MATHEMATICS OF COMPUTATION

Volume 87, Number 311, May 2018, Pages 1283-1305
http://dx.doi.org/10.1090/mcom/3238

Article electronically published on August 3, 2017

GRADIENT-BASED METHOD WITH ACTIVE SET STRATEGY
FOR ¢; OPTIMIZATION

WANYOU CHENG AND YU-HONG DAI

ABSTRACT. In this paper, we propose an identification function and develop
an active set identification technique for solving the ¢; optimization prob-
lem. Such a technique has a strong ability to accurately identify the zero
components in a neighbourhood of an isolated stationary point without strict
complementarity conditions. Based on the active set identification technique,
we propose a gradient-based method for the ¢; optimization problem. To ac-
celerate the algorithm, a subspace Barzilai-Borwein steplength and a subspace
exact steplength are developed, respectively. Under appropriate conditions, we
show that the method with the nonmonotone line search technique is globally
convergent. Numerical experiments with compressive sensing problems show
that our approach is competitive with several known methods for the standard
£2-£1 problem.

1. INTRODUCTION

In this paper, we consider the optimization problem

(1.1) min ¢(z) := f(z) + pll),
where f is continuously differentiable, y > 0 and || - ||; is the one-norm. A special

case of ([[L1]), that has attracted much attention in signal/image denoising and data
mining/classification, is the well-known ¢5-¢; problem

1
(12) min |4z = b3 + ulell,
where A € R™*™ is dense (usually m < n), b € R™ and n is large.

Recently, there have been many approaches for solving (IIl). One of the most
popular methods for solving problem ([2]) is the class of iterative shrinkage-
thresholding algorithms (ISTA), where each iteration involves a matrix-vector mul-
tiplication involving A and AT followed by a shrinkage/soft-threshold step; see, e.g.,
[18,24]. To accelerate the convergence, a two-step ISTA (TWISTA) algorithm was
developed in [7] and the sequential subspace optimization techniques was added
to ISTA [23] (nevertheless, global nonasymptotic rate of convergence has not been
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established for the methods in [7,23]). Beck and Teboulle [5] constructed a faster
shrinkage-thresholding algorithm, called FISTA, that keeps its simplicity of ISTA
but provides a better global convergence rate. To improve practical performances of
the above methods, Wright et al. [40] introduced the sparse reconstruction by sep-
arable approximation (SpaRSA) algorithm for solving (II)). The rules for choosing
the parameter and the line search are quite different. Hager et al. [29] analyzed the
convergence rate of SpaRSA and proposed an improved version of SpaRSA based on
a cyclic version of the Barzilai-Borwein iteration [4] and an adaptive choice for the
reference function value in the line search. Hale et al. [28] proposed a fixed point
continuation (FPC) algorithm that embeds the soft-thresholding (ISTA) algorithm
[18,24] in a continuation strategy. Wen et al. [38] improved the performance of
FPC by adding an active set (AS) step and proposed an abridged version of the
active-set algorithm FPC_AS for solving (I2]). The global convergence of FPC_AS
is shown in [39).

Other algorithms for the /3 minimization include alternating direction method of
multipliers SALSA [11[9]; coordinatewise descent methods [36]; interior point meth-
ods [12,[30,385]; projected gradient methods [25]; Bergman iterative regularization
based methods [41]; gradient methods [32] for minimizing the more general function
J(x)+ H(x), where J is nonsmooth, H is smooth, and both are convex; smoothed
penalty algorithm (SPA) [2L3]; second-order methods [26,[31]. We refer to papers
[6L10,20] for recent advances in this area.

In this paper, we shall propose an identification function and an active set iden-
tification technique. Such a technique has a strong ability to accurately identify
the zero components in a neighbourhood of an isolated stationary point of (L)
without strict complementarity conditions. Based on this active set identification
technique, we propose a gradient-based method for solving (II]). Specifically, at
each iteration, the active variables and free variables are defined by the identifi-
cation technique; we take d* = —z* to update some active variables, while using
a gradient-based method to update the free variables and some active variables.
Hence the method is distinct from the existing methods [38/[39] in that it uses a
first-order method to obtain a working index set and utilizes a second-order method
to solve a smooth subproblem defined by the working index set. To accelerate the
convergence of the algorithm, a subspace Barzilai-Borwein steplength and a sub-
space exact steplength are provided, respectively. The use of the gradient method
reduces the storage requirement of our method. Hence, the method can be used to
solve large-scale problems. In addition, the method has the following advantages:
(a) The method is suitable for solving a more general problem of (IIl); (b) Rapid
changes in the active set are allowed; (c) The method based on a nonmonotone line
search technique [27] is showed to be globally convergent; (d) The main compu-
tational burden at each iteration involves matrix-vector multiplication involving A
and AT; (e) Preliminary numerical experiments show that the method is effective
and competitive with the state-of-the-art methods.

