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AN HDG METHOD FOR LINEAR ELASTICITY
WITH STRONG SYMMETRIC STRESSES

WEIFENG QIU, JIGUANG SHEN, AND KE SHI

ABSTRACT. This paper presents a new hybridizable discontinuous Galerkin
(HDG) method for linear elasticity on general polyhedral meshes, based on a
strong symmetric stress formulation. The key feature of this new HDG method
is the use of a special form of the numerical trace of the stresses, which makes
the error analysis different from the projection-based error analyzes used for
most other HDG methods. For arbitrary polyhedral elements, we approximate
the stress by using polynomials of degree k > 1 and the displacement by using
polynomials of degree k+1. In contrast, to approximate the numerical trace of
the displacement on the faces, we use polynomials of degree k only. This allows
for a very efficient implementation of the method, since the numerical trace of
the displacement is the only globally-coupled unknown, but does not degrade
the convergence properties of the method. Indeed, we prove optimal orders of
convergence for both the stresses and displacements on the elements. In the
almost incompressible case, we show the error of the stress is also optimal
in the standard L2-norm. These optimal results are possible thanks to a
special superconvergence property of the numerical traces of the displacement,
and thanks to the use of the crucial elementwise Korn’s inequality. Several
numerical results are presented to support our theoretical findings in the end.

1. INTRODUCTION

In this paper, we introduce a new hybridizable discontinuous Galerkin (HDG)
method for the system of linear elasticity:

(1.1a) Ao —€(u) =0 in QC R,
(1.1b) V-e=f inQ,
(1.1c) u=g ondf.

Here, the displacement is denoted by the vector field uw : © — R3. The strain
tensor is represented by €(u) := 3(Vu + (Vu)"). The stress tensor is represented
by o : Q — S, where S denotes the set of all symmetric matrices in R3*3. The
compliance tensor A is assumed to be a bounded, symmetric, positive definite tensor
over S. The body force f lies in LQ(Q), the displacement of the boundary g is a
function in H'/?(8Q) and Q is a polyhedral domain.
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In general, there are two approaches to design mixed finite element methods
for linear elasticity. The first approach is to enforce the symmetry of the stress
tensor weakly ([4L5L1TL17,25/28B21B336]). In this category, is included the HDG
method considered in [22]. The other approach is to exactly enforce the symmetry
of the approximate stresses. The methods considered in [TH3][7.812TL26130,3537138]
belong to the second category, and so does the contribution of this paper. In general,
the methods in the first category are easier to implement. On the other hand, the
methods in the second category preserve the balance of angular momentum strongly
and have less degrees of freedom. Next, we compare our HDG method with several
methods of the second category.

In [21I], an LDG method using strongly symmetric stresses (for isotropic linear
elasticity) was introduced and proved to yield convergence properties that remain
unchanged when the material becomes incompressible; simplexes and polynomial
approximations or degree k in all variables were used. However, as all LDG methods
for second-order elliptic problems, although the displacement converges with order
k+1, the strain and pressure converge suboptimally with order k. Also, the method
cannot be hybridized. Stress finite elements satisfying both strong symmetry and
H(div)-conformity are introduced in [I}2]. The main drawback of these methods
is that they have too many degrees of freedom of stress elements and hybridization
is not available for them (see detailed description in [28]). In [3}[7 82630l 35,
37.38], non-conforming methods using symmetric stress elements are introduced.
But, methods in [31[7}[8.B0,[37,38] use low order finite element spaces only (most
of them are restricted to rectangular or cubical meshes except [3,[7]). In [20], a
family of simplicial elements (one for each k > 1) are developed in both two and
three dimensions. (The degrees of freedom of Pyy1(S, K) were studied in [20]
and then used to design the projection operator I14-S) in [27]). However, the
convergence rate of stress is suboptimal. The first HDG method for linear and
nonlinear elasticity was introduced in [34[35]; see also the related HDG method
proposed in [39]. These methods also use simplexes and polynomial approximations
of degree k in all variables. For general polyhedral elements, this method was
recently analyzed in [23] where it was shown that the method converges optimally
in the displacement with order k + 1, but with the suboptimal order of k + 1/2 for
the pressure and the stress. For k = 1, these orders of convergence were numerically
shown to be sharp for triangular elements. In this paper, we prove that by enriching
the local stress space to be polynomials of degree no more than k+ 1, and by using
a modified numerical trace, we are able to obtain optimal order of convergence for
all unknowns. In addition, this analysis is valid for general polyhedral meshes. To
the best of our knowledge, this is so far the only result which has optimal accuracy
with general polyhedral triangulations for linear elasticity problems.

Like many hybrid methods, our HDG method provides approximation to stress
and displacement in each element and trace of displacement along interfaces of
meshes. In general, the corresponding finite element spaces are V,, W, M}, which
are defined to be

V,={veL*Q): vgeV(K) VKEecT},
W,={weL*Q): w|lgecW(K) VKeT,},
M), ={pcL*&): plrc M(F) VFc&}.
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Here 7;, denotes a triangulation of the domain 2 and &, is the set of all faces F' of
all elements K € Tj,. The spaces V(K), W (K), M(F) are called the local spaces
which are defined on each element/face. In Table [Il we list several choices of local
spaces for different methods. In this paper, our choice of the local spaces is defined
as:

V(K) = P(S.K), W(K)=Pyi(K), M(F)=Py(F).

Here, the space of vector-valued functions defined on D whose entries are polynomi-
als of total degree k is denoted by Py (D) (k > 1). Similarly, P, (S, K) denotes the
space of symmetric-valued functions defined on K whose entries are polynomials of
total degree k. In addition, our method allows 7} to be any conforming polyhedral
triangulation of ).

Note the fact that the only globally-coupled degrees of freedom are those of
the numerical trace of displacement along &, renders the method efficiently im-
plementable. However, the fact that the polynomial degree of the approximate
numerical traces of the displacement is one less than that of the approximate dis-
placement inside the elements, might cause a degradation in the approximation
properties of the displacement. However, this unpleasant situation is avoided alto-
gether by taking a special form of the numerical trace of the stresses inspired on
the choice taken in [29] in the framework of diffusion problems. This choice allows
for a special superconvergence of part of the numerical traces of the stresses which,
in turn, guarantees that, for k& > 1, the L2-order of convergence for the stress is
k + 1 and that of the displacement k + 2. So, we obtain optimal convergence for
both stress and displacement for general polyhedral elements. Let us mention that
the approach of error analysis of our HDG method is different from the traditional
projection-based error analysis in [19}[20122] in three aspects. First, here, we use
simple L2-projections, not the numerical trace-tailored projections typically used
for the analysis of other HDG methods. Second, we take the stabilization parame-
ter to be of order 1/h instead of of order one. And finally, we use an elementwise
Korn’s inequality (Lemma [£1]) to deal with the symmetry of the stresses.

