
in H™(T).

By the interpolation theory [I0], we obtain the following error estimate of the

interpolation operator.

Lemma 2.3. For s=0,1,
(210)  [o = Hpvler < CAFT Folmisr, 0 <k <m+s, Yo e H™(T)

for all n-simplex T with hy < npy. Here, C(n) is a constant that only depends on
7.

2.3. Global finite element spaces. We define our piecewise polynomial spaces
M;"™ and M} as follows:

(1) MJ]™ consists of all functions vy, in P, j,, such that for any k € {1,--- ,m},
any (n — k)-dimensional subsimplex F of any T € 7, and any 8 € Ay with
|6l = m — k, dr rp(vp) is continuous through F.

(2) M}y consists of all functions vy, in M;", such that for any k € {1,---,m},
any (n — k)-dimensional subsimplex F of any T € 7, and any 8 € Ay with
|8l = m —k, if F C 0% then dp ra(vp) = 0.

Define an operator II, on H™(Q) as follows:

(2.11) (Hh’l})|T = HT(’U|T)7 VT € Tp, Yv € Hm(Q)
By the above definition, IIv € M;™ for any v € H™(2) and IIv € MJ} for any
ve HMQ).

For convenience, following [44], the symbols <, 2 and I will be used in
the rest of this paper. That X; <Y; and X5 2 Y5, mean that X; < ¢1Y; and
o X5 > Y, for some positive constants ¢; and ¢; that are independent of mesh size
h. That X3 < Y3 means that X3 < Y3 and X3 2 Y.

We define, for w € L*(Q) with w|r € H™(T), VT € T,

lwlfun =D lwllrs [wlhn= > ol

TETh TETh
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Now we consider the approximate property of M;"™ and M.

Theorem 2.1. For any v € H™1(Q),

(212) ||U - HhUHm,h rf/ h|v|m+1,Q;

and for any v € H™(Q),

(2.13) lim ||v — Ipv||pm,n = 0.
h—0

Proof. First, let v e H™1(Q). By Lemma 23 we obtain 2I2) directly.
Now let w € H™(2). Since H™1(Q) is dense in H™(Q), for any € > 0 there
exists ¢ € H™T1(Q) such that

0~ Gllm <<
By (Z12), there exists h > 0 such that
6 = Mnllm.n < e
when h < h. Therefore by (Z10)
[w = Tpwllmn < lw = Gllmn + [Tk (w = Almn+ ¢ = Mndllmn < €
when h < h. This leads to (ZI3). 0

When n > 1, M]" is not a subspace of H™(€2) and M;" is not a subspace of
C%(Q). Although functions in M} are not continuous on  in general, they have
some weak continuity. By the definitions of M]" and M}, Lemma2Tland its proof,
the following lemma can be obtained directly.

Lemma 2.4. Let k € {1,--- ,m} and F be an (n — k)-dimensional subsimplez of
T € Tp. Then, for any vy, € My and any T’ € T3, with F C T",

(2.14) /80‘(vh|T/):/ 0 (unlr), ol =m — k.
F F
If F C 09, then for any vy, € MJ},
(2.15) / O%(vp|lr) =0, |af]=m—k.
F

An equivalent definition. By Lemma [2.4] we can give an equivalent definition
of M;* and MJ}: M;" consists of all functions vj, in P, such that for any

k € {1,---,m}, any (n — k)-dimensional subsimplex F of any T € 7; and any
a with || = m — k, the integral of Ojv, over F' is continuous through F; M;}
consists of all functions vy, in M]* such that for any k € {1,--- ,m}, any (n — k)-

dimensional subsimplex F' of any T € T, and any « with |o| = m — k, if F' C 09,
then the integral of 0j‘v, over F' vanishes.

Lemma 2.5. Let |a| <m and F be an (n — 1)-dimensional subsimplex of T € T;,.
Then for any v, € MJ", Opvn is continuous at a point on F at least. If F' C 09
and vy, € M}, then Opvy, vanishes at a point on F' at least.