The remainder of this paper is organized as follows. We propose the algorithm
and the steplength strategy in Section 2. In Section 3, we establish the global
convergence of the algorithm. Some numerical results are reported in Section 4 and
conclusions are made in the last section.

Throughout the paper, ||.| denotes the Euclidean norm of vectors. Ar and zp
denote the collections of columns and entries of A and x, whose indices are in an
index set T' C {1,2,3,-- ,n}, respectively.
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2. MOTIVATION AND PROPERTIES

In this section, we propose a new active-set algorithm for solving (IT]). We begin
with some notations. Let Z be a stationary point of (IIl). We define the active set
G(Z) to be the set of indices corresponding to the zero components and the inactive
set T(Z) to be support of z, i.e.,

G(z)={i:z; =0} and T(z) = {i:z; #0}.
The active set is further subdivided into two sets
G+(z)={i€G(2):19:(2)| < p} and Go(7) = {i € G(2) : |9:(Z)| > p},

where g;(Z) is the i-th component of the gradient vector of f at . Then the first-
order necessary condition for Z to solve (L)) is equivalent to the following system:

9i(Z) + cipp = 0, if i €6(z),
9:(Z) + psgn(z;) =0, if i € T(),
where a; €[-1,1] is a constant and sgn(t) : R — R is the sign function defined by
, if t>0,

1
sgn(t)=«¢ 0, if ¢=0,
-1, if t<O.
In general, the efficiency of an active-set algorithm heavily depends on how fast the
correct support of the solution point can be identified.
In what follows, we introduce an active-set identification technique to approx-

imate the correct support. To this aim, we briefly recall the general definition of
identification function [I1].

Definition 2.1. A continuous function p(z) : R™ — R is called an identification
function for # with respect to a sequence {z*} if p(Z) = 0 and

k
1m L)_ = +o0.
zk =z, o4z ||(Ek — .’EH

For y € R™ and p > 0, define the shrinkage operator
S(y, 1) == sgn(y) © max{[y| — p, 0},

where ® denotes componentwise multiplication. Denoting

Uu(z) = S(x —vy(x),vp) — x,
where v is some positive constant, we shall consider the following identification
function for problem (ITI),

p(z) = min{ey, e2/[|9hy ()]},

where ¢; and ¢ are both positive constants. Based on this identification function,
we give the following approximations A(z) to G(Z) and F(x) to T (Z), respectively,

Ala) = {i: lai] < pla)} and Fla) = {i: o] > pla)}.

The following theorem shows that p(z) is an identification function for Z indeed
and the set A(x) can accurately identify the zero components in a certain neigh-
borhood of an isolated stationary point of (II]). Hence, the set A(z) is a good
estimate of G(Z). We make the following assumptions on the objective function.
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Assumption 2.1.

(i) The level set Q := {x € R"™ : ¢(z) < ¢(x°)} is bounded;
(ii) f is continuously differentiable on an open set N containing €.

Theorem 2.1. Suppose that Assumption 2.1 holds. If T is an isolated stationary
point of problem (L) and satisfies the strong second-order sufficient optimality
conditions, then there exists a neighborhood N(Z) of T such that

A(z) =G(z), Vxe€ N(T).

Proof. For any constant v > 0, we see by Lemma 2 in [30] that ¢, (z) = 0 if and
only if x is a stationary point of problem ([I). Furthermore, by P4 and P5 of
Lemma 2.1 in [39], we get

6o (@) > 16, ()] and |

for any z € R™ and for all v; > v5 > 0. Hence we have |11 (2)| < ||¢,(2)| forv > 1
and [ ()| < 12290 for 1 € (0,1]. It follows that [y (2)|] < [ (z)] max(1, 1)
for all v > 0. By Lemma 4.7 in [39], we know that there exists some constant 7 > 0
such that

Y @ [, ()]

1 Vg

[ = 2| < 7l ()]

Thus we have for all x € R™,
_ _ 1
lz = 2l < 7l (2)]| max(1, =).
Therefore, we can obtain

