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A PRIORI ERROR ANALYSIS FOR HDG METHODS

USING EXTENSIONS FROM SUBDOMAINS

TO ACHIEVE BOUNDARY CONFORMITY

BERNARDO COCKBURN, WEIFENG QIU, AND MANUEL SOLANO

Abstract. We present the first a priori error analysis of a technique that al-
lows us to numerically solve steady-state diffusion problems defined on curved

domains Ω by using finite element methods defined in polyhedral subdomains
Dh ⊂ Ω. For a wide variety of hybridizable discontinuous Galerkin and mixed
methods, we prove that the order of convergence in the L2-norm of the ap-
proximate flux and scalar unknowns is optimal as long as the distance between
the boundary of the original domain Γ and that of the computational domain
Γh is of order h. We also prove that the L2-norm of a projection of the error
of the scalar variable superconverges with a full additional order when the dis-
tance between Γ and Γh is of order h5/4 but with only half an additional order
when such a distance is of order h. Finally, we present numerical experiments
confirming the theoretical results and showing that even when the distance
between Γ and Γh is of order h, the above-mentioned projection of the error
of the scalar variable can still superconverge with a full additional order.

1. Introduction

In this paper, we present the first a priori error analysis of a technique [12,16,17]
which allows us to use finite element methods using solely polyhedral elements to
numerically solve problems in domains which are not necessarily polyhedral. We
present the error analysis in the framework of the approximation of the solution of
the model problem

q +∇u = 0 in Ω,(1.1a)

∇ · q = f in Ω,(1.1b)

u = g on Γ,(1.1c)

where Ω is a subdomain of Rd with a piecewise C2, Lipschitz boundary Γ, g is a
function lying in H1/2(Γ) and f in L2(Ω). We take the finite element method to
be the so-called hybridizable discontinuous Galerkin (HDG) method; see [10].

Roughly speaking, the above-mentioned technique consists in approximating the
curved domain Ω by polyhedral subdomains Dh where a finite element method is
used to obtain the approximate solution. To be able to achieve this, the Dirichlet
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data on the boundary of Ω, Γ, is transferred to the boundary of the subdomain Dh,
Γh, by integrating the approximation of the flux q along a family of paths Σ := {σ}.
Once the approximation is obtained on Dh, an approximation on Dc

h := Ω \ Dh is
computed by suitably extending the approximation on the subdomain Dh.

This technique was originally introduced in 2010 for one-dimensional steady-
state diffusion problems in [12]. It was then extended to several-space dimensions
in [16], to the coupling with boundary element methods for solving exterior prob-
lems in [15], and to convection-diffusion problems in [17]. Therein, extensive nu-
merical experiments were obtained suggesting that several convergence properties
of the method for polyhedral domains Ω and Γh = Γ are the same as those of
the resulting method when the original curved boundary Γ and the boundary of
the computational domain Γh are apart a distance of order h. In an effort to put
these numerical results on firm mathematical ground, we analyze a variation of the
method used in [16].

The variation is related to the definition of the family of paths Σ with which we
transfer into Γh the Dirichlet data defined in Γ. In [15–17], the family of paths Σ
was defined in terms of an underlying background mesh in such a way that each
point of the set Dc

h lies on a unique path in Σ. In contrast, here the paths of the
family Σ are taken in order to ensure that they are perpendicular to Γh. As a
consequence, and in contrast with the original method, a point of Dc

h might lie on
several paths in Σ or in none at all. This perpendicularity property seems to be
important in the analysis and allows us to prove that the order of convergence in
the L2-norm of the approximate flux and scalar unknowns remains optimal as long
as the distance between Γh and Γ is of order h. It also allows us to prove that the
L2-norm of a projection of the error of the scalar variable superconverges with a
full additional order when distance between Γh and Γ is of order h5/4, and with an
additional half order when it is of order h. However, our numerical results show
that even in this case, superconvergence takes place with a full additional order.

The technique we use to carry out the analysis is based on the projection-based
analysis introduced in [11] and later generalized in [14]. It holds for a wide variety
of HDG methods as well as for many mixed methods. It only assumes that the
boundary Γ is a compact Lipschitz set which is C2 except on a closed set of measure
zero.

Now, let us briefly compare our results with similar ones for related methods. In
the literature, methods that deal with curved boundaries (or interfaces) are usually
classified in fitted and unfitted mesh methods. A fitted mesh method approximates
the domain in such a way that the mesh somehow fits the boundary (interface).
This can be done, for example, by using isoparametric elements near the bound-
ary (interface). Its main advantage is that the prescribed data at the boundary
(interface) can be easily imposed. However, from the computational point of view,
these meshes are not easy to construct, especially for complicated geometries. On
the other hand, unfitted mesh methods allow us to not exactly approximate the
boundary (interface). That is why meshing is relatively easy and even Cartesian
grids can be used. However, in this case the data must be suitably imposed, since
the mesh does not resolve the boundary (interface).

Most probably, the first unfitted mesh method was the so-called Immersed
Boundary (IB) method introduced in back 1972 in the framework of incompressible
fluid flow (blood flow in the heart) in [28]; first-order accuracy was achieved. Using
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the one-dimensional heat equation with a singular right-hand time as a model of
the IB method, in 1992 second-order accuracy away from the immersed boundary
was proven in [5] and in 1999 arbitrary order in [32]. In 1997, second-order accuracy
in the velocity away from the interface was proven for the IB method in [27] in the
framework of a two-dimensional Stokes flow. More recently, in [26] mth order of
accuracy was proven for the IB methods for any m ≥ 1 by using a spectral method
combined with a discrete delta function of moment order m.

In 1994, a variant of the Immersed Boundary method, the so-called Immersed
Interface method, was proposed in [22] in the framework of convection-diffusion
problems; second-order accuracy was achieved away from the interface. In 1997,
the method was extended to Stokes flow with interfaces incorporating elastic and
surface tension effects. In 2006, second-order accuracy away from the interface was
proven in [4].

On the other hand, one could consider that the study of unfitted finite element
methods began in 1986 with the work done in [2]. Indeed, therein, assuming a
distance between Γ and Γh of order h2, the authors showed optimal H1-convergence
and optimal L2-convergence in any subdomain of Ω for polynomial approximations
of degree k = 1. One year later, this idea was applied in [3] to interface problems
and the resulting method was analyzed also for a piecewise linear approximation of
the penalized formulation. In 2002, a method based on N’s approach, which allows
discontinuities inside the elements cut by the interface, was proposed in [19]. The
authors proved optimal order of convergence for piecewise linear approximations.
Recently, a method that avoids the use of a penalty function was introduced in
[24]. Instead, the essential boundary condition is strongly imposed. In order to
retain optimal order of convergence, a discontinuous Galerkin discretization near
the boundary is used. Only piecewise linear elements were considered.

Let us now consider the fitted mesh methods. In 1987, a method that approxi-
mates the interface by using isoparametic elements of degree k−1, with k ≥ 2, was
introduced in [3]. Optimal convergence was obtained in the computational domain.
In 1994, [6] considered a nonhomogeneous Dirichlet boundary problem for second-
order elliptic equations; and later, in 1996, [7] extended the idea to elliptic interface
problems. In both cases, the domain Ω was approximated by a polygonal domain
where the distance between Γ and Γh is of order h2, and the data is transferred
in a natural way. The authors showed optimal convergence of piecewise linear ap-
proximations. Moreover, they assumed the boundary Γ to be C∞ and claimed the
same idea can be extended to the case when Γ is piecewise smooth. Under these
assumptions we can see our method as a generalization of this approach. Indeed, if
we “fit” our mesh to the domain and construct Dh according to [6], our family of
paths coincides with the one defined by them. However, the procedure to transfer
the boundary data is not quite the same. Indeed, we have an additional term (see
the integral term in equation (2.1)) that helps us to use high-order approximations
and retain optimal convergence.

In 2009, an LDG method for elliptic interface problems was proposed in [18].
The interface is polygonal and the triangulation is fitted to it. The optimal order
of k+1 is obtained for the scalar variable and the sharp (but suboptimal) order of
k is obtained for the approximation to the flux. In 2010, a method to solve elliptic
interface problems, in general three-dimensional Lipschitz domains with smooth
interfaces, was analyzed in [20]. A lowest-order H(div; Ω)-conforming discrete space
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was used and optimal H(div; Ω)-convergence was proven. The case of high-degree
approximations was considered in [25]. The authors proved convergence of order
hmin{k,(m+1)/2} and hmin{k,m}+1 for the H1- and L2-norms, respectively. Here, the
interface Γ is interpolated by a spline of degree m. Optimal H1 and L2 convergence
is achieved for isoparametric elements with m = k = 1. For k ≥ 2, only L2

optimal convergence is obtained with isoparametric elements. However, optimal
H1 convergence is also achieved if superparametric elements with m ≥ 2k − 1 are
used. Moreover, for isoparametric elements, the authors have shown optimal H1

in a domain that excludes a thin tubular region around the interface. Another
method that “fits” the boundary is the so-called Isogeometric Analysis [21]. In
this case, there is an exact representation of geometry. The basis functions of the
approximation space are the same ones that describe the geometry, are defined by
the so-called NURBS (Non-Uniform Rational B-Splines) and are given by CAD
(Computer Aided Design).

In most of the results described above, only piecewise-linear approximations
were considered and hence low order accuracy is obtained. For high-order accurate
approximations, the mesh must fit the boundary very well. The method proposed
here allows high-order approximations even though the mesh does not fit the domain
and the computational boundary Γh is “far” from Γ. For example, when simplexes
are used and piecewise polynomial approximations of degree k are employed for the
scalar variable and each of the components of the flux, we obtain convergence of
order k + 1 in the L2-norm of the error of each of these approximations for k ≥ 0.
Moreover, for k ≥ 1, superconvergence of order k + 2 is obtained for a projection
of the error in the scalar variable.

This paper is organized as follows. In Section 2, we describe and briefly discuss
our main result, Theorem 2.1. In Section 3, we describe the main steps of its proof.
The detailed proofs of the intermediate steps are left to the remaining sections.
Thus, in Section 4 we provide the proof that the Dirichlet data transferred into Γh

is in fact a measurable function. In Section 5, we provide the proof of the error
estimates in the computational domain Dh. In Section 6, we give a proof of the
error estimates in Ω\Dh. In Section 7, we display numerical experiments exploring
the validity and limitations of our theoretical results. We end in Section 7 with
some remarks on the method analyzed here and by briefly discussing extensions of
our analysis.

2. Main results

In this section we describe the method under consideration and the assumptions
on the meshes defining the subdomains Dh. We then provide a priori upper bounds
on L2-norms of suitably defined projections of the errors in both the scalar and flux
variables.

2.1. Definition of the methods. We begin by defining the numerical methods
of interest.

2.1.1. Notation. Let us introduce the notation corresponding to the triangulation
of our computational domain; we follow [16]. We begin by picking a background
polyhedral domain B ⊃ Ω. Then, given a mesh Th of B consisting of convex
polyhedral elements, we define Th to be the set of all the elements K ∈ Th which
are completely included in Ω; we then set Dh := (

⋃
K∈Th

K)◦. We assume that the
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Figure 1. Examples of the sets Ke and Ke
ext associated with the

edge e ∈ E∂
h.

elements K are uniformly shape-regular, that is, that there is a constant β such
that hK ≤ β �K , where hK is the diameter of the element K and �K is the radius
of the (or one of the) biggest balls included in K. The maximum of the diameters
hK over K ∈ Th is denoted by h.

We denote by nK the outward unit normal of the element K. When there is no
confusion, we simply write n, and when we want to emphasize that n is normal to
the face e of K, we write ne.

Let E0
h be the set of interior faces of Th and E∂

h the set of faces at the boundary.
We say that a face e ∈ E0

h if there are two elements K+ and K− in Th such that
e = ∂K+ ∩ ∂K−. Also, we say that e ∈ E∂

h if there is an element K ∈ Th such that
e = ∂K ∩ Γh. We set Eh = E0

h ∪ E∂
h.

