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COMPUTATION OF THE TOPOLOGICAL TYPE

OF A REAL RIEMANN SURFACE

C. KALLA AND C. KLEIN

Abstract. We present an algorithm for the computation of the topological
type of a real compact Riemann surface associated to an algebraic curve, i.e.,
its genus and the properties of the set of fixed points of the anti-holomorphic
involution τ , namely, the number of its connected components, and whether
this set divides the surface into one or two connected components. This is
achieved by transforming an arbitrary canonical homology basis to a homology
basis where the A-cycles are invariant under the anti-holomorphic involution τ .

1. Introduction

Riemann surfaces have many applications in physics and mathematics as in topo-
logical field theories and in the theory of integrable partial differential equations
(PDEs). In concrete applications such as solutions of PDEs, e.g., Korteweg-de Vries
and nonlinear Schrödinger (NLS) equations (see e.g. [3] and references therein),
physical quantities as, for instance, the amplitude of a water wave are real. Thus
reality conditions on the solutions are important in practice. The corresponding
solutions have to be constructed on real Riemann surfaces, i.e., surfaces with an
anti-holomorphic involution τ acting as the complex conjugation on a local pa-
rameter on the surface. Regularity conditions for these solutions depend on the
topological type of the surface, i.e., whether there are connected sets of fixed points
of the involution τ , the real ovals, and whether these ovals separate the surface into
two connected components.

It is well known that all compact Riemann surfaces can be realized via algebraic
curves in P2(C) (possibly after some desingularization). F. Klein [33] observed that
a real Riemann surface can be obtained in an analogous way from a nonsingular
real plane algebraic curve R with an affine part of the form

(1) f(x, y) =

N∑
n=1

M∑
m=1

amnx
myn = 0, x, y ∈ C, amn ∈ R.

The focus of this paper is on real compact Riemann surfaces. We refer the reader to
[36] and the references therein for a general survey on this topic. For curves of the
form (1) the action of the complex conjugation gives rise to an anti-holomorphic
involution τ defined on R by τ (x, y) = (x̄, ȳ). The set of fixed points of τ is denoted
by R(R) and is called the real part of R. The connected components of R(R) are
called real ovals. Historically, the first result in the topology of real algebraic curves
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was obtained by Harnack [25]: the number k of real ovals of a curve R of genus g
satisfies 0 ≤ k ≤ g+1. In other words, the number of connected components of the
real part of a real nonsingular plane algebraic curve cannot exceed g + 1. Curves
with the maximal number of real ovals are called M-curves.

The complement R \ R(R) has either one or two connected components: if
R \ R(R) has two components, the curve R is called a dividing curve, otherwise
it is called nondividing (notice that an M-curve is always a dividing curve). The
topological type of R is usually denoted by (g, k, a) where g denotes the genus,
k the number of real ovals, and a = 0 if the curve is dividing, a = 1 if it is
nondividing. This implies that the topological type of a curve without real oval
is (g, 0, 1). Notice that the first part of Hilbert’s 16th problem is concerned with
the relative configuration of real ovals of a plane algebraic curve of given degree in
P2(R), i.e., how many ovals can lie in the interior of another oval. This question has
been studied by many authors; see, for instance, [1,24,27,37,38,45] and references
therein. However, until now the complete answer is known only for curves of degree
7 and less. We will not discuss this topic here, but we would like to mention that
in general, a solution to this problem, namely, the knowledge of the embedding
R(R) ⊂ P2(R), does not provide any information on the embedding R(R) ⊂ R
which is the subject of the present paper. For instance, it is possible to construct
two real plane algebraic curves having the same degree and the same configuration
of ovals, one of them being dividing and the other nondividing (see [22] p. 8).

The aim of this paper is twofold: to determine the topological type (g, k, a) of a
real algebraic curve of the form (1) with a numerical approach, and to transform
periods of the holomorphic differentials of the curve to a form where the A-periods
are real. There exist various algorithms which give the oval arrangements of a given
real algebraic curve (see, for instance, [2,12,18,23,30,39,40]), all of them following
the same scheme. There are interesting approaches based on topological methods or
noneuclidean crystallographic groups; see e.g. [8]. But to the best of our knowledge,
there does not appear to be an implemented algorithm that computes the parameter
a in the topological type (g, k, a) of R, which encodes the property of the curve to
be dividing or not (see, however, [7] where an algorithm based on the orientability
of subgroups of plane groups (see [29]) is presented). The algorithm presented in
this paper is very different from those mentioned above since it is based on period
matrices and on an adapted homology basis on the curve, and thus provides a new
way to compute the topological type (g, k, a) of a real algebraic curve. The starting
point of our algorithm is the work by Deconinck and van Hoeij who developed an
approach to the symbolic-numerical treatment of algebraic curves. This approach
is distributed as the algcurves package with Maple; see [13–15]. A purely numerical
approach to real hyperelliptic Riemann surfaces was given in [19,20], and for general
Riemann surfaces in [21]. For a review on computational approaches to Riemann
surfaces the reader is referred to [4].

The codes [15, 21] compute the periods of a Riemann surface in a homology
basis which is determined by an algorithm due to Tretkoff and Tretkoff [42]. This
homology basis is in general not adapted to possible symmetries of the curve (as the
involution τ of real curves). It means that the action on the computed homology
basis of any automorphism of the curve cannot be expressed in a simple way in terms
of this basis. However, the choice of a basis, where certain cycles are invariant under
the automorphisms, is often convenient in applications. In the context of solutions
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to integrable PDEs on general compact Riemann surfaces as for the Kadomtsev-
Petviashvili (KP) (see [17]) and the Davey-Stewartson (DS) equations (see [31,35]),
smoothness conditions are formulated conveniently in a homology basis adapted to
the anti-holomorphic involution τ defined on the surface. For instance, on a real
surface there exists a canonical homology basis (A,B) (that we call for simplicity
symmetric homology basis in the following) satisfying the conditions (see [41, 44])

(
τA
τB

)
=

(
Ig 0
H −Ig

)(
A
B

)
,

where H ∈ Mg(Z/2Z) is a g × g matrix which depends on the topological type
(g, k, a) (see section 2); here Ig denotes the g × g unit matrix.