We notice that mixed methods in [I7[25] and HDG methods in [22] also achieve
optimal convergence for stress and superconvergence for displacement by post pro-
cessing. However, there are two disadvantages regarding implementation. First,
these methods enforce the stress symmetry weakly, which means that they have
a much larger space for the stress. In additon, these methods usually need to
add matrix bubble functions (8V in [I7]) into their stress elements in order to
obtain optimal approximations. In fact, the construction of such bubbles on gen-
eral polyhedral elements is still an open problem. In contrast, our method avoids
using matrix bubble functions but only uses simple polynomial spaces of degree
k,k + 1. In Table [Il, we compare methods which use M} for approximating the
trace of displacement @y, on &,. There, u} is a post-processed numerical solution
of displacement.

The remainder of this paper is organized as follows. In Section 2, we introduce
our HDG method and present our a priori error estimates. In Section 3, we give
a characterization of the HDG method and show the global matrix is symmetric
and positive definite. In Section 4, we give the elementwise Korn’s inequality in
Lemmald1] then provide a detailed proof of the a priori error estimates. In Section
5, we present several numerical examples in order to illustrate and test our method.
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TABLE 1. Orders of convergence for methods for which u;, €
M(F) = Py(F), k> 1, and K is a tetrahedron.

method V(K) W(K) llo—anl7 | w—unl7, lu—u;llz,
AFWIA] P,(R¥>3 K) P, (K) k k -
CGG[7] RT(K)+d8V  Pi(K) k+1 k+1 k+2
GCR5 P, (R*3 K)+ 8V Pp (K) k+1 k k+1
CSR2] PL(R¥*3 K)+38V Pip(K) k+1 k+1 k+2
GG [26] P, . (S,K) P.(K) k k+1 -
HDG-S P.(S,K) P (K) k+1 k+2 -

2. MAIN RESULTS

In this section we first present the method in details and then show the main
results for the error estimates.

2.1. The HDG formulation with strong symmetry. Let us begin by intro-
ducing some notation and conventions. We adapt to our setting the notation used
in [20]. Let 7, denote a conforming triangulation of 2 made of shape-regular poly-
hedral elements K. We recall that 07;, := {0K : K € T}, and &, denotes the
set of all faces F' of all elements. We denote by F(K) the set of all faces F' of the
element K. We also use the standard notation to denote scalar, vector and tensor
spaces. Thus, if D(K) denotes a space of scalar-valued functions defined on K,
the corresponding space of vector-valued functions is D(K) := [D(K)]¢ and the
corresponding space of matrix-valued functions is D(K) := [D(K)]**?. Finally,
D(S, K) denotes the symmetric subspace of D(K).

The methods we consider seek an approximation (o, up, ) to the exact so-
lution (o, u,ulg,) in the finite dimensional space V., x W, x M, C L*(S,Q) x
L?(Q) x L*(&,) given by

(2.1a) V,={ve L*S,0): vl € P (S,K) VKEecT},
(2.1b) W,={weL*Q): w|gecPr(K) YKeT,)},
(2.1c) M, ={pecL*&): plrcPpF) VF €&}

Here Pi(D) denotes the standard space of polynomials of degree no more than k
on D. Here we require k > 1.

The numerical approximation (g}, wp, Up) can now be defined as the solution of
the following system:

(2.2a) (Aay, , v)7, + (un, V- v)7, — (Un, vn)or, =0,

(2.2b) (o), Vw)7, — (@,n, w)or, = —(f, w7,
(2.2¢) (@nn, wor o0 =0,

(2.2d) (Un, oo = (g, moq,

for all (v,w, ) € V, x Wy x M}, where

(2.2e) a.n=oc,n—71(Ppup—up) on dTy.
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In fact, in Christoph Lehrenfeld’s thesis, the author defines the numerical flux in
this way for diffusion problems (see Remark 1.2.4 in [29]). This method was then an-
alyzed for diffusion recently in [31]. Here, Pps denotes the standard L2-orthogonal
projection from L?(&,) onto M. We write n, Q7 = ZZ]’=1(Z‘,3‘ , gi,j)T’L’

(777 C)Th = 2?21(771'7 Cz)Tw and (777 C)Th = ZKGT}I, (777 C)Ka where (777 C)D denotes
the integral of n¢ over D C R™. Similarly, we write (n, o7, == Yoieqy (mi, Gi)oT
and (1, Q)o7, = Y ger, (M, Qox, where (n, ()p denotes the integral of n¢ over
D Cc R L

The parameter 7 in (22€)) is called the stabilization parameter. In this paper,
we assume it is a fixed positive number on all faces. It is worth mentioning that
the numerical trace (22¢€)) is defined slightly different from the usual HDG setting;
see [20]. Namely, in the definition, we use Ppsuy instead of uy. Indeed, this is
a crucial modification in order to get the error estimate. An intuitive explanation
is that we want to preserve the strong continuity of the flux across the interfaces.
Without the projection Pps, by ([2:2d) the normal component of &, is only weakly
continuous across the interfaces.

2.2. A priori error estimates. To state our main result, we need to introduce
some notation. We define

vl 2a0) = V(Av,v)0, Yo € L*(S,Q).

We use || - ||s,p,| - |s,p to denote the usual norm and seminorm on the Sobolev
space H*(D). We discard the first index s if s = 0. A differential operator with
a subindex h means it is defined on each element K € 7. Similarly, the norm
[ 15,7, is the discrete norm defined as [ - [|s,7, := > ger, || - [s,x- Finally, we need
an elliptic regularity assumption stated as follows. Let (¢,v) € H*() x H'(Q)
be the solution of the adjoint problem: o

(2.3a) A —e(¢p) =0  in Q,
(2.3b) V- =e, inf,
(2.3c) ¢=0 on 0.

We assume the solution (¢, ) has the following elliptic regularity property:
(2.4) HQHLQ + Hd)HQ,Q < CreyHeU||Q>

The assumption holds in the case of planar elasticity with scalar coeflicients on a
convex domain; see [9].
We are now ready to state our main result.

Theorem 2.1. If the meshes are quasi-uniform and ™ = O(%), then we have

(2.5) lo — a0 < CRE(lullsti.0 + llals.o),

for all 1 < s < k+1. Moreover, if the elliptic regularity property (24l holds, then
we have

(2.6) lw = unlle < CRF (|lullstr0 + lle

|S,Q)7

forall1 < s < k+1. Here the constant C depends on the upper bound of compliance
tensor A but it is independent of the mesh size h.



74 WEIFENG QIU, JIGUANG SHEN, AND KE SHI

This result shows that the numerical errors for both unknowns (u, o) are optimal.
In addition, since the only globally-coupled unknown, i, stays in P (&), the
order of convergence for the displacement remains optimal only because of a key
superconvergence property; see the remark right after Corollary In addition,
we restrict our result on quasi-uniform meshes to make the proof simple and clear.
This result holds for shape-regular meshes also.