Proof. Let v, € M and T € T;, with F C T’. By Lemma [27] there is an
(n — m + |a)-dimensional subsimplex F’ of F', such that
O (vnlr) = [ 9%(vnlr).
F F
Then, 05v;, is continuous at a point on F” at least.



MINIMAL FINITE ELEMENT SPACES FOR 2m-TH-ORDER PDES IN R" 33

If F C 092 and vy, € M}, then there is an (n —m + |«|)-dimensional subsimplex
F' of F by Lemma [2.4] such that

9°(unlz) = 0.
F/

Thus, Jf'vj, vanishes at a point on F” at least. 0

2.4. Inclusion properties. We will now discuss two simple inclusion properties
of our finite element spaces. First, we have the following observation.

Lemma 2.6. Given any n >m > 1 and a simplex T, the set of subsimplices of T
used to define D' is also used in the definition of DZ]f"’l. More precisely, the degrees
of freedom for D?'H can be obtained by taking the integral of one order higher than
normal derivatives of functions on the same subsimplezes used for D', plus the
integral average of the function over all the additional (n — m — 1)-subsimplezes.

To obtain a more interesting inclusion property, we define
OMJ" = span{0;* M}, 052 My, - -, 05" My}

and
OM;y = span{0° M}y, 0°* My, - -+, 0" M }.

Theorem 2.2. Letn >m > 1, then

(2.16) oM = M™M= My

Proof. By the equivalent definition of M;* and M;}j, we obtain directly that
OM™ C MM, oMy < My

Forany k € {1,2,--- ,m—1}, any T € 7Ty, any (n— k)-dimensional subsimplex F'
of T, and any § € Ay with || = m—1—k, (1) let w be the global basis function of
M;"~! corresponding to degree of freedom dr 5, and (2) let v be the global basis
function of M} corresponding to degree of freedom dr g o with o = 5+(1,0,---,0).
By these definitions, w = I/I:E,IV’U. Then the theorem follows. 0

A note on the case m = 0. In the above construction, we made the assumption
that m > 1. But we can slightly enlarge this construction to include the trivial
case m = 0, namely L?(f2) space. Technically, we can just replace the constraint
1 <k <m with min(1,m) < k < m. In this case, the shape function space is again
P,,(T) = Py(T), namely the constant, and the corresponding degree of freedom is
just the volume integral on each simplex. This trivial case of the finite element
space, denoted by M}, can be thought of a close relative of M;™ (m > 1), but not
a direct family member in view of the properties stated in Lemma

3. CONVERGENCE ANALYSIS FOR THE NEW ELEMENT

In this section, we will give the convergence analysis for the new class of finite
element methods introduced in this paper.
Let by be a nonnegative constant and b, be positive constants, || = m. Define

(3.1) a(v,w):/ ( Z baaayaaw—l—bovw), Yo, w € H™(Q).
Q

lee|=m
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Let W be H*(Q) or H™(Q), and let f € L*(Q). We consider the following varia-
tional problem: find uw € W, such that
(3.2) a(uv) = (f,v), e,

We assume that problem (3.2)) has a unique solution for any f € L?(Q).
The above variational problem corresponds to the following 2m-th-order partial
differential equation:

(3.3) > (=D (ba0u) + bou = f, in Q.
|a]=m

When W = HJ*(Q), the variational problem ([B.2]) corresponds to the homogeneous
Dirichlet boundary problem of partial differential equation ([B:3]) with these bound-
ary conditions:

oFu
3.4 — =0, 0<k<m-1
(34) klog 0 T ==
where v = (v1,v2,- -+ ,v,) " is the unit outer normal to 9.

When W = H™(Q), problem (2] corresponds to the boundary problem of
partial differential equation ([B3) with some natural boundary conditions.
For v,w € L*(Q) so that v|p,w|r € H™(T), VT € Tj, we define

(3.5) ap(v,w) = Z /T( Z baﬁo‘vao‘w+b0vw).

TeTh lal=m

When W = H™(Q), let U, be M]"; otherwise, let Uy be M;}. The noncon-
forming finite element method for problem (3.2) corresponding to the new element
given in Section 2 is to find u, € Uj, such that

(36) ah(uh,vh) = (f, ’Uh), Vvh S Uh.