In [32] we studied numerically for the first time solutions to integrable equa-
tions from the family of NLS equations, namely, the multi-component nonlinear
Schrödinger equation and the (2 + 1)-dimensional DS equations. A symplectic
transformation of the computed homology basis to the symmetric homology basis
was introduced in [32] and was constructed explicitly for concrete examples. In the
present work we give in Theorem 3.3 a complete description of such a symplectic
transformation depending on the topological type of the underlying real algebraic
curve. The formulas are expressed in terms of period matrices of holomorphic dif-
ferentials on the curve; these holomorphic differentials must satisfy the condition
τ∗νj = νj , j = 1, . . . , g, where τ∗ is the action of τ lifted to the space of holomorphic
differentials. This allows us to give an algorithm to construct explicitly a symplectic
transformation of an arbitrary canonical homology basis for a real Riemann surface
to the symmetric form. The algorithm permits us to systematically study smooth
real solutions on general real Riemann surfaces for equations such as KP and DS
starting from a representation of the surface via an algebraic curve which so far
was only possible for hyperelliptic surfaces. In addition, this provides a numerical
way to compute the topological type of a real Riemann surface for given periods of
the holomorphic differentials.

The paper is organized as follows. In section 2 we introduce a symmetric ho-
mology basis which depends on the topological type of R. In section 3 we give
explicitly the symplectic transformation between the computed homology basis and
the symmetric homology basis. This result will be used in section 4 to construct
an algorithm which gives the topological type (g, k, a) of a real algebraic curve for
given periods of the holomorphic differentials. In section 5 we discuss examples of
real curves for higher genus. Some concluding remarks are added in section 6.

2. Symmetric homology basis

In what follows R denotes a compact Riemann surface of genus g > 0. A
homology basis (A,B) := (A1, . . . ,Ag,B1, . . . ,Bg) with the following intersection
indices,

Ai ◦ Bj = δij Ai ◦ Aj = Bi ◦ Bj = 0,

is called a canonical basis of cycles. With A (resp. B) we denote the vector
(A1, . . . ,Ag)

t (resp. (B1, . . . ,Bg)
t). Canonical homology bases are related via a

symplectic transformation. Let (A,B) and (Ã, B̃) be arbitrary canonical homology
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bases on R. Then there exists a symplectic matrix

(
A B
C D

)
∈ Sp(2g,Z) such that

(2)

(
A B
C D

)(
Ã
B̃

)
=

(
A
B

)
.

Recall that a symplectic matrix M ∈ Sp(2g,Z) satisfies M tJgM = Jg, with the

matrix Jg given by Jg =

(
0 Ig

−Ig 0

)
, where Ig denotes the g × g unit matrix.

Symplectic matrices M =

(
A B
C D

)
∈ Sp(2g,Z) are characterized by the following

system:

AtD−CtB = Ig,(3)

AtC = CtA,(4)

DtB = BtD.(5)

Moreover, the inverse matrix M−1 is given by

(6) M−1 =

(
Dt −Bt

−Ct At

)
.

Now let τ be an anti-holomorphic involution defined on R. Recall that (g, k, a)
denotes the topological type of R, where k is the number of connected components
of R(R) (the set of fixed points of τ ), and a = 0 if the curve is dividing (i.e., if
R \ R(R) has two components), a = 1 if it is nondividing (i.e., if R \ R(R) has
just one component). A curve with the topological type (g, g + 1, 0) is called an
M-curve. According to Proposition 2.2 in Vinnikov’s paper [44], there exists a
canonical homology basis (A,B) (for simplicity called symmetric homology basis)
such that

(7)

(
τA
τB

)
=

(
Ig 0
H −Ig

)(
A
B

)
,

where H is a block diagonal g × g matrix which depends on the topological type
(g, k, a) of R and is defined as follows:

- if k > 0 and a = 0,

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1
1 0

. . .

0 1
1 0

0
. . .

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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- if k > 0 and a = 1,

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
. . .

1
0

. . .

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
;

rank(H) = g + 1− k in both cases;

- if k = 0,

H =

⎛
⎜⎜⎜⎜⎜⎝

0 1
1 0

. . .

0 1
1 0

⎞
⎟⎟⎟⎟⎟⎠

for even g or H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1
1 0

. . .

0 1
1 0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

for odd g;

rank(H) = g if g is even, rank(H) = g − 1 if g is odd.

Remark 2.1. For given information whether there are real ovals (k > 0) or not
(k = 0), the matrix H completely encodes the topological type of the real Riemann
surface. In [41] a different, but equivalent form of H was used, which has ones
only in the anti-diagonal, if the rank is equal to the genus, or in a parallel to the
anti-diagonal for smaller rank.

Example 2.1. Consider the hyperelliptic curve of genus g defined by the equation

(8) y2 =

2g+2∏
i=1

(x− xi),

where the branch points xi ∈ R are ordered such that x1 < . . . < x2g+2. On such a
curve, we can define two anti-holomorphic involutions τ1 and τ2, given respectively
by τ1(x, y) = (x, y) and τ2(x, y) = (x,−y). Projections of real ovals of τ1 on the x-
plane coincide with the intervals [x2g+2, x1], . . . , [x2g, x2g+1], whereas projections of
real ovals of τ2 on the x-plane coincide with the intervals [x1, x2], . . . , [x2g+1, x2g+2].
Hence the curve (8) is an M-curve with respect to both anti-involutions τ1 and τ2.

If all xi are nonreal and pairwise conjugate, the curve has no real ovals with
respect to the involution τ2; it is dividing for the involution τ1.

3. Symplectic transformation between homology bases

In this section we construct a symplectic transformation between an arbitrary
homology basis (Ã, B̃) and a symmetric homology basis on a real Riemann surface
(R, τ ), where τ denotes the anti-holomorphic involution defined on R. The main
result of this paper is contained in Theorem 3.3 which gives the underlying sym-

plectic matrix

(
A B
C D

)
in terms of the period matrices of holomorphic differentials

satisfying the condition (10) in the homology basis (Ã, B̃). The key ingredient in

this context is the description of the action of τ on the cycles (Ã, B̃), given in
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Proposition 3.1 by the integer matrix R. Then Theorem 3.3 states that the column

vectors of the matrix
(
A B

)t
in fact form a Z-basis of the integer kernel of the

matrix Rt − I2g. The matrix Q in Theorem 3.3 encodes the degree of freedom in
the choice of such a Z-basis. For the ease of the reader, we start recalling some
basic facts from the theory of Z-modules used to prove Theorem 3.3, which differs
from the usual linear algebra over vector spaces.