2.3. Numerical approximation for nearly incompressible materials. Here,
we consider the numerical approximation of stress for isotropic nearly incompress-
ible materials.

We define isotropic materials to be those whose compliance tensor satisfies the
following Assumption 2.1

Assumption 2.1.

tr(r)

t
(2.7) AT = PpTp + PTTI;;, where Tp=1T— r(z)

3

I3a

for any T in R3*3, and Pp and Pr are two positive constants. An isotropic material
is nearly incompressible if Pr is close to zero.

Theorem 2.2. If the material is isotropic (whose compliance tensor satisfies As-
sumption Z11), Pr is positive, the boundary data g = 0, the meshes are quasi-
uniform and T = O(}), then we have

(2.8) lo = anllrze) < CR*(([ulls+1.0 + llallsq),
for all1 < s < k+ 1. Here, the constant C is independent of P{l.

This result shows that the HDG method (Z2)) is locking-free for nearly incom-
pressible materials. We emphasize that the convergence rate of stress for nearly
incompressible materials is one order higher than [5[26] with the same finite ele-
ment space for numerical trace of displacement.

3. A CHARACTERIZATION OF THE HDG METHOD

In this section we show how to eliminate elementwise the unknowns o, and
uy, from the equations ([22) and rewrite the original system solely in terms of the
unknown uy; see also [35]. Via this elimination, we do not have to deal with the
large indefinite linear system generated by (22]), but with the inversion of a sparser
symmetric positive definite matrix of remarkably smaller size.

3.1. The local problems. The result on the above mentioned elimination can be
described using additional “local” operators defined as follows:

On each element K, for any A € My|ax, we denote (QA, UX) € V(K) x W(K)
to be the unique solution of the local problem:
(3.1a) (AQX,v)k + (UA V- v)k = (A, v n)ork,
(31b) —(V~QA,UJ)K+<TPMU)\,W>8K = <T)\,w>3[(,

for all (v,w) € V(K) x W(K).
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On each element K, we also denote (Q A, UsA) € V(K) x W(K) to be the
unique solution of the local problem:

(3.2a) (AQ f . v)k + (Usf,V - v)k =0,
(32b) _(V'st,W)K+<TPMUSf,W>aK:—(f7(—U)K,
for all (v,w) € V(K) x W(K).

It is easy to show the two local problems are well-posed. In addition, due to the
linearity of the global system (2.2]), the numerical solution (o, u, ) satisfies

(3.3) g, = Qﬁh + st, u, =Uu, +Usf.

3.2. The global problem. For the sake of simplicity, we assume the boundary
data g = 0. Then, the HDG method (Z2) is to find (g, un, ds) € V, x W, x MY
satisfying

(3.4a) (Agy, , v)7, + (un, V-0)7, — (Un, vn)or, =0,
(3.4b) —(V-ag,, w), + (T(Prrun — up) , w)or, = —(f, w7,
(3.4¢) (@npn — 7(Prpup — un) , w)ori\o0 = 0,

for all (v,w,p) € V,, x Wj, x M), where M) = {p € M}, : u|oq = 0}.
Combining [B4d) with [33), we have that for all u € MY,

3.5)  {(Qua)n — T(PpUty — un), wor, = (Qgf)n — 7PuUsf, wor, -

Up to now we can see that we only need to solve the reduced global linear system
B3 first, then recover (g, up) by B3) element by element. Next we show that
the global system (B.) is in fact symmetric positive definite.

3.3. A characterization of the approximate solution. The above results sug-
gest the following characterization of the numerical solution of the HDG method.

Theorem 3.1. The numerical solution of the HDG method [22)) satisfies
0, =Qur+Q.f, up,=Uu,+Usf.
If we assume the boundary data g = 0, then uy, € M?L 1s the solution of
(3.6) an(tn, p) = (Qgf)n —TPMUs f,pw)or,, Yp e Mj,
where
an(Un, p) = (AQup, Qu) 7, + (T(PpfUtuy — up), PpUp — p)or, -
In addition, the bilinear operator ap (X, \) is positive definite.

Proof. Tn order to show (B:6)) is true, we only need to show that for all X\, u € M7,
then

ah()\>ﬂ) = <(Q>\)’I’L - 7—(I)IWUA - )‘)7 H>87—h'
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According to [B.1), we have
(3.7a) (AQm,v)7, + (Um,V -v)7, = (m,v-n)or,,
(3.7b) (V-Qm,w)7, = (1(PryUm — m),w)o7;,,
for all (v,w) € V,, x W},, m € M. Then, we have
(Q@A)n — 7(PvUX — A), o,

(
=(1, (@N)n)oT, — (T(PMUX = A), o,
=(AQu, QN)7;, + (Up, V- QN)7;, — (T(PMUA — X), o, by B.7a)
=(AQu, QN)7;, + (V- QA Up) 7, — (1(PmUA — X), w)oT,
=(AQu, QN)7,, + (T(PMUX = XN), Up — p)or, by BID)
=(AQu, QN) 7, + (T(PrmUX — X), PpUp — p)o,
=an(A, p).

So, we can conclude that ([B:6) holds. We end the proof by showing the bilinear
operator ap(,-) is positive definite.
If an (X, A) = 0 for some A € MY, from the previous result we have

QX =0, PpyUX— AT, =0.
We apply integration by parts on ([B.Ial), we have
(e(UN), v)ox =0, VYuveV(K).

This implies that e(UA)|g = 0 for all K € T;,. So, for any K € 7Tp, there are
ax,bx € R? such that UMk =ag xx+bg. Since k > 1, we have P, UX =UA.
Combining this result with the fact that PpyUX — Alo7;, = 0 and Alpq = 0, we can
conclude that UX € C°(Q) and U|sq = 0.

Finally, let us consider two adjacent elements K;, Ko with the interface F =
K, N K,. In addition, we assume that on K;, U can be expressed as

Ul=a;xx+b;, i=1,2.

We claim that a; = as and b; = bs. This fact can be shown by considering the
continuity of the function on the interface F'. We omit the detailed proof since it
only involves elementary linear algebra.

From this result we conclude that there exist a, b € R? such that UX = axx+b
in Q. By the fact that UMA|sn = 0, we can conclude that UX = 0, hence A = 0.
This completes the proof. O

Remark 3.2. In Theorem B.I] we assume the boundary data g = 0. Actually, if g
is not zero, we can still obtain the same linear system as a;, in Theorem 311 by the
same treatment of boundary data in [I6].

4. ERROR ANALYSIS

In this section we provide detailed proofs for our a priori error estimates — The-
orem [2Iland Theorem[Z2]l We use the elementwise Korn’s inequality (Lemma ),
which is novel and crucial in error analysis. We use Ily, IIy to denote the standard
L2-orthogonal projection onto V,,, W, respectively. In addition, we denote

ec =llyo -0, e,=Iwu—u,, ez=Pyu—7uy.