Now, let us introduce the notation associated to the set Dc
h := Ω \ Dh. For any

face e ∈ E∂
h, we denote by Ke the only element of Th having e as a face. For any

point x on the face e, the shortest path from connecting x to a point of the form
x̄ := x+ l(x)ne, where l(x) := |x− x̄| ≥ 0, lying in Γ, is given by

σn(x) := {x+ sne : s ∈ [ 0, l(x) ]}.

We can now set

Ke
ext := {x+ sne : 0 ≤ s ≤ l(x), x ∈ e}

(see illustration in Figure 1) and define

g̃(x) := g(x̄) +

∫ l(x)

0

q(x+ sne) · ne ds.(2.1)

2.1.2. The HDG methods. The numerical methods that we consider seek an approx-
imation (qh, uh, ûh) of the exact solution (q, u, u|Eh

) in the space V h ×Wh ×Mh

given by

V h := {v ∈ [L2(Th)]
2: v|K ∈ V (K) ∀K ∈ Th},(2.2a)

Wh := {w ∈ L2(Th) : w|K ∈ W (K) ∀K ∈ Th},(2.2b)

Mh := {μ ∈ L2(Eh) : μ|e ∈ M(e) ∀e ∈ Eh}.(2.2c)
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This approximation is the only solution of the weak formulation:

(qh,v)Th
− (uh,∇ · v)Th

+ 〈ûh,v · n〉∂Th
= 0,(2.3a)

−(qh,∇w)Th
+ 〈q̂h · n, w〉∂Th

= (f, w)Th
,(2.3b)

〈q̂h · n, μ〉∂Th\Γh
= 0,(2.3c)

〈ûh, μ〉Γh
= 〈g̃h, μ〉Γh

,(2.3d)

for all (v, w, μ) ∈ V h ×Wh ×Mh. We use the following notation. Given a region
D ⊂ R

d, we denote by (·, ·)D and 〈·, ·〉∂D the L2(D) and L2(∂D) inner products,
respectively. Then, for each ξ and ψ we define

(ξ, ψ)Th
=

∑
K∈Th

(ξ, ψ)K and 〈ξ, ψ〉∂Th
=

∑
K∈Th

〈ξ, ψ〉∂K .

Here, g̃h is the Dirichlet boundary condition in Γh defined at any point x lying
on the face e ∈ E∂

h, by

(2.3e) g̃h(x) := g(x̄) +

∫ l(x)

0

Eh(qh)(x+ sne) · ne ds,

where Eh(qh) is the extension of qh defined by

Eh(qh)(y) := qh|Ke(y) ∀ y ∈ Ke
ext ∀ e ∈ E∂

h,(2.3f)

and ne is the outward unit normal to the face e. Here, qh|Ke denotes the natural
extension of the restriction of the approximation qh to the set Ke to the whole R

d.
Note that g̃h is an approximation of the function g̃ defined by (2.1).

Finally, the numerical flux q̂h on ∂Th := {∂K : K ∈ Th} is defined by

q̂h = qh + τ (uh − ûh)n.(2.3g)

Different numerical methods are obtained by considering particular choices of
the local spaced V (K),W (K) and M(e), and the stabilization function τ ; many
examples can be found in [10] and [14].

2.1.3. The approximations on Dc
h. We end the description of the method by defining

the approximation (qh, uh) to (q, u) on the set Dc
h.

To define these approximations, we follow [16]. We describe the extension in
the two-dimensional case only; the three-dimensional case can be done in a similar
manner. First, we begin by defining a family of paths Σ := {σ}. This procedure
maps every point x ∈ Γh to a point x̃ ∈ Γ. Then the path σ(x, x̃) is defined as
the segment joining x and x̃. The precise definition of Σ, which is quite lengthy
and is fully detailed in [16], is not really relevant for our purposes here. Let us just
say that we first obtain the path σ(x, x̃) for all the vertices x of Γh by using the
mesh Th of the background polyhedral domain B ⊃ Ω, and simple local problems
to minimize the distance of each of the vertices x of Γh to a part of Γ chosen to
ensure that no two paths σ(x, x̃) intersect each other. Then the paths for any point
x lying on an edge e of Γh is obtained by a simple formula involving the paths of
its vertices.

Next, for each edge e in E∂
h of vertices v1 and v2, we define the region K̃e

ext as
the intersection of Dc

h with the intersection of the cones

C1 := {v1 + η1 (ṽ1 − v1) + η2 (v2 − v1) : η1, η2 ∈ R
+},

C2 := {v2 + η1 (ṽ2 − v2) + η2 (v1 − v2) : η1, η2 ∈ R
+}.
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Figure 2. Example of sets K̃e
ext used in the definition of (qh, uh)

on Dc
h.

See the illustration in Figure 2.
We are now ready to define the approximation (qh, uh) on Dc

h. We set, for any

e ∈ E∂
h and any y ∈ K̃e

ext,

qh(y) := qh|Ke(y),(2.4a)

uh(y) := g(ỹ) +

∫ |ỹ−y|

0

qh(y + st) · t ds,(2.4b)

where t denotes the unit tangent (ỹ−y)/|ỹ−y|. The point ỹ is defined as follows.
Let x the point in e such that y = x + η(x̃ − x) for some η ∈ R

+. Then we set
ỹ := x̃.

Let us emphasize that the original method [16] uses the above extension to also
define the boundary data g̃h. In general, we have that g̃h, given by (2.3e), is not
necessarily equal to uh given by the above formula. This is simply because the
paths used to define g̃h, {σn}, are always parallel to the normal to Γh whereas
those used to define the trace of uh|Dc

h
to Γh, {σ}, are not necessarily so. The

motivation for the definition of g̃h adopted in this paper is entirely motivated by
the error analysis presented here.

2.1.4. The new approximation to u, u∗
h. To end the presentation of the method, we

describe a new approximation of the scalar unknown u, denoted by u∗
h, which can

provide a better approximation than uh for the scalar variable. In what follows,
P�(D) denotes the space of polynomials of degree at most 
 ≥ 0 defined on the set
D.

We define the function u∗
h on Dh as follows; see [11,13] and the references therein.

On each element K ⊂ Dh, u
∗
h = ūh+ ũh is the only function in Pk∗+1(K) such that

(2.5a) ūh =

⎧⎨⎩
1

d+1

∑
e∈∂K ûh|e if k∗ = 0,

1
|K|

∫
K
uhdx if k∗ > 0,



672 B. COCKBURN, W. QIU, AND M. SOLANO

and ũh is the polynomial in Pk∗+1,0(K) (set of functions in Pk∗+1(K) with mean
zero) satisfying

(2.5b) (∇ũh,∇w)K = −(qh,∇w)K ∀w ∈ Pk∗+1(K).

Typically, if W (K) ⊃ Pk(K), we take k∗ ≥ k. On Dc
h, we simply set u∗

h := uh.

2.2. Assumptions.

2.2.1. Assumptions on the boundary Γ. We require the following assumptions on
the boundary Γ.

Assumptions G.

(G.1) Γ is a compact Lipschitz boundary.

(G.2) There exists Γ̃ ⊂ Γ closed in Γ such that |Γ̃| = 0 and Γ \ Γ̃ is C2.

Note that, we use the above assumptions to ensure that the function g̃ is mea-
surable and, hence, that the integral involving this function in the definition of the
method under consideration (see equation (2.3d)) has a clear meaning. We also use
these assumptions to be able to define extension operators from Ω to R

d (see [30])
when obtaining error estimates on the region Dc

h. In fact, for this purpose, we can
relax the smoothness requirement in (G.2) to C1 only.

2.2.2. Assumptions on the HDG method. First of all, we consider the following
assumptions in the setting of the framework developed in [14].

Assumptions A.

For any element K ∈ Th, there exists a projection Πh(q, u) = (ΠV q,ΠWu) ∈
V (K)×W (K) such that the following hold:

(A.1) (ΠV q,v)K = (q,v)K for all v ∈ ∇W (K).
(A.2) (ΠWu,w)K = (u,w)K for all w ∈ ∇ · V (K).
(A.3) For all faces e of K,

〈ΠV q · n+ τ (ΠWu), μ〉e = 〈q · n+ τ (PMu), μ〉e ∀μ ∈ M(e),

where PM is the L2-projection from L2(e) into M(e).
(A.4) V (K) · n|e ⊂ M(e) for all face e of K.
(A.5) W (K)|e ⊂ M(e) for all faces e of K.
(A.6) τ is a nonnegative constant on each face e of each element K ∈ Th.

Assumptions B.

For each element K ∈ Th, holds that:

(B.1) ‖ΠV q − q‖K ≤ ChK(|u|1,K + |q|1,K) ∀ (q, u) ∈ H1(K)×H2(K).
(B.2) P1(K) ⊂ W (K).
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Assumptions C.

For each element K ∈ Th,

(C.1) P0(K) ⊂ ∇ · V (K).

Note that we have introduced three slight modifications to the original assump-
tions proposed in [14]. Let us briefly discuss them. The first is related to Assump-
tion (A.6). The original condition is more general and allows us to consider a wide
variety of stabilization functions. It reads

〈α(μ), μ〉e ≥ 0 for all μ ∈ M(e), for all faces e of K,

and reduces to our case when we take α(μ) := τ μ for all μ ∈ M(e). This simple
choice reduces the technicalities of the analysis. Our results can, however, be easily
extended to the general case.

The second modification is related to Assumption (B.1), which was originally
stated in terms of the so-called dual projection ΠV

�. However, due to the mod-
ification of Assumption (A.6), the dual projection coincides with the projection
ΠV .

The last modification concerns Assumption (B.2). In [14], it reads

[P0(K)]d ⊂ ∇W (K).

This condition can be satisfied even though P0(K) ⊂ W (K) is not true. However,
in order to properly deal with some terms on the boundary Γh, we do need the
latter inclusion to hold; this is why we have modified the original condition (B.2).

2.2.3. Assumptions related to the regions Ke
ext and the paths σ(x, x̃). To end, we

describe two sets of assumptions that relate the boundaries Γ and Γh. Roughly
speaking, they determine how close the computational boundary Γh must be to the
boundary of the original domain Γ.

The first is a set of smallness conditions linking some parameters defining the
HDG method with the sets Ke

ext used to transfer the boundary data to the face
e ∈ E∂

h. To describe them, we need to introduce new notation. Let e be any face in
E∂
h. We denote by ne the outward unit normal to the face e. We denote by h⊥

e the
biggest distance of a point in Ke to the plane determined by the face e. Similarly,
we denote by H⊥

e the biggest distance of a point of Ke
ext to the plane determined

by the face e, and set

re := H⊥
e /h⊥

e .(2.6a)

Finally, we define the following constants:

Ce
ext :=

1√
re

sup
ζ∈V (Ke)·ne\{0}

‖Ehζ‖Ke
ext

‖ζ‖Ke

,(2.6b)

Ce
inv := h⊥

e sup
ζ∈V (Ke)·ne\{0}

‖∂ne
ζ‖Ke

‖ζ‖Ke

.(2.6c)

We are now ready to state our next set of assumptions.
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Assumptions S.

For every face e ∈ E∂
h,

(S.1) re (C
e
ext)

2/3 (Ce
inv)

2/3 ≤ 1/2,
(S.2) re τ |e h⊥

e ≤ 1/4,
(S.3) re ≤ C.

Let us briefly discuss condition (S.1). If V (Ke) is contained in a vector-valued
polynomial space of order up to 
, we have that

(2.7) Ce
ext ≤ C1 (
+ 1)2ρ�e, Ce

inv ≤ C2 

2.

Here, ρe = 1+βre+2
√
βre(1 + βre), and C1 and C2 depend on the shape-regularity

constant of the element Ke, β; see Lemma A.2. This means that condition (S.1) is
always satisfied for 
 = 0; hence the need of condition (S.3). For 
 ≥ 1, it is satisfied
if

re ρ
2�/3
e ≤ ((
+ 1)
)−4/3/(2(C1C2)

2/3).