3.1. Basic facts from the theory of Z-modules. A Z-module or, more gener-
ally, an A-module where A denotes a commutative ring, is a natural generalization
of vector spaces where the usual scalar field is replaced by the ring A. For a review
on the subject we refer to [34]. In what follows we assume that A is the principal
ring Z and we denote by M a Z-module.

Definition 3.1.
i. M is of finite type if it admits a finite set of generators.
ii. M is said to be free if there exists a Z-basis, namely, a set {xi}i∈I ⊂ M

with I ⊂ N such that any element x ∈ M can be written uniquely as
x =

∑
i∈I αi xi where the scalars αi ∈ Z are nonzero only for a finite

number of them.

The following theorems provide important results in the general theory of mod-
ules over a principal ring.

Theorem 3.1.
i. If M is free and of finite type, then all Z-bases of M are finite with the

same cardinality called the rank of M.
ii. Since Z is integral, the rank of M equals the dimension of the Q-vector

space S−1M where S = Z \ {0}.
iii. A submodule of a free Z-module of finite type of rank n is a free Z-module

of finite type of rank r ≤ n.

The example we will need in this paper are submodules of Zn which are because
of the Theorem 3.1 free modules of finite type with rank r ≤ n.

Remark 3.1. Contrary to the case of vector spaces, if N is a free submodule of
the free module M with the same rank, this does not imply that N equals M.
Consider the submodule 2Z of Z as an example.

The following theorem, also called the theorem of the adapted basis, gives the
classification of modules over the principal ring Z:

Theorem 3.2. Let M be a free Z-module of rank n and let N be a submodule
of M. Then there exists a basis (e1, . . . , en) of M and unique nonzero integers
(p1, . . . , pr) (with r ≤ n) such that

(1) (p1e1, . . . , prer) is a Z-basis of N ,

(2) p1|p2| . . . |pr (this means that ∀i, pi divides all pj with j > i).

In what follows GLn(Z) denotes the set of n × n invertible matrices over Z; it
is well known that the determinant of these matrices equals ±1. Notice that if M
denotes the matrix formed by the column vectors of a Z-basis of a Z-module of rank
n, then other bases are given by the column vectors of matrices of the form MQ
with Q ∈ GLn(Z). Therefore, Theorem 3.2 has the following matrix interpretation
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that we will use in section 3.3: for any nonzero m × n matrix M ∈ Mm,n(Z) of
rank r, there exist matrices U ∈ GLm(Z), V ∈ GLn(Z) such that

(9) UMV =

(
Diag(p1, . . . , pr) 0

0 0

)
,

where pi ∈ Z \ {0} satisfy p1|p2| . . . |pr and where Diag(.) denotes the diagonal
matrix. This is called the Smith normal form of M . In section 4 we will use a well-
known algorithm to compute the Smith normal form. In particular, this algorithm
provides a Z-basis of the integer kernel of M given by the last n− r column vectors
of the matrix V in (9).

3.2. Action of τ on an arbitrary homology basis. We denote by (A,B) a
symmetric homology basis (i.e., which satisfies (7)). Let (ν1, . . . , νg) be a basis of
holomorphic differentials such that

(10) τ∗νj = νj , j = 1, . . . , g,

where τ∗ is the action of τ lifted to the space of holomorphic differentials: τ∗ν(p) =
ν(τp) for any p ∈ R. The matrices PA and PB defined by

(11) (PA)ij =

∫
Ai

νj , (PB)ij =

∫
Bi

νj , i, j = 1, . . . , g

are called the matrices of A- and B-periods of the differentials νj . From (7) and
(10) we deduce the action of the complex conjugation on the matrices PA and PB:

(12) (PA)ij ∈ R,

(13) PB = −PB +HPA.

Denote by (Ã, B̃) an arbitrary homology basis. From the symplectic transforma-
tion (2) we obtain the following transformation law between the matrices PÃ, PB̃
and PA, PB defined in (11):

(14)

(
A B
C D

)(
PÃ
PB̃

)
=

(
PA
PB

)
.

Therefore, by (12) one gets

ARe (PÃ) +BRe (PB̃) = PA,(15)

A Im (PÃ) + B Im (PB̃) = 0,(16)

and by (13)

C Re (PÃ) +DRe (PB̃) =
1

2
HPA,(17)

C Im (PÃ) +D Im (PB̃) = Im (PB) .(18)

From (15) and (18) it can be checked that the matrices ARe (PÃ) + BRe (PB̃)
and C Im (PÃ) + D Im (PB̃) are invertible (the first because PA is; for the second
see [32] for more details). The following lemma, proved in [32], shows that it is
sufficient to know the pairs of matrices A,B or C,D to get the full symplectic
transformation (14):
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Lemma 3.1. The matrices A,B,C,D ∈ Mg(Z) solving (15)–(18) satisfy:

At = Im (PB̃) [C Im (PÃ) +D Im (PB̃)]
−1

,(19)

Bt = −Im (PÃ) [C Im (PÃ) +D Im (PB̃)]
−1 ,(20)

Ct =
1

2
AtH− Re (PB̃) [ARe (PÃ) +BRe (PB̃)]

−1 ,(21)

Dt =
1

2
BtH+ Re (PÃ) [ARe (PÃ) +BRe (PB̃)]

−1
.(22)

The action of τ on an arbitrary homology basis (Ã, B̃) can be written as

(23)

(
τÃ
τ B̃

)
= R

(
Ã
B̃

)
,

where R ∈ M2g(Z). In the following proposition, we give an explicit expression for
the matrix R in terms of the period matrices PÃ and PB̃ only.

Proposition 3.1. The matrix R defined in (23) is given by
(24)

R =

⎛
⎝
(
2Re (PB̃) M̃

−1 Im
(
P t
Ã

)
+ Ig

)t

−2Re (PÃ) M̃
−1 Im

(
P t
Ã

)
2Re (PB̃) M̃

−1 Im
(
P t
B̃

)
−
(
2Re (PB̃) M̃

−1 Im
(
P t
Ã

)
+ Ig

)
⎞
⎠ ,

where

(25) M̃ = Im
(
P t
B̃
)
Re (PÃ)− Im

(
P t
Ã
)
Re (PB̃) .