- p(a?)_ L1 : min(cl_,@ 1% (@)])
T—T, TET ||I — l’H max(l, ;) 7-||77[}y($)||

— +00, asx — I,

because ¥, () — 0 as & — Z. This implies that p(z) is an identification function
for Z. Then the statement follows from Lemma 4.15 in [39]. O

In what follows, we are going to develop an active set gradient-based method
for solving (LLT). At first, we define the search direction. Let z* € Q be the k-th
iteration. For simplicity, we let A* = A(x*) and F* = F(2*). Define the direction
db = (d¥,.,d~ )T by
(2.1) d¥ = NV (), Vi€ F(a),

where amin < A < amax, Qmin and amay are positive constants and Vi(z) =

agg(;c) |z=2. To define d’;lky we partition the active set A* into two parts:
AY = {ie A% |gf| < p},
A5 = {ie A% |gf| > p},

where gF = g;(z%). It is easy to see that A} is the index set of variables that
approximately satisfies the first-order necessary conditions. Thus, it is reasonable
for us to fix those variables with indices in A} to 0. On the other hand, noting that
AL is the index set of variables that violate the first-order necessary conditions, we
further subdivided A% into two subsets A5, = {i € A5 : 2% = 0} and A5, = {i €
AL . 2F £ 0}. We consider the direction of the form —(g¥ — pusgn(gF)) for those
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variables with indices in A%, and —V¢;(z*) for those variables with indices in A%,
to improve the corresponding components. Hence, we define the direction dik by

(2.2) ¥ = —af ic A%,

(2:3) di = —(g; —psgn(gr)), i€ A,
(2.4) df = —(g; +psgn(af)), i€ A,
It is easy to see that

(2.5) ¥ = 1gF| — >0, Vie Ay,
and

(2.6) ¥ > |gF| — >0, Vi€ A,

If the unit steplength is accepted, we will have that xf“ = 0 for all i € A
(see Algorithm 2.T)). We can prove that the d* defined by ZI)-(24) is a descent
direction of ¢ at z* (see Theorem [Z5)). In addition, in our numerical experiments,
we observed that the dﬁlljl performs better than taking the normal negative gradient
for this part.

The following theorem shows that d¥ = 0 if and only if the iteration point z* is
a stationary point of problem (ITJ).

Theorem 2.2. Let d* be determined by 1) 24). Then, d* = 0 if and only if

z* is a stationary point of problem (LI]).

Proof. Let d* = 0. By ([23) and (Z6), we obtain A5 = (. If 2% = 0, then it must
hold that

ie A¥,
which implies that |g¥| < p. If 2% # 0, by ([22)), then it must hold that
ieFh.
This together with ([2.1)) implies that V¢;(2*) = 0. Therefore, d* = 0 implies that

z" is a stationary point of ¢.

Suppose that z* is a stationary point of problem (LI)). Then we have p(z*) = 0.
Consequently, we have

AP = (i 2k =0} and F*¥ = {i:zF £ 0}

Furthermore, we have A% = (). From (ZI)-(24), we immediately get that d* = 0
since x* is a stationary point of problem (ILT)). The proof is completed. |

The following theorem shows that if ¥ — 2* and d* — 0, then z* is a stationary
point of problem ().

Theorem 2.3. Assume that x* — z* and d* — 0, where d* is determined by

ZI)-@4). Then z* is a stationary point of problem (LI]).

Proof. Taking into account that the number of distinct sets AY, A%, ALy, F* is
finite, there exists a subsequence that (without loss of generality, we label again
{x*}) such that index sets A¥, A%, AL, F* are constant and hence we can write

A = Ay, Ab = Ay, ALy = A and FF =T
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If p(z*) = 0, then z* is a stationary point of problem ([IJ) and the conclusion is
clear. Assume that p(a*) # 0. By the continuity of g(z) and the assumption that
limy,_, o0 d¥ = 0, we have

klim psgn(zh) = —g;(z*) # 0, Vie Ag.