This condition indicates that, when raising the polynomial degree of the approxi-
mate solution on the element Ke, re must be or order (
 + 1)−8/3. In particular,
it must decrease as 
 increases. We present numerical experiments suggesting that
this is certainly not a necessary condition but that increasing 
 for a fixed mesh
results in a severe increase of the condition number of the matrix for the degrees
of freedom of the approximation ûh.

The second and last set of assumptions is about the paths σ(x, x̃) that have
been used to define the extension of the approximate solution to Dc

h.

Assumptions P.

(P.1) (x̃− x) · ne ≥ 0 for any point x ∈ e for every face e ∈ E∂
h.

(P.2) supx∈Γh
|x̃− x| ≤ C h.

(P.3) For each x ∈ e, the intersection of the ray {x+ η(x̃− x), η ∈ R
+} with Γ

is unique.

Note that Assumption (P.2) is strongly related to Assumption (S.3). Note also
that the family of paths Σ := {σ} constructed in [16] does satisfy these assumptions.
Note that Assumption (P.3) precludes the situation depicted in the right picture in
Figure 2 and allows us to reduce the technicalities of the analysis. The extension
to the case in which Assumption (P.3) does not hold does not present any essential
difficulty.

2.3. The error estimates. Next, we describe our main error estimates. To do
that, we need to introduce some notation. We use the standard notation for
Sobolev spaces and the associated norms and seminorms. We also write ‖ζ‖D,w :=
‖
√
w ζ‖L2(D); if w = 1, we write ‖ζ‖D for ‖ζ‖D,w. In particular, we write

‖ζ‖Γh,h⊥ := {
∑
e∈E∂

h

h⊥
e ‖ζ‖2e}1/2,

‖ζ‖Dc
h,ext,(h

⊥)2 := {
∑
e∈E∂

h

(h⊥
e )

2 ‖ζ‖2Ke
ext

}1/2.
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Our results provide estimates of the errors ‖q− qh‖Ω, ‖u− uh‖Ω and ‖u− u∗
h‖Ω

in terms of the approximation errors

Iq := q −ΠV q, Iu := u−ΠWu,

and the quantities

R := max
e∈E∂

h

re, RC := max
e∈E∂

h

re (C
e
ext)

1/2 (Ce
inv)

1/2, Rτ := max
e∈E∂

h

re τ
1/2
e ,

R′
C := max

e∈E∂
h

re (C
e
ext C

e
inv)

2, R̃′
C := max

e∈E∂
h

r̃e (C̃
e
ext)

2,

where

r̃e :=
|K̃e

ext|
|Ke| ,(2.8a)

C̃e
ext :=

1√
r̃e

sup
ζ∈V (Ke)\{0}

‖ζ‖
˜Ke
ext

‖ζ‖Ke

.(2.8b)

Here ζ in K̃e
ext is defined in the same way as qh in K̃e

ext was defined in (2.4a).
For any given η ∈ L2(Ω), the solution (θ, φ) of the dual problem:

θ +∇φ = 0 in Ω,(2.9a)

∇ · θ = η in Ω,(2.9b)

φ = 0 on Γ,(2.9c)

satisfies

‖φ‖2,Ω + ‖θ‖1,Ω ≤ C‖η‖Ω,(2.10)

where C depends on the domain Ω. This result is known to hold for convex,
polyhedral domains and for domains with C2-boundaries.

We can now state our main result.

Theorem 2.1. Suppose that the Assumptions G on the boundary Γ are satisfied.
Suppose that the Assumptions A, B, and C on the HDG method hold. Suppose also
that the Assumptions S and P are satisfied. Finally, assume that Pk(K

e) ⊂ V (Ke)
for all faces e ∈ E∂

h. Then we have

‖q − qh‖Ω ≤C
(
‖Iq‖Dh

+ ‖Iq · n‖Γh,h⊥ + hk+1 |q|Hk+1(Ω)

)
,

where the constant C is independent of h.
Moreover, if the elliptic regularity inequality (2.10) holds, we have

‖u− uh‖Ω ≤ ‖Iu‖Dh
+C hμ

(
‖Iq‖Dh

+‖Iq · n‖Γh,h⊥+‖Iu‖Γh,h⊥+ hk+1 |q|Hk+1(Ω)

)
and

‖u− u∗
h‖Ω ≤ C hμ

(
‖Iq‖Dh

+‖Iq · n‖Γh,h⊥ + ‖Iu‖Γh,h⊥
)

+ C h ‖q − qh‖Ω + C hmin{k,k∗}+1+μ |q|Hmin{k,k∗}+1(Ω),

where μ = 1/2 if τ |E∂
h
is bounded, and μ = 1 if R is of order h1/4 and τ |E∂

h
is of

order h1/2. Here C denotes a constant independent of h.

The orders of convergence predicted by this result for HDG and mixed methods
defined on simplexes are shown in Table 1. We apply the above theorem with
k∗ = k. The orders can be obtained by using the approximation properties of
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Table 1. Orders of convergence for HDG (and mixed) methods
using simplexes for k ≥ 1. We take τ |E0

h
∈ [C−1, C].

method τ |E∂
h

‖q − qh‖Ω, ‖u− uh‖Ω ‖u− u∗
h‖Ω

H⊥
e = O(h⊥

e )

BDFMk+1 0 k + 1 k + 3/2
RTk 0 k + 1 k + 3/2

HDGk [C−1, C] k + 1 k + 3/2
BDMk

k≥2
0 k + 1 k + 3/2

H⊥
e = O((h⊥

e )
5/4)

BDFMk+1 0 k + 1 k + 2
RTk 0 k + 1 k + 2

HDGk [0, C
√
h⊥
e ] k + 1 k + 2

BDMk
k≥2

0 k + 1 k + 2

auxiliary projections of the well-known mixed methods (see [8]) and those of the
auxiliary projection obtained in [11] for the HDG methods.

Note, in particular, that to achieve optimal orders of convergence, we always take
τ on the interior faces in [C−1, C]. When R = 0, we can take τ |Γh

also in [C−1, C],
and we recover the orders proven in [11]. When R is of order h1/4, we take τ as

before except for τ |Γh
, which is taken in the interval [0, C

√
h] (in order to render

Rτ of order h). Remarkably enough, the orders of converge remain unchanged.
Finally, when R is of order one the theorem does not rule out a loss of half a power
in the order of convergence for u∗

h; in this case, we can take τ |Γh
also in [C−1, C].

Thus, and roughly speaking, we recover the orders of convergence in the case
Ω = Dh whenever the distance between Γh and Γ is of order h5/4. In the case in
which the distance is of order h, the projection of the error in the scalar variable
only superconverges with half an order more. Similar conclusions can be drawn for
the other HDG and mixed methods considered in [14].

3. Main steps of the proof

In this section, we give the main steps of the proof the error estimates of Theorem
2.1. Since the proof is rather technical, here we only state and briefly discuss the
main intermediate results; their proofs are provided in the remainder of the paper.

Step 1: Measurability of the function g̃h. We begin the proof of Theorem 2.1
by ensuring that the formulation with which we determine the HDG approximation
makes sense, that is, that the function g̃h is measurable.

Lemma 3.1. Suppose that the Assumptions G hold. Then, the following hold.

(i) The function l : Γh �→ R is measurable.
(ii) The set Ke

ext is measurable for all faces e ∈ E∂
h.

(iii) For any function g ∈ H1/2(Γ), the function g̃h : Γh �→ R given by (2.3e) is
measurable.

Section 4 is devoted to a detailed proof of this result.
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Step 2: The equations of the projection of the errors. We now obtain
the equations satisfied by suitable projections of the errors. If Assumptions A are
satisfied, it can be easily shown [14] that the projection of the errors

eq := ΠV q − qh, eu := ΠWu− uh, eû := PMu− ûh,

satisfy the following equations:

(eq,v)Th
− (eu,∇ · v)Th

+ 〈eû,v · n〉∂Th
= −(Iq,v)Th

,(3.1a)

−(eq,∇w)Th
+ 〈eq̂ · n, w〉∂Th

= 0,(3.1b)

〈eq̂ · n, μ〉∂Th\Γh
= 0,(3.1c)

〈eû, μ〉Γh
= 〈g̃ − g̃h, μ〉Γh

,(3.1d)

for all (v, w, μ) ∈ V h ×Wh ×Mh, where

eq̂ · n := PM (q · n− q̂h · n) = eq · n+ τ (eu − eû) on ∂Th.(3.1e)

Step 3: Two key identities. Next, we present the two main identities upon
which our error analysis is based. The first is obtained by an energy argument
and allows us to obtain the estimate of the projection of the error for the flux.
The second is obtained by using a duality argument and allows us to obtain the
estimate of the error in the scalar unknown. Both identities are obtained as in the
case Ω = Dh considered in [14].

We begin with the energy identity.

Lemma 3.2. Suppose Assumptions A are satisfied. Then we have

‖eq‖2Dh
+ ‖eu − eû‖2∂Th,τ

= −(Iq, eq)Dh
+ Tq,h,

where Tq,h := −〈eû, eq̂ · n〉Γh
.

To state the duality identity, we use the notation Iθ = θ −ΠV θ.

Lemma 3.3. Suppose Assumptions A and B are satisfied. Then we have

(eu, η)Dh
= (Iq,ΠV θ)Dh

− (eq, Iθ)Dh
+ Tu,h,

where Tu,h := 〈eû, θ · n〉Γh
− 〈eq̂ · n, φ〉Γh

.

Note that whenever Ω = Dh, both Tq,h and Tu,h are equal to zero. Thus the
only aspect of our error analysis which is not already in [14] is the estimation of
these terms. The estimation of those terms is lengthy and rather technical, but is
facilitated by our use of the paths σn instead of the paths σ of the original method,
as we are going to show in Section 5.

Step 4: Estimates on Dh. By obtaining suitable estimates of the new terms Tq,h

and Tu,h, we can obtain the following error estimates on the polyhedral domain Dh.

Lemma 3.4. Suppose that the Assumptions G of the boundary Γ and the Assump-
tions A on the HDG method are satisfied. Suppose also that the Assumptions S are
satisfied. Then, we have that

||| (eq, eu−eû, g̃−g̃h) ||| ≤ 2‖Iq‖Dh
+2 R1/2 ‖Iq ·n‖Γh,h⊥+2 R ‖∂n(Iq ·n)‖Dc

h,ext,(h
⊥)2 ,

where

||| (eq, eu − eû, g̃ − g̃h) ||| :=
(
‖eq‖2Dh

+ ‖eu − eû‖2∂Dh,τ
+ ‖g̃ − g̃h‖2Γh,l−1

)1/2
.
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Lemma 3.5. Suppose that the hypotheses of Theorem 2.1 hold. Then

‖eu‖Dh
≤ H1(R, h) ‖Iq‖Dh

+H2(R, h) ‖∂n(Iq · n)‖Dc
h,ext,(h

⊥)2

+H3(R, h) ‖Iq · n‖Γh,h⊥

+H4(R, h) ‖Iu‖Γh,h⊥

and

H1(R, h) := C (1 +R1/2 +R +Rτ +R2
C h−1/2) h,

H2(R, h) := C (R3/2 +R2 +RRτ +RR2
C h−1/2) h,

H3(R, h) := C (1 +R +R3/2 +R1/2 Rτ +R1/2 R2
C h−1/2) h,

H4(R, h) := C Rτ h1/2.

We end with the following result. For a proof, see, for example, [11].

Lemma 3.6. Assume that the Assumptions (A.2) and C on the HDG method hold.
Then

‖u− u∗
h‖Dh

≤ ‖eu‖Dh
+ C h ‖q − qh‖Dh

+ C hk∗+2 |q|Hk∗+1(Ω).

Step 5: Estimates on Dc
h. The idea of this step is to try to control the errors on

Dc
h by the errors on Dh. We begin with the following simple result.