Proof. Using (7) we deduce the action of τ on (2):

(26)

(
A B
C D

)−1(
Ig 0
H −Ig

)(
A
B

)
= R

(
A B
C D

)−1(A
B

)
,

which yields

(27) R =

(
A B
C D

)−1 (
Ig 0
H −Ig

)(
A B
C D

)
.

In other words, a symplectic matrix which transforms a basis (Ã, B̃) to a symmetric
form also satisfies (27). From (27) and (6) one gets

(28) R =

(
(2CtB −AtHB + Ig)

t 2DtB −BtHB
−2CtA+AtHA −(2CtB −AtHB + Ig)

)
.

Replacing A via (19) and B via (20) in (21) and then using (19) again to eliminate
the factor [C Im (PÃ) +D Im (PB̃)] leads to a relation for CtA only (using in the
last step (20) instead of (19) gives a relation for CtB). Similarly one gets a relation
for DtB,

2CtA = AtHA− 2Re (PB̃) M̃
−1 Im

(
P t
B̃
)
,

2CtB = AtHB + 2Re (PB̃) M̃
−1 Im

(
P t
Ã
)
,

2DtB = BtHB − 2Re (PÃ) M̃
−1 Im

(
P t
Ã
)
,

with M̃ given by (25). Substituting these relations in (28) one gets (24). �
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3.3. Symplectic transformation. In this part we present in Theorem 3.3 the
main result of the present paper: the symplectic transformation between an ar-
bitrary basis (Ã, B̃) on a real Riemann surface and a homology basis adapted to
the symmetry is given in terms of the period matrices PÃ, PB̃ defined in the previ-
ous section. This result will allow us to construct in section 4 an algorithm which
computes the topological type of a given real Riemann surface.

We start with the following lemma which describes the spectral properties of the
matrix R (24):

Lemma 3.2. The matrix R in (24) is diagonalizable over Q with eigenvalues 1
and −1. The dimension of the corresponding eigenspaces equals g.

Proof. It is straightforward to see that the matrix

(
Ig 0
H −Ig

)
is diagonalizable

over Q: the eigenvalues are 1 and −1, and the dimension of the corresponding
eigenspaces equals g. Therefore, by (27), the same holds for the matrix R. �

In what follows we denote by

(29) KZ :=
{
w ∈ Z2g; (Rt − I2g)w = 0

}
the integer kernel of the matrix Rt − I2g. According to the theory of modules over
the principal ring Z, the Z-module KZ admits a Z-basis which can, for instance, be
computed from the Smith normal form (see section 3.1).

Theorem 3.3. Let R be a real compact Riemann surface of genus g and (Ã, B̃)
a canonical homology basis on R. For the given matrices of periods PÃ, PB̃ of

holomorphic differentials satisfying (10), let

(
S1

S2

)
be the 2g × g matrix formed by

a Z-basis of KZ (29). Then a symplectic matrix in (2) which relates the homology

basis (Ã, B̃) to a symmetric homology basis (A,B) is given by(
At

Bt

)
=

(
S1

S2

)
Q,(30)

(
Ct

Dt

)
=

1

2

(
S1

S2

)
QH+

(
−Re (PB̃)
Re (PÃ)

)[
St
1 Re (PÃ) + St

2Re (PB̃)
]−1

(Qt)−1,(31)

where the matrix H is defined in section 2, and where Q ∈ GLg(Z) is such that

(32)

(
S1

S2

)
QHQt ≡ 2

(
−Re (PB̃)
Re (PÃ)

)[
St
1 Re (PÃ) + St

2 Re (PB̃)
]−1

(mod 2).

Proof. Notice that (27) can be rewritten as

(33)

(
A B
C D

)
R =

(
Ig 0
H −Ig

)(
A B
C D

)
,

which, in particular, gives the following condition for the matrices A and B:

(34)
(
A B

)
(R− I2g) = 0.

Denote by u1, . . . , ug, v1, . . . , vg the column vectors of the matrix

(
A B
C D

)t

. By

(34) the vectors ui for i = 1, . . . , g lie in the integer kernel KZ of the matrix
Rt − I2g. Let us prove that (u1, . . . , ug) in fact form a Z-basis of the module KZ.
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By Lemma 3.2 one has dim(KQ) = g, where KQ denotes the kernel of Rt − I2g
over the field Q, which by Theorem 3.1 yields rank(KZ) = g. Therefore, one has
to check that (u1, . . . , ug) are free vectors over Z and generate the Z-module KZ.
Notice that here it is important to check that these vectors form a set of generators
for the Z-module KZ, as we saw in Remark 3.1.

Since

(
A B
C D

)t

∈ GL2g(Z), the 2g vectors u1, . . . , ug, v1, . . . , vg form a Z-basis

of the module Z2g, which in particular implies that these vectors are free over Z.
Then it remains to prove that the vectors ui, i = 1, . . . , g generate the Z-module
KZ which is done by contradiction as follows. Let w ∈ KZ, which we write in Z2g

as w =
∑g

i=1 αiui +
∑g

j=1 βjvj with αi, βj ∈ Z such that at least one of the βj

is nonzero. Since w, u1, . . . , ug ∈ KZ, one has v :=
∑g

j=1 βjvj ∈ KZ and v �= 0.
We deduce that u1, . . . , ug, v are g + 1 free vectors in KZ. This is impossible since
rank(KZ) = g. Thus one has βj = 0 for j = 1, . . . , g which implies that the vectors
ui, i = 1, . . . , g generate the Z-module KZ.

Hence we can write

(35)

(
At

Bt

)
=

(
S1

S2

)
Q,

for some Q ∈ GLg(Z), where the g column vectors of the matrix

(
S1

S2

)
form a

Z-basis of the module KZ. Here the matrix Q encodes the freedom in the choice
of such a basis. The matrices C and D are then given by (21) and (22). It follows
that these two matrices are integer matrices if and only if the matrix Q satisfies
(32), which completes the proof. �
Remark 3.2. If the curve is an M-curve, then H = 0 and the matrices A,B,C,D in
Theorem 3.3 are given by(

At

Bt

)
=

(
S1

S2

)
Q,(36)

(
Ct

Dt

)
=

(
−Re (PB̃)
Re (PÃ)

)[
St
1 Re (PÃ) + St

2 Re (PB̃)
]−1

(Qt)−1,(37)

where Q ∈ GLg(Z) is arbitrary.