Next, we will discuss the convergence property of solution wy, of problem (B0]).

3.1. Weak continuity. Let V}, be a nonconforming finite element space to approx-
imate H™(2) corresponding to 7y, and let Vi be the corresponding subspace of
V4, to approximate H{* ().

We say that V}, has weak continuity (or weak discontinuity) if for any vy in V4,
any (n — 1)-dimensional face F' of T € 7T, and any |a| < m, dgvy, is continuous at
a point on F' at least. Correspondingly, we say that Vj,o satisfies the weak zero-
boundary condition if for any vy, in Vjg, any (n — 1)-dimensional face F of T' € Ty,
with F' C 002 and any |a| < m, O v, vanishes at a point on F at least.

By Lemma 25 we know that M;" has weak continuity and that M;} satisfies
the weak zero-boundary condition.

With weak continuity, we obtain that vy, is a single polynomial of a degree less
than m on whole  if v, € V}, and |vp|m.p = 0. Moreover, v, = 0 when vy, € Vjg
and the weak zero-boundary condition is satisfied; that is, | - |5 is @ norm of Vjo.
In this sense, the weak continuity and the weak zero-boundary condition are viewed
as necessary.

We assume in the rest of the section that a nonnegative integer ¢ exists, such that
Vi C P, for all h. We also assume that 73 is a partition consisting of n-simplexes
or consisting of n-cubes with their sides parallel to some respective coordinate axes.
Following the method used in [37], we have the following lemma.
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Lemma 3.1. Let V}, have weak continuity and let Vi satisfy the weak zero-boundary
condition. Then, for any vy, € V3, and any || < m there exists a piecewise polyno-
mial vo, € HY(Q) such that

(3.7) 08 von — valjn < B oy, 0<j <m—|al,
and v, can be chosen in H}(Q) when vy, € Vi.

Proof. For set B C R", let Th(B) = {T € Tn : BNT # 0} and Nj(B) be the
number of the elements in 73 (B).

Let vy, € Vi, |a] < m. For T € 75, denote by vg the continuous extension of vy,
from the interior of T' to T'. Given any (n —1)-dimensional face F of T', let us define
the jump of dFvy, across F as follows: [0 vp]r = 0%0] |p — %] |p if F=TNT
for some other 77 € T;, and [08v,]p = 00! |p if F =T MoK

First, we show that if F' ¢ 99 or v;, € Vj,o, then

(3.8) O onlE < B2 leDT N R
T'ETh, FCT'

By the weak continuity and the weak zero-boundary condition there exists x € F'
such that [0f'vp]p vanishes at x, this leads to

(03 6 (03 2 O/ 2
EACAE max [Eah 'Uh}F(y) < h? Z max [ah Uh}F(y)
o/ [ =fal+1

where 7 is a unit tangent of F'. Repeating the same argument, we have

fe% 2 < p2(m—|al) o 2
[Ohvnlp S R a/zz:m glea}( {571 Uh} F(y)
By the inverse inequality, we obtain ([B.g]).

Let ! = m—|a|and 0 < j < [. If T'is an n-simplex, then we take S; r = P;(T) and
IT; 7 the interpolating operator corresponding to the element of n-simplex of type
(1), otherwise take S; 7 = Q;(T) and II; 7 the interpolating operator corresponding
to the element of n-cube of type (1) (see [10], pp. 48 and 57). Let Z; r be the set
of nodal points of 1I; 7.

Now we define v, € H' () as follows: for all T' € Ty, va|r € Sir and for each
xz € By p if x € 0Q and vy, € Vo, then v, (z) = 0, otherwise

(3.9) va(t) = —— 3 0% ().

Na(@) T'€Th(x)

Then v, is well-defined, and v, € H} () when vy, € V.
By the interpolating theory,

(3.10) 0% vy, — Ty 208w < P17 o .