AN HDG METHOD FOR LINEAR ELASTICITY T

In the analysis, we are going to use the following classical results:

(4.1a) |u — Mwullo < CR%|ulls0 0<s<k+2,
(4.1b) lo —Oyalla < Ch'|lalio 0<t<k+1,
(4.1¢) |u— Papullg, < Ch¥ 7 |ullag, 1<s<k+1,
(4.1d) u—Twulox < Ch* 2 |ullsx, 1<s<k+2
(4.1e) lon —Myvon|sx < C'ht_%||g||tx7 1<t<k+1,
(4.1f) lvllox < Ch™2|v]k, Vv e Py(K),
(4.1g) len — Ppr(en)|ox < Ch 2 |ollik, 1<t<k+1.

The above results are due to standard approximation theory of polynomials, trace
inequality.

Let €;, denote the discrete symmetric gradient operator, such that for any K €
Th, €,k = €|x. It is well known (see Theorem 2.2 in [I4]) that the kernel of the
operator €, (+) is:

kere, = Th := {A € L*(Q), Alx = Bgx + by, B € A bx cR3 K € Tp}.

Here, A denotes the set of all anti-symmetric matrices in R3*3.
In the analysis, we need the following elementwise Korn’s inequality:

Lemma 4.1. Let K € Tp, be a generic element with size hx and T(K) := Y|k
Then for any function v € W (K), we have

3 <
Ael%{) IV(v+A)|x < Clle()]|x,

Here C is independent of the size hi. In addition, if K is a tetrahedron, the above
inequality holds for any v € H'(K).

Proof. Let K denote the reference tetrahedron element and v € H Y(K). The
mapping from K to K is ® = Ax& + cx where Ay is a non-singular matrix and
CiK € R3. R
We define v, which is the pull back of v on K, by
AL D) =v(z) VEeK.
So, we have

Vo(z) = V(Ag'v)(2) = Ay (Vo) ().

The last equality above is due to the fact that every component of A;{T is constant.
It is easy to see that

(Vo)(z) = Vo (@) AL
So, we have

ALTVB(@) AL = Vo(x).
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By taking the symmetric part of both sides of the above equation, we have
(4.2) ALTE(2) AL = ev().
According to Theorem 2.3 in [I4], the following inequality holds:

_inf_ [+ Al z < Clle®)lly -
AeT(R)

So, there is A = B,Z + by with By € A and by € R3, such that
(43) IV + A)llo 7 < CIE®) o -
We define
A(z) = A; A(Z) VzeK.
It is easy to see that
VA=A 'VAAL = A "BrAl € A

So, A € T(K). Then, by standard scaling argument with [4.2)), ([43]) and the shape
regularity of the meshes, we can conclude that the proof for arbitrary tetrahedron
element is complete.

Now, we consider the case of arbitrary shape regular element K, which can be
hexahedron, prism or pyramid. Let v = (vy,ve,v3)" € Wip|g. It is well known
that for any 1 <i,5,k < 3,

9 (0kvi) = 0;(€ir(v)) + Ok (e (v)) — Ji(ejx(v))-
Here, €;;(v) = (€(v)),;,. Consequently, we have
IV (9v; — 0vj)llo.xc < ClIVe) o < Chig'lle(w)llo,x-

We define an anti-symmetric matrix B by

1 . .
(BK)” = m /K(ajvi —Ow,)de 1<1i,7<3.

We take A = Bx, which is obviously in Y(K). Then, we have

/K(V(U—A)—g(v))dwz/K(Vv—g(v))da:—EK/ ldx =0.

K

By the Poincaré inequality, we have

IV —A) = e@)llox < Chrx D> V(@501 — dv;)]lo.xc < Clle()llo.x-
1<i,j<3

We immediately have that
V(v = Ao,k < Clle()]lo,x-

This completes the proof. ([l
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Step 1 (The error equation). We first present the error equation for the analysis.

Lemma 4.2. Let (u,0), (up, o, up) solve (L) and Z2), respectively, then we

have

(4.4a)  (Aes, v)7, + (ew, V-v)7, — (ea, vn)or, = (A(llyo — o), v)7,,
(4.4b) (es, Vw)7, — (@n —a,n, w)ar, =0,

(4.4c) (en —a,n, wor o0 =0,

(44d) <6,,’;, l1'>8§2 - Oa

for all (v,w,p) € V x W, x My,

Proof. We notice that the exact solution (u,o,ule,) also satisfies the equation
[22). Hence, after simple algebraic manipulations, we get that

(Allya, v)7, + (Mwu, V- v)7, — (Pmu, vn)aT,
=—(Ale - Ilyo), v)7, + (u — Pyu, vn)oy, — (u —Hwu, V- )7,
(Myo, Vw)7, —(an, w)sor, = —(f, w)7,—(e —vo, Vw)7,
(an, war,\o0 =0,
(Pru, p)og = —(u — Pypru, p)oq,

for all (v, w, u) € V,, x W, x M}, Notice that the local spaces satisfy the following
inclusion property:

V.V(K)CW(K), eW(K))CV(K), V(K)n|rcC M(F).
Hence by the property of the L2-projection, the above system can be simplified as:
(Ally o , v)7;, + Mwu, V- v)7, — (Pyu, vn)or, = —(Ale —vo), v)7,,
(&g’ vw)Th - <gna w>87_h = _(f7 w)Tm

<gna /‘l’>37—h\89 = 07
<PMU> I~l’>8Q = 07

for all (v, w, u) € V;, x W, x M},. Here we applied the fact that (¢ —Ily o, Vw)T,
= (o —yo, €(w))7, = 0. If we now subtract the equations (2.2)), we obtain the
result. This completes the proof. (Il

Step 2 (Estimate of e,). We are now ready to obtain our first estimate.
Proposition 4.1. We have
(Aeg , o)1, +(T(Prmeu—eq) , Prmew—eq)or, = —(Ale—Ilva), eq)7, +T1 T3,

where T1, Ty are defined as:
Ty := (ew — €a, an — (Ilyo)n)sr,,
Ts := (ey — €q, T(Prv(u — Hwuw)))oT, -
Proof. By the error equation (£.4d]) we know that ez = 0 on 9Q. This implies that

(eq, on —ao,n)oso =0.
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Now taking (v,w,p) = (€o,eu,eq) in error equations ([{4a)-(@.4d) and adding
these equations together with the above identity, we obtain, after some algebraic
manipulation,

(4.5) (Aeo ; €0)7;, + (€u—ea, eon—(an—a,n))or, = —(Ale-Ilvo), eq)7, -
Now we work with the second term on the left-hand side,
eon —(gn—5,n) = lyon — o,n—on +5n
by the definition of the numerical trace (2:2€]),
= —(g - Oyo)n — 7(Pvup — Up),
= —(c —Mlyo)n+ 7(Pypey — ez) — 7(Pyr(MIwu — u)),

the last step is by the definition of e,,, eg. Inserting the above identity into (4.3)
and moving terms around, we have

(Ae_av e_a)Th, + <€u —€qu, T(PMeu - ea)}an
=—(Ale —Mya), ex)7;, +T1 — T>.

