
MATHEMATICS OF COMPUTATION
Volume 83, Number 285, January 2014, Pages 87–111
S 0025-5718(2013)02711-1
Article electronically published on May 16, 2013

ANALYSIS OF VARIABLE-DEGREE HDG METHODS FOR

CONVECTION-DIFFUSION EQUATIONS. PART II:

SEMIMATCHING NONCONFORMING MESHES

YANLAI CHEN AND BERNARDO COCKBURN

Abstract. In this paper, we provide a projection-based analysis of the h-
version of the hybridizable discontinuous Galerkin methods for convection-
diffusion equations on semimatching nonconforming meshes made of simplexes;
the degrees of the piecewise polynomials are allowed to vary from element to
element. We show that, for approximations of degree k on all elements, the
order of convergence of the error in the diffusive flux is k + 1 and that of a
projection of the error in the scalar unknown is 1 for k = 0 and k + 2 for

k > 0. We also show that, for the variable-degree case, the projection of the
error in the scalar variable is h times the projection of the error in the vector
variable, provided a simple condition is satisfied for the choice of the degree of
the approximation on the elements with hanging nodes. These results hold for
any (bounded) irregularity index of the nonconformity of the mesh. Moreover,
our analysis can be extended to hypercubes.

1. Introduction

In this paper, we continue our work [6] on a priori error analysis of variable-degree
hybridizable discontinuous Galerkin (HDG) methods on nonconforming meshes for
the model convection-diffusion problem

cq+∇u = 0 in Ω,(1.1a)

∇ · (q+ uv) = f in Ω,(1.1b)

u = g on ∂Ω.(1.1c)

Here Ω is a polyhedral domain in Rd, f ∈ L2(Ω), and c = c(x) is a symmetric
d× d matrix function that is uniformly positive definite on Ω with components in
L∞(Ω). We take the velocity v ∈ W 1,∞(Ω) to be divergence-free.

Whereas in [6] we showed that the nonconformity of the meshes could degrade
both the optimal convergence of the vector variable and the superconvergence of
the projection of the error in the scalar variable (without degrading the optimality
of its convergence), here we show that if the so-called semimatching nonconforming
meshes are used and the polynomial degrees are suitably chosen on the elements
having hanging nodes, both the optimal convergence of the vector variable as well
as the superconvergence of the projection of the error in the scalar variable are not
degraded. This holds for semimatching nonconforming meshes with any (bounded)
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irregularity index (the maximum difference of refinement levels between adjacent
elements in the mesh).

Let us put our result in proper context. The HDG methods were introduced
in the framework of diffusion problems in [10] in order to ensure that the only
globally-coupled degrees of freedom are those of the approximate trace of the scalar
variable on the boundaries of the elements. This distinctive feature renders them as
efficiently implementable as the hybridized version of the traditional mixed methods
[18, 3] of the corresponding index. Moreover, they can be more accurate than all
DG methods considered in the unified analysis performed in [1]. This is the case of
the so-called local DG-hybridizable (LDG-H) method which, for simplicity, will be
referred to as the HDG method.

Indeed, these HDG methods were shown [7, 11, 12] to provide optimally con-
vergent approximate fluxes and to have superconvergent approximations for the
scalar variable similar to those exhibited by the classical mixed methods [18, 3, 4].
This was established for the first time for a special HDG method in [7] and then
extended to a wide class of HDG methods in [12]. More recently, a projection-based
approach to their analysis was proposed in [11] for simplicial elements and in [15]
for much more general elements, which also provides optimally convergent approx-
imate fluxes and superconvergent approximations for the scalar variable. Thus, for
conforming meshes of simplexes and if polynomials of degree k ≥ 0 are used for all
the components of the flux and for the scalar variable, the HDG methods converge
with order k + 1 in the flux and superconverge with order k + 1 + min{1, k} in a
projection of the scalar variable, whereas all the DG methods considered in [1] con-
verge only with order k in the flux and with order k+1 in the scalar variable. These
orders of convergence cannot improve when convection is added; see for example
[2, 16]. However, for a special LDG method for pure diffusion defined on Cartesian
meshes, the order of convergence of the flux does increase to k + 1/2; see [13].

We are interested in extending the above-mentioned projection-based analysis
to explore how the convergence properties of the HDG methods are affected when
we (i) include convection, (ii) allow the polynomial degree to vary from element to
element, and (iii) allow the use of nonconforming meshes. This has not been done
so far. Note that, since the superconvergence of the scalar variable does not take
place in the convection-dominated regime (see the numerical experiments in [17, 8]),
we are only interested in the diffusion-dominated regime. The motivation for the
incorporation of the last two properties comes from the fact that DG methods and,
in particular, HDG methods, are extremely well-suited for adaptivity.

In [6] we showed that, when going from conforming meshes to general non-
conforming meshes, the order of convergence of the flux can degrade from k + 1
to k + 1/2, and that the order of superconvergence of a projection of the scalar
variable can decay from k+ 1+min{k, 1} to k+ 1. Here we show that, when non-
conforming semimatching meshes are used (and the degree of the approximation
on the elements with hanging nodes is suitably chosen) this degradation does not
take place. In the case of uniform-degree, we summarize the orders of convergence
given by our main result in Table 1.

The paper is organized as follows. In Section 2, we describe the semimatching
nonconforming meshes we are going to consider, define the HDG method and state
and discuss our main result, Theorem 2.1. In Section 3, we display the main steps
of its proof and defer to Section 4 the technical and long proof of its key estimate.
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Table 1. Comparison of the convergence orders in the L2(Ω)-
norm for DG and HDG methods with uniform degree k ≥ 0 in
terms of the conformity properties of the meshes.

method conformity of the meshes Th order (flux) order (scalar)

DG
pure diffusion

conforming [1] k k + 1

LDG
pure diffusion

conforming
Cartesian meshes

[13] k + 1/2 k + 1

LDG
pure diffusion

nonconforming [5] k k + 1

HDG
pure diffusion

conforming [11] k + 1 k + 1 +min{k, 1}
projection of the scalar variable

HDG nonconforming [6] k + 1/2 k + 1

HDG nonconforming semimatching k + 1 k + 1 +min{k, 1}
projection of the scalar variable

We end in Section 5 by sketching the extension of our results to HDG methods
defined on squares and cubes, and (for the purely diffusive case) to mixed methods.

2. Main Results

In this section, we state and discuss our main results. First, we describe in detail
the structure of the nonconforming meshes we are going to consider. We then define
the HDG method. Finally, we provide upper bounds of the L2-norm of a suitably
defined projection of the errors.

2.1. The semimatching nonconforming meshes. The semimatching noncon-
forming meshes Th of Ω we are going to consider here are defined in terms of any
family of sequentially refined conforming triangulations of Ω, {T�

h}�≥1. We assume
that they are such that, for every level index � ≥ 1,

T�
h is made of simplexes K such that

hK

ρK
≤ σ,(2.1a)

T�+1
h is a refinement of T�

h such that no element of T�
h is unrefined,(2.1b)

∀ K ∈ T�
h : max

K′∈T�+1
h :K′⊂K

hK′ ≤ κ min
K′∈T�+1

h :K′⊂K
hK′ ,(2.1c)

∀ K ∈ T�
h : max

K′∈T�+n
h :K′⊂K

hK′ ≤ c ηn hK.(2.1d)

The simplexes K and their faces F are assumed to be open sets in Rd and Rd−1,
respectively. As usual, hK denotes the diameter of K and ρK the radius of the biggest
ball included in K. Note that the first property states that the simplexes of each of
the triangulations T�

h are (uniformy) shape-regular. The third property states that
their successive refinements are locally uniform. The last property states that their
nth refinement is made of simplexes whose diameters are of the order of ηn times the
original diameter; here we assume that η ∈ (0, 1). The shape-regularity constant
σ, the local uniformity constant κ, and local refinement factor η will appear in our
error estimate.
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Let us give examples of families of meshes with different refinement factors η.
Take Ω to be the unit square and take T1

h to be the triangulation obtained by

dividing Ω into two identical triangles. Now define T�+1
h as the refinement of T�

h

obtained by bisecting its triangles into two right-angled triangles; in this case, η =
1/
√
2. If the refinement is obtained by four congruent triangles, we have that

η = 1/2. See another example in Figure 1.