— 00

Thus, we get that

(2.7) klim sgn(zf) = —sgn(gi(x*)) # 0, Vi€ Ag.
—00

We consider two cases for each i € Ass. In the first case, suppose that xz} # 0. By
the assumption that :Ef — 7 # 0 and the preserving sign property of the limit, we
get

lim sgn(zF) = sgn(z}).

k—o0

By the continuity of g(z), the assumption that lim;_,, d* = 0 and the last equality,
we have

0= lim —di = lim g;(2") + psgn(a}) = gi(a”) + psgn(a}) = Voy(x").

k—o0
In the second case, suppose that 7 = 0. Again, by the continuity of g(x), the
assumption that limy_.., d* = 0 and (Z7), we have

0= lim —d¥ = lerr;O gi(z%) 4+ psgn(z¥) = gi(x*) — psgn(g;(z)),

k—o0

which implies that |g;(2*)| = p. Since d¥ — 0 and ¥ — z*, by the definition of F,
Aj, A1, Azo and the continuity of p(z), we get the following system:

xf #0 and V¢, (z*) =0, if e F,
xf =0 and |g;(z*)] < p, it ie Ay,
xf =0 and |g;(z*)] = p, if i€ Ao,

xf #0, Voi(x*)=0 or zf =0, |gi(z*)|=p, if i€ Ag,

?

which shows that z* is a stationary point of problem (LTI). O

The next two theorems show that d* is a descent direction of ¢ at x;, provided
xy is not a stationary point of problem (III).

Theorem 2.4. Let d* be determined by @1)-(@24). Then, we have
(2.8) S (VR + D (gF + psgn(af))df + > —(df)* < 0.
ieFk ic Ak ic Al
Furthermore, the equality holds if and only if ¥ is a stationary point of problem
1.
Proof. To get (Z8)), it suffices to prove
(2.9) (g + psgn(zk))dF <0, vie Ak

If 2% = 0, then d¥ = 0 and the conclusion is clear. If d¥ = —x% # 0, by |gF| < u,
we have
. . gF+u>0 if 2F >0,
g9i +psgn(zy) =

Thus, we get (29).

gF —p <0, if zF<o.
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Suppose that 2* is a stationary point of problem ([LT]). Then we have p(z*) = 0,
AF = L2k =0), FF={i:aF#0} and A% =0.
Furthermore, we get
Vok =0, Vie F* and df =0, Vie A}

Thus, the left-hand side of the inequality (Z8]) is equal to zero. On the other hand,
suppose that the left-hand side of the inequality (Z8) is equal to zero. By (23),
(28] and the assumption, we have A5 = () and

(2.10) Vo =0, Vie F* and (gF + psgn(2¥))df =0, Vie A}
If z% = 0, then it must hold

i€ AY,
which implies that |gF| < p. If ¥ # 0, then it must hold that
ie FFu Ak,
which implies that V¢;(z¥) = 0 by [Z2) and @I0). This shows that z* is a
stationary point of problem (). The proof is completed. (Il

The following theorem shows that d”* is a descent direction of ¢ at x) provided
xy is not a stationary point of problem (III).

Theorem 2.5. Suppose that z* is not a stationary point of problem (LI)). Then
the direction d* determined by (ZI)-(24) is a descent direction of ¢ at x*, i.e
there is a positive constant & such that

(2" 4+ ad®) < (), Yo € (0,a).
Proof. By the definition of d* and (2.3)), we have
o(a* + ad®) - ¢(a*)
= fa®+ad) = f(a*) + u(l2" + ad®|ly — ||2"]1)

= ag(a")d" +u) (|zf + adf| —[af]) + ()
i=1

< > (agidt + plaf + adf| — plaf)) + o Y (gFdf + pldf]) + o(a)
ieFruAbuAl, ic A%,
= a > (gFdf+pdisgn(al)) +a > (gFdf + pldf|)
ieFrUAL, ic Ak,
k gk k: k
+ ) (aghdf + pl(1 = a)zf| - plak]) + o(a)
i€ AR
< oY U0 @Pra T (o g+ senlal)) + llat 1)
— amax 1 K2 1 K2 1
i€Fk i€ AL, i€ Ak,

+a Y (ghdf — plaf]) + o(@)
i€ Ak
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= a) - amx+az (@) +a > (=(95)* +2ulgf| — 1)

icFk ie Ak, ie Ak,

+a Y (gfdf — psgn(af)at) + o(a)

i€ Ak
= az Z (d¥)? —l—ozz (lgF| = )

am'lx
ieFk ic Ak, ie Ak,
+a Y (ghdl + psgn(af)d)) + o(a)
ic A¥
_ (dz) dk dk
= a) ——ta ) —(d)+a Y (o +psen()d; + o(a).
ieFk max ic AL ic Ak

In the above, the first inequality uses the triangle equality for each i € A%, the
third equality is due to (2.2)) and the fact that for any i € F* U A%,

adF, if 2% >0,

= adFsgn(zF
—adf, ifxf<0, Psgn(e)

(2.11) loF + adf| — |2F| = {
as a — 0. Since z* is not a stationary point of problem (LII), we immediately get
the conclusion by Theorem 2.4l The proof is completed. O

Based on the above discussion, we propose an active set gradient-based method
for solving (L)) as follows.