Finally, notice that on each F' € Ty, 7(Pnreqy, — eg)|r € M(F), so we have
<eu —€g, 7—(-IDMeu - eﬁ)>67’h, = <PMeu —€g, 7—(-IDMe'u, - eﬁ)>67’h,-
This completes the proof. (Il

From the above energy argument we can see that we need to bound 77,75 in
order to have an estimate for e,. Next we present the estimates for these two
terms:

Lemma 4.3. If the parameter 7 = O(h™1), we have
Ty < Ch'|lelva (172 (Puew — ea)llo, + lew)l|7),
Ty < Ch*Y|ul
foralll1<t<k+4+1,1<s<k+2.

s |72 (Prew — e3)lom,

Proof. We first bound T,. We have

Ty = (ey — €5, T(Pr(u — Mww)))or, = (Pumey — ea, T(Pav(u — Dww)))oT,
(Prey —eq, T(u —IIwuw))oT,
|

1 1
< |72 (Prvew — ea)llor, 72 |u — Mwullar,

< Ch*(r2h™2)||77 (Prpew — €a)|loT, |

|s797

for all 1 < s < k+ 2. In the last step we applied the inequality (Z1d).
The estimate for 77 is much more sophisticated. We first split 73 into two parts:

T, =Ty + Tho,

where

—~

MMyo)n)sT,,

T := (Pypey —eq, on —

Tip = (€4 — Pymey, on — (11 U)”>8Th~
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For Ty1, we simply apply the Cauchy-Schwarz inequality,
1 _1
Tn < |72 (Prmew — ea)lor, 7 2 |lan — (v o)n|sr,
1,1 1
< ChH(r72h72)||e ol (Parew — €)o7,

for all 1 <t <k + 1. Here we used the inequality ([@Ie).
Now we work on Tijy. Using the L?-orthogonal property of the projection Pay,
we can write

T2 = (ew — Ppew, an — (Iya)n)sT,
= (ew — Prrew, an)oT,
- <eu - PMeu ) on — PM(gn)>87-}La
by the fact that Iy on|p, Pp(on)|r € M(F) for all F' € 07,
T2 = (ew, on — Pp(on))oy,, since Pyrey|rp € M(F),VF € 0T,
= (euw + A, on — Pyp(on))sT,,

where A € L*(Q) is any vector-valued function in Y. Notice here the last step
holds only if Yy|p € M(F), VF € 0Ty. This is true if k¥ > 1. Next, on each
K € Ty, if we denote w to be the average of w over K, then we have

<eu+A7 Qn_PM(Qn»aK = <eu+A_(eu+A)v Qn_PM(Qn»aK
<llew+ A~ (ex + A)llox|lan — Pr(on)|ox,

by the standard inequalities (£1Il), (ZIg),

(ew + A, an — Py(an))ox < Ch 7 a|ixllew + A — (ew + A)|x
< Ch|lallex|V(ew+ M)k,

for all 1 <t < k4 1. The last step is by the Poincaré inequality. Notice that the
constant C' in the above inequality is independent of A € Tj. Now applying the
Lemma [£1] yields,

(ew+ A, an — Py(an))ox < Ch'llall: xle(ew) |-
Summing over all K € T, we have

Tiy < Chl| g

t.0lle(ew) |7,

for all 1 <t < k+ 1. We complete the proof by combining the estimates for
T3, 111, Tha. O

Combining Lemma and Proposition @] we obtain the following estimate.
Corollary 4.1. If the parameter T = O(h™!), then we have
1
||e_crH2L2(A,Q) + 172 (Prrew — ea) 57,

<C (h”llgllin + 12D ) g + el

vaollelew) 7

foralll1 < s <k+21<t<k+1, the constant C is independent of h and the
ezxact solution.
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The proof is omitted. One can obtain the above result by the Cauchy-Schwarz
inequality and the weighted Young’s inequality. Finally, we can finish the estimate
for e; by the following estimate for €(e,,):

Lemma 4.4. Under the same assumption as Theorem 1], we have

letew)llz < C (Wil + lealzcam + I (Parew — ea)lon )
forall0 <t <k+1.

Proof. Notice that e(e,) € V,, so we can take v = €(e,) in the error equation
[{4a), after integrating by parts, we have:

(AE_U-, E(eu))Th - (veua g(eu))Th, + <eu —€a, g(eu)n>87—h
= (Alye — o), €(ew))7;-

Notice that €(e,) € V;, and it is symmetric, so we have
(Veu, €lew))r, = le(en)|l7,,  (eu—ea, €(ew)n)or, = (Prew—ea, €(ew)n)or, .
Inserting these two identities into the first equation, we have

le(ew)lF;, = (Aeq, €(ew))7, + (Prmew — ea, elew)n)or,
+(Ale ~1lva), e(ew))T,

11
< Cllealzamlle(ew)ll, + CT7 2|72 (Prmew — ea)|lor le(ew)n o7,

+Chl|lalqlle(ew) T
1,11
< Clegllzamlleleu)lln + Cm2h™ 2|72 (Prmew — ea)llor, |€(ew)| 7,
+ Chl|a|lt.qlle(ew)| T by inverse inequality (Z1)).

The proof is complete by the assumption 7 = O(h™1). |

Finally, combining Lemma [£.4] and Theorem [£.1] after simple algebraic manipu-
lation, we have our first error estimate:

Corollary 4.2. Under the same assumption as in Theorem L1, we have

1 _
leallz2can) + 172 (Prew — ea)llor, + lle(ew) 7, < C(h'lellea +h 7 lulls0),

foralll1 <t <k+1,1<s <k+2, the constant C is independent of h and the
exact solution.

One can see that by taking t = k + 1,5 = k + 2, both of the errors ey, €(e,)
obtain optimal convergence rate. Moreover, if we take 7 = 1/h, we readily obtain
the superconvergence property

|h% (Parew — eg)|lor, < CRF2,

for smooth solutions. It is this superconvergence property, the one which allows us
to obtain the optimal convergence in the stress and, as we are going to see next, in
the displacement.
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Step 3 (Estimate of e, ). Next we use a standard duality argument to get an esti-
mate for e,. First we present an important identity.