T1
h T2

h T3
h

Figure 1. An example of a family of triangulations {T�
h}�≥1 for

which η = 1/2.

We can now define the triangulations we are going to consider. We say that Th

is a semimatching nonconforming mesh if it is a collection of simplexes {K} from

{T�
h}�≥1. That is, for each element K ∈ Th there is a set {K�

K}�K�=1 such that

K�
K ∈ T�

h, for � = 1, · · · , �K ,(2.2a)

K�
K ⊃ K, for � = 1, · · · , �K ,(2.2b)

K�K
K = K.(2.2c)

We call K�
K the �th ancestor of K, with its �thK ancestor being itself. See an example

in Figure 2.
The notation associated to the meshes is the following. We set ∂Th := {∂K :

K ∈ Th}. The set of faces of the simplex K is denoted by F(K) and the set of faces
F of the triangulation Th by Eh. Since hanging nodes are permitted, Eh should be
understood as the set containing the smallest common (d−1)-dimensional interfaces
of neighboring elements of Th. A face F ∈ Eh is called a boundary face if it is the
face of a simplex K ∈ Th lying on the boundary of Ω. Every other face F ∈ Eh

is called an interior face and is of the form F = ∂K+ ∩ ∂K− where K± ∈ Th. In
addition, we call �K the refinement level for K.

2.2. The HDG method. We can now define the HDG method we are going to
study. Given a mesh Th, we define the following finite element spaces:

Vh = {r ∈ L2(Th) : r|K ∈ Pk(K)(K) ∀ K ∈ Th},(2.3a)

Wh = {w ∈ L2(Th) : w|K ∈ Pk(K)(K) ∀ K ∈ Th},(2.3b)

Mh = {μ ∈ L2(Eh) : μ|F ∈ Pk(F )(F ) ∀ F ∈ Eh,(2.3c)
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K = K3
K ∈ T3

h, �K = 3 K2
K ∈ T2

h K1
K ∈ T1

h

Figure 2. An example of 2-irregular nonconforming mesh Th

(left) and of the set {K�
K}�K�=1 (in gray).

where Pk(D) = [Pk(D)]d and Pk(D) is the space of polynomials on the domain D
of total degree at most k. Here, following [10], we take

k(F ) = k(K) if F = ∂K ∩ ∂Ω,(2.3d)

k(F ) = max{k(K+), k(K−)} if F = ∂K+ ∩ ∂K−.(2.3e)

However, we further require that

k(K+) ≥ k(K−) whenever �K+ ≥ �K− .(2.3f)

Note that the last condition is not necessary for the HDG method to be well
defined; indeed, it is not required in [10]. We are adding it here because it seems
to be needed for technical reasons in order to ensure optimal convergence orders
in the approximate flux and superconvergence of the projection of the error in the
scalar variable. Examples of triangulations satisfying and not satisfying this last
condition are given in Figure 3.

2

3

3

3

2

4

3

4

0 2

3

3
3

2
4

3

4

0

Figure 3. Illustration of the condition (2.3f) on the relation be-
tween local polynomial degrees k(K) (the numbers in the triangles)
and the level of refinement �K . The triangulation in the left does
satisfy the condition whereas the triangulation in the right does
not. Therein, the thick solid line points to the neighboring trian-
gles for which the condition is not satisfied.
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The HDG method seeks the approximations uh in Wh, qh in Vh, and ûh in Mh

by requiring that

(cqh, r)Th
− (uh,∇ · r)Th

+ 〈ûh, r · n〉∂Th
= 0,(2.4a)

−(qh + uhv,∇w)Th
+ 〈( ̂qh + ûhv) · n, w〉∂Th

= (f, w)Th
,(2.4b)

〈μ, ûh〉∂Ω = 〈μ, g〉∂Ω,(2.4c)

〈μ, (q̂h + ûhv) · n〉∂Th\∂Ω = 0,(2.4d)

hold for all r ∈ Vh, w ∈ Wh and μ ∈ Mh, where the numerical trace for the total
flux q̂h + ûhv is given by

̂qh + ûhv = qh + ûhv + τ (uh − ûh)n on ∂Th.(2.4e)

For the method to be well defined, the stabilization function τ has to be suitably
defined. As shown in [6], the following assumptions are sufficient to guarantee this:

A1. For any simplex K ∈ Th, min(τ − 1
2v · n)|∂K ≥ γ0 > 0.

A2. On any face F ∈ Eh, τ is a constant.

Here, n denotes the unit outward normal to K.
Finally, we introduce a new approximation to u, u∗

h, defined on each element K
as the element of Pk(K)+1(K) that satisfies

(∇u∗
h,∇ω)K =− (c qh,∇ω)K ∀ ω ∈ Pk(K)+1(K),

(u∗
h, 1)K = (uh, 1)K .

2.3. The a priori error estimates. The estimates we obtain are upper bounds
on L2-norms of a projection of the errors in both the vector variable and the scalar
variable. We begin by introducing such a projection. We also introduce its dual
which is required since we are using a duality argument to estimate the error in the
scalar variable.

2.3.1. The projection. The projection

Πh(q, u) = (ΠVq, ΠWu) ∈ Vh ×Wh

is used to render the structure of the equations for the projection of the errors,

εuh := ΠWu− uh,(2.5a)

εqh := ΠVq− qh,(2.5b)

εûh := PMu− ûh,(2.5c)

(εq̂h + εûvh ) · n := PM ((q+ uv) · n)− (q̂h + ûhv) · n,(2.5d)

as close as possible as those defining the HDG method itself. Here, PM is the
L2-projection from L2(∂Th) into the finite element space

(2.6) Mh := {m ∈ L2(∂Th) : m|F ∈ Pk(F )(F ) for all faces F of K ∈ Th}.

Note that, in general, PMη is double-valued on the internal faces. However, if the
function η is single-valued on internal faces, PMη is also single-valued therein and
we are going to assume, by slightly abusing the notation, that PMη lies on Mh.
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It is defined as follows [6]. On K, the projection Πh(q, u) = (ΠVq, ΠWu) is the
element of Pk(K)(K)× Pk(K)(K) which solves the equations

((ΠVq− q) + (ΠWu− u)v, r)K = 0 ∀ r ∈ Pk(K)−1(K),(2.7a)

(ΠWu− u,w)K = 0 ∀ w ∈ Pk(K)−1(K),(2.7b)

〈(ΠVq− q+ (PMu− u)v) · n+ τ (ΠWu− u), μ〉F = 0 ∀ μ ∈ Pk(K)(F ),(2.7c)

for all faces F of the simplex K.

2.3.2. The dual problem and the dual projection. To obtain the error in the scalar
variable, we use the so-called dual problem which we introduce next. For any given
Θ ∈ L2(Ω), we define (Φ,Ψ) to be the solution of

cΦ+∇Ψ = 0 in Ω,(2.8a)

∇ · (Φ−Ψv) = Θ in Ω,(2.8b)

Ψ = 0 on ∂Ω.(2.8c)

As usual, we assume that the solution of the dual problem satisfies the following
regularity estimate:

(2.9) ‖Φ‖H1(Ω) + ‖Ψ‖H2(Ω) ≤ CR‖Θ‖Ω.
The projection Π∗

h associated to the dual problem is defined as follows [6]. On
any simplex K ∈ Th, Π

∗
h(Φ,Ψ) = (Π∗

VΦ, Π∗
WΨ) is the element of Pk(K)(K) ×

Pk(K)(K) determined by requiring that

((Π∗
VΦ−Φ)− (Π∗

WΨ−Ψ)v, r)K = 0 ∀ r ∈ Pk(K)−1(K),(2.10a)

(Π∗
WΨ−Ψ, w)K = 0 ∀ w ∈ Pk(K)−1(K),(2.10b)

〈(Π∗
VΦ−Φ) · n+ (τ − v · n)(Π∗

WΨ−Ψ), μ〉F = 0 ∀ μ ∈ Pk(K)(F ),(2.10c)

for all faces F of the simplex K. An analysis of the approximation properties of
this projection can be found in [6].