Algorithm 2.1 (Active set gradient-based method).

Step 0. Given an initial point z° € R™ and positive constants M, n € (0,1)
and ¢ € (0,1). Set k := 0.

Step 1. Perform the convergence test and terminate with an approximate
solution x* if the stopping criterion is satisfied.

Step 2. Compute d* by 1) (Z4).
Step 3. Determine o := max{n/,j = 0,1,...} satisfying

(2.12) ¢z + a*d®) < @ — 6(a"(|d"))?,
where ¢F = max{¢(x*=7) : 0 < j < min(k, M —1)}.

Step 4. Let the neat iterate be x*T1 := 2F + oFdF.
Step 5. Set k:=k+ 1 and go to Step 1.

Since ¢F . > ¢(z*), Theorem implies that the condition (ZI2]) must hold
after a finite number of reductions of o*. Consequently, Algorithm E1] is well-
defined.

To accelerate the active set gradient-based method, we shall propose a subspace
Barzilai-Borwein steplength and a subspace exact steplength, respectively. To this
aim, we briefly recall the Barzilai-Borwein method (see, e.g., [4[16]). Consider the
unconstrained minimization problem
where h : R™ — R is continuously differentiable. The Barzilai-Borwein method is
defined by

Pt =gk — ok S Vh(2h),
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where the scalar o, is given by

: BB = (h—1)Tyh=1"
where o 5 is called the Barzilai-Borwein steplength, s*=1 = zF — %=1 and y*~1 =

Vh(z*) — Vh(x*~1). The basic idea of Barzilai-Borwein (BB) [4] method is to
use the diagonal matrix D(a) = é[ , where I denotes the identity matrix, to ap-

proximate the Hessian V2h(z*) by imposing a certain quasi-Newton condition on
D(a):

(2.14) ok = argmin ||D(a)sp_1 — yr_1
a€ER

By straightforward calculations and (2I4]), we obtain ([2I3)). Due to its easy im-
plementation, numerical efficiency and low storage requirement, BB-type methods
have widely been used in many applications such as box constrained optimization
[8,15], nonlinear equations [I3] and sparse reconstruction [25,[40]. Some recent
analysis on the BB method can be found in [I4L[I5}[17]. Similar to the idea of the
Barzilai-Borwein steplength, by solving the following optimization problem

: k-1 k-1

min | DOV)sz = g5 1%
where %1 = 2k, — 2% 1 and yi T = ghy + psgn(ah) — g8t — psen(2i1), we
obtain the subspace Barzilai-Borwein steplength as follows
k—1
VR -
(5 Tyt

To avoid small and large values of A%B, we project it in the interval [aumin, ®max],
where apin < max are given positive constants. That is, we let

(215) >\]1C = max{amina min{ama)n )‘]]%B}}

For simplicity, we call Algorithm 2T with the steplength (2.I5]) used in ([2.I)) as the
active set Barzilai-Borwein algorithm and abbreviate it as ABB.

In what follows, we describe the subspace exact steplength for solving (2)). To
this aim, consider the unconstrained minimization problem

min F(ek +ady,) = %HAmk (e + adn) — B% + pllztn + adlio 1.
The solution of the above problem is
—(dh )T (AL b + psgn(ah, + adh,))
(Amxf’*'d]-"*')TAmx]:"‘dl_;:k 7
where dkﬁ, = —V¢rr and r?k = A, F¥ ackﬁ, — b. The parameter « is contained in

the right-hand side of the above equality as well and hence is difficult to calculate.
To overcome this difficulty, we use the following & to approximate «. That is,

—(d2 )T (AL corh 4+ psgn(ah, + db,))

m
(Amx}'kd]:k)TAmx]:kdl;:k
Since the matrix A is not column full rank, it follows that Azxdzx may be equal
to zero. Therefore, we confine it in the interval [aumin, Qmax]. Namely,

arRQq=

)\’2“ := max{amin, min{max, a}}.



1292 WANYOU CHENG AND YU-HONG DAI

In this case, we call Algorithm 1] with the steplength A5 used in 1)) as AGE.
Notice that AGE cannot directly be used for solving (II)) in general since the
subspace exact steplength makes use of the special form of (L2).