Lemma 3.7. We have that

‖q − qh‖Dc
h
≤ ‖Iq‖Dc

h
+

√
R̃′

C ‖eq‖Dh
.

Moreover, if Assumptions P hold, then

‖u− u∗
h‖Dc

h
= ‖u− uh‖Dc

h
≤ C h ‖q − qh‖Dc

h
.

Step 6: Estimates of Iq on Dc
h. Next, we obtain estimates of the approxima-

tion errors ‖∂n(Iq · n)‖Dc
h,(h

⊥)2 and ‖Iq‖Dc
h
. These estimates are contained in the

following result.

Lemma 3.8. Suppose that Pk(K
e) ⊂ V (Ke) for all faces e ∈ E∂

h. Suppose that
the Assumptions G on the boundary Γ hold. Suppose also that Assumption (P.2)
holds. Then we have that

‖Iq‖Dc
h
≤

√
R̃′

C ‖Iq‖Dh
+ C (1 +

√
R̃′

C)h
k+1 |q|Hk+1(Ω),

‖∂n(Iq · n)‖Dc
h,ext,(h

⊥)2 ≤
√
R′

C ‖Iq‖Dh
+ C (1 +

√
R′

C)h
k+1 |q|Hk+1(Ω).

Step 7: Estimates of ‖eq‖Dh
and ‖eu‖Dh

. Next, we update our estimates of the
projection of the errors on Dh by using the result just obtained.

Lemma 3.9. Suppose that Pk(K
e) ⊂ V (Ke) for all faces e ∈ E∂

h. Then we have
that

‖eq‖Dh
≤ C

(
‖Iq‖Dh

+ ‖Iq · n‖Γh,h⊥ + hk+1 |q|Hk+1(Ω)

)
.

Moreover,

‖eu‖Dh
≤ C hμ

(
‖Iq‖Dh

+ ‖Iq · n‖Γh,h⊥ + ‖Iu‖Γh,h⊥ + hk+1 |q|Hk+1(Ω)

)
,

where μ = 1/2 if τ |E∂
h
is uniformly bounded, and μ = 1 if R is of order h1/4 and

τ |E∂
h
is of order h1/2. Here C denotes a constant independent of h.
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Proof. Using Lemma 3.8 in the estimate of ‖eq‖Dh
in Lemma 3.4, we get

‖eq‖Dh
≤ 2(1 +R (

√
R′

C)) ‖Iq‖Dh
+ 2 R1/2 ‖Iq · n‖Γh,h⊥

+ C R (1 +
√
R′

C)h
k+1 |q|Hk+1(Ω),

and the first inequality follows.
Using Lemma 3.8 in the estimate of ‖eq‖Dh

in Lemma 3.5, we get

‖eu‖Dh
:= (H1(R, h) +H2(R, h)

√
R′

C) ‖Iq‖Dh

+H3(R, h) ‖Iq · n‖Γh,h⊥

+H4(R, h) ‖Iu‖Γh,h⊥

+ C H2(R, h) (1 +
√
R′

C)h
k+1 |q|Hk+1(Ω).

A simple computation gives that Hi(R, h) ≤ C h1/2, i = 1, 2, 3, 4, if Assumptions
(S.1) and (P.2) hold and if τ |E∂

h
is uniformly bounded. If we now require R to be

of order h1/4 and τ |E∂
h
to be of order h1/2, we can readily see that Hi(R, h) ≤ C h,

i = 1, 2, 3, 4.
This completes the proof. �

Step 8: Conclusion. We are now ready to prove our main theorem.
We have

‖q − qh‖Ω ≤ ‖q − qh‖Dh
+ ‖q − qh‖Dc

h

≤ ‖Iq‖Dh
+ ‖eq‖Dh

+ ‖q − qh‖Dc
h

≤(1 +

√
R̃′

C) (‖eq‖Dh
+ ‖Iq‖Dh

+ C hk+1 |q|Hk+1(Ω)),

by Lemmas 3.7 and 3.8. The first estimate of Theorem 2.1 easily follows by using
the estimates of the previous step.

Similarly, we have

‖u− uh‖Ω ≤ ‖u− uh‖Dh
+ ‖u− uh‖Dc

h

≤ ‖Iu‖Dh
+ ‖eu‖Dh

+ ‖u− uh‖Dc
h

≤ ‖Iu‖Dh
+ ‖eu‖Dh

+ C h

√
R̃′

C (‖eq‖Dh
+ ‖Iq‖Dh

)

+ C (1 +

√
R̃′

C)h
k+2 |q|Hk+1(Ω),

by Lemmas 3.7 and 3.8. The second estimate of Theorem 2.1 easily follows by using
the estimates of the previous step.

Finally, we have

‖u− u∗
h‖Ω ≤ ‖u− u∗

h‖Dh
+ ‖u− uh‖Dc

h

≤ ‖u− u∗
h‖Dh

+ C h ‖q − qh‖Dc
h

by Lemma 3.7

≤ ‖eu‖Dh
+ C h ‖q − qh‖Ω + C hk∗+2 |q|Hk∗+1(Ω),

by Lemma 3.6. The last estimate of Theorem 2.1 easily follows by using the esti-
mates of the previous step. The proof of Theorem 2.1 is thus complete.
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4. Proof of the measurability of the boundary data g̃h

Here, we give a detailed proof of Lemma 3.1.

4.1. Measurability of the length function l. We begin the proof of Lemma 3.1
by proving its first statement. We recall that for x ∈ e, we define l(x) as the length
of the shortest segment from x to Γ that has the same direction as ne, the outward
normal unit vector of the face e.

Lemma 4.1. Suppose Assumptions G on the boundary Γ are satisfied. Let e be any
face in E∂

h. Then the function l : e −→ R is measurable and there exists a closed
subset Γe ⊂ e such that |Γe| = 0 and l ∈ C2(e \ Γe).

Proof. Without loss of generality, we assume the face e is horizontal and any point
x ∈ e has the form (x1, . . . , xd−1), with xd = 0. Also, the normal vector ne

coincides with the positive normal direction of {xd}. In addition, we assume that
the tangent vector of the paths is parallel to ne. The situation when this is not the
case can be handled in a similar way by using the affine mapping T .

Step 1. For x ∈ e, let L be the line passing through x and whose tangent vector
is ne. Then, let {yi}i∈I ⊂ Γ be the collection of points where L intersects Γ.
Moreover, if li is the length from x to yi, then we set lmin := infi∈I li. Now,
let {yj}j∈I be a subsequence of {yi}i∈I such that limj→∞ lj = lmin. Then, by
compactness of Γ, there exists p ∈ Γ such that limj→∞ yj = p and |x− p| = lmin.
Thus, we take l(x) := lmin. So, the function l is well defined.

Step 2. Let Γ̃ be the part of Γ defined in Assumptions G. Let U := {x ∈ e \
P (Γ̃) : ν(x, l(x)) · n �= 0}. Here, ν(x, l(x)) is the outward unit normal of Γ at

the point (x, l(x)); and P (Γ̃) is the projection of Γ̃ to the plane containing e,

i.e., for every point (y1, . . . ,yd−1,yd) ∈ Γ̃, P (y1, . . . , yd−1, yd) := (y1, . . . , yd−1).
Then, l ∈ C2(U). Indeed, we first observe that U is an open set in e. Since
ν(x, l(x)) · n �= 0, then for all x ∈ U there exist an open set Ux ⊂ e such that
x ∈ Ux, and a C2 mapping Φ : Ux → R such that Γ can be locally parameterized
by Φ. In other words, any point (y1, . . . , yd−1, yd) ∈ Φ(Ux) can be represented as

(y1, . . . , yd−1,Φ(y1, . . . , yd−1)). Also, we denote by Φ̃ : Ux −→ Γ the mapping such
that z �→ (z,Φ(z)).

On the other hand, the boundary Γ is Lipschitz at (x, l(x)), then there exist

γx, hx > 0 such that Brx(x) ∩ (e \ P (Γ̃)) ⊂ U and (Γ ∩ Qx) ⊆ Φ̃(Ux). Here,
Brx(x) is the ball on R

d of radius rx centered at x and Qx := {(y1, . . . , yd−1, yd) ∈
R

d : (y1, . . . , yd−1) ∈ Brx(x) and |yd − l(x)| < hx}. Hence, Φ(y) = l(y) for all

y ∈ Brx(x) ∩ (e \ P (Γ̃)). Indeed, let us suppose this is not true, then there exists

a sequence {yi}∞i=1 ⊆ Brx(x) ∩ (e \ P (Γ̃)) ⊂ U that converges to x such that
Φ(yi) > l(yi) for all i. Then, (yi, l(yi)) /∈ Qx and hence l(yi) < l(x). On the other
hand we have that (yi, l(yi)) −→ (x, z̄) ∈ Γ with z̄ < l(x). This contradicts the
fact that l(x) is the shortest segment from x to Γ. Finally, because x was arbitrary,
we conclude that l ∈ C2(U).

Step 3. It remains to prove that |Γe| = 0, where Γe := {x ∈ e\P (Γ̃) : ν(x, l(x))·n =
0}. Indeed, we first define G that maps Γ into the plane {x1, . . . , xd−1, xd} which

contains e by G(x1, . . . , xd−1, xd) := (x1, . . . , xd−1). We notice that G ∈ C2(Γ \ Γ̃).
If we denote by Γ0 ⊂ {x1, · · · , xd−1, xd} the image of all the critical points of G|Γ\Γ̃,
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by Sard’s theorem, we conclude that |Γ0| = 0. On the other hand, let p ∈ Γ\ Γ̃. We
assume that ν(p) = (0, . . . , 0, 1, 0); then, according to the local parameterization of

Γ \ Γ̃, p, we can write

(x1, . . . , xd−2, xd)

= (Φ1(x1, . . . , xd−2, xd), . . . ,Φd−1(x1, . . . , xd−2, xd),Φd(x1, . . . , xd−2, xd)).

Since ν(p) · n = 0,

det

(
J 0

∂Φd

∂x1
. . . ∂Φd

∂xd−2

∂Φd

∂xd
1

)
= 0,

where J is the Jacobian matrix of G evaluated at the point p. Thus, det(J) = 0
and hence p is a critical point of G, i.e., G(p) ∈ Γ0. In other words, for every point
p ∈ Γe, G(p) ∈ Γ0.

Finally, according to the two previous steps, we conclude that l ∈ C2(e\Γe) with
|Γe| = 0 and hence, l is measurable. This competes the proof. �

4.2. Measurability of the set Ke
ext. We are now ready to prove the second

statement of Lemma 3.1.

Lemma 4.2. Suppose Assumptions G on the boundary Γ are satisfied. Then Ke
ext

is measurable on R
d.

Proof. Since l is measurable, by Corollary 3.8, Chapter 2 in [31], Ke
ext is measurable.

�

4.3. Measurability of the function g(x, l(x)) := g(x + l(x)ne). We conclude
the proof of Lemma 3.1 by proving its third statement.

Lemma 4.3. Suppose Assumptions G on the boundary Γ are satisfied. Suppose
also that g ∈ H1/2(Γ). Then on any e ∈ E∂

h, g(x, l(x)) := g(x + l(x)ne) is a
measurable function.

Proof. First of all, l is measurable according to Lemma 4.1. Then, the mapping
z �−→ (z, l(z)) is measurable. Now, since Γ is Lipschitz and g ∈ H1/2(Γ), there
exists ϕ ∈ H1(Ω) such that ϕ|Γ = g. Moreover, there exists a sequence {ϕi}∞i=1 ⊂
C∞(Ω)∩H1(Ω) such that ‖ϕi −ϕ‖1,Ω → 0 as i → 0. Then, ‖ϕi|Γ − g‖1/2,Γ → 0 as
i → 0, i.e., ϕi|Γ → g a.e. in Γ.