2.3.3. Estimates of the projection of the errors. The estimates of the projection of
the errors are expressed in terms of norms we define next. The L2(D)-norm is
denoted by ‖ · ‖D. We also set

‖μ‖2∂Th,w
:=

∑
K∈Th

∑
F∈F(K)

wF ‖μ‖2F\∂Ω,(2.11a)

for any μ ∈ L2(∂Th). The positive function w is a function on ∂Th \ ∂Ω defined as
follows:

w := hF on F ∈ F(K) for K ∈ Th,(2.11b)

where hF denotes the diameter of the face F .
Let us emphasize that the variability from element to element of the polynomial

degree as well as the nonconformity of the mesh are going to be captured by a
single term involving the difference (PM − PM) on ∂Th. The operator PM is the
L2-projection into the following space:

Mh := {w ∈ L2(∂Th) : w|F ∈ Pk(K)(F ) for all faces F of K ∈ Th}.(2.12)

Note that the functions in Mh are usually double-valued on the internal faces and
that PM = PM whenever k(K) = k for all simplexes K of the conforming mesh Th.



94 Y. CHEN AND B. COCKBURN

Theorem 2.1. Suppose that the assumptions A1 and A2 on the stabilization func-
tion τ are satisfied. Then

‖εqh‖ ≤ Cq (‖q−ΠVq‖+ ‖ZP ‖∂Th,w),

where ZP := (PM − PM)(Z · n + Z), where Z := q + (u − PMu)v and Z := τ u.
Moreover, if the elliptic regularity inequality (2.9) holds, then

‖εuh‖ ≤ Cu h
minK∈Th

{1,k(K)} (
‖q−ΠVq‖+ |v|W 1,∞(Ω) ‖ΠWu− u‖+ ‖ZP ‖∂Th,w

)
.

The constants Cq and Cu depend on c, on the constants c, κ, η, σ describing the
properties of the triangulations (2.1), and on �max := max{�K : K ∈ Th} and
�min := min{�K : K ∈ Th}. The constant Cu also depends on CR, γ0, |v|W 1,∞(Ω)

and remains bounded when maxK∈Th
τK hK remains bounded.

Let us briefly discuss this result. First, note that, in the case of conforming
meshes and uniform-degree (PM − PM = 0) and for zero (or constant) convective
velocities v, we immediately recover the error estimates obtained in [11]; see also
[15]. Thus, when we take the stabilization function τ in such a way that the errors
of the projection converge optimally, for example, when τ and τ−1 are uniformly
bounded (see [11, 15]), we get an order of convergence of k + 1 for the error in the
vector variable and an order of convergence of k + 1+min{k, 1} for the projection
of the error in the scalar variable.

Furthermore, when we take nonconforming semimatching meshes and noncon-
stant convective velocities v, the above orders of convergence remain the same.
Indeed, we have (see the Appendix) that

‖ZP ‖∂K,w ≤ C h
k(K)+1
K DK(q, u),(2.13)

where DK(q, u) := |q|Hk+1(K) + (h |v|W 1,∞(K) + ‖τ‖L∞(∂K)) |u|Hk+1(K). In other
words, the optimality of the convergence of the vector variable and the supercon-
vergence of the projection of the error of the scalar variable remain unchanged with
the use of the semimatching nonconforming meshes Th.

Finally, it is not difficult to get that, when k(K) ≥ 1 for all K ∈ Th, we have

‖u− u∗
h‖ ≤ ‖εuh‖+ C h (‖q− qh‖+ inf

ω∈W∗
h

‖∇(u− ω)‖)

where C only depends on the shape-regularity constant σ and

W ∗
h := {w ∈ L2(Th) : w|K ∈ Pk(K)+1(K) ∀ K ∈ Th}.

So, as a consequence of the above result, we can write that

‖u− u∗
h‖ ≤ C h

(
‖q−ΠVq‖+ |v|W 1,∞(Ω) ‖ΠWu− u‖
+ ‖ZP ‖∂Th,w + inf

ω∈W∗
h

‖∇(u− ω)‖
)
,

and so, in the uniform degree case, u∗
h converges to u with order k + 2 for smooth

enough solutions.

3. Main steps of the proof of Theorem 2.1

In this section, we give a sketch of the proof of Theorem 2.1 in order to make as
clear as possible the main underlying ideas. The detailed proof of the key estimate
is very technical and long, and is thus provided in the next section.
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Step 1: Preliminaries. We begin by gathering several simple results already
proven in [6].

Proposition 3.1 (The equations of the projection of the errors). Suppose that the
assumption A2 on the stabilization function τ is satisfied. Then we have

(c εqh, r)Th
− (εuh,∇ · r)Th

+ 〈εûh, r · n〉∂Th
= (c (ΠVq− q), r)Th

,(3.1a)

−(εqh + εuhv,∇w)Th
+〈(εqh + εûhv) · n+ τ (εuh − εûh), w〉∂Th

= 0,(3.1b)

〈μ, εûh〉∂Ω = 0,(3.1c)

〈μ, (εqh + εûh v) · n+ τ (εuh − εûh)〉∂Th\∂Ω = 〈μ, ZP 〉∂Th\∂Ω,(3.1d)

for all r ∈ Vh, w ∈ Wh, and μ ∈ Mh. Here ZP is defined in Theorem 2.1.

Using the above equations, we obtain the following results by using standard
energy and duality arguments.

Lemma 3.2 (The energy identity). Suppose that the assumption A2 on the stabi-
lization function τ is satisfied. Then we have

(c εqh, ε
q
h)Th

+ ‖√γ (εuh − εûh)‖2∂Th
= (c (ΠVq− q), εqh)Th

+ ΛP (Z · n+ Z).

Here γ := τ − 1
2v · n and

ΛP (z) := 〈εuh − εûh, (PM − PM)z〉∂Th
∀ z ∈ L2(∂Th),

where Z and Z are defined in Theorem 2.1.

Lemma 3.3 (The duality argument). Suppose that the assumption A2 on the
stabilization function τ is satisfied. Then, for any function Θ in L2(Ω), we have

(εuh,Θ)Th
= Tq + Tv + T 1

P + T 2
P + T 3

P ,

where

Tq := (c(q− qh), Π
∗
VΦ−Φ)Th

+ (q−ΠVq,∇(Ψh −Ψ))Th
,

Tv := (δv(u−ΠWu),∇Ψh),

T 1
P := 〈(PM − PM )Ψ, ZP 〉∂Th

,

T 2
P := ΛP (ζ),

T 3
P := ΛP (ζ · n),

for any Ψh ∈ Wh. Here ζ := Φ and ζ := (τ − v · n)(Ψ−Π∗
WΨ).

We have introduced the auxiliary function δv := v−v0, where v ∈ W 1,∞(Ω) is
the divergence-free convective velocity. The function v0 is defined on the simplex
K ∈ Th as the element of P0(K) such that

(3.2) 〈(v− v0) · n, 1〉F = 0,

for all faces F of K. Note that v0 is well defined because v is divergence-free.
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Step 2: Estimate of the functional Λ(z). It is important to emphasize that
the only difference between the analysis we are carrying out here and that of the
HDG method for general nonconforming meshes done in Part I, resides in the
manner we estimate the terms involving the linear functional ΛP , namely, the
terms ΛP (Z · n+ Z), T 2

P = ΛP (ζ) and T 3
P = ΛP (ζ · n).

In fact, in [6], we estimated ΛP (z) by simply applying a weighted Cauchy-
Schwarz inequality:

|ΛP (z) | ≤ ‖r (εuh − εûh)‖∂Th
‖r−1 (PM − PM)z‖∂Th

,

where the weight function r was taken to be equal to
√
γ for the estimate of the

term ΛP (Z ·n+Z), and equal to one for the terms T 2
P = ΛP (ζ) and T 3

P = ΛP (ζ ·n).
However, by taking advantage of the structure of the semimatching meshes and of
the definition of the polynomial degrees on the elements having hanging nodes, we
can improve the above estimate and can eliminate the potentially ensuing loss of
convergence for general nonconforming meshes uncovered in [6]. This is the main
contribution of this paper. The new estimate is contained in the following result.