Remark 3.3. As explained below, if the curve is not an M-curve, namely, H �= 0,
one can construct explicitly a matrix Q ∈ GLg(Z/2Z) such that (32) holds.

This construction of Q is based on the Smith normal form of the matrix

(
S1

S2

)

(see section 3.1) which allows the simplification of the system (32).

Lemma 3.3. There exist U ∈ GL2g(Z), V ∈ GLg(Z) such that

(38) U

(
S1

S2

)
V =

(
E
0

)
,

where E is a g × g diagonal matrix with elements Eii = ±1 for i = 1, . . . , g.

Proof. By (9) there exist U ∈ GL2g(Z), V ∈ GLg(Z) and p1, . . . , pg ∈ N \ {0}
satisfying p1|p2| . . . |pg such that

(39) U

(
S1

S2

)
V =

(
D

0

)
,
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where D := Diag(p1, . . . , pg). The fact that D = E can be deduced from the

following equalities: Let

(
A B
C D

)
be the symplectic matrix in (14), then

1 = det

(
A B
C D

)
= det

(
S1 Ct

S2 Dt

)
det(Q) = ± det

(
D F1

0 F2

)
= ± det(D) det(F2),

(40)

where we multiplied the matrix in the determinant from the left by U and from

the right by

(
V 0
0 Ig

)
, and used det(Q) det(U) det(V ) = ±1 since Q, V ∈ GLg(Z)

and U ∈ GL2g(Z); here

(
F1

F2

)
= U

(
Ct

Dt

)
. We deduce that det(D) = ±1 since

the right-hand side of (40) is a product of determinants of matrices with integer
coefficients. This completes the proof. �

Now let us define matrices N1, N2 ∈ Mg(Z) as follows:

(41)

(
N1

N2

)
:= 2V U

(
−Re (PB̃)
Re (PÃ)

)[
St
1 Re (PÃ) + St

2 Re (PB̃)
]−1

.

Then one has:

Proposition 3.2. Q ∈ GLg(Z) satisfies (32) if and only if it solves

(42) QHQt ≡ N1 (mod 2),

where N1 ∈ Mg(Z) is defined in (41). Moreover, if Q̃ is a particular solution of

(42), then the general solution can be written as Q̃Q0 where Q0 solves

(43) Q0HQt
0 ≡ H (mod 2).

Proof. Multiplying equality (32) from the left by the matrix U of Lemma 3.3 and
using (38) one gets(

Ig
0

)
V −1QHQt ≡ 2U

(
−Re (PB̃)
Re (PÃ)

)[
St
1 Re (PÃ) + St

2 Re (PB̃)
]−1

(mod 2),

which is equivalent to(
Ig
0

)
QHQt ≡ 2V U

(
−Re (PB̃)
Re (PÃ)

)[
St
1 Re (PÃ) + St

2 Re (PB̃)
]−1

(mod 2).

Using the definition (41) one gets (42).
Now to check that a transformation of the form Q → QQ0 where Q0 solves (43)

is the only one which preserves (42), notice that such a transformation corresponds
to a symplectic transformation between the symmetric homology basis obtained
from Theorem 3.3 and another symmetric homology basis, since this coincides with
a change of the Z-basis in (30). Hence from (7) it is straightforward to see that the
symplectic matrix which relates two symmetric homology bases is given by

(44)

(
Qt

0 0
1
2 (HQt

0 −Q−1
0 H) Q−1

0

)
,

with Q0 ∈ GLg(Z) satisfying Q0HQt
0 ≡ H (mod 2). This completes the proof. �
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4. Algorithm for the computation of the topological type (g, k, a)

The results of the previous section allow us to formulate an algorithm to trans-
form an arbitrary canonical homology basis (Ã, B̃), for instance, obtained via the
algorithm [42], to a symmetric basis (A,B) satisfying (7). The key task in this
context is the computation of the matrix Q in (42). In the process of computing Q,
the matrix H giving the topology of the real Riemann surface can be determined.

The starting point of the algorithm are the periods PÃ and PB̃ of a basis of
differentials (ν1, . . . , νg) satisfying (10). Notice that condition (10) is important.
The Maple algcurves package generates such differentials for real curves by default.
For the Matlab code used in this paper this is in general not the case if a numerically
optimal approach is used to determine the holomorphic differentials; see [21] for
details. However, it is possible to determine a basis of the holomorphic differentials
with rational coefficients which will satisfy condition (10). For the examples in the
following section, we always choose this option.

With these periods the code computes the matrix R via (24). This matrix will
have integer entries up to the used precision (by default 10−6 in Maple and 10−12

in Matlab). Rounding has to be used to obtain an integer matrix. Computing the
Smith normal form (9) of the matrix Rt − I2g, we obtain from the last g vectors
of the resulting matrix V a Z-basis of the integer kernel KZ (29), i.e., the column

vectors of the matrix

(
S1

S2

)
in (35).

An algorithm to compute the Smith normal form UMV = S of an integer matrix
M is implemented in Maple. This algorithm can be called from Matlab via the
symbolic toolbox. We use here our own implementation of the standard algorithm
to compute the Smith normal form which we briefly summarize: we always work
on column j starting with j = 1. If there is no nonzero element in this column, it
is swapped by multiplication with an appropriate matrix U from the left with the
last column with a nonzero element. If the element Mjj = 0, a row with a nonzero
element in position j is added (to avoid clumsy notation, the transformed matrix is
still called M). Then all nonzero elements Mjk for k �= j are eliminated by adding
row j with appropriate multipliers obtained via the Euclidean algorithm. In the
same way the row with index j is cleaned by acting on M via multiplication by
a matrix V from the right. If the resulting element Mjj does not divide all other
elements of M , one of these elements is added by using the Euclidean algorithm to
Mjj in a way that the latter becomes smaller. This destroys possibly the nullity
of the remaining elements in column j and row j which thus have to be cleaned as
before. This process is repeated until Mjj divides all other elements of M . Then
the index j is incremented by 1. The procedure is repeated until the Smith normal
form is obtained.