Finally, we have that for x ∈ e, ϕi(x, l(x)) := ϕi(x+ l(x)ne) is measurable for
all i ∈ N; and then g(x, l(x)) is also measurable. �

5. Proof of the estimates on Dh

In this section we provide a detailed proof of the a priori error estimates given
in Lemmas 3.4 and 3.5. The proof is a variation of the approach taken in [14] for
the case in which Dh coincides with Ω. We proceed in several steps.

5.1. Proof of Lemma 3.4. To prove Lemma 3.4, we only have to provide a suit-
able estimate of the term Tq,h. To do that, we proceed in several steps.
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Step 1: A new expression for Tq,h. To estimate Tq,h, we first need to rewrite it
in a suitable manner. We are going to express this quantity in terms of an auxiliary
function, which we define next. For any face e ∈ E∂

h, any point x lying on the face
e and any smooth enough function v defined in Ke

ext, we set

δv(x) :=
1

l(x)

∫ l(x)

0

(v(x+ sn)− v(x)) · n ds.(5.1)

The expression we seek is contained in the following result.

Lemma 5.1. We have that Tq,h :=
∑5

i=1 T
i
q,h, where

T
1
q,h =− 〈(g̃ − g̃h)/l, (g̃ − g̃h)〉Γh

,

T
2
q,h = 〈g̃ − g̃h, δIq〉Γh

,

T
3
q,h = 〈g̃ − g̃h, Iq · n〉Γh

,

T
4
q,h = 〈g̃ − g̃h, δeq〉Γh

,

T
5
q,h =− 〈g̃ − g̃h, τ (eu − eû)〉Γh

.

Proof. By definition of g̃ and g̃h, formulas (2.1) and (2.3e), respectively, on each
point x of the face e ∈ E∂

h, we can write

(g̃ − g̃h)(x) =

∫ l(x)

0

(Iq + eq)(x+ sn) · n ds

=

∫ l(x)

0

(Iq(x+ sn)− Iq(x)) · n ds+ l(x) Iq(x) · n

+

∫ l(x)

0

(eq(x+ sn)− eq(x)) · n ds+ l(x) eq(x) · n

= l(x)
(
δIq + Iq · n+ δeq + eq · n

)
(x),

by the definition of δv (with v := Iq and v := eq). As a consequence, we have that

eq̂ · n = eq · n+ τ (eu − eû) = (g̃ − g̃h)/l − δIq − Iq · n− δeq + τ (eu − eû).

Since, by the definition of Tq,h and the error equation (3.1d),

Tq,h := −〈eû, eq̂ · n〉Γh
= −〈PM (g̃ − g̃h), eq̂ · n〉Γh

= −〈g̃ − g̃h, eq̂ · n〉Γh
,

the result follows by inserting the last expression for the numerical trace eq̂ · n.
This completes the proof. �

Note that the appearance of the term

T
1
q,h = −〈(g̃ − g̃h)/l, (g̃ − g̃h)〉Γh

,

which enhances the stability of the method, is due to the fact that we defined the
functions g̃ and g̃h by using the paths σn whose unit tangent is nothing but the
outward unit normal to Γh, n. Had we used instead the original paths σ to define
the above-mentioned line integrals, we would have

T
1
q,h = −〈n · t (g̃ − g̃h)/l, (g̃ − g̃h)〉Γh

,

where t is the unit tangent to the path σ. We can see that this new term retains
its stabilization effect if we impose a condition of the form n · t ≥ γ > 0. However,
even if we do this, extra terms would appear which would further complicate the
analysis. To keep it as simple as possible, we decided to consider the case in which
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γ is maximum, that is the case in which n · t = γ = 1, by replacing the paths σ
with the paths σn.

Step 2: Auxiliary estimates. In view of the representation result of the previous
step, we are going to need estimates of δIq and δeq .

Lemma 5.2. For each e ∈ E∂
h, we have that

‖δIq‖e,l ≤
1√
3
re ‖∂n(Iq · n)‖Ke

ext,(h
⊥)2 ,

‖δeq‖e,l ≤
1√
3
r3/2e Ce

ext C
e
inv ‖eq‖Ke .

Proof. To prove this result, we begin by noting that

δv(x) =
1

l(x)

∫ l(x)

0

(v(x+ n s)− v(x)) · n ds

=
1

l(x)

∫ l(x)

0

∂n(v(x+ n r) · n) (l(x)− r) dr,

and since |δv(x)| ≤ l3/2(x) ‖∂nv‖l(x)/
√
3, we easily get that

〈l δv, δv〉e ≤
1

3
(H⊥

e )2 ‖∂n(v · n)‖2Ke
ext

=
1

3
r2e ‖∂n(v · n)‖2Ke

ext,(h
⊥)2 ,

by the definition of re; see (2.6a).
The first inequality now follows by taking v := Iq. To prove the second inequal-

ity, we take v := eq and note that, since eq · n ∈ V (Ke) · n, we have that

〈l δeq , δeq〉e ≤
1

3
(H⊥

e )2 re (C
e
ext)

2 ‖∂n(eq · n)‖2Ke ≤ 1

3
r3e (C

e
ext)

2 (Ce
inv)

2 ‖eq · n‖2Ke ,

by the definitions of re, C
e
ext and Ce

inv, respectively, (2.6a), (2.6b) and (2.6c). This
completes the proof. �

Step 3: Estimate of Tq,h. We are now ready to obtain the estimate of Tq,h we
want.

Lemma 5.3. Suppose that the smallness Assumptions S hold. Then we have that

Tq,h ≤ 1

4
‖eq‖2Dh

+
1

2
‖eu − eû‖2Γh,τ

− 1

2
‖g̃ − g̃h‖2Γh,l−1

+ 2 R2 ‖∂n(Iq · n)‖2Dc
h,ext,(h

⊥)2 + 2 R ‖Iq · n‖2Γh,h⊥ .

Proof. By Lemma 5.1, we have that Tq,h =
∑5

i=1 T
i
q,h. We can estimate the terms

T
i
q,h as follows. Applying the Cauchy-Schwarz inequality, we get

T
1
q,h =− ‖g̃ − g̃h‖2Γh,l−1 ,

|T2
q,h | ≤ ‖g̃ − g̃h‖Γh,l−1 ‖δIq‖Γh,l,

|T3
q,h | ≤ ‖g̃ − g̃h‖Γh,l−1 ‖Iq · n‖Γh,l,

|T4
q,h | ≤ ‖g̃ − g̃h‖Γh,l−1 ‖δeq‖Γh,l,

|T5
q,h | ≤ ‖g̃ − g̃h‖Γh,l−1 ‖eu − eû‖Γh,τ2l,
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and so,

|T2
q,h | ≤ ‖g̃ − g̃h‖Γh,l−1 max

e∈E∂
h

re ‖∂n(Iq · n)‖Dc
h,ext,(h

⊥)2/
√
3 by Lemma 5.2,

|T3
q,h | ≤ ‖g̃ − g̃h‖Γh,l−1 max

e∈E∂
h

r1/2e ‖Iq · n‖Γh,h⊥ ,

|T4
q,h | ≤ ‖g̃ − g̃h‖Γh,l−1 max

e∈E∂
h

r3/2e Ce
ext C

e
inv ‖eq‖Dh

/
√
3 by Lemma 5.2,

|T5
q,h | ≤ ‖g̃ − g̃h‖Γh,l−1 max

e∈E∂
h

(τe re h
⊥
e )

1/2‖eu − eû‖Γh,τ .

This implies that, for any ε > 0,

Tq,h ≤− (1− 4ε)‖g̃ − g̃h‖2Γh,l−1

+
1

12ε
max
e∈E∂

h

r2e ‖∂n(Iq · n)‖2Dc
h,ext,(h

⊥)2

+
1

4ε
max
e∈E∂

h

re‖Iq · n‖2Γh,h⊥

+
1

12ε
max
e∈E∂

h

r3e (C
e
ext)

2 (Ce
inv)

2 ‖eq‖2Dh

+
1

4ε
max
e∈E∂

h

(τe re h
⊥
e )‖eu − eû‖2Γh,τ

,

and the result follows by taking ε = 1/8 and by using the smallness Assumptions
S. �

Step 4: Estimate of eq and conclusion of the proof of Lemma 3.4. Inserting
the estimate of Tq,h in Lemma 5.3 in the first identity of Lemma 3.2, we obtain

3

4
‖eq‖2Dh

+
1

2
‖eu − eû‖2∂Th,τ

+
1

2
‖g̃ − g̃h‖2Γh,l−1 ≤ −(Iq, eq)Dh

+Θh,

where

Θh := 2 R ‖Iq · n‖2Γh,h⊥ + 2 R2 ‖∂n(Iq · n)‖2Dc
h,ext,(h

⊥)2 .

Applying the Cauchy-Schwarz inequality to the first terms of the right-hand side,
we get that

1

2
‖eq‖2Dh

+
1

2
‖eu − eû‖2∂Th,τ

+
1

2
‖g̃ − g̃h‖2Γh,l−1 ≤ ‖Iq‖2Dh

+Θh,

and the result follows after multiplying the above equations by two. This completes
the proof of Lemma 3.4.

5.2. Proof of Lemma 3.5. To prove Lemma 3.5, we only have to provide a suit-
able estimate of the term Tu,h. To do that, we proceed in several steps.

Step 1: A new expression for Tu,h. Next, we rewrite Tu,h in a suitable manner.
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Lemma 5.4. We have that Tu,h :=
∑7

i=1 T
i
u,h, where

T
1
u,h = 〈(g̃ − g̃h)/l, φ+ l∂nφ〉Γh

,

T
2
u,h = 〈g̃ − g̃h, (Id− PM )∂nφ〉Γh

,

T
3
u,h = 〈δIq , φ〉Γh

,

T
4
u,h = 〈Iq · n, φ− PMφ〉Γh

,

T
5
u,h =− 〈PMτ Iu, φ〉Γh

,

T
6
u,h = 〈δeq , φ〉Γh

.

T
7
u,h =− 〈τ (eu − eû), PMφ〉Γh

.

Proof. Proceeding exactly as in the proof of Lemma 5.1, we obtain that

eq̂ · n = eq · n+ τ (eu − eû) = (g̃ − g̃h)/l − δIq − Iq · n− δeq + τ (eu − eû).

Then, we note that Tu,h = 〈eû, θ · n〉Γh
− 〈eq̂ · n, φ〉Γh

, and obtain that

Tu,h = 〈eû, θ · n〉Γh
− 〈(g̃ − g̃h)/l − δIq − Iq · n− δeq + τ (eu − eû), φ〉Γh

.

Since eû = PM (g̃− g̃h) by the error equation (3.1d) and since θ = −∇φ by the first
equation of the dual problem (2.9a), we get

Tu,h = −〈g̃ − g̃h, PM∂nφ〉Γh
− 〈(g̃ − g̃h)/l − δIq − Iq · n− δeq + τ (eu − eû), φ〉Γh

,

and the result follows after simple rearrangement of terms and by noting that

〈Iq · n, φ〉Γh
= 〈Iq · n, (Id− PM )φ〉Γh

+ 〈Iq · n, PMφ〉Γh

= 〈Iq · n, (Id− PM )φ〉Γh
− 〈τ Iu, PMφ〉Γh

by Assumption (A.3)

= 〈Iq · n, (Id− PM )φ〉Γh
− 〈τ PM Iu, φ〉Γh

,

by definition of the projection PM and Assumption (A.6) on τ . This completes the
proof. �

Step 2: Auxiliary estimates. Here, we obtain estimates involving the solution
of the dual problem, φ.

Lemma 5.5. Suppose that Assumption (S.3) is satisfied. Suppose also that the
elliptic regularity inequality (2.10) holds. Then we have

‖(Id− PM )φ‖Γh,(h⊥)−1 ≤ C h ‖η‖Ω,
‖(Id− PM )∂nφ‖Γh,l ≤ C R h ‖η‖Ω,

‖φ+ l∂nφ‖Γh,l−3 ≤ C ‖η‖Ω,
‖φ‖Γh,l−2 ≤ C ‖η‖Ω.