Lemma 3.4. For all z ∈ L2(∂Th), we have

|ΛP (z) | ≤ C ‖c‖L∞(Ω) CΛ ‖q− qh ‖Ω ‖ (PM − PM)z‖∂Th,w.

Here C is a constant depending on the shape-regularity constant σ, and

C2
Λ :=

(
κ c

1− η
+ 1

)
σ (�max − �min + 1) (d+ 1),

where c, κ, η, σ are the constants describing the properties of the triangulations
(2.1),

�max := max{�K : K ∈ Th} and �min := min{�K : K ∈ Th}.

The next section is devoted to a detailed proof of this result. Here, let us just note
that this result states, roughly speaking, that we can take the weighting function
r to be w−1/2 ∼ h−1/2 which is what prevents the loss of convergence properties.
Indeed, in the general case treated in [6], the weighting functions r could only be
taken to be of order one.

Step 3: Estimate of εqh. By using the energy identity of Lemma 3.2 and the
above result, we can easily obtain the estimate for εqh in Theorem 2.1.

Lemma 3.5. Suppose that the assumptions A1 and A2 on the stabilization func-
tion τ are satisfied. Then, we have

‖εqh‖Ω ≤
√
3 ‖c‖L∞(Ω) ‖c−1‖L∞(Ω) (‖q−ΠVq‖Ω + C CΛ ‖ZP ‖∂Th,w),

where the constant C depends only on the shape-regularity constant σ.

Proof. If we apply the estimate of Lemma 3.4 to the right-hand side of the energy
identity of Lemma 3.2, we obtain

(c εqh, ε
q
h)Th

+ ‖√γ (εuh − εûh)‖2∂Th
≤ (c (ΠVq− q), εqh)Th

+ C ‖c‖L∞(Ω)CΛ ‖q− qh ‖Ω ‖ZP ‖∂Th,w.

The estimate now follows after a few simple manipulations. �
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Step 4: A first estimate of εuh. Next, we begin to prove the estimate for the
projection of the error of the scalar variable, εuh.

A first estimate of εuh is the following.

Lemma 3.6. Suppose that the assumptions A1 and A2 on the stabilization func-
tion τ are satisfied. Then, we have

‖εuh‖Ω ≤ C1 ‖q−ΠVq‖Ω + C2 ‖u−ΠWu‖Ω + C3 ‖ZP ‖∂Th,w.

Here

C1 := C (Hq + CΛH2
P + CΛH3

P ),

C2 := Hv,

C3 := H1
P + C CΛ (Hq + CΛH2

P + CΛ H3
P ),

where the constant C depends only on the shape-regularity constant σ and

Hq := max

{
‖c‖L∞(Ω) sup

Θ∈L2(Ω)\{0}

‖Π∗
VΦ−Φ‖Ω
‖Θ‖Ω

, sup
Θ∈L2(Ω)\{0}

‖∇(Ψh −Ψ)‖Th

‖Θ‖Ω

}
,

Hv := ‖δv‖L∞(Ω) sup
Θ∈L2(Ω)\{0}

‖∇Ψh‖Th

‖Θ‖Ω
,

H1
P := sup

Θ∈L2(Ω)\{0}

‖(PM − PM )Ψ‖∂Th,w−1

‖Θ‖Ω
,

H2
P := ‖c‖L∞(Ω) sup

Θ∈L2(Ω)\{0}

‖(PM − PM)ζ‖∂Th,w

‖Θ‖Ω
,

H3
P := ‖c‖L∞(Ω) sup

Θ∈L2(Ω)\{0}

‖(PM − PM)ζ · n‖∂Th,w

‖Θ‖Ω
,

for any Ψh ∈ Wh.

Proof. To prove this result, we only have to estimate each of the five terms of the
right-hand side of the identity of Lemma 3.3. Thus, after applying the Cauchy-
Schwarz inequality and Lemma 3.4, it is not difficult to see that we get

|Tq| ≤ Hq ‖Θ‖Ω (‖q− qh‖Ω + ‖q−ΠVq‖Ω),
|Tv| ≤ Hv ‖Θ‖Ω ‖u−ΠWu‖Ω,
|T 1

P | ≤ H1
P ‖Θ‖Ω ‖ZP ‖∂Th,w,

|T 2
P | ≤ CΛ H2

P ‖Θ‖Ω ‖q− qh‖Ω,
|T 3

P | ≤ CΛ H3
P ‖Θ‖Ω ‖q− qh‖Ω.

We then obtain that

‖εuh‖ ≤ Hq (‖q− qh‖Ω + ‖q−ΠVq‖Ω) +Hv ‖u−ΠWu‖Ω
+H1

P ‖ZP ‖∂Th,w + CΛ(H
2
P +H3

P ) ‖q− qh‖Ω,

and the estimate easily follows after using the first estimate of Theorem 2.1. The
proof is complete. �
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Step 5: Estimate of the quantities H. Next, we estimate the auxiliary quan-
tities Hq, Hv H1

P , H
2
P , and H3

P . To describe the estimates, we need to introduce
the constants

Υmax
K := max{min

(
τ − 1

2
v · n

)
|F : F is a face of K}

(τv)max
K := max

∣∣(τ − v · n)|∂K
∣∣, (τv)∗K := max

∣∣(τ − v · n)|∂K\F∗
∣∣,

where F ∗ is a face of K at which |(τ − v · n)|∂K | attains its maximum. We also

need the quantities Ci,∗
V,K :

C1,∗
V,K := 1 +

h|v|W 1,∞(K)

Υmax
K

,

C2,∗
V,K := (τv)∗K+

h|v|W 1,∞(K)((τv)
max
K +|v|W 1,∞(K) h)

Υmax
K

.

Finally, we are also going to need the set

TP,h := {K ∈ Th : (PM − PM ) �= 0 on some face F of K},
which is nothing but the set of elements K ∈ Th that either have a hanging node
in one of their faces or have a neighboring element with higher polynomial degree.

Lemma 3.7. Suppose that the assumptions A1 and A2 on the stabilization func-
tion τ are satisfied. Suppose also that the elliptic regularity inequality (2.9) holds.
Then we have that

Hq ≤ C ‖c‖L∞(Ω)(1 + max
K∈Th

(C1,∗
V,K + C2,∗

V,K hK))CR max
K∈Th

h
min{1,k(K)}
K ,

Hv ≤ C |v|W 1,∞(Ω) h,

H1
P ≤ C CR max

K∈TP,h

h
min{1,k(K)}
K ,

H2
P ≤ C CR max

K∈TP,h

τK h
1+min{1,k(K)}
K ,

H3
P ≤ C CR max

K∈TP,h

hK ,

where the constant C depends only on the shape-regularity constant σ.

The proof of this lemma is essentially the same as in [6] (Proposition 2.3) and
thus omitted.

Step 6: The final estimate of εuh. To obtain the estimate of εuh of Theorem 2.1,
we only need to insert the estimates of Lemma 3.7 into the estimate of Lemma 3.6.
This concludes the proof of Theorem 2.1.

4. Proof of the key estimate, Lemma 3.4

In this section, we provide a detailed proof of Lemma 3.4 which contains the key
estimate of the linear functional ΛP (z). To do that, we proceed in several steps.
In the first two steps, we express ΛP (z) solely in terms of z and εûh. In the third
step, we exploit the structure of the semimatching meshes and the definition of
the polynomial degrees on the elements having hanging nodes, to express the term
involving εûh in terms of suitably defined integrals of εûh. In the fourth step, we
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establish a relation between those linear functionals of εûh and the error in the flux
q− qh. We do that by using the first error equation, namely,

〈εûh, r · n〉∂Th
= (c (q− qh), r)Th

+ (εuh,∇ · r)Th
∀r ∈ Vh,

and construct special divergence-free test functions r in order to eliminate the pro-
jection of the error εuh. In the last step, we conclude.

Step 1: A first estimate of ΛP (z). We start by estimating ΛP (z) solely in terms
of z and εûh.

Lemma 4.1. For all z ∈ L2(∂Th), we have that

|ΛP (z)| ≤ ‖(PM − PM)εûh‖∂Th,w−1 ‖(PM − PM)z‖∂Th,w.