Proposition 4.2. Assume that (¢,1) € H*(Q) x H'(Q) is the solution of the
adjoint problem ([23al), we have

leulld = (Aeo , ¥ — TIvyp) 7, — (A(e — Hye), Iy
—(egn — (an —a;n), ¢ — wo)oT, + (e

Proof. By the dual equation (2.3]), we can write

lewlld = (eu, V- 9)7, + (€q . At — €(9))7,

= (eu, @ + (Aeq , )7, — (€0, VO,

( ) (Aeo" HV’l:b)Th (eo" VHW(}S)T}L
(

vy
My y)7, + (ew, V- (¢ —Ivy))7, — (e, V(P —Iw )7,

u
+e_1lz

integrating by parts for the last two terms, applying the property of the L2-
projections, yields

||euH?2 = (eu7 V- HV'(/))T;L + ('Ae_o'a HV'(/))T;L - (e_o'a VHW¢)Th
+ (Aeg, ¥ — v Y) 7, + (€u, (¥ — Ly P)n)or, — (€an, ¢ — Ilwd)or,.

Taking v := Iy and w := Iy ¢ in the error equations ([@4a)) and (@4D), re-
spectively, and inserting these two equations into the above identity, we obtain

leulld = (ea, Oy ¥n)or, — (Ale —veo), Oy )7, — (en —g,n, Owe)ar,
+ (Aeo , ¥ — v )7, + (eu, (¥ — v e)n)or, — (eon, ¢ —Hwd)or,.

Next, note that by the regularity assumption, (v, ¢) € H?*(Q) x H'(Q), so the

normal component of ¢ and ¢ are continuous across each face F' € &,. By the

equation (2:2d), the normal component of &, is also strongly continuous across
each face F' € &,. This implies that

—(ea, Yn)or, = —(ea, ¥Yn)sa =0, by (@.4d),
(en —apn, ¢)ot, = (an—a,n, ¢)sa =0 by [2.3d).

Adding these two zero terms into the previous equation and rearranging the terms,
we obtain the expression as presented in the proposition. |

As a consequence of the result just proved, we can obtain our estimate of e,,.

Corollary 4.3. Under the same assumption as in Theorem 1], in addition, if the
elliptic reqularity property [24) holds, then we have

leullo < O

[ulls,0),

for1<t<k+1,1<s<k+2.
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Proof. We will estimate each of the terms on the right-hand side of the identity in
Proposition

(Aeo , ¥ =y )7, < Chlleg|r2a0)®lie < Chleallr2 (a0 lleullo;

by the projection property (£ID) and the regularity assumption (2.4).
(Ale —Llya), lvy)7, = (Ale —Ilva), ¥)7, — (Ale —Ilva),
= (¢ —llyo, AYp—Ad)7, —(Alc —yo),

< Chlle —Oyallall?)lho

< Chlle — Ty ollalleo

< Ch' g valleullo.

for all 0 <t < k+1. Here we applied the Galerkin orthogonal property of the local
L2-projection ITy and the regularity assumption (Z4).
For the third term, by the definition of the numerical trace (2.2€]), we have

(egn — (on —ayn), ¢ —Nw)oy, = —((@ —Iyo)n), ¢ - Ow )T,
+{eyn—oyn, ¢ —Mwe)sr,
= —((e -Tyo)n), ¢ - Mwo)ar,
—(T(Pmun —up), ¢ — IMw)or,
=—((e-HOva)n), ¢ —Hwe)sr,
+ (1(Pmeu — €a) , ¢ — Iwd)or,
+(7(Pm(u — Iwu), ¢ — Mwo)or, .
To bound the third term, we only need to bound the above three terms individually.
(@~ Tlyo)n), ¢~ Twd)ar, < (e — Hya)n)or |6 - Twélar,
< CH'"%|glli0h? | @ll2.0.

by the standard inequalities , (£1d), (&I,

< Ch' Y |alleclleull,

for all 1 <t <k + 1. The last step is due to the regularity assumption (2.4).
Similarly, we apply the Cauchy-Schwarz inequality and (£1d) for the other two
terms:

(1(Prrew — ea), ¢ — Mw)or, < C72||7% (Pprew — ea)|o |6 — Dwdlo7,
< OT3h |73 (Prey — e3)]lom 620

1.3 1
< CTihz |73 (Pprey — eq)llor [leullo

(T(Pp(u — Tlwu) , ¢ — Two)or, < 7| Prv(u—wu)lor, ¢ — Mwlar,
< 7lu - Twullar, ¢ — Mw o,
< Crh* "% |ul s 0h? | @ll2.0

< Ot Hulselleulle,

foralll <s<k+2.
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Finally, for the last term in Proposition 2] we can write:
(ew —ea, (Y —vp)n)or, = (Prew —eq, (Y — Lvp)n)sr,
+ (euw — Prrey , (Y — My y)n)aT, .

For the first term, we can apply a similar argument as in the previous steps to
obtain:

(Pareq, — eq, (9 — Oy p)n)or, < CT 2h3 (|73 (Parey — ea)loT [lewo-

For the second term, we apply the same argument for the estimate of T} in the
proof of Lemma [£.3] and obtain:

(ew = Prmew, (¥ — Iv)n)or, < Chld|1lle(ew)l T,
< Chlelew)ll 7 lleulla:

Finally, if we take 7 = O(h~!) and combine all the above estimates and Proposition
42 we obtain the estimate in Lemma 3] ]

As a consequence of Proposition .21 Lemma [£3], we can obtain Theorem 2]
by a simple triangle inequality and the approximation property of the projections

My, Iy @Ia), @.Ib).
Step 4 (Proof of locking-free result). We can now give the proof of Theorem

Proof of Theorem [22. In what follows, we assume that s is some arbitrary real
number in [1,k + 1] and C is a positive constant independent of Pr and s. We
recall that e, = Ily o — ), e, = llwu — uy, e = Pryyu — Up,.
For any B € R**3, we denote BP := B — %trB I3. So, we have
p 1
e_o- = e_g' + gtre_,,Ig.

By Assumption 2] and Theorem 2] we have

1
(4.6) 1P3esllz20) < llealrza0) < CR°(|ullst10 + e

|S7Q)-

In order to bound ||treq||r2(q) independently of Py', we would like to use the
well-known result [12,13] that for any ¢ € L?(Q) with [, gdz = 0, we have

,V'
(4.7) gl < Co sup LY M
neEHL(Q) ||77||H1(Q)

for Cy solely depends on the domain 2. By the assumption g = 0, taking v = I3 in
([@4a), we have that [, tr(Aes)dz = 0. According to Assumption 1] and the fact
that Pr > 0, we have [, treqdz = 0.