Using the affine argument, we can show the following inequality:

(3.11) i S h" Y ()P, Ve € Sir.
T€E T

Since HLTa}?Uh — Ua|T € SZ,T7

(3.12) L 205w — valp S B2 Y 200 (2) — va ().

T€E, T
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If € 21,7 N Q or vy, € Vi, then by [B9) we have
1 / 2
10, 7007 (2) — vy 2:‘ (aaT — 9T )’
M0 @) — el = | 3 (9700 (@) = %0l (@)
ETh ()
For T" € Tn(x) and T" # T, there exist Ty, -+ ,Tr € Tn(z) such that Ty = T,

Ty, =T and EF; = T; NTj1, is a common (n — 1)-dimensional face of T} and T} 1,
1 <j < L. By (B8) and the fact that Ny (x) is bounded, we obtain

o @) ol ] % Zmax Ofronl3, () £ P57 B

ver; T'ETs (2)
If x € 2,7 NOQ and vy, € Vh07 then we have by definition of v,
T, 10V, (2) = va()|* = [0%0) (2)[* £ K210 3= o2, o
T'€Th ()
From (3I2) we derive that
(3.13) L 205 vn — Vel S B2 N o2, 4.
T'e€Tn(T)
By 310), 3I3) and the triangle inequality, we get
(3.14) |07 v, — Ua|?,h < p2m=lel=J) Z Z |’Uh|3n,T"
TETh T/ €Th (T)
Then [B.7)) follows. 0

Theorem 3.1. Let Vj, have weak continuity, and let Vi satisfy the weak zero-
boundary condition. Then, the generalized inequality of Poincaré-Friedrichs,

(3.15) lvnllm,n < [VRlmp,  YUn € Vio,
and the generalized Poincaré inequality

(3.16) fonliun < oo+ 30 ([ o)’ von € V.

la]<m
are true.
Proof. The following inequalities are true.
(3.17) lolle < vl Yo e Hy(Q),

2
(3.18) ||v||%Q < |U|%Q + (/ v) . Yve HYQ).
Q
For vy, € Vio, || < m, let v, € HL(Q) be as in [B1). Then from [B.I7) and
B3,
”af?vh”?),(l < 05 vn — vaHg,Q + ||’Uoz||g,sz
) |Uh|72n,h + |Ua‘iﬂ S |Uh|3n,h + |’Uh|\2a|+17h'

Consequently,
(3.19) [valkn S 10nlmn + [Vl 0 <k <m.

This leads to ([B.1H).
By (BI8) and the same argument, we obtain (B16). O
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By Lemma and Theorem B.I] we have

Corollary 3.1. The following inequalities are true:

(3.20) lvrllm.n < |VRlmp,  Yon € MJG,
2
(3.21) ol S fonost S0 ([ orwn) s von e agy
laj<m 79

3.2. Consistent approximation. The first condition guaranteeing the conver-
gence property is the approximation condition. When W = H™(Q), let W), be
V4, otherwise, let W}, be Vig. It is said that {Wj, W} satisfies the approximation
condition if

3.22 lim inf [|v—vpllmn =0, YveW.
(3.22) hlgg)vhlgwhl\v Vhllm,h vE

By means of the interpolation theory (see [I0]), the approximation condition can
be handled easily.

By the approximation theory, {P., H™(2)} satisfies the approximation con-
dition when r > m, while {P,,_1 4, H™(Q)} fails. Then, among the piecewise
polynomial approximations to H™(£2), the m-th degree is the lowest.

It is said that {Wj, W} satisfies the consistent condition if for any infinite se-
quence {vp, } with vy, € W, and hy — 0 as k — oo, such that {9} vs, } is weakly
convergent, in L?(€2), to v® for each multi-index « satisfying |a| < m, it is always
true that v° € W and v® = d*° for all |a| < m.

It is said that {W},} is a consistent approximation of W if {W},, W} satisfies both
the approximation condition and the consistent condition.

The bilinear form ap(-,-) is said to be uniformly W},-elliptic if

(323) ”vhHEn,h N ah(vh,vh), Yoy, € W),

When ap,(-,-) is uniformly Wj-elliptic and {W},} is a consistent approximation
of W, the corresponding nonconforming element method for problem (B2 is con-
vergent (see [32]).