Proof. We have

ΛP (z) = 〈εuh − εûh, (PM − PM)z〉∂Th

=
∑

K∈Th

∑
F∈F(K)

〈εuh − εûh, (PM − PM)z〉F

=−
∑

K∈Th

∑
F∈F(K)

〈(PM − PM)εûh, (PM − PM)z〉F ,

since (PM − PM)εuh = 0 on F . This implies that

|ΛP (z)| ≤
∑

K∈Th

∑
F∈F(K)

|〈(PM − PM)εûh, (PM − PM)z〉F |

≤
∑

K∈Th

∑
F∈F(K)

‖(PM − PM)εûh‖F,w−1 ‖(PM − PM)z‖F,w,

and the result follows. This completes the proof. �

In an effort to eventually bound ‖(PM −PM)εûh‖∂Th,w−1 , in the next three steps,

we focus on the study of the term ‖(PM − PM)εûh‖F,w−1 for F ∈ F(K) with a
particular K ∈ Th. For simplicity, we slightly abuse the notation and use PM −PM

to denote (PM − PM) |F .

Step 2: An expression for ‖(PM − PM)εûh‖2F,w−1 . Now, let us rewrite the ex-

pression involving the error in the numerical trace εûh in a more suitable manner.

Lemma 4.2. For F ∈ F(K) where K ∈ Th, we have

‖(PM − PM)εûh‖2F,w−1 = w−1
F 〈εûh, (PM − PM)εûh〉F\∂Ω.

Proof. To prove this result, let us begin by recalling that PM is the L2-projection
into the space of polynomials of degree k(K) defined on F , Pk(K)(F ); see (2.12).

Recall also that the restriction of PM on F is the L2-projection into the space
{μ|F : μ ∈ Mh}. Thus, we have that

‖(PM − PM)εûh‖2F,w−1 = 〈w−1 (PM − PM)εûh, (PM − PM)εûh〉F
= w−1

F 〈(PM − PM)εûh, (PM − PM)εûh〉F



100 Y. CHEN AND B. COCKBURN

by definition of the weight function w, (2.11). Now, by definition of the projections
PM and PM, we get

‖(PM − PM)εûh‖2F,w−1 = w−1
F 〈εûh, (PM − PM)2εûh〉F

= w−1
F 〈εûh, (PM − PM)εûh〉F\∂Ω,

since (PM −PM)2 = (PM −PM) because {μ|F : μ ∈ Mh} ⊃ Pk(K)(F ) by (2.3e), and
since (PM−PM) = 0 when F ⊂ ∂Ω because in that case {μ|F : μ ∈ Mh} = Pk(K)(F )
by (2.3d). This completes the proof. �

Step 3: A representation of 〈εûh, (PM − PM)εûh〉F\∂Ω. We see that we have to

estimate the term |〈εûh, δ〉F\∂Ω| for δ of the form of (PM − PM)εûh. The idea is to

use the first error equation (3.1a) to relate 〈εûh, δ〉F\∂Ω with the error in q. For this
purpose, we need an admissible r that is divergence-free and coincides with δ on F .
This is a highly nontrivial task due to the nonconformity of the meshes. Next, we
are going to rewrite the quantity 〈εûh, (PM − PM)εûh〉F\∂Ω to facilitate this process.
From now on, until the last step of this proof, we fix the simplex K ∈ Th and its
face F ∈ F(K) \ ∂Ω, and set � := �K .

To state this rewriting, we need to introduce some notation. We first define
the set of elements adjacent to K through F , Th(F,K), the set of their ancestors
(including themselves), and the set of ancestors of ancestors (excluding themselves).
To be exact, we set

Th(F,K) := {K ′ ∈ Th : K ∩K ′ = ∅, F ∩ ∂K ′ �= ∅},(4.1a)

Tm
h (F,K) := {Km

K′ : K ′ ∈ Th(F,K)},(4.1b)

T̃
m−1
h (F,K) := {Km−1

K
: K ∈ Tm

h (F,K)}.(4.1c)

We also define the set of all elements, on level m of the conforming family of meshes,
that are adjacent to K through F .

Tm
h (F,K) := {K ∈ Tm

h : K ∩ K = ∅, F ∩ ∂K �= ∅},(4.1d)

Note that there is only one simplex in T�
h(F,K) which we are going to denote by

KF . The above sets are illustrated in Figure 4.
Finally, we set δ�F := max{�K′ : K ′ ∈ Th(F,K)} − �. We know that Th(F,K)

is not the empty set since F ∈ F(K) \ ∂Ω, as noted at the beginning of this step.
If δ�F ≥ 0, for any given function δ ∈ L2(F ), we define the function Pmδ on F as
follows. For every K ∈ Tm

h (F,K), we set Pmδ on F ∩ ∂K to be the average of δ
therein; elsewhere, we set Pm(δ) to be zero. That is,

Pmδ :=

{
1

|F∩∂K|
∫
F∩ ∂Kδ in F∩∂K,when K ∈ Tm

h (F,K),

0 elsewhere in F.

With this notation, we have the following representation result. It decomposes
(PM − PM)εûh into a sequence of piecewise constant functions on F and one high-
order residual term in such a way that it is possible to find the test function r with
the properties stated at the beginning of this step.

Lemma 4.3. We have, for δ = (PM − PM)δ̃ with δ̃ ∈ L2(F ), that

〈εûh, δ〉F =

{
0 if δ�F < 0,∑�+δ�F

m=�+1〈εûh, δ0,m〉F + 〈εûh, δ⊥〉F , otherwise,
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K ∈ T1
h KF ∈ T1

h, F = ∂K ∩ ∂KF Th(F,K)

T1
h(F,K) T2

h(F,K) T3
h(F,K)

T1
h(F,K) T2

h(F,K) T3
h(F,K)

T̃1
h(F,K) T̃2

h(F,K)

Figure 4. Example of the sets Th(F,K),Tm
h (F,K), Tm

h (F,K) and

T̃
m−1
h (F,K) (in gray).

where

δ0,� := P� δ,

δ0,m := Pm (Id− Pm−1) . . . (Id− P�)δ, m = �+ 1, . . . , �+ δ�F ,

δ⊥ := δ⊥,�+δ�F with δ⊥,m := (Id− Pm)(Id− Pm−1) . . . (Id− P�)δ.
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Moreover, on F̃ := F ∩ ∂K̃, where K̃ ∈ T̃
m−1
h (F,K), we have that

δ0,m|
˜F∩∂K ∈ P0(F̃ ∩ ∂K) ∀ K ∈ Tm

h (F,K) : K ⊂ K̃,(4.2a)

〈δ0,m, 1〉
˜F
= 0.(4.2b)

Elsewhere, δ0,m = 0. Also, for any K ′ ∈ Th(F,K), we have, with F ′ := F ∩ ∂K ′,
that

δ⊥|F ′ ∈ Pk(K′)(F
′),(4.3a)

〈δ⊥, 1〉F ′ = 0.(4.3b)

Finally, we have that

‖δ‖2F =

�+δ�F∑
m=�+1

‖δ0,m‖2F + ‖δ⊥‖2F .

Proof. Let us begin by showing that, if δ�F < 0, then δ = 0 on F . We know there
is a simplex K ′ in Th ∩ T�+δ�F

h such that F = ∂K ∩ ∂K ′ by the construction of
the mesh Th (2.1). By definition of the space Mh (2.3c), we have that, by (2.3f),
k(K) ≥ k(K ′) because � ≥ �+ δ�F . This implies that PM − PM = 0 on F and so,
that δ = 0 on F .

If δ�F ≥ 0, we proceed as follows. For any function δ ∈ L2(F ), we can write

δ = P�δ + (Id− P�)δ

= δ0,� + δ⊥,�

= δ0,� + P�+1δ⊥,� + (Id− P�+1)δ⊥,�

= δ0,� + δ0,�+1 + δ⊥,�+1

=

�+δ�F∑
m=�

δ0,m + δ⊥.

This L2(F )-orthogonal decomposition immediately leads to:

‖δ‖2F =

�+δ�F∑
m=�

‖δ0,m‖2F + ‖δ⊥‖2F .