Notice that this standard algorithm has a well-known problem: In general, for
larger matrices the entries of the matrices U and V become very large. Though
these are integer matrices, this is problematic once some of the entries are of the
order of 1016 (machine precision in Matlab is 10−16 which implies that integers of
the order of 1016, which are internally treated as floating point numbers, can no
longer be numerically distinguished). There are more sophisticated algorithms to
treat larger matrices as the one given in [26]. In practice the standard algorithm
works well for examples of a genus g ≤ 6 which is sufficient for our purposes. Only
for higher genus, the algorithm [26] would be needed.
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By computing the Smith normal form of the vector

(
S1

S2

)
in (38), we get the

needed quantities to compute the matrix N1 in (41). The main task is then to
determine the matrix Q in (32) since for given periods, the whole symplectic matrix

(2) follows from equations (30) and (31) for given

(
S1

S2

)
. The matrices Q and H

can be determined from relation (42) for a given matrix N1 by standard Gaussian
elimination in Z/2Z and by imposing the block diagonal form of section 2 on H as
we will outline below.

Remark 4.1. It was shown in section 2 that the matrix H can be chosen to be either
diagonal or to consist of blocks of the form

H0 =

(
0 1
1 0

)
.

A unique determination of the matrix H in the computation of Q from (42) is only
possible, if this block H0 cannot be related through a similarity transformation
in Z/2Z to I2. In fact this is the case since H0 cannot be diagonalized in Z/2Z.
The same reasoning applies if the matrix H consists of several blocks H0 and zeros
otherwise.

However, a block of the form

H1 =

⎛
⎝1 0 0
0 0 1
0 1 0

⎞
⎠

can be diagonalized in Z/2Z by multiplication from the left and the right by a
matrix of the form

Q1 =

⎛
⎝1 1 1
1 0 1
1 1 0

⎞
⎠ .

It follows that if the matrix H determined in the computation of Q from (42) has a
nonzero diagonal element, then H can be diagonalized in several steps: if the matrix
H has the form H̃ below (H̃ij = δij for i, j < k and a block H0 for i, j = k, k + 1)

H̃ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
. . .

1
0 1
1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Q̃ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1

1 0 1
1 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

then multiplication from the left and the right with a matrix Q̃ (elements of this
matrix that are not shown are 0) gives the identity matrix for i, j ≤ k+1. Applying
this procedure several times will lead to a diagonal matrix H.

The algorithm for the computation of Q and H via the similarity relation (42)
for given N1 by imposing a block diagonal form for the matrix H as in section 2
uses in principle standard Gauss elimination on the rows and columns of N1 over
the field Z/2Z with minor modifications as detailed below. We only describe the
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action on the columns via a matrix q from the right, since the action on the rows
follows by symmetry by multiplication with qt from the left:
- if N1 ≡ 0 (mod 2), put H = 0 and Q = Ig and end the algorithm, otherwise, put
the index j of the column under consideration equal to 1;
- if column j contains only zeros, it is swapped with the last column with nonzero
entries;
- if there is a 1 in position j of the column, all further nonzero entries in the column
are eliminated in standard way;
- if there is a 1 in the column, but not in position j, rows are swapped in a way
that it appears in the position j + 1 of the column (it cannot be put to position j
as explained in Remark 4.1). Further ones in the column are eliminated;
- if there was a nonzero diagonal entry, the column index j is incremented by 1, if

there was a block

(
0 1
1 0

)
, the index j is incremented by 2. Then the algorithm is

repeated with column j until j = g or until the columns with index j and higher
only contain zeros;
- if there are blocks of the form H̃ in Remark 4.1, then H will be diagonalized by
multiplication with the corresponding matrix Q̃ as explained in Remark 4.1.

5. Examples

In this section we study examples of real algebraic curves, provide the computed
periods and the application of the algorithm to obtain a symmetric homology basis
as well as the matrix H encoding the topological information of the curve. For
convenience we use here the Matlab algebraic curves package, but the same ex-
amples can of course be studied with the Maple package. We also give graphical
representations of the real variety of an algebraic curve if there are any which are
generated via contour plots of f(x, y) = 0 for real x and y (this corresponds to the
command plot real curve in the Maple algcurves package). This is not identical
to the set R(R) of real ovals of the Riemann surface since the curves may have
singularities, whereas the Riemann surface is defined by desingularized such curves
(see [21] for how this is done in the Matlab package). Thus there may be cusps
and self-intersections in the shown plots. Moreover, these plots are not conclusive
if the curves come very close, and if there are self-intersections as in Figure 4. In
addition we only show the curves for finite values of x and y from which it cannot
be decided which curves cross at infinity and which lines belong to the same ovals
as in Figure 5. They are only for the purpose of illustration; for more sophisticated
approaches, see [2,12,18,23,30,39,40]. The computed number of real ovals via the
algorithm is, however, unique: as outlined in section 2, it follows from the rank of
the matrix H (for k �= 0 one has k = g + 1 − rank(H)). We always assume in the
following that it is known whether there are any real ovals. This allows the unique
identification of the topological type (g, k, a) via the matrix H.

The Trott curve [43] given by the algebraic equation

(45) 144 (x4 + y4)− 225 (x2 + y2) + 350x2y2 + 81 = 0

is known to be an M-curve of genus 3 (it has the maximal number g + 1 = 4 of
real ovals, as can be seen in Figure 1). Moreover, this curve has real branch points
only (and 28 real bitangents, namely, tangent lines to the curve in two places). Our
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Figure 1. Real ovals of the Trott curve (45), an M-curve of genus 3.

computed matrices of Ã and B̃-periods denoted by aper and bper, respectively,
read1

aper =

-0.0000 + 0.0235i -0.0000 + 0.0138i -0.0000 + 0.0138i

0 + 0.0000i 0.0000 + 0.0277i 0 + 0.0000i

-0.0315 -0.0000 + 0.0000i 0.0250 - 0.0000i

bper =

-0.0315 + 0.0235i -0.0000 + 0.0138i -0.0250 + 0.0138i

-0.0000 + 0.0000i -0.0250 + 0.0277i 0.0250 - 0.0000i

-0.0000 - 0.0235i 0.0000 + 0.0138i 0 + 0.0138i.