To check the consistent condition, we can use the generalized patch test proposed
in [32]. Other sufficient conditions that are easier to achieve can also be used, such
as the patch test (see [6] 16} B6L [37]), the weak patch test [37], the F-E-M test [29],
and the IPT test [40].

Theorem 3.2. Both {M]", H™(Q)} and {M[}, H* ()} satisfy the approzimation
condition and consistent condition.

Proof. Theorem 2] leads to that {M;", H™(Q)} and {M}}, Hi*(2)} satisfy the
approximation condition.

Let ¢ € C§°(2) (or Cg°(R")) and {vp, } be an infinite sequence with v, € M;"
(or My"o) and hy — 0 as k — oo, such that {0} v, } is weakly convergent, in
L2(£2), to v® for each multi-index « satisfying |a| < m.

Now, let 1 < i < n and |a] < m. By Lemma Bl we have that for each k, a
piecewise polynomial v, € H(Q) (or H}(Q)) exists, such that

(3.24) 108 0, = Varline < RN on s 0 <5 <m— |al.
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We obtain from ([B24]), Green’s formula and the Schwarz inequality that

’ / (@Op i on, + 0% @05, vn,.)
Q

— ’/Q (ap%i(aﬁ‘kvhk — Vak) + 07 0(O5 vy — vak)>‘

—lal—-1
< R )

1,Q|Vhy |m,hka

and this leads to
(3.25) / (e + 0% pv) =0,
Q

when |a| <m — 1.

Let o] = m — 1. Given T € 7, and an (n — 1)-dimensional face F of T, let
PY . L?(F) — Py(F) be the orthogonal projection. By Lemma [Z4] and Green’s

formula, we have

/Q (PO, + 0700 o) = 3 ) /F P08 o

TETh, FCOT

Y /F (= P2o) (85 v, — PLO5. v 1.

TET, FCOT

By the Schwarz inequality and the interpolation theory in [I0], we obtain that

‘ /S z(ﬁﬂag,j “op, + 0% @0R, vny)

< > > lle = Prello.rllog, vn, — PRos vn, llo.r
TETh, FCOT

S hg Z lol1,71Vh lmr S Pilel1,0|0n, lmohy -
TETh,

Thus, (23] is also true when |a| =m — 1.
Consequently, v* = 9%v° for all |a| < m and v° € H™(Q) (or HF*()).
{Mp, H™ ()} and {M]}, HJ* ()} satisfy the consistent condition.

O

By Theorem B.2] we know that M]™ is a consistent approximation of H™(£2) and

that M}7 is a consistent approximation of H{"(2).

By Corollary Bl Theorem B2 and the result given in [32], we obtain the follow-

ing theorem directly.

Theorem 3.3. For any f € L?(), the solution uy, of problem ([B.6) converges to

the solution u of problem (B2)):

li — = 0.
Jim [ =
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3.3. Error estimate. Now, we discuss the error estimate of the nonconforming
finite element solution of problem B8] when W = H{"(Q) and U, = M]}. Let u
be the solution to problem ([B.2) and let up be the solution to problem (B4).

Lemma 3.2. Let r = max{m + 1,2m — 1}. Ifu € H"(Q) and f € L?(2), then

ap(u,vp) — (f,vn —
(3.26) aup 2 =Gl NN o
O €M, [onl[m.n pot
Proof. Let v, € M. Set f' = f — bou, then
(3.27) fr=0E=0m0)0 0% (hadu),
lal=m
(3.28) 1 Nlo.2 < I fllo.0
and
(3:29) an(u,vn) = (f,vn) = Z / ( Z baaauaavh> —(f',vn).
TeT,’T la|=m
Given |o| = m, it can be written as v =" e;. ,. Set
k k
) = Zejw., a’(k) =a— Zejw., 0<k<m.
i=1 i=1
Define
ESY / (baaauagvh + baaa+a<1>ua,‘j‘“>vh),
|a]=m Q
and