It remains to show that δ0,� = 0 in order to prove the final identity of the lemma.
But, by the definition of the projections PM and PM, we have that

δ0,� =
1

|F | 〈(PM − PM)εûh, 1〉F =
1

|F | 〈ε
û
h, (PM − PM)1〉F = 0.

Let us now prove the properties of δ0,m for m > �. By the definition of Pm, we
only have to show the integral identity. So

〈δ0,m, 1〉
˜F
= 〈δ⊥,m−2, (Id− Pm−1)Pm1〉

˜F
= 〈δ⊥,m−2, (Id− Pm−1)1〉

˜F
= 0.

Note that δ⊥,m−2 is well defined since m > �.
It remains to prove the properties of δ⊥. Pick any K ′ ∈ Th(F,K). Then K ′ ∈

Tm
h (F,K) and this implies that Pn = 0 on F ′ for n > m. As a consequence, we

have that δ⊥ = (Id− Pm) · · · (Id− P�)δ and the result follows.
This completes the proof. �
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Step 4: Estimate of 〈εûh, δ0,m〉F and 〈εûh, δ⊥〉F . As suggested by the representa-

tion result we just proved, we next obtain estimates of 〈εûh, δ0,m〉F and 〈εûh, δ⊥〉F .
This crucial result is given by the next lemma.

Lemma 4.4. We have that

| 〈εûh, δ0,m〉F | ≤ C ‖c‖L∞(Ω) (κ c η
m−1−� hKF

)1/2 ‖qh − q‖KF
‖δ0,m‖F ,

| 〈εûh, δ⊥〉F | ≤ C ‖c‖L∞(Ω) h
1/2
KF

‖qh − q‖KF
‖δ⊥‖F .

The constant C depends only on the shape-regularity constant σ.

In order to facilitate the reading of rather technical proof, we postpone the proof
of this result. Thus in Step 6, we provide a detailed proof of the first estimate, and
in Step 7, a proof of the second estimate.

Step 5: Conclusion. We are now ready to conclude the proof of Lemma 3.4. We
begin by noting that, as stated at the beginning of Step 3, the function δ in the
analysis carried out in Steps 3 and 4 is of the form (PM −PM)εûh. Thus, by Lemma
4.2 and by the representation Lemma 4.3, we have

‖δ‖2F = | 〈εûh, δ〉F | ≤
( �+δ�F∑

m=�+1

| 〈εûh, δ0,m〉F |+ | 〈εûh, δ⊥〉F |
)
.

If we now use the estimates of Lemma 4.4, we get that

‖δ‖2F ≤ C ‖c‖L∞(Ω)

( �+δ�F∑
m=�+1

(κ c ηm−1−�)1/2 ‖δm,0‖F + ‖δ⊥‖F
)√

hKF
‖qh −q‖KF

.

Next, we multiply both sides by w
−1/2
F , apply the Cauchy-Schwarz inequality and

use the last identity of the representation Lemma 4.3 to obtain

w
−1/2
F ‖δ‖2F ≤ C ‖c‖L∞(Ω)

( �+δ�F∑
m=�+1

κ c ηm−1−� + 1

)1/2 (
hKF

wF

)1/2

‖qh − q‖KF
‖δ‖F

≤ C ‖c‖L∞(Ω)

(
κ c

1− η
+ 1

)1/2 (
hKF

wF

)1/2

‖qh − q‖KF
‖δ‖F ,

by the fact that we are assuming η ∈ (0, 1). Next, we note that, by definition of
wF , (2.11), hKF

/wF = hKF
/hF ≤ σ, by the shape-regularity assumption (2.1a).

This implies that

w
−1/2
F ‖δ‖F ≤ C ‖c‖L∞(Ω)

(
κ c

1− η
+ 1

)1/2

σ1/2 ‖qh − q‖KF
,
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and so,

Θ := ‖(PM − PM)εûh‖2∂Th,w−1

=

�max∑
�=�min

∑
K∈Th∩T�

h

∑
F∈F(K)

w−1
F ‖δ‖2F

≤ C ‖c‖2L∞(Ω)

(
κ c

1− η
+ 1

)
σ

�max∑
�=�min

∑
K∈Th∩T�

h

∑
F∈F(K)

‖qh − q‖2KF

≤ C ‖c‖2L∞(Ω)

(
κ c

1− η
+ 1

)
σ (�max − �min + 1) (d+ 1) ‖qh − q‖2Ω

= C ‖c‖2L∞(Ω) C
2
Λ‖qh − q‖2Ω.

The estimate of |ΛP (z)| now follows by inserting the above estimate in the estimate
of Lemma 4.1, namely, in the inequality

|ΛP (z)| ≤ ‖(PM − PM)εûh‖∂Th,w−1 ‖(PM − PM)z‖∂Th,w.

Thus, to complete the proof of Lemma 3.4, we only have to prove Lemma 4.4. We
do that in the remainder of the section.

Step 6: Proof of Lemma 4.4, estimate of 〈εûh, δ0,m〉F . To obtain the estimate
of this quantity, we are going to use the following auxiliary result.

Lemma 4.5. Let K̃ be any element in T̃
m−1
h (F,K); set F̃ := F ∩ ∂K̃. Then there

is a function r0,m : K̃ → Rd such that

(i) r0,m|K ∈ V (K) ∀K ∈ Tm
h : K ⊂ K̃,

(ii) r0,m ∈ H(div, K̃),

(iii) r0,m · n = δ0,m χ
˜F
on ∂K̃,

(iv) ∇ · r0,m = 0 on K̃,

(v) ‖r0,m‖
˜K
≤ C κ1/2 h

1/2
˜K

‖δ0,m‖
˜F
.

Here κ is the local uniformity constant of assumption (2.1c) on the meshes and the
constant C depends only on the shape-regularity constant σ.

Proof. To prove this result, we proceed as follows. First, note that K̃ is partitioned
into a set of elements K ∈ Tm

h . For every such K ∈ Tm
h , we define r|K to be the

element of RT0(K) := P 0(K) + xP0(K) such that r · n = δ0,m χ
˜F∩∂K on ∂K. This

can be done because, by property (4.2a) of the representation result Lemma 4.3,

δ0,m is constant on F̃ ∩ ∂K.
Next, we introduce the solution φ of the auxiliary problem

−Δφ = ∇ · r in K̃, n · ∇φ = 0 on ∂K̃, and (φ, 1)
˜K
= 0.

Note that φ is well defined because of property (4.2b) of the representation result
Lemma 4.3. Finally, we set r0,m := r+ΠRT

0 ∇φ, where ΠRT
0 is the Raviart-Thomas

projection [4] onto the space RT0(K) on each element K ∈ Tm
h such that K ⊂ K̃.

Let us prove that this is the function we seek. Property (iii) holds by con-
struction. Property (ii) also holds by construction since both r and ΠRT

0 ∇φ lie on

H(div, K̃). Property (iv) follows from the definition of φ and from the so-called
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commutativity property of the Raviart-Thomas projection. Property (i) follows
from the simple fact that a divergence free function in RT0(K) must be constant,

thus in V (K): on each element K ∈ Tm
h : K ⊂ K̃, r0,m is divergence free (property

(iv)) and is in RT0(K) since both r and ΠRT
0 ∇φ lie in RT0(K).

It remains to prove property (v). We have that

‖r0,m‖
˜K
≤ ‖r‖

˜K
+ ‖(Id−ΠRT

0 )∇φ‖
˜K
+ ‖∇φ‖

˜K

≤ ‖r‖
˜K
+ C ( max

K∈Tm
h :K⊂˜K

hK) |∇φ|H1(˜K) + ‖∇φ‖
˜K
,

by the approximation properties of the Raviart-Thomas projection.
Now, from the definition of φ, we get that

‖∇φ‖2
˜K
=− (r,∇φ)

˜K
+ 〈φ, r · n〉∂˜K

=− (r,∇φ)
˜K
+ 〈φ, δ0,m〉

˜F
by property (iii),

≤ ‖r‖
˜K
‖∇φ‖

˜K
+ ‖φ‖∂˜K ‖δ0,m‖

˜F

≤ ‖r‖
˜K
‖∇φ‖

˜K
+ C h

1/2
˜K

‖∇φ‖
˜K
‖δ0,m‖

˜F
,

by the trace inequality and the fact that the average of φ of K̃ is equal to zero.
This implies that

‖∇φ‖
˜K
≤ ‖r‖

˜K
+ C h

1/2
˜K

‖δ0,m‖
˜F
.