For this the algorithm produces as expected H = 0 and Q of (42) the identity
matrix. The symplectic transformation found by the algorithm via (30) and (31)
has the form

[A,B,C,D] =

0 1 0 0 -1 0 0 1 0 0 0 0

1 0 0 -1 0 0 1 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 1.

Since we will not actually use the matrices A,B,C,D in this article, and since
they follow for given periods from H and Q via (30) and (31) we will only give them
for this example. However, they are needed, e.g., for the study of algebro-geometric
solutions to integrable equations as KP and DS as in [32]. The Klein curve given

1For ease of representation we only give 4 digits here, but at least 12 digits are known for these
quantities.
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by the equation

(46) y7 − x(x− 1)2 = 0

has the maximal number of automorphisms (168) of a genus 3 curve. The computed
periods read

aper =

-0.9667 + 0.7709i 0.9667 + 0.2206i 0.9667 - 2.0073i

-1.2054 - 0.2751i -0.4302 + 0.8933i -1.7419 + 1.3891i

-0.4302 - 0.8933i 1.7419 + 1.3891i -1.2054 + 0.2751i

bper =

-2.7085 - 0.6182i -0.2387 + 0.4958i 1.3969 - 1.1140i

-2.1721 - 1.7322i 0.5365 - 0.1224i -0.7752 - 1.6097i

0.9667 + 0.2206i -0.9667 + 2.0073i -0.9667 + 0.7709i.

The algorithm finds

H =

1 0 0

0 1 0

0 0 1

Q =

1 1 1

0 0 1

0 1 0.

Therefore, the topological type of the curve is (3, 1, 1), namely, the curve has genus
3, one real oval (as can be also seen in Figure 2) and is nondividing.
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5

Figure 2. Real variety of the Klein curve (46), the curve with the
maximal number of automorphisms in genus 3.
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The Fermat curve

(47) yn + xn + 1 = 0

has for n = 4 the topological type (3, 0, 1). This is confirmed by the algorithm. For
the periods

aper =

0.9270 + 0.0000i 0.0000 - 0.9270i 0.0000 - 0.9270i

-0.0000 + 0.0000i 0.0000 + 0.0000i 0.0000 - 1.8541i

0 + 0.9270i -0.9270 + 0.0000i 0.0000 - 0.9270i

bper =

0.9270 + 0.9270i 0.9270 - 0.9270i 0.0000 + 0.0000i

0.0000 -0.9270 + 0.9270i 0.9270 - 0.9270i

-0.9270 + 0.0000i 0.0000 - 0.9270i 0.0000 - 0.9270i

we find

H =

0 1 0

1 0 0

0 0 0

Q =

1 0 0

0 0 1

0 1 0

in accordance with the expectation. For n = 5 the curve has genus 6. We find with

aper =

Columns 1 through 4

-0.1623 + 0.4995i -0.1890 + 0.5817i -0.1623 + 0.4995i 0.4948 + 0.3595i

-0.3246 - 0.0000i -0.3780 + 0.0000i -0.3246 + 0.0000i 0.9896 - 0.0000i

-0.4249 + 0.3087i -0.0722 - 0.2222i 0.5252 - 0.0000i 0.6116 - 0.0000i

-0.4249 - 0.3087i 0.1890 - 0.1373i 0.1623 + 0.4995i -0.4948 + 0.3595i

0.1003 - 0.3087i -0.3058 + 0.2222i 0.3246 -0.9896 - 0.0000i

0.5252 + 0.0000i -0.4948 - 0.3595i 0.1623 + 0.4995i -0.4948 + 0.3595i

Columns 5 through 6

0.4948 + 0.3595i 0.4249 - 0.3087i

0.9896 - 0.0000i 0.8498 - 0.0000i

0.1890 - 0.5817i 1.1125 + 0.8082i

0.1890 + 0.5817i -0.4249 - 1.3078i

0.8006 + 0.5817i -0.2626 - 0.8082i

0.6116 - 0.0000i 0.1623 - 0.4995i
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bper =

Columns 1 through 4

-0.6875 + 0.4995i -0.8006 + 0.5817i -0.6875 + 0.4995i -0.1168 + 0.3595i

0.1003 - 0.3087i 0.1168 - 0.3595i 0.1003 - 0.3087i 0.8006 + 0.5817i

-0.6875 - 0.4995i 0.3058 - 0.2222i 0.2626 + 0.8082i 0.3058 - 0.2222i

-0.1623 - 0.4995i 0.2336 + 0.0000i -0.1623 + 0.4995i 0.4948 + 0.3595i

0.4249 - 0.3087i -0.6116 - 0.0000i 0.4249 + 0.3087i -0.1890 - 0.5817i

-0.1623 + 0.4995i 0.4948 - 0.3595i -0.5252 -0.6116

Columns 5 through 6

-0.1168 + 0.3595i -0.1003 - 0.3087i

0.8006 + 0.5817i 0.6875 - 0.4995i

-0.1168 - 0.3595i 0.2626 + 0.8082i

0.4948 - 0.3595i 1.3751 - 0.0000i

-0.1890 + 0.5817i -0.5252 + 0.0000i

0.4948 + 0.3595i -0.1623 - 0.4995i

the matrices

H =

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

Q =

1 0 0 0 0 0

1 0 0 1 0 0

0 0 0 0 1 0

0 0 1 0 1 0

0 1 1 0 1 0

0 0 1 0 1 1.

This implies that there is one real oval as can be also seen in Figure 3, and the
curve is nondividing. This corresponds to (g, k, a) = (6, 1, 1).

For the curve

(48) y3 − 2x3y − x9 = 0

of genus 3 we have

aper =

0.4021 - 0.6964i -0.6748 - 1.1688i 0.5985 + 1.0367i

-0.4764 - 0.9006i 1.5026 - 0.1823i 2.0418 + 0.5711i

-1.5598 - 0.9006i 0.3157 - 0.1823i -0.9892 + 0.5711i
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Figure 3. Real variety of the Fermat curve (47) for n = 5.

bper =

1.1577 + 0.2041i 0.3591 - 0.9865i 0.3907 + 0.4656i

0.5417 - 0.3128i 0.5934 + 0.3426i 1.5155 + 0.8750i

0.6160 + 0.1086i -0.2344 + 0.6439i -1.1249 - 1.3406i

which leads to

H =

1 0 0

0 1 0

0 0 1

Q =

1 1 1

0 0 1

0 1 0.