For any n € H(f), we have

1 1 1
(gtre_m V-n)ao=— (V(gtre_,,), n)7, + <(§tre_0')n7lrl>877z

1 1
- (V(gtre_,,), Mwn)7, + <(§tr€_a)"ﬂ7>an

1 1
Z(gtre_m vV -Iwn)7, — <(§tre_a)n7ﬂw77 — Mot

=(es — €o”, VIIwn)7, — (€5 — €6 " )0, Tlwn — 1)o7, -
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By (£4D) with w = Ilwn, we have

1
(gtre_a, V-n)a

=(on —a,n, wn)or, — (e”, VIIwn)7, — (€0 — €o”)n, wn — n)ar,
=T +Tb,
where

Ty :=(oan —a,n, Own)or, — (ean, Iwn — n)s7;,,

Ty =~ (e ”, VIIwn) 7, + (ec”n. Mwn — n)a7;.
For the bound of T7, by ([22d) and the fact that 17 = 0 on 9, we have

(en —a,n, Iwn)aT,
= (on, Own —n)or, — (@1, IIwn — Pumn)or,
= (on —a,n, Own —n)sr,
= ((c —yo)n,llwn — n)s7, + (€xn, lIwn — n)s7,
+ (7(Parun — up), lwn — n)or, -

So, we have

T = ((e — Oya)n, Iwn — n)a7,
+ (7(Pnun, — g, Iwn — n)oT;, -

(4.8)
According to Corollary 2] we have
(4.9) 172 (Prrew — ea)lor < Ch*(|ullsir0 + llell.0).

By the definition of eg and e, we have

1 ~ 1 1
|72 (Parun — @) |57, < 2|7 (Prrew — ea)|37, + 2II7% Par(u — Dwu)|5r,

< 2||r% (Parew — ea) |3y, + 207 (u — Twu)|37;
Now applying Young’s inequality and ({9), (£Ial) we obtain:
(4.10) 172 (Pagn — @n)llom, < Ch*(Jullsir0 + lle)ls.0)-
According to (£J), ([@I0), we have

(4.11) Ty < CP* (ullsyr.o + llellso)lnlla «)-
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For the bound of Ty, we have
Ty = - (eo”, VIIwn) 7, + (ec"n, Twn — n)or,
=~ (ec”, V(Iwn — )7, + (ea"n,Twn — n)o7, — (ex”, V)7,
=(V-eo”, Tlwn —n)7, — (ea”, V)7,
=—(es”, V)7,
By (&6), we have
(4.12) T, < Ch*(Jlullstr,0 + llglls.o)lnll @)
Finally, combining the estimates (@6)), (1), @II), (£I1Z), we have
leollrz) < Cih*(lullst1,0 + llglls.o)lnllm @)

Here the constant C is independent of P L O

5. NUMERICAL EXPERIMENT

In this section, we display numerical experiments in 2D to verify the error es-
timates provided in Theorem BIl We also display numerical results showing that
our method does not exhibit volumetric-locking when the material tends to be in-
compressible. In addition, our numerical results suggest that the error estimates
provided in Theorem for the incompressible limit case are sharp.

We carry out the numerical experiments on the domain Q = (0,1) x (0,1) and
monitor the errors [|IIy o —a},||2(0) and [Ty w —wp || 2(q).To explore the depen-
dence of the convergence properties of our method with respect to the form of the
meshes, we consider two types of meshes, as shown in Figure [l

1 1

08 08

0.6 06

04f 04l

02 02

0 | L | - 1 1 0- PR 1 L 1 1 L
0 02 0.4 0.6 08 1 0 0.2 0.4 0.6 0.8 1

X X

FIGURE 1. An example of Mesh-1(left) and Mesh-2(right) with h = 0.354

5.1. Order of convergence of our HDG method. In this section, we consider
an isotropic material in 2D with plain stress condition and take the Poisson Ratio
v = 0.3 and the Young’s Modulus F = 1:

1+v
5.1 =
(-1 Ao =
In particular, we test our HDG method on a smooth solution u = (uy,us) in [35],
such that:

(5.2) up = 10sin(rz)(1 — z)(y —y*)(1 — 0.5y), wug = 0.

o — %tr(g)b.
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We set f and g to satisfy the above exact solution (£.2)). To explore the convergence
properties of our method, we conduct numerical experiments for k£ = 0,1,2,3 and
take 7 = (9(%) The history of convergence is displayed in Table 2l We observe
that when k£ > 1, our method converges with order k£ + 1 in the stress and order
k + 2 in the displacement for both Mesh-1 and Mesh-2. In addition, the numerical
results suggest that our method does not converge to the exact solution when k = 0.
To aid visualization, we also plot the convergence sequence of the displacement in

Figure 2

TABLE 2. History of convergence for the exact solution (5.2)) where

h=0.177.
HHVE*E;LHL%Q) HHWu*uhHIQ(Q) HHVE*E;LHL%Q) HHWu*uh”L’Z(Q)
Mesh-1 Mesh-2
k  Mesh Error Order Error Order Error Order Error Order
h 9.81E-02 3.74E-03 4.20E-01 8.28E+12

0 h/2 9.50E-02 0.05 3.69E-02 0.02 2.14E-02 0.97 1.05E412 2.98
h/4 9.42E-02 0.01 3.68E-03 0.00 1.05E-02 1.02 1.41E+11 2.90
h/8 9.41E-02 0.00 3.68E-03 0.00 5.22E-03 1.01 1.79E+10 2.98
h/16  9.41E-02 0.00 3.68E-03 0.00 8.17E-01 -3.97 1.39E4-12 -6.28

h 2.26E-03 - 1.88E-03 - 2.04E-03 - 9.41E-04 -
1 h/2 7.24E-03 1.65 3.57E-04 2.40 5.90E-03 1.79 1.45E-04 2.70
h/4 2.09E-03 1.79 5.51E-05 2.69 1.58E-03 1.92 2.00E-05 2.86
h/8 5.60E-04 1.90 7.60E-06 2.86 4.08E-04 1.95 2.62E-06 2.93
h/16  1.45E-04 1.95 9.93E-07 2.94 7.01E-06 2.00 3.35E-07 2.97

h 1.24E-03 - 5.52E-05 - 1.23E-03 - 3.53E-05 -
2 h/2 1.57E-04 2.98 3.74E-06 3.88 1.57E-04 2.97 2.25E-06 3.97
h/4 1.97E-05 2.99 2.43E-07 3.95 1.97E-05 2.99 1.42E-07 3.99
h/8 2.46E-06 3.00 1.54E-08 3.97 2.47E-06 3.00 8.90E-09 3.99
h/16  3.08E-07 3.00 9.73E-10 3.99 3.10E-07 3.00 5.58E-10 4.00

h 5.26E-05 - 1.45E-06 - 5.33E-05 - 1.27E-06 -
3 h/2 3.51E-06 3.90 4.90E-08 4.89 3.54E-06 3.91 4.36E-08 4.86
h/4 2.26E-07 3.96 1.59E-09 4.95 2.29E-07 3.95 1.43E-09 4.93
h/8 1.42E-08 3.98 5.12E-11 4.96 1.45E-08 3.98 4.59E-11 4.96

5.2. Locking experiments. In this section, we consider an isotropic material in
2D with plane-strain condition:

(5.3) Ao =1 ;Vg _a —;V)Vtr(g)lg,

where v is the Poisson Ratio and F is the Young’s Modulus. This example satisfies
Assumption 2.1 with Pp = HT” and Pr = (ILEV)(l —2v). By sending v — 0.5, this
material is nearly incompressible. We consider an example in [T035] by setting f
and g to satisfy the exact solution:

(5.4) up = 2o - 1)y - 1)(2y - D),
(5.5) uy = iy —1D%z(x—1)(2z - 1),

with £ = 3. We conduct numerical experiments for this problem for & = 1,2, 3 with
T= (9(%) The history of convergence is displayed in Table [}l and the convergence
sequence of the stress and the displacement is plotted in Figure Bl By increasing v
from 0.49 to 0.49999, we observe the same order of convergence which is optimal in
both stress and displacement. In addition, our numerical results demonstrate that
the convergence properties of our method do not depend on the type of meshes.
Altogether, this observation exactly aligns with the error estimates provided in
Theorem 2.2 and it justifies that our HDG method is free from volumetric-locking.
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z z
X X Y

F1GURE 2. Convergence sequence of the displacement on Mesh-2
for k = 1. Left: u},(quadratic), Right: @} (linear)
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FIGURE 3. Convergence sequence of the stress and the
displacement on Mesh-1 for £ = 1 and v = 0.49999.
Left: o!(linear), right uj, (quadratic).
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TABLE 3. History of convergence for the exact solution (5.4]) where

h = 0.354.
Mvo —o,ll2 Mwu—unlli2g [Mve—0g,ll2g [Mwu—unll2g,
v =0.49
Mesh-1 Mesh-2
k  Mesh Error Order Error Order Error Order Error Order
h 4.12E-03 - 1.14E-04 - 4.12E-03 - 9.15E-04 -

1 h/2 1.22E-03 1.75 2.53E-05 2.17 1.27E-03 1.70 1.47E-05 2.64
h/4 3.32E-04 1.88 4.76E-06 2.41 3.40E-04 1.90 2.00E-06 2.87
h/8 8.69E-05 1.93 8.17E-07 2.54 8.64E-05 1.98 2.58E-07 2.96
h/16  2.22E-05 1.97 1.23E-07 2.73 2.17E-05 1.99 3.27E-08 2.98

h 9.33E-04 - 2.00E-05 - 9.37E-04 - 1.24E-05 -
2 h/2 1.29E-04 2.85 1.65E-06 3.60 1.32E-04 2.83 9.42E-07 3.71
h/4 1.65E-05 2.97 1.17E-07 3.82 1.64E-05 3.00 6.01E-08 3.97
h/8 2.07E-06 3.00 7.76E-09 3.92 2.05E-06 3.00 3.77E-09 3.99
h/16  2.58E-07 3.00 4.98E-10 3.96 2.56E-07 3.00 2.36E-10 4.00

h 1.44E-04 - 1.65E-06 - 1.57E-04 - 1.53E-06 -
3 h/2 9.78E-06 3.88 6.18E-08 4.74 9.87E-06 3.99 5.11E-08 4.90
h/4 6.27E-07 3.96 2.09E-09 4.89 6.19E-07 3.99 1.68E-09 4.93
h/8 3.95E-08 3.99 6.77E-11 4.95 3.89E-08 3.99 5.43E-11 4.95
h/16  2.49E-09 3.99 2.21E-12 4.94 2.44E-09 4.00 1.74E-12 4.97

v = 0.4999
Mesh-1 Mesh-2
k  Mesh Error Order Error Order Error Order Error Order
h 4.12E-03 1.13E-04 - 4.13E-03 9.05E-04 -

1 h/2 1.22E-03 1.76 2.52E-05 2.17 1.26E-03 1.71 1.45E-05 2.64
h/4 3.31E-04 1.88 4.72E-06 2.41 3.39E-04 1.90 1.98E-06 2.87
h/8 8.66E-05 1.93 8.11E-07 2.54 8.61E-05 1.98 2.55E-07 2.96
h/16  2.21E-05 1.97 1.22E-07 2.73 2.16E-05 1.99 3.23E-08 2.98

h 9.32E-04 - 1.98E-05 - 9.34E-04 - 1.22E-05 -
2 h/2 1.29E-04 2.86 1.64E-06 3.60 1.32E-04 2.83 9.31E-07 3.72
h/4 1.64E-05 2.97 1.16E-07 3.82 1.64E-05 3.00 5.94E-08 3.97
h/8 2.06E-06 3.00 7.70E-09 3.92 2.04E-06 3.00 3.73E-09 3.99
h/16  2.57TE-07 3.00 4.95E-10 3.96 2.55E-07 3.00 2.33E-10 4.00

h 1.44E-04 - 1.63E-06 - 1.57E-04 - 1.51E-06 -
3 h/2 9.75E-06 3.88 6.09E-08 4.74 9.83E-06 3.99 5.03E-08 4.90
h/4 6.25E-07 3.96 2.06E-09 4.89 6.17E-07 3.99 1.66E-09 4.93
h/8 3.94E-08 3.99 6.72E-11 4.95 3.87E-08 3.99 5.39E-11 4.94
h/16  2.48E-09 3.99 2.20E-12 4.93 2.43E-09 3.99 1.73E-12 4.96

v = 0.49999
Mesh-1 Mesh-2
k  Mesh Error Order Error Order Error Order Error Order
h 4.12E-03 - 1.13E-04 - 4.13E-03 - 9.05E-04 -

1 h/2 1.22E-03 1.76 2.52E-05 2.17 1.26E-03 1.71 1.45E-05 2.64
h/4 3.31E-04 1.88 4.72E-06 2.41 3.39E-04 1.90 1.98E-06 2.87
h/8 8.66E-05 1.93 8.11E-07 2.54 8.61E-05 1.98 2.55E-07 2.96
h/16  2.21E-05 1.97 1.22E-07 2.73 2.16E-05 1.99 3.23E-08 2.98

h 9.32E-04 - 1.98E-05 - 9.34E-04 - 1.22E-05 -
2 h/2 1.29E-04 2.86 1.64E-06 3.60 1.32E-04 2.83 9.31E-07 3.72
h/4 1.64E-05 2.97 1.16E-07 3.82 1.64E-05 3.00 5.94E-08 3.97
h/8 2.06E-06 3.00 7.70E-09 3.92 2.04E-06 3.00 3.73E-09 3.99
h/16  2.57TE-07 3.00 4.95E-10 3.96 2.55E-07 3.00 2.33E-10 4.00

h 1.44E-04 - 1.63E-06 - 1.57E-04 - 1.50E-06 -
3 h/2 9.75E-06 3.88 6.09E-08 4.74 9.83E-06 3.99 5.03E-08 4.90
h/4 6.25E-07 3.96 2.06E-09 4.89 6.17E-07 3.99 1.66E-09 4.93
h/8 3.94E-08 3.99 6.72E-11 4.95 3.86E-08 3.99 5.39E-11 4.94
h/16  2.48E-09 3.99 2.20E-12 4.93 2.44E-09 3.98 1.74E-12 4.95
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