Also, note that, since the normal component of ∇φ is zero on ∂K̃, we have that

|∇φ|H1(˜K) = ‖Δφ‖
˜K
= ‖∇ · r‖

˜K
,

by definition of φ. We thus get that

‖r0,m‖
˜K
≤ 2 ‖r‖

˜K
+ C ( max

K∈Tm
h :K⊂˜K

hK) ‖∇ · r‖
˜K
+ C h

1/2
˜K

‖δ0,m‖
˜F
.

Finally, a simple computation gives that

‖r‖
˜K
≤ C ( max

K∈Tm
h :K⊂˜K

h
1/2
K )‖δ0,m‖

˜F

≤ C h
1/2
˜K

‖δ0,m‖
˜F
,

and that

‖∇ · r‖
˜K
≤ C ( max

K∈Tm
h :K⊂˜K

h
−1/2
K )‖δ0,m‖

˜F

≤ C ( max
K∈Tm

h :K⊂˜K

hK)
−1 κ1/2 h

1/2
˜K

‖δ0,m‖
˜F
,

by the local uniformity assumption on the meshes (2.1c). This implies that

‖r0,m‖
˜K ≤ C κ1/2 h

1/2
˜K

‖δ0,m‖
˜F
.

This completes the proof. �
The estimate we seek is the following.

Lemma 4.6. Let K̃ ∈ T̃
m−1
h (F,K) and F̃ := F ∩ ∂K̃. We have that

| 〈εûh, δ0,m〉
˜F
| ≤ C ‖c‖L∞(˜K) κ

1/2 ‖qh − q‖
˜K
h
1/2
˜K

‖δ0,m‖
˜F
.

The constant C depends only on the shape-regularity constant σ.
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Proof. Let r0,m be the auxiliary function of the previous lemma. Then

〈εûh, δ0,m〉
˜F
= 〈εûh, r0,m · n〉∂˜K by property (iii) of Lemma 4.5,

=(c (qh − q), r0,m)
˜K
+ (εuh,∇ · r0,m)

˜K
,

by the first error equation (3.1a) with r := r0,m, which is an allowed choice of test
function r by properties (i) and (ii) of Lemma 4.5. By property (iv) of Lemma 4.5,
this implies that

〈εûh, δ0,m〉
˜F
= (c (qh − q), r0,m)

˜K
,

and the result follows by property (v) of Lemma 4.5. This completes the proof. �
Corollary 4.7. We have that

| 〈εûh, δ0,m〉F | ≤ C ‖c‖L∞(Ω) (κ c η
m−1−� hKF

)1/2 ‖qh − q‖KF
‖δ0,m‖F .

The constant C depends only on the shape-regularity constant σ.

Proof. By the fact that F can be covered by the set of F∩∂K̃, with K̃ ∈ T̃
m−1
h (F,K),

| 〈εûh, δ0,m〉F | ≤
∑

˜K∈˜T
m−1
h (F,K)

| 〈εûh, δ0,m〉F∩∂˜K |,

and by the previous lemma

| 〈εûh, δ0,m〉F | ≤ C ‖c‖L∞(Ω)

∑
˜K∈˜T

m−1
h (F,K)

(κh
˜K
)1/2‖qh − q‖

˜K
‖δ0,m‖

˜F

≤ C ‖c‖L∞(Ω) max
˜K∈˜T

m−1
h (F,K)

(κh
˜K
)1/2 ‖qh − q‖KF

‖δ0,m‖F

≤ C ‖c‖L∞(Ω) (κ c η
m−1−� hKF

)1/2 ‖qh − q‖KF
‖δ0,m‖F ,

by the local uniformity assumption (2.1c) and the local refinement assumption
(2.1d) on the meshes. This completes the proof. �
Step 7: Proof of Lemma 4.4, estimate of 〈εûh, δ⊥〉F . To estimate this quantity,
we proceed as in the previous step. So, we begin by obtaining the following auxiliary
result.

Lemma 4.8. Let K ′ be any element in Th(F,K); set F ′ := F ∩ ∂K ′. Then there
is a function r⊥ : K ′ → Rd such that

(i) r⊥ ∈ V (K ′),

(ii) r⊥ · n = δ⊥ χF ′ on ∂K ′,

(iii) ∇ · r⊥ = 0 on K ′,

(iv) ‖r⊥‖K′ ≤ C h
1/2
K′ ‖δ⊥‖F ′ .

The constant C depends only on the shape-regularity constant σ.

Proof. If k(K ′) = 0, then δ⊥ = 0 by properties (4.3a) and (4.3b), and the result
holds with r⊥ := 0. Let us now assume that k(K ′) ≥ 1. By the definition of the
BDM projection (see [4]) there is a unique function r⊥ ∈ P k(K′)(K

′) such that

〈r⊥ · n, μ〉F ′′ = 〈δ⊥, μ〉F ′′∩F ′ ∀ μ ∈ Pk(K′)(F
′′) for all faces F ′′ of K ′,

(r⊥,∇w)K′ = 〈δ⊥, w − w〉F ′ ∀ w ∈ Pk(K′)−1(K
′),

(r⊥,η)K′ = 0 ∀ η ∈ Φk(K′),
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where w denotes the average of w over K ′, and Φk(K′) is the subset of divergence-
free functions in P k(K′)(K

′) that have zero normal component on ∂K ′. Let us show
that this function satisfies (i) to (iv).

It certainly satisfies property (i), by construction. It satisfies property (ii) by
the first equation defining r⊥ and by property (4.3a) of the representation Lemma
4.3. To see that it satisfies property (iii), we note that, for any w ∈ Pk(K′)−1(K

′),

(∇ · r⊥, w)K′ =− (r⊥,∇w)K′ + 〈r⊥ · n, w〉∂K′

=− (r⊥,∇w)K′ + 〈δ⊥, w〉F ′ by property (ii),

= 〈δ⊥, w〉F ′ ,

by the second equation defining r⊥. Property (iii) now follows from assumption
(4.3b) of the representation Lemma 4.3. Finally, property (iv) follows from the
definition of r⊥ by a scaling argument. This completes the proof. �

The estimate we seek is the following.

Lemma 4.9. Let K ′ be any simplex in Th(F,K); set F ′ := F ∩ ∂K ′. Then we
have

| 〈εûh, δ⊥〉F ′ | ≤ C ‖c‖L∞(K′) |‖qh − q‖K′ h
1/2
K′ ‖δ⊥‖F ′ .

The constant C depends only on the shape-regularity constant σ.

Proof. Let r⊥ be the auxiliary function of the previous lemma. Then, by property
(ii) of Lemma 4.8,

〈εûh, δ⊥〉F ′ = 〈εûh, r⊥ · n〉∂K′

=(c (qh − q), r⊥)K′ + (εuh,∇ · r⊥)K′

by the first error equation (3.1a) with r := r⊥, which we can do by property (i) of
Lemma 4.8. By property (iii) of Lemma 4.8, this implies that

〈εûh, δ⊥〉F ′ = (c (qh − q), r⊥)K′ ,

and the result follows by property (iv) of Lemma 4.8. This completes the proof. �

Corollary 4.10. We have that

| 〈εûh, δ⊥〉F | ≤ C ‖c‖L∞(Ω) h
1/2
KF

‖qh − q‖KF
‖δ⊥‖F .

The constant C depends only on the shape-regularity constant σ.

Proof. By the fact that F can be covered by the set of F ∩∂K ′, with K ′ ∈ Th(F,K),

| 〈εûh, δ⊥〉F | ≤
∑

K′∈Th(F,K)

| 〈εûh, δ⊥〉F∩∂K′ |,

and by the previous lemma,

| 〈εûh, δ⊥〉F | ≤ C ‖c‖L∞(Ω)

∑
K′∈Th(F,K)

h
1/2
K′ ‖qh − q‖K′ ‖δ⊥‖F ′

≤ C ‖c‖L∞(Ω) h
1/2
KF

‖qh − q‖KF
‖δ⊥‖F .