3. CONVERGENCE ANALYSIS

In this section, we analyze the convergence of Algorithm 2.I] under Assumption
2.1. By Assumption 2.1 and the definition of ||x||1, we get that ¢(x) is uniformly
continuous on the open set N containing 2. Proceeding with a similar analysis as
the one in [27], we get the following lemma. For completeness, we give the details
of the proof.

Lemma 3.1. Suppose that f satisfies Assumption 1 and {x*} is generated by
Algorithm 211 Then

(3.1) lim ofdF = 0.
k—o0

Proof. Let m(k) = min(k, M — 1) and I(k) be an integer such that

kE—m(k) <l(k) <k
and

k)Y _ k—j

Hlat) = max Sz,
Note that
o) = onl = _ max (@) <max(g(a™), ¢(a'™)) < 9(2'M).

0<j<m(k+1)

Thus, the sequence {¢(z'(*))} is nonincreasing. Since ¢(z*) < ¢(2°) for all k,
x¥ € €, there exists a constant ¢ such that

(3.2) lim ¢(z!®) = 6.
k—o0
By the line search condition ([212)), we get for k > M — 1,
¢(ml(k)) _ ¢($l(k)_1 +al(k)—1dl(k)—1)

< BT = 5o a2

= WR)=1=3y _ 5(atB)=1)| gk =112
L NG ) = 6(a | )

_ ¢($l(l(k)71)) _ é(al(k)flndl(k)fl”)Q.
This together with ([B:2)) implies that
(3.3) lim o!®) 1@ *) =1 = 0.

k—oco

Let -

W(k)=1k+ M +2).
In what follows, we shall show that

(3.4) lim o/ 7| d* =7 =0
k—o0
and
(3.5) lim ¢(z/®7) = ¢
k—o0

hold for any given j > 1. Without loss of generality, we assume that the iteration
index k is large enough to avoid the occurrence of negative subscripts, that is,
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k>j—1. If j =1, B4) follows from (B3] since {I(k)} C {i(k)}. This in turn
implies limy, oo ||2!*) — z/®)=1| = 0. Thus, B3) holds for j = 1 since ¢(z) is
uniformly continuous on Q. Assume now that (34) and ([B3H) hold for a given j.
Again by the line search condition (Z12]), we get

9(a'™7) < I = §(a! I )
_ ¢(xl(l7(k)fj71)) _ 5(af(k)fjfl‘ldf(k)fj71||)2.

Letting k¥ — oo and using (3.0]), we have

Jlim (o757 ja' 075712 = o,

which implies that (3.4) holds for j + 1. The last equality implies ||xl_(k)_j -
/W) =i=1| = 0. By (&3) and the uniform continuity of ¢ on Q, we have

lim zj)(:cl(k)*jfl) = klim gf)(xi(k)*j) = ¢.
—00

k—o0

Thus, we conclude that (34) and (31 hold for any given j > 1.
Now for any k, we have

I(k)—k—1
(3.6) LR ) Z NG EIOR
7j=1
By the definition of I(k), we have I(k) —k —1=1(k+ M +2) —k—1< M + 1.
Thus, by B.6) and ([34]), we have

lim [z — 2/ = 0.
k—o0

By (32) and the uniform continuity of ¢ on Q, we have
(3.7) Jim ¢(z*) = ¢,
Again, by the line search condition ([ZI2)), we have
¢(z" ) < ¢(a' ™) = §(a"d"||)*.
Taking limits for & — oo, by (1), we have
Tim (a¥d)? =0,
which implies ([3I]). The proof is completed. O

The following theorem together with Theorem 2.2lshows that every accumulation
point of {x*} is a stationary point of problem ().

Theorem 3.1. Assume that f satisfies Assumption 21l Let {x*} be the sequence
generated by Algorithm 211 If d* # 0 for all k, every accumulation point x* of
{x*} is a stationary point of problem (LI)).