Q

m—2 , ,
Ey, = Z(—l)k Z ba/ (3“+(’<k>u8:(k)vh+8°‘+°‘(’“+1>u8:(k+1)vh)7
k=1

la]=m

Es

Q

loe|=m

when m > 1. Then by B217) and (3:29),
Ei+Es+E;5, m>1,

(3.30) an(u,vn) = (f,vn) = { B —_—

By Lemma 2.4l and Green’s formula, we have

E1 = Z ba Z 8°‘u8:£1’vhuja’l

laj=m  TeT” T

= Z ba Z Z / (8o‘u—P28au) (8§E1)vh—Pg@:zl)vh)uja,l.
F

|a|=m TeT, FCOT
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Using the Schwarz inequality and the interpolation theory, we obtain

! ’
BlE Y Y S 10%u— PRo%ulor |0 o — PRO
0,F

|a|=m T€T, FCOT

N Z hlw|m+1,7 |08 | m,T-
TETh
That is,

(3.31) |B1] £ Blulm1.0l0nlms.

When m > 1, let vg € H{(£2) be the piecewise polynomial as in 7)) for |3] < m.
The Green formula leads to that

m—2

e; g,
Ey = E (—1)’C E boé/80""0‘<k)u5h]“’k+1 (ah(kﬂ)vh_vazkﬂ))

k=1 |a|=m Q

m—2 ,

«
+ E (—1)’C E ba/8a+a<k+1>u(8h(k+l)vh—vazkﬂ)),
Q
k=1 |a]=m

Es = /Q ((_1)m71 Z baanroz(m—l)ua:("“l)(vh — 'UO) - f/(’Uh — Uo)).

lal=m

We have by the Schwarz inequality, the triangle inequality, (3.7)) and (3:28]),

m—1
(3.32) (Bl + |Es| < (B flo0 + > ¥[ulm k) [0nbn,n-
k=1
By 330), B31), and [B32), we obtain the desired estimation. 0

By Corollary BJ], Theorem 2.1l Lemma [B.2] and the well-known Strang Lemma
(see [31] or [10]), we obtain the following theorem.

Theorem 3.4. Let u be the solution to problem B2) with W = H{J*(Q2), and let
uy, be the solution to problem B8) with U, = M. Then for any f € L*(9),
(3.33) = wnllm & D BFulmir,o + 2™ fllo.0,

k=1
when u € H™(Q) and r = max{m + 1,2m — 1}.

When W = H™ () and the corresponding nonconforming finite element method
is used, the same error estimates can also be obtained by similar arguments provided
that by > 0.

Since the approximate error of M}" and M} in norm || - ||, is of order O(h)
only, the error estimate given by (3:33) is optimal.

4. CONCLUDING REMARKS

This construction of the consistent approximation of Sobolev spaces with min-
imal degree piecewise polynomials is motivated by theoretical considerations and
an interest in applications for practical problems. In this paper, a new consistent
approximation to m-th order Sobolev spaces of n dimensions with n > m > 1 is
proposed in a canonical fashion, and the convergence and the error estimate for
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application to 2m-th-order elliptic problems in R™ are shown. The new class of
nonconforming elements has several attractive properties. For example, this new
class

e provides consistent approximation with minimal degree piecewise polyno-
mials;

e offers degrees of freedom that fit perfectly well;

e recovers the well-known nonconforming linear elements for m = 1 and the
Morley element for m = 2 in a canonical fashion; and

e has the inclusion property.

Though it is of great theoretical interest, this new type of finite element also
has the potential to be useful in practice. In encountering high-order partial dif-
ferential equations, we often try to transform them into a system of lower-order
equations. Such a practice is based on the position that higher-order partial dif-
ferential equations are too difficult to be efficiently discretized by finite element
or finite difference methods. One strong message this paper sends is that a direct
discretization of high-order partial differential equations is also practical. For ex-
ample, a sixth-order partial differential equation in 3 dimensions can be discretized
by a piecewise cubic polynomial that has 20 degrees of freedom on each element.
This is not very difficult to carry out in practice.
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