Proof. The first two estimates can be proven in a similar manner. We are only
going to show how to obtain the second since it is slightly more involved. To do
that, we begin by noting that

‖(Id− PM )∂nφ‖e,l ≤ C r1/2e h1/2 ‖(Id− PM )∂nφ‖e.
Motivated by this estimate, we are going to use a special projection we define next.
For any function ζ ∈ H1(Ke), let Pe,1ζ be the element of P1(K

e) defined by

(Pe,1ζ − ζ, w)Ke = 0 ∀ w ∈ P⊥
1 (K

e),

〈Pe,1ζ − ζ, μ〉e = 0 ∀ μ ∈ P1(e),
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where P⊥
1 (K

e) denotes the space of functions in P1(K
e) which are L2(Ke)-ortho-

gonal to all the elements of P1(K
e) with zero trace on the face e.

With this projection, we can write, by Assumption (A.5),

‖(Id− PM )∂nφ‖e,l ≤ C r1/2e h1/2 ‖(Id− PM )(Id− Pe,1)∂nφ‖e
≤ C r1/2e h ‖∂nφ‖H1(Ke),

by the fact that PM is the L2(e) projection into M(e) and the approximation
properties of the projection Pe,1; see, for example, [9]. This implies that

‖(Id− PM )∂nφ‖e,l ≤ C r1/2e h ‖φ‖H2(Ke),

and the estimate follows by adding on the faces E ∈ E∂
h and using the elliptic

regularity inequality (2.10).
To prove the remaining estimates, we begin with a key observation. For any

point x lying on a face e ∈ E∂
h, we have that φ(x := x + l(x)n) = 0. As a

consequence, a simple Taylor expansion allows to write that φ(x) = φ1(x)+φ2(x),
where

φ1(x) := l(x) ∂nφ(x),

φ2(x) :=

∫ l(x)

0

(l(x)− s) ∂2
nφ(x+ sn) ds.

We can easily estimate φ1 as follows:

‖φ1‖Γh,l−2 ≤‖∇φ ‖Γh

≤C ‖φ‖H2(Dh) by Lemma B.1

≤C ‖η‖Ω,

by the elliptic regularity inequality (2.10).

To estimate φ2, we note that |φ2(x)| ≤ l(x)3/2 ‖∂2
nφ‖l(x)/

√
3, and so, for m ≤ 3,

‖φ2‖e,l−m ≤ (re h)
(3−m)/2 ‖∂2

nφ‖Ke
ext

/
√
3. This implies that

‖φ2‖Γh,l−m ≤ 1√
3
{
∑
e∈Eh

(re h)
(3−m)/2 ‖∂2

nφ‖2Ke
ext

}1/2

≤ N√
3
max
e∈Eh

(re h)
(3−m)/2 ‖∂2

nφ‖Dc ,

where, by Assumption (S.1) and the shape regularity of the elements, N is an
integer independent of h. Finally

‖φ2‖Γh,l−m ≤C
N√
3
max
e∈Eh

(re h)
(3−m)/2 ‖η‖Ω,

by the elliptic regularity inequality (2.10).
The remaining inequalities can now be easily obtained by noting that

‖φ+ l∂nφ‖Γh,l−3 = ‖φ2‖Γh,l−3 ,

‖φ‖Γh,l−2 ≤ ‖φ1‖Γh,l−2 + ‖φ2‖Γh,l−2 .

This completes the proof. �
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Step 3: Estimate of Tu,h. We are now ready to obtain the estimate of Tu,h.

Lemma 5.6. We have that

|Tu,h | ≤ C (R+R1/2 +Rτ +R2
C h−1/2) h ||| (eq, eu − eû, g̃ − g̃h) ||| ‖η‖Ω,

+ C (R3/2 h1/2 ‖∂n(Iq · n)‖Dc
h,ext,(h

⊥)2 + h ‖Iq · n‖Γh,h⊥)‖η‖Ω
+ C Rτ h1/2 ‖Iu‖Γh,h⊥ )‖η‖Ω.

Proof. By Lemma 5.4, we can write that Tu,h =
∑7

i=1 T
i
u,h. Applying the Cauchy-

Schwarz inequality, we get

|T1
u,h | ≤ ‖g̃ − g̃h‖Γh,l‖φ/l + ∂nφ‖Γh,l−1 ,

|T2
u,h | ≤ ‖g̃ − g̃h‖Γh,l−1‖(Id− PM )∂nφ‖Γh,l,

|T3
u,h | ≤ ‖δIq‖Γh,l2 ‖φ‖Γh,l−2 ,

|T4
u,h | ≤ ‖Iq · n‖Γh,h⊥ ‖(Id− PM )φ‖Γh,(h⊥)−1 ,

|T5
u,h | ≤ ‖PM Iu‖Γh,τ2 l2 ‖φ‖Γh,l−2 ,

|T6
u,h | ≤ ‖δeq‖Γh,l2 ‖φ‖Γh,l−2 ,

|T7
u,h | ≤ ‖eu − eû‖Γh,τ2l2 ‖φ‖Γh,l−2 ,

and, after a direct application of Lemma 5.5, we obtain

|T1
u,h | ≤ C ‖g̃ − g̃h‖Γh,l ‖η‖Ω,

|T2
u,h | ≤ C R1/2 h ‖g̃ − g̃h‖Γh,l−1 ‖η‖Ω,

|T3
u,h | ≤ C ‖δIq‖Γh,l2 ‖η‖Ω,

|T4
u,h | ≤ C h ‖Iq · n‖Γh,h⊥ ‖η‖Ω,

|T5
u,h | ≤ C ‖PM Iu‖Γh,τ2 l2 ‖η‖Ω,

|T6
u,h | ≤ C ‖δeq‖Γh,l2 ‖η‖Ω,

|T7
u,h | ≤ C ‖eu − eû‖Γh,τ2l2 ‖η‖Ω.

Next, we obtain

|T1
u,h | ≤ C max

e∈E∂
h

re h ‖g̃ − g̃h‖Γh,l−1 ‖η‖Ω,

|T2
u,h | ≤ C R1/2 h ‖g̃ − g̃h‖Γh,l−1 ‖η‖Ω,

|T3
u,h | ≤ C max

e∈E∂
h

r3/2e h1/2 ‖∂n(Iq · n)‖Dc
h,ext,(h

⊥)2 ‖η‖Ω by Lemma 5.2,

|T4
u,h | ≤ C h ‖Iq · n‖Γh,h⊥ ‖η‖Ω,

|T5
u,h | ≤ C max

e∈E∂
h

τe re h
1/2 ‖Iu‖Γh,h⊥ ‖η‖Ω,

|T6
u,h | ≤ C max

e∈E∂
h

r2e C
e
ext C

e
inv h1/2 ‖eq‖Dh

‖η‖Ω by Lemma 5.2,

|T7
u,h | ≤ C max

e∈E∂
h

τ1/2e re h ‖eu − eû‖Γh,τ ‖η‖Ω.
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Finally, using the definition of ||| (eq, eu − eû, g̃− g̃h) ||| (see Lemma 3.4) we get that

|T1
u,h | ≤ C max

e∈E∂
h

re h ||| (eq, eu − eû, g̃ − g̃h) ||| ‖η‖Ω,

|T2
u,h | ≤ C R1/2 h ||| (eq, eu − eû, g̃ − g̃h) ||| ‖η‖Ω,

|T3
u,h | ≤ C max

e∈E∂
h

r3/2e h1/2 ‖∂n(Iq · n)‖Dc
h,ext,(h

⊥)2 ‖η‖Ω,

|T4
u,h | ≤ C h ‖Iq · n‖Γh,h⊥ ‖η‖Ω,

|T5
u,h | ≤ C max

e∈E∂
h

τe re h
1/2 ‖Iu‖Γh,h⊥ ‖η‖Ω,

|T6
u,h | ≤ C max

e∈E∂
h

r2e C
e
ext C

e
inv h1/2 ||| (eq, eu − eû, g̃ − g̃h) ||| ‖η‖Ω,

|T7
u,h | ≤ C max

e∈E∂
h

τ1/2e re h ||| (eq, eu − eû, g̃ − g̃h) ||| ‖η‖Ω,

and the result follows. This completes the proof. �

Note that the only estimate that is not equal to zero whenever re = 0 for all
e ∈ E∂

h is that of T4
u,h. Our motivation to use this estimate was to bypass having

to rely on a study of the function x �→ ϕ(x) for x ∈ e.

Step 4: Estimate of eu and conclusion of the proof of Lemma 3.5. By
Lemma 3.3,

(eu, η)Dh
= (Iq, θ)Dh

− (q − qh, Iθ)Dh
+ Tu,h

= (Iq, θ − θh)Dh
− (q − qh, Iθ)Dh

+ Tu,h,

by Assumption (A.1), where θh|K ∈ ∇W (K) for all K ∈ Th.
By the Cauchy-Schwarz inequality, we have that

(eu, η)Dh
≤ ‖Iq‖Dh

‖θ − θh‖Dh
+ ‖q − qh‖Dh

‖Iθ‖Dh
+ |Tu,h|.

Using Assumptions B and the elliptic regularity inequality (2.10), we get that

(eu, η)Dh
≤C h

(
‖Iq‖Dh

+ ‖eq‖Dh

)
‖η‖Ω + |Tu,h|

≤C h
(
‖Iq‖Dh

+ ||| (eq , eu − eû, g̃ − g̃h) |||
)
‖η‖Ω + |Tu,h|,

by definition of the energy-like seminorm ||| (eq , eu−eû, g̃− g̃h) |||. The estimate now
follows by inserting the estimate of ||| (eq, eu − eû, g̃ − g̃h) ||| obtained in Lemma 3.4
and the estimate of Tu,h obtained in the previous lemma. This completes the proof
of Lemma 3.5.
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6. Proof of the estimates on Dc
h

Here we prove the estimates of Lemmas 3.7 and 3.8.

6.1. Proof of Lemma 3.7. Let us begin by proving the estimate of the error in
the vector variable. Since q − qh = Iq + eq, we have

‖q − qh‖Dc
h
≤ ‖Iq‖Dc

h
+ ‖eq‖Dc

h

= ‖Iq‖Dc
h
+
( ∑
e∈E∂

h

‖eq‖2
˜Ke
ext

)1/2
≤ ‖Iq‖Dc

h
+
( ∑
e∈E∂

h

r̃e(C̃
e
ext)

2 ‖eq‖2Ke

)1/2
by definition (2.8b)

≤ ‖Iq‖Dc
h
+

√
R̃′

C

( ∑
e∈E∂

h

‖eq‖2Ke

)1/2
,

and the result follows.
Let us prove the other estimate. We have,

‖u− uh‖2Dc
h
=

∑
e∈E∂

h

‖u− uh‖2
˜Ke
ext

=
∑
e∈E∂

h

∫
e

(x̃− x) · ne

∫ 1

0

(u− uh)
2(sx̃+ (1− s)x) ds dx,

by a simple change of variable, thanks to Assumption (P.3). Since

(u− uh)(y) = (ỹ − y) · t
∫ 1

0

(q − qh)(sỹ+ (1− s)y) · t ds,

we easily get that

(u− uh)
2(y) ≤ |(ỹ − y) · t|2

∫ 1

0

|q − qh|2(sỹ + (1− s)y) ds

≤ |x̃− x|2
∫ 1

0

|q − qh|2(sx̃+ (1− s)x) ds,

where x̃ := ỹ and σ(x, x̃) is the path issuing from x ∈ e containing the path
σ(y, ỹ). Since, by Assumption (P.1), we have that (x̃ − x) · ne ≥ 0, this implies
that

‖u− uh‖2Dc
h
≤

∑
e∈E∂

h

∫
e

|x̃− x|2(x̃− x) · ne

∫ 1

0

|q − qh|2(sx̃+ (1− s)x) ds dx

≤ sup
x∈Γh

|x̃− x|2
∑
e∈E∂

h

‖q − qh‖2˜Ke
ext

by Assumption (P.3)

≤ C2 h2 ‖q − qh‖2Dc
h
,

by Assumption (P.2). This completes the proof of Lemma 3.7.
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6.2. Proof of Lemma 3.8. For any element p of V h, we have

‖Iq‖Dc
h
≤ ‖q − p‖Dc

h
+ ‖p−ΠV q‖Dc

h

≤ ‖q − p‖Dc
h
+
( ∑
e∈E∂

h

r̃e (C̃
e
ext)

2 ‖p−ΠV q‖2Ke

)1/2
by (2.8b)

≤ ‖q − p‖Dc
h
+

√
R̃′

C

( ∑
e∈E∂

h

‖q − p‖2Ke

)1/2
+

√
R̃′

C

( ∑
e∈E∂

h

‖Iq‖2Ke

)1/2
≤ (1 +

√
R̃′

C)
( ∑
e∈E∂

h

‖Sq − pe‖2˜Be

)1/2
+

√
R̃′

C ‖Iq‖Dh
,

where B̃e is the ball of radius h
˜Be

(equal to the biggest of the diameters of K̃e
ext

and Ke) centered at the barycenter of the face e, and S is any extension operator
from L2(Ω) to L2(Rd).