Proof. Assume that d* # 0 for all k. It is not difficult to see that {x*} C Q. Let
r* be any accumulation point of {x*}. Then there exists an infinite index set K
such that

lim 2% = 2*.
kEK
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Taking into account that the number of distinct sets A¥, A% =~ AL~ F* is finite,
there exists a subsequence of {z*}cx that, without loss of generality, we label
again {z¥}rcrx such that the index sets A%, AL, AL,, F* are constant and hence
we can write

AV = Ay, A5 = Aoy, Ab, = Aoy and FF=F
for any k € K. If the sequence {a*}xc e has a nonzero limit, we get from ([B.I) that

lim d* =0
keK

Then the conclusion follows from Theorem 23l Otherwise, we have that limyc g o

= 0. In this case, we know by the line search condition ([2I2]) that for all k > 1,
ak ak
(38) (b(xk + 7dk) - (b(xk) > ¢($ + ?dk) max = _6(?Hdk”)2

On the other hand, for sufficiently large & € K, by the mean-value theorem, we
have

k k k
o(ah + ==d) = p(a") = gl +0Fdh)Td*
n n n
ok
b Y (let+ 2t at])
1€EFUA22 n
o
b Y (let e Sl w)
i€ A1UA2 77
_ O‘_k k T k
= gz +0 d)d—i—u Z d;sgn(x
n 77 ZG.FUAQQ
A k
+h Z (|x1 + Fdi | = |a >
i€A1UA2
ak aF ak
< —g@® + 0" —d"Td" + p— Z d¥sgn(zF)
17 77 i€ FUA22
Y —Idkl—u > _|$k|v
1€A21 i€A;

where 0% € (0,1), the second equality uses (2.I1]) for i € F U Ay and the inequal-
ity uses the triangle inequality for i € Ag; and the definition [22]) for i € Aj;.
Substituting ([B.8)) into the last inequality, we obtain

k
Q
(9(z" + 9’“—77 d*) — g(z")"d" + g(«*)" d*

S disgn() 4 S0 Ja - p Y Jab] > 6 ||dk||2

1€EFUA22 1€A2 €A
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By direct calculations and (23]), we get that the left-hand side of the above in-
equality

— k eka_kdk _ k Tdk _ (df)Z
= (g(z" + ) — g(a®)) >
n ieF
= @+ D (gl 4 pldE) + ) (gFdl — plak)
1€ Aa0 €Az €A
_ k eka_kdk _ k Tdk _ (df)Z _ dk 2
= (9(z" + ) —g(x")) > G > (dh)
n iEF i€ Azz
+ ) (gF (—gF + msen(gl) + nlgf | — ) + D (gFdf — plaf))
€A i€ AL
_ k Hka_kdk _ k Tdk _ (dk) dk 2
= (9(z" + ) —g(x")) > = G - > ()
n iEF i€ Azz
— Z (d¥)? + Z (gFdF — plak))
€A i€ AL

k
(6%
(3.9) > —5?||dk\|2.

If p(z*) = 0, then the conclusion is clear. Assume that p(z*) # 0. Since the
sequence {\*}rex and {d*}rex are both bounded, without loss of generality, there
exist constants A* satisfying amin < A* < amax and d* such that

lim \* = \* and lim d* = d*.
keK keK

Furthermore, using (B) and taking limits in K, we get from (B3] that
(d)? 5
i€ F 1€A2 zEAl
Since limgex d* = d*, we get that for each i € A,

lim d¥ = lim —2f = —27 = d}.
kEK keK

Proceeding with a similar analysis as those for Theorems [2.4] and 25 we get that
for each i € Ay,

(3.11) (gi(a") + psen(e))d; < 0.
Notice that the left-hand side of ([BI0]) equals

Z d* +Z (d}) —1—229Z )+ psgn(z)))d; <0.

ieF 1€ Ao 1€A
The last inequality together with (BI0) shows that

d;,k 2 * *
(3.12) > —% + 3 =@+ D (gila*) + psgn(a)))d; = 0.
1€F €A €A,

Then we have limge e d¥ = df = 0, for all i € Age. By the continuity of g(z) and
the definition of d*, we have

]llerrll(usgn(xi) = —gi(z¥) #0, Vi€ Ags.
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Thus, we get that

. By o .
%g%sgn(:z:i) = —sgn(g;(z*)) # 0, Vi€ Ago.

Proceeding with a similar analysis as those for Theorem 23] we get that for each
i € Asa,

(3.13) xf 20, Voi(x*)=0 or 2} =0, |gi(z¥)] = p.