This gives the topological type (3, 1, 1). In particular, the number of real ovals
equals one. The real variety of the curve, which has a self intersection and a cusp,
can be seen in Figure 4.

The curve

−180x5 + 396yx4 − 307x3y2 + 107x2y3 + 273x3 − 318x2y − 17xy4

+ 117xy2 − 68x+ y5 − 12y3 + 19y = 0

(49)

is known (see [16]) to be a dividing curve of genus 6. In fact we get for
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Figure 4. Real variety of the curve (48).

aper =

Columns 1 through 4

0.0414 + 0.0278i -0.0345 + 0.0272i -0.0979 + 0.0264i -0.3041 + 0.0603i

-0.1149 - 0.0446i 0.0000 - 0.0000i 0.0532 - 0.0226i 0.0000 - 0.0000i

0.1149 + 0.0169i -0.0000 + 0.0544i -0.0532 - 0.0805i -0.0000 + 0.1206i

0.0000 - 0.0111i 0.0000 + 0.0183i 0.0000 - 0.0303i 0.0000 + 0.1114i

0.0820 - 0.0278i 0.0000 + 0.0000i -0.0527 - 0.1031i 0.0000 + 0.0000i

-0.0820 - 0.0000i -0.0000 - 0.0544i 0.0527 - 0.0000i -0.0000 - 0.1206i

Columns 5 through 6

-0.5369 + 0.0872i -2.8149 + 0.5433i

0.2427 + 0.0099i 0.7641 + 0.0357i

-0.2427 - 0.2372i -0.7641 - 0.5381i

0.0000 - 0.1843i 0.0000 - 1.1224i

-0.0881 - 0.2274i -0.1275 - 0.5024i

0.0881 - 0.0000i 0.1275 - 0.0000i

bper =

Columns 1 through 4

0.0414 + 0.0278i -0.0345 - 0.0094i -0.0979 + 0.0264i -0.3041 - 0.1626i

-0.0089 - 0.1009i -0.0666 + 0.0180i 0.1091 - 0.0733i -0.1162 + 0.0046i

-0.0089 - 0.0563i -0.0666 - 0.0180i 0.1091 - 0.0507i -0.1162 - 0.0046i

0.0320 - 0.0000i 0.0000 - 0.0183i 0.1425 - 0.0000i 0.0000 - 0.1114i

0.1060 + 0.0286i 0.0666 + 0.0724i 0.0559 - 0.0525i 0.1162 + 0.1252i

-0.0580 + 0.0160i 0.0666 - 0.0363i 0.1614 + 0.0751i 0.1162 - 0.1160i
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Columns 5 through 6

-0.5369 + 0.0872i -2.8149 + 0.5433i

0.3380 - 0.1055i 0.9555 - 0.2619i

0.3380 - 0.1154i 0.9555 - 0.2976i

0.8311 - 0.0000i 4.8657 - 0.0000i

0.0954 - 0.1120i 0.1914 - 0.2048i

0.2716 + 0.1021i 0.4464 + 0.1691i

the matrices

H =

0 1 0 0 0 0

1 0 0 0 0 0

0 0 0 1 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

Q =

1 0 0 0 0 0

0 1 0 0 0 0

1 1 1 0 0 0

0 1 0 0 1 0

0 0 0 1 0 0

0 0 0 0 1 1.

This means that it is a dividing curve with 3 real ovals, which is, however, not
obvious from Figure 5. The topological type is (6, 3, 0).
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Figure 5. Real variety of the curve (49).
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6. Outlook

The algorithm presented in this paper allows the transformation of an arbitrary
canonical homology basis to a form adapted to the underlying symmetry; here the
anti-holomorphic involution. This permits us to find a basis satisfying relation (7).
A similar condition can be imposed for any involution, and the algorithm presented
here can be easily adapted to that case.

In general, the presence of symmetries allows us to significantly simplify the Rie-
mann matrix of a surface, but only in a homology basis adapted to the symmetries,
for instance, in a basis such that the A-cycles are invariant under symmetry oper-
ations; see [3] and [5] for the Klein curve. The latter reference uses an approach to
this problem based on Comessati’s theorem [11] via two pieces of software, extcurves
and CyclePainter2. It will be the subject of further work to generalize the algorithm
to symmetry groups beyond involutions. In a first step it would be interesting to
extend the approach presented in this paper to automorphisms τ satisfying τn = id
with n > 2; see for instance [9]. An application would be to transform an arbitrary
homology basis in this case to a canonical form [10]. A direction of research will
be to implement a more efficient algorithm for the Smith normal form which would
allow the study of higher genus curves as the Fricke-Mcbeath curve in genus 7.
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Savary, 21078 Dijon Cedex, France

E-mail address: Christian.Klein@u-bourgogne.fr

http://www.ams.org/mathscinet-getitem?mr=1258480
http://www.ams.org/mathscinet-getitem?mr=1258480
http://www.ams.org/mathscinet-getitem?mr=1961871
http://www.ams.org/mathscinet-getitem?mr=1961871
http://www.ams.org/mathscinet-getitem?mr=1503398
http://www.ams.org/mathscinet-getitem?mr=1511726
http://www.ams.org/mathscinet-getitem?mr=1086716
http://www.ams.org/mathscinet-getitem?mr=1086716
http://www.ams.org/mathscinet-getitem?mr=2460354
http://www.ams.org/mathscinet-getitem?mr=2460354
http://www.ams.org/mathscinet-getitem?mr=997218
http://www.ams.org/mathscinet-getitem?mr=997218
http://www.ams.org/mathscinet-getitem?mr=767125
http://www.ams.org/mathscinet-getitem?mr=767125
http://www.ams.org/mathscinet-getitem?mr=1225986
http://www.ams.org/mathscinet-getitem?mr=1225986
http://www.ams.org/mathscinet-getitem?mr=770238
http://www.ams.org/mathscinet-getitem?mr=770238

	1. Introduction
	2. Symmetric homology basis
	3. Symplectic transformation between homology bases
	3.1. Basic facts from the theory of ℤ-modules
	3.2. Action of 𝜏 on an arbitrary homology basis
	3.3. Symplectic transformation

	4. Algorithm for the computation of the topological type (𝑔,𝑘,𝑎)
	5. Examples
	6. Outlook
	References