We now take S to be any extension operator from H�+1(Ω) to H�+1(Rd) whose
components are defined in Chapter IV, Section 3 of [30]. By hypothesis, we can
take pe to be the Taylor polynomial of degree m of the function Sq around the

center of the ball B̃e. Then using Assumption (P.2), we readily obtain

‖Iq‖Dc
h
≤ C (1 +

√
R̃′

C)h
�+1

( ∑
e∈E∂

h

|Sq|2
H�+1(˜Be)

)1/2
+

√
R̃′

C ‖Iq‖Dh

≤ C (1 +

√
R̃′

C)h
�+1‖Sq‖H�+1(Rd) +

√
R̃′

C ‖Iq‖Dh

≤ C (1 +

√
R̃′

C)h
�+1‖q‖H�+1(Ω) +

√
R̃′

C ‖Iq‖Dh
,

by the continuity properties of the extension operator S; see Theorem 5 of Chapter
IV of [30]. Let us emphasize that these properties hold thanks to the Assumptions
G on the boundary Γ.

The other inequality can be proven in a similar manner. Indeed, we have

‖∂n(Iq · n)‖Dd
h,ext,(h

⊥)2 ≤ ‖∂n((q − p) · n)‖Dc
h
+ ‖∂n((p−ΠV q) · n)‖Dc

h

≤ ‖∂n((q − p) · n)‖Dc
h

+
( ∑
e∈E∂

h

re (C
e
ext C

e
inv)

2 ‖p−ΠV q‖2Ke

)1/2
,

by (2.6b) and (2.6c). Since we then have that

‖∂n(Iq · n)‖Dd
h,ext,(h

⊥)2 ≤ ‖∂n((q − p) · n)‖Dc
h
+
√
R′

C

( ∑
e∈E∂

h

‖p−ΠV q‖2Ke

)1/2
,

the estimate follows just as in the previous case. This completes the proof of Lemma
3.8.

7. Numerical experiments

In this section, we present numerical experiments devised to explore the sharp-
ness of the a priori error estimates of Theorem 2.1 and to explore the relevance of
the Assumptions S.
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7.1. The orders of convergence. In [16], several numerical experiments illus-
trating that the method performs optimally were presented. However, since here
we use a different, although strongly related, technique for transferring the Dirich-
let data from Γ to Γh, it is important to carry out similar experiments. Moreover,
since in our case, the ratio R plays an important role in our theoretical results,
we devise our numerical experiments to explore how the magnitude of the ratio R
affects the orders of convergence of the method. Just as in [16], we measure the
error by using the following norms:

‖eu‖int : =
‖eu‖L2(Dh)

|Dh|1/2
, ‖eq‖int :=

‖eq‖[L2(Dh)]2

|Dh|1/2
,

‖eu‖ext : =
‖eu‖L2(Dc

h)

|Dc
h|

1/2
, ‖eq‖ext :=

‖eq‖[L2(Dc
h)]

2

|Dc
h|1/2

,

‖eû‖Eh
: =

(∑
K∈Dh

hK‖P∂u− ûh‖2L2(∂K)∑
K∈Dh

hk|∂K|

)1/2

.

As a first example, we take u(x, y) = sin(x) sin(y) as exact solution, and take
Ω to be the square (0, 1)2. The computational domain is chosen to be the square
[h/2, 1− h/2]2, where h is the meshsize, so that we always have R = 1. In Figure
3, we show the domain Ω and two examples of computational domains Dh.

In Table 2, we observe that the orders of convergence obtained are the ones
predicted by Theorem 2.1, namely, k + 1 for both the scalar variable u and the
flux q, for any k ≥ 0. Moreover, we see that, for k ≥ 1, the numerical trace and
postprocessing superconverge with order k+2. Theorem 2.1 only predicts an order
of k + 3/2 if R remains of order one.

Next, we consider an annular domain consisting in two concentric circles of radii
20 and 14, respectively. The computational domain Dh has been constructed in such
a way that R = 1. In Figure 4 we show the first quadrant of the annular domain
and two consecutive meshes. In Table 3, we display the history of convergence
considering u(x, y) = sin(x) sin(y) as exact solution. We observe that the order of
convergence are the same as the previous example.

Figure 3. Meshes, with R = 1 of the computational domain Dh ⊆
[0, 1]: h = 1/4 (left) and h = 1/8 (right).
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Table 2. History of convergence for R = 1 and the square domain Ω.

‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖eû‖Eh
‖eu∗‖int

k h error order error order error order error order error order error order

1/2 5.37E-03 - 4.86E-02 - 6.60E-02 - 3.35E-01 - 1.69E-02 - 7.97E-03 -

1/4 6.51E-03 -0.28 9.51E-03 2.35 4.78E-02 0.47 1.58E-01 1.08 5.14E-03 1.72 6.99E-03 0.19

0
1/8 4.69E-03 0.47 1.82E-03 2.39 2.74E-02 0.80 7.70E-02 1.04 1.69E-03 1.61 4.78E-03 0.55

1/16 2.79E-03 0.75 3.92E-04 2.21 1.46E-02 0.91 3.78E-02 1.03 6.15E-04 1.46 2.80E-03 0.77

1/32 1.52E-03 0.88 9.08E-05 2.11 7.52E-03 0.96 1.87E-02 1.01 2.51E-04 1.29 1.52E-03 0.88

1/64 7.90E-04 0.94 2.19E-05 2.05 3.82E-03 0.98 9.31E-03 1.01 1.12E-04 1.61 7.91E-04 0.94

1/2 1.23E-03 - 7.01E-03 - 6.58E-03 - 3.84E-02 - 1.96E-03 - 8.86E-04 -

1/4 4.67E-04 1.40 7.55E-04 3.21 1.50E-03 2.13 8.43E-03 2.19 2.11E-04 3.22 1.63E-04 2.44

1
1/8 1.32E-04 1.82 7.33E-05 3.36 3.44E-04 2.12 1.95E-03 2.11 2.67E-05 2.98 2.45E-05 2.73

1/16 3.48E-05 1.93 7.33E-06 3.32 8.13E-05 2.08 4.57E-04 2.09 3.42E-06 2.96 3.36E-06 2.86

1/32 8.91E-06 1.97 7.65E-07 3.26 1.97E-05 2.04 1.10E-04 2.06 4.37E-07 2.97 4.42E-07 2.93

1/64 2.25E-06 1.98 8.44E-08 3.18 4.85E-06 2.02 2.69E-05 2.03 5.53E-08 2.98 5.67E-08 2.96

1/2 1.37E-04 - 1.56E-03 0.00 7.22E-04 0.00 8.08E-03 0.00 2.85E-04 0.00 1.14E-04 0.00

1/4 1.58E-05 3.11 6.82E-05 4.51 5.87E-05 3.62 7.04E-04 3.52 1.25E-05 4.51 8.91E-06 3.68

2
1/8 1.94E-06 3.03 2.86E-06 4.58 5.46E-06 3.43 7.02E-05 3.33 6.99E-07 4.16 6.03E-07 3.89

1/16 2.47E-07 2.98 1.26E-07 4.50 5.70E-07 3.26 7.39E-06 3.25 4.26E-08 4.04 3.98E-08 3.92

1/32 3.13E-08 2.98 5.87E-09 4.43 6.43E-08 3.15 8.34E-07 3.15 2.65E-09 4.01 2.57E-09 3.95

1/64 3.95E-09 2.99 2.87E-10 4.35 7.60E-09 3.08 9.84E-08 3.08 1.66E-10 3.99 1.64E-10 3.97

1/2 9.81E-06 - 1.42E-04 - 6.74E-05 - 7.45E-04 - 2.52E-05 - 9.20E-06 -

1/4 5.08E-07 4.27 3.47E-06 5.35 2.52E-06 4.74 3.46E-05 4.43 5.97E-07 5.40 4.14E-07 4.47

3
1/8 2.42E-08 4.39 7.96E-08 5.45 9.70E-08 4.70 1.78E-06 4.28 1.71E-08 5.13 1.46E-08 4.83

1/16 1.32E-09 4.20 1.85E-09 5.43 3.92E-09 4.63 9.03E-08 4.30 5.24E-10 5.02 4.88E-10 4.90

1/32 7.86E-11 4.07 4.39E-11 5.40 1.73E-10 4.50 4.83E-09 4.23 1.66E-11 4.98 1.60E-11 4.93

Figure 4. Meshes, with R = 1 of the computational domain Dh

corresponding to the annular domain Ω. Zoom on the first quad-
rant: maxe∈Eh

he = 1.89 (left) and maxe∈Eh
he = 0.96 (right)

We can thus conclude that the superconvergence of the projection of the error
in the scalar variable can take place even though R is not of order h1/4. We can
also conclude that the convergence properties of the HDG methods predicted by
Theorem 2.1 can hold even though Assumptions (S.1) and (S.2) are not satisfied.

Indeed, note that although Assumption (S.2) is always satisfied, if R remains
bounded, for small enough h. For Assumption (S.1) to be satisfied, R must decrease
with the polynomial degree k, roughly speaking, like (1 + k)−8/3, as we saw in the
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Table 3. History of convergence for R = 1 and the annular do-
main Ω.

‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖eû‖Eh
‖eu∗‖int

k h error order error order error order error order error order error order

1.89 1.37E+00 1.46E-01 - 6.14E+00 - 5.46E-01 - 1.55E-01 - 1.93E+00 -

0.96 4.43E-01 1.67 4.97E-02 1.60 3.53E+00 0.82 3.23E-01 0.78 7.94E-02 0.99 5.54E-01 0.18

0 0.49 3.73E-01 0.25 1.49E-02 1.76 1.89E+00 0.91 1.77E-01 0.88 4.33E-02 0.88 3.80E-01 0.55

0.24 2.56E-01 0.55 4.07E-03 1.88 9.76E-01 0.95 9.33E-02 0.93 2.31E-02 0.91 2.56E-01 0.57

0.12 1.48E-01 0.79 1.07E-03 1.94 4.98E-01 0.98 4.78E-02 0.97 1.20E-02 0.95 1.48E-01 0.79

1.89 1.17E+00 - 8.43E-02 - 1.57E+00 - 2.57E-01 - 5.76E-02 - 1.17E+00 -

0.96 2.38E-01 2.37 1.20E-02 2.89 3.56E-01 2.20 7.21E-02 1.88 8.11E-03 2.91 1.85E-01 2.73

1 0.49 5.04E-02 2.27 1.52E-03 3.02 8.29E-02 2.13 1.85E-02 1.99 1.04E-03 3.00 2.49E-02 2.94

0.24 1.20E-02 2.09 1.89E-04 3.03 2.01E-02 2.06 4.68E-03 2.00 1.31E-04 3.01 3.19E-03 2.98

0.12 2.96E-03 2.01 2.36E-05 3.01 4.95E-03 2.02 1.17E-03 2.01 1.64E-05 3.00 4.03E-04 2.98

1.89 4.08E-01 - 2.35E-02 - 3.21E-01 - 7.79E-02 - 1.88E-02 - 3.94E-01 -

0.96 3.63E-02 3.58 1.87E-03 3.75 3.29E-02 3.38 1.14E-02 2.84 1.46E-03 3.79 3.34E-02 3.66

2 0.49 3.14E-03 3.58 1.44E-04 3.75 3.46E-03 3.29 1.60E-03 2.87 1.07E-04 3.82 2.54E-03 3.77

0.24 2.91E-04 3.45 9.90E-06 3.89 3.83E-04 3.20 2.13E-04 2.93 7.22E-06 3.91 1.75E-04 3.89

0.12 3.13E-05 3.23 6.48E-07 3.95 4.53E-05 3.09 2.72E-05 2.98 4.69E-07 3.96 1.14E-05 3.95

1.89 1.52E-01 - 1.13E-02 - 1.25E-01 - 2.99E-02 - 7.42E-03 - 1.53E-01 -

0.96 5.87E-03 4.82 3.99E-04 4.96 4.89E-03 4.80 2.03E-03 3.99 2.58E-04 4.98 5.89E-03 4.83

3 0.49 1.96E-04 4.97 1.22E-05 5.09 1.80E-04 4.83 1.24E-04 4.09 8.09E-06 5.07 1.92E-04 5.01

0.24 6.84E-06 4.87 3.72E-07 5.07 7.70E-06 4.58 7.64E-06 4.05 2.50E-07 5.05 6.04E-06 5.03

0.12 2.87E-07 4.58 1.14E-08 5.04 3.92E-07 4.31 4.68E-07 4.04 7.75E-09 5.03 1.89E-07 5.02

brief discussion following its statement. In our numerical experiments this has
certainly not been the case.

7.2. The condition number of the matrix for ûh. Since Assumption (S.1) is,
as we just saw, not necessary for the approximate solution to be well defined, we
would like to investigate experimentally what is the effect that R, k and h have on
the condition number of the global matrix for the degrees of freedom of ûh, κDh

.
To do that, we begin by studying the standard case in which R = 0; we will

use it as our reference for the subsequent comparison. We must then consider a
polygonal domain Ω and take the first problem of the previous subsection. We
denote by κΩ the condition number of the global matrix when Dh = Ω (R = 0).
In Table 4, we compute the ratio κΩ/((k + 1)2h−2) and observe that it remains
essentially constant. In other words, we see that κΩ behaves like a constant times
(k + 1)2 h−2, as expected.

Now, in Figure 5 we plot, in logarithmic scales, the ratio κΩ/κDh
versus k + 1

for different values of R, k, and h. Note that to compute the condition numbers κΩ

and κDh
, we can use the same polynomial degree k, but not the same h. Indeed,

whereas for the computation of κΩ, we use h := 1/M , for the computation of κDh
,

we use the slightly bigger meshsize h := 1/(M − 1 + R). Note that we take Dh to
be the square of size (M − 1)/(M − 1 +R).

For R = 1, we notice that κDh
behaves like κΩ for small values of k and that it

begins to dramatically increase after a value of k that seems to be bigger the smaller
h is. When R decreases to 1/2, we see that the same phenomenon. However, the
onset of the above-mentioned increase seems to happen for bigger values of k. To
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Table 4. The ratio κΩ/((k + 1)2h−2) as function of h and k.

h

1/2 1/4 1/8 1/16 1/32

0 1.51E-01 1.44E-01 1.43E-01 1.42E-01 1.42E-01

1 1.82E-01 1.95E-01 2.11E-01 2.24E-01 2.31E-01

2 2.13E-01 2.34E-01 2.56E-01 2.72E-01 2.81E-01

k 3 2.21E-01 2.44E-01 2.68E-01 2.84E-01 2.93E-01

4 2.21E-01 2.44E-01 2.68E-01 2.85E-01 2.94E-01

5 2.33E-01 2.57E-01 2.83E-01 3.00E-01 3.10E-01

6 2.40E-01 2.66E-01 2.92E-01 3.09E-01 3.19E-01
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Figure 5. The ratio κΩ/κDh
versus k+ 1, where k is the polyno-

mial degree.

determine when this happens, as a function of R, h and k+1, additional numerical
experiments are required.

In any case, these results indicate that, in order to have a reasonable condition
number, the values of R, h or k + 1 have to be small enough. They also point to
the need to develop special preconditioners for inverting the matrix for the degrees
of freedom of ûh when this is not the case.

8. Concluding remarks

Let us point out that even when Assumptions (B.2) and (C.1) do not hold, we
can still have error estimates or order one for both unknowns. It is not difficult to
verify that this is the case if the elements K are simplexes and W (K) = P0(K) and
V (K) = P0(K).
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Let us also emphasize that the use of such a simple extension operator Eh

given by (2.3f) to carry out the transmission of the Dirichlet data from Γ to Γh in
(2.3e) has two unwanted consequences. The first is the remarkable increase of the
condition number of the matrix for the degrees of freedom of ûh just discussed. The
other is the fact that this renders the overall method nonsymmetric. As pointed
out in [1], this implies that there is a considerable loss in the order of convergence of
the error when measured in negative-order norms. The study of such phenomenon
in the one-dimensional case was carried out in [12], where it was also shown how to
remedy it. How to do this in the multidimensional case will be considered elsewhere.

Finally, note also that our analysis can be easily extended to the case in which the
sets Ke

ext are slightly perturbed. The extension of the analysis carried out in this
paper to Neumann boundary conditions, exterior problems and elliptic interfaces
constitutes the subject of ongoing research.

Acknowledgments. The authors would like to thank to Tom Duchamp, De-
partment of Mathematics of the University of Washington, for his help in the proof
of Lemma 4.1.

Appendix A. Estimates of Ce
ext and Ce

inv

In this section, we give estimates of Ce
ext and Ce

inv, defined by (2.6b) and (2.6c),
respectively, in terms of re, H

⊥
e and h⊥

e . We start with the following key result.

Lemma A.1. For any p polynomial of degree 
 in Ke ∪Ke
ext, we have

‖p‖Ke
ext

≤ C
√
re(
+ 1)2ρ�e‖p‖Ke .

Here, ρe = 1 + βre + 2
√
βre(1 + βre) and re := H⊥

e /h⊥
e . The constant C only

depends on the shape-regularity constant β.

Proof. In this proof, C will denote any constant that only depends on the shape-
regularity constant β of the element Ke.

Let y ∈ Ke be the center of a ball of radius �Ke contained in Ke. Let x∗, the
point where p achieves its maximum over the set Ke

ext, and let z be the point where
the segment joining y and x∗ intersects ∂Ke. The point z is unique because the
element Ke is convex.

Next, denote by Iext the segment joining z and x∗, and Iint the segment joining
z and y. Thus, we get

‖p‖2Ke
ext

≤ |Ke
ext||p(x∗)|2 ≤ |Ke

ext|‖p‖2L∞(Iext)
.

Now we use a result on polynomials defined on intervals (see Lemma 4.3 in [12]) to
bound ‖p‖L∞(Iext) by ‖p‖L∞(Iint). Indeed, if nf is the outward unit normal to a
face of Ke containing the point z, we have that

|z− x∗|
|z− y| =

(z− x∗) · nf

(z− y) · nf
=

(z− x∗) · nf

�Ke

≤ H⊥
e

�Ke

,

by the convexity of Ke. Finally, we have, by the uniform shape-regularity of the
elements, that

|z− x∗|
|z− y| ≤ β

H⊥
e

hKe

≤ β
H⊥

e

h⊥
e

= β re,

and we can write that

‖p‖L∞(Iext) ≤ ρ�e‖p‖L∞(Iint).
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Then, we obtain

‖p‖2Ke
ext

≤ |Ke
ext|ρ2�e ‖p‖2L∞(Iint)

≤ |Ke
ext|ρ2�e ‖p‖2L∞(Ke)

≤ Cρ2�e |Ke
ext|h−d(
+ 1)4‖p‖2Ke ,

by a standard scaling argument. Here, h is the diameter of Ke.
Finally, since |Ke

ext| ≤ C hd−1 H⊥
e and h ≥ h⊥

e , we immediately get the estimate
we wanted to prove. �

We are now ready to obtain the estimates we seek.

Lemma A.2. Assume that V (Ke) is contained in a vector-valued polynomial space
of order up to 
. Then we have that

Ce
ext ≤ C1 (
+ 1)2ρ�e and Ce

inv ≤ C2 

2.

Here, ρe = 1 + βre + 2
√
βre(1 + βre) and re := H⊥

e /h⊥
e . The constants C1 and

C2 solely depend on the shape-regularity constant of the set Ke.

Proof. The first inequality is due to Lemma A.1. The second inequality is due to a
standard inverse inequality. This completes the proof. �

Appendix B. A trace inequality

Here, we give a simple extension of a well-known trace inequality.

Lemma B.1. Suppose that Assumption (S.3) holds. Then, there is a constant C
which may depend on the shape regularity of Th such that, for any u ∈ H1(Ω),

‖u‖Γh
≤ C‖u‖H1(Ω).

To prove this lemma, we need the following auxiliary result.

Lemma B.2. Suppose Assumptions G on the boundary Γ are satisfied. Suppose
also that g ∈ L2(Γ). Then on any e ∈ E∂

h, the function defined by g(x) := g(x) for
x ∈ e, lies L2(e) and satisfies the estimate

‖g‖e ≤ ‖g‖Γ∩Ke
ext

.

Proof. As in the proof of Lemma 4.1, we assume the face e is horizontal and any
point x ∈ e has the form (x1, . . . , xd−1), with xd = 0. Also, the normal vector ne

coincides with the positive normal direction of {xd}. In addition, we assume that
the tangent vector of the paths is parallel to ne. Then, g(x1, . . . , xd−1, 0) can be
rewritten as g(x1, . . . , xd−1, l(x1, . . . , xd−1)).

Notice that Φ : (x1, . . . , xd−1) � e → (x1, . . . , xd−1, l(x1, . . . , xd−1)) ∈ Γ is a
parameterization of Γ∩Ke

ext. By Lemma 4.1, the function l is C2 almost everywhere
on e. So, DΦ exists almost everywhere on e. Here, DΦ ∈ R

d×(d−1). We denote by
J(x1, . . . , xd−1) = [det(DΦ�Dφ(g(x1, . . . , xd−1))]

1/2. Then, we have

‖g‖2Γ∩Ke
ext

=

∫
e

g(x1, . . . , xd−1, l(x1, . . . , xd−1))
2J(x1, . . . , xd−1)dx1 · · · dxd−1.

Obviously, J(x1, . . . , xd−1) ≥ 1 for almost every (x1, . . . , xd−1) ∈ e. So, we have
that

‖g‖e ≤ ‖g‖Γ∩Ke
ext

.

This implies g ∈ L2(e) automatically. �
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We are now ready to prove Lemma B.1.

Proof. Given any e ∈ E∂
h, following (2.1), we have

u(x) = u(x̄) +

∫ l(x)

0

∇u(x+ sne) · ne ds ∀x almost everywhere in e.

Here, x̄ and l(x) have been introduced in section 2.1.1. By Lemma B.2, this implies
that

‖u‖2e ≤ 2‖u‖2Γ∩∂Ke
ext

+ 2H⊥
e ‖∇u‖2Ke

ext
.

So, we have that

‖u‖2Γh
≤ 2Σe∈E∂

h
{‖u‖2Γ∩∂Ke

ext
+H⊥

e ‖∇u‖2Ke
ext

}.

By Assumption (S.3) and the fact that the meshes satisfy the shape-regularity
assumption, any point in D̄h lies in at most N sets Ke

ext. So, we have that

‖u‖Γh
≤ C‖u‖H1(Ω).

The constant C may depend on the shape-regularity of the meshes. �
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