This completes the proof. �

The proof of Lemma 3.4 is now complete.
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5. Extensions and concluding remarks

Note that the same techniques presented in this paper can be used to analyze
the hybridized Raviart-Thomas (RT) and the Brezzi-Douglas-Marini mixed meth-
ods for pure diffusion equations on the semimatching nonconforming meshes under
consideration. A priori error estimates for the RT method were obtained in [9] for
the variable-degree version of this method but only for conforming meshes.

Our analysis can also be easily extended to include the six HDG methods (and
mixed methods) on d-dimensional rectangles (for d = 2, 3) considered in [15]. In
fact, the only step that needs to be modified when the elements are d-dimensional
rectangles is the key Lemma 4.4. Therefore, to prove this extension, we only need to
ensure that the key Lemma 4.4 also holds in the case of d-dimensional rectangles.
This is done by slightly modifying the proofs of Lemmas 4.5 and 4.8, as we are
going to show below.

For the sake of completeness, let us describe the above-mentioned methods. We
use V (K), W (K) and M(F ) to denote the local spaces. That is, the finite element
spaces defined by (2.3) becomes

Vh = {r ∈ L2(Th) : r|K ∈ V (K) ∀ K ∈ Th},
Wh = {w ∈ L2(Th) : w|K ∈ W (K) ∀ K ∈ Th},
Mh = {μ ∈ L2(Eh) : μ|F ∈ M(F ) ∀ F ∈ Eh}.

We use Pk(K) to denote the space of polynomials of total degree k on K, P̃k(K) the
space of homogeneous polynomials of degree k. P k(K) denotes the space [Pk(K)]d

and Φk(K) denotes the subspace of functions in P k(K) which are divergence-
free and whose normal component on ∂K is zero. We are ready to display three
methods in Table 2 that have M(F ) = Pk(F ). The mixed methods BDFM[k+1]

and BDM[k] are well known and HDGP
[k] was newly discovered in [15].

When M(F ) = Qk(F ), we display three methods in Table 3. The mixed method

RT[k] is well known, TNT[k] and HDGQ
[k] were newly discovered in [15]. Here,

P�1,�2(K) for d = 2 and P�1,�2,�3(K) for d = 3 denote the space of polynomials of
degree �i on the ith variable for i = 1, . . . , d. The space of polynomials of degree k
in each variable is denoted by Qk(K) and its corresponding vector space by Qk(K).
Moreover, we set

Hk(K) :={((x2 − x)xk−1(aLk(y) + b), (y2 − y)yk−1(cLk(z) + d),

(z2 − z)zk−1(eLk(x) + f)) : (a, b, c, d, e, f) ∈ R6},
Hk

M (K) :=Hk(K)⊕ {((x2 − x)xk−1Lk(y)Lk(z), 0, 0)},

where Lk(x) denotes the scaled Legendre polynomial of degree i on the interval
[0, 1].

Let us now show how to modify the proofs of Lemmas 4.5 and 4.8 in the case in
which the elements are d-dimensional rectangles.

Modification of the proof of Lemma 4.5. To do this, we only need to replace
RT0(K) by

RT[0](K) =

{
P1,0 × P0,1 for d = 2,

P1,0,0 × P0,1,0 × P0,0,1 for d = 3.
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Table 2. Methods for which M(F ) = Pk(F ), k ≥ 0.

Method
K is a square K is a cube

V (K) W (K) V (K) W (K)

BDFM[k+1]

Pk+1(K)\{yk+1}
Pk(K)

Pk+1(K)\{P̃k+1(y, z)}
Pk(K)×

(
Pk+1(K)\{xk+1}

)
×

(
Pk+1(K)\{P̃k+1(x, z)}

)
×

(
Pk+1(K)\{P̃k+1(x, y)}

)

HDGP
[k]

P k(K)
Pk(K)

P k(K)
Pk(K)

⊕
∇× (xyP̃k(K))

⊕
∇× (yzP̃k(K), 0, 0)⊕
∇× (0, zxP̃k(K), 0)

BDM[k]
P k(K)

Pk−1(K)
P k(K)

Pk−1(K)

⊕
∇× (xyxk)

⊕
∇× (0, 0, xyP̃k(y, z))

k ≥ 1

⊕
∇× (xyyk)

⊕
∇× (0, xzP̃k(x, y), 0)⊕
∇× (yzP̃k(x, z), 0, 0)

Table 3. Methods for which M(F ) = Qk(F ), k ≥ 0.

Method
K is a square K is a cube
V (K) W (K) V (K) W (K)

RT[k]

Pk+1,k(K)
Qk(K)

Pk+1,k,k(K)
Qk(K)×Pk,k+1(K) ×Pk,k+1,k(K)

×Pk,k,k+1(K)

TNT[k]

Qk(K)
Qk(K) Qk(K)

⊕
Hk

M (K) Qk(K)
⊕

{(xk+1, 0), (0, yk+1)}⊕
{(xk+1yk, 0)}

HDGQ
[k]

Qk(K)
Qk(K) Qk(K)

⊕
Hk(K) Qk(K)⊕

{(xk+1, 0), (0, yk+1)}

and ΠRT
0 by ΠRT

[0] . To verify that r0,m is the function that we seek, the only different

(and tedious) part is to check the fact that divergence free functions in RT[0](K)
are in V (K) for all the elements listed in Table 2 and Table 3. This is indeed the
case.

Modification of the proof of Lemma 4.8. For the three methods in Table 2
using M(F ) = Pk(F ), no change is needed since P k(K′)(K

′) ⊂ V (K ′). For the
other three methods in Table 3 using M(F ) = Qk(F ), we simply need to change
the projection above defining r⊥ to the the following so-called TNT projection,
see [14, 15]. That is, r⊥ is defined to be the unique function in Qk(K′)(K

′) such
that

〈r⊥ · n, μ〉F ′′ = 〈δ⊥, μ〉F ′′∩F ′ ∀ μ ∈ Qk(K′)(F
′′) for all faces F ′′ of K ′,

(r⊥,∇w)K′ = 〈δ⊥, w − w〉F ′ ∀ w ∈ Qk(K′)(K
′),

(r⊥,η)K′ = 0 ∀ η ∈ ΦQ
k(K′),

where ΦQ
k(K′) is the subset of divergence-free functions in Qk(K′)(K

′) that have

zero normal component on ∂K ′.
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Appendix A. Estimate of ZP

Here, we prove the estimate (2.13). To do that, we begin by noting that, by
definition (see Theorem 2.1) we have that ZP := (PM − PM)(Z · n + Z), Z :=
q+ (u− PMu)v, and Z := τ u, and we easily get that

ZP = (PM − PM)(q · n+ τu+ (u− PMu)v · n)
= (PM − PM)(q · n) + τ (PM − PM)(u) + (PM − PM)((u− PMu)v · n),

by the assumption A2 on τ . Now, pick any K ∈ TP,h and let Πk and Πk be
the L2(K)-projections into Pk(K) and P k, respectively. Then we have, for k :=
k(K) ≤ k(F ) for any F ∈ F(K), that

ZP = (PM − PM)((q−Πkq) · n) + τ (PM − PM)(u−Πku)

+ (PM − PM)((u− PMu)v · n),
since we have that k = k(K) ≤ k(F ) for any F ⊂ ∂K. Finally,

ZP = (PM − PM)((q−Πkq) · n) + τ (PM − PM)(u−Πku)

+ (PM − PM)((u− PMu) (v − v0) · n),
since (PM − PM)(u− PMu) = 0 and since v0 is a constant on each face F ∈ F(K);
see (3.2). This readily implies that

‖ZP ‖∂K ≤ 2‖Πkq− q‖∂K + 2(‖τ‖L∞(∂K) + h |v|W 1,∞(K))‖Πku− u‖∂K

≤ C h
k(K)+ 1

2

K DK(q, u),

by Lemma 3.9 of [16]. Finally, invoking the definition of w, (2.11b), gives

‖ZP ‖∂K,w ≤ C h
k(K)+1
K DK(q, u).

This completes the proof of the estimate (2.13).
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