By the definition of d*, F, A;, A, and the continuity of g(z) and p(z), taking
limits in K, we have

lim d¥ = \*V¢;(z*) and |z}| > p(z*) > 0, Vie F,

keK
lim d¥ = —z} |o7| < p(z*) and |g;(z*)| < p, Vi€ A,
(3.14) R 7] < p(a™) lgi(2™)| < 1
lim df = —(gi(«”) — psgn(gi(z")),
zf =0 and |g;(z*)| > p, Vi € Agg.
By BII), BI12), BI3) and BI4]), we have the following system:
2t £0 and Véi(z*) = 0, if ieF,
zf #0, Voi(z*)=0 and xf =0, |gi(z*)| <p, if i€ Ay,
xf =0 and |g;(z*)] = p, if i€ Ag,

xf #£0, Vo (x*)=0 or zf =0, |gi(z*)|=p if i€ Ao,

?

which shows that z* is a stationary point of problem (LI). The proof is completed.
|

The following theorem shows that |xF|, i € G, (z*), converges to zero monoton-
ically decreasing for all k sufficiently large if {z*} converges to a stationary point
x* of problem (1]

Theorem 3.2. Suppose that Assumption Bl holds and the sequence {x*} generated
by Algorithm 211 converges to a stationary point x* of problem (). Then, for
i € Gy (x*), z¥ converges to zero after a finite number of steps or |z¥| converges to

zero monotonically decreasing for all k sufficiently large.

Proof. Assume that G (z*) is nonempty. Since g(z) is continuous and the sequence
{x*} converges to x*, there exists an index k such that for all k& > k and for all

(S g+($*)7
(3.15) lgf| < pe

Suppose that there exists ¥ = 0 for [ € G, (z*) and k > k. Then by ([B.15)), we have
I € A}. Furthermore, by the definition of df , we get df = 0. Consequently, when
an index [ € G (z*) becomes active, i.e., ¥ = 0, at iterate z*, k > k, it remains
active for all the subsequent iterations. On the other hand, we assume that there
exists [ € G4 (2*) and xf # 0 for all k > k. In this case, we have | € AY U F* for
k> k. If i € A% for k > k, we have

2] = laf +afdf| = (1 —ab)[af]| < Jaf].
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Ifl e FF forkZ/_c, we have

7 T = faf 4+ oty
= [af — A (g + psgn(ar))|
_ [l = o N (gf + )l i af > 0
n lzf — AR (gF — )|, if 2F <0
< lafl,
where the last inequality follows from (B.I%]). The proof is completed. a

4. NUMERICAL EXPERIMENTS

In this section, we first present some numerical experiments to illustrate how the
identification technique performs. Second, we partition the rest of the experiments
into two classes based on different types of ¢. In the first class, we use our algorithm
to solve /1 -regularized nonconvex problem and compare it with the Matlab function
fminsearch. In the second class, we use our algorithm to solve ¢;-regularized least
squares, which mainly appear in compressive sensing. Specifically, we provide some
numerical experiments to test the performance of the proposed method and com-
pare it with the following three existing solvers: FPC_AS [38], GPSR_BB [25] and
SpaRSA [40]. All codes are written in MATLAB R2013a and all tests described in
this section were performed on a PC with Intel 15-3230 2.6GHZ CPU processor and
6G RAM memory with a Windows operating system. We implemented Algorithm
1] with the following parameters: M = 5, amin = 10710, apayx = 1019, § = 1072
and 7 = 0.5. The parameters in p(x) are set to ¢; = 0.05, c2 = 1, v = 0.01 for
subsection 4.1 and v = max((3)",0.01) for other subsections. The initial point of
all tested algorithms is the zero vector. The other three algorithms were run with
default parameters.

Experiments in [25,28,[38,40] have confirmed the effectiveness of continuation.
The basic idea of continuation is that, instead of solving problem (1) directly
from scratch, one solves a sequence of problems (a?/*” = argmingepn{¢,, (z) =
f(z) + prllz|l1}), where po > p1--- > p, using the solution (or an approximate
solution) xy,  as the initial estimate of the solution to the next problem. There-
fore, we embedded our method in a continuation procedure. Now, we describe our
continuation strategy in details. The sequence of uy is defined by

_ { max(71]|9(0)loe, £5), it k=0,
Mk = . & .
max(yr min(||g4r ()| 0o, i), 1),  if k>0,

where v, € (0,1) is a constant. The main difference between our continuation
strategy and the continuation strategy in [38] consists in the definition of the active
set A*. In our implementation, at the end of iteration k, the next parameter py, is
set to a value smaller than py_; if the point 2P satisfies the condition

|¢Mk—1(xk) - ¢Mk-1($k_1)| S €f max(|q§uk_1(:vk)\, ‘¢uk:—1(xk_1)|a 1)7

where €5 = 0.01.
In Table [[l we summarize a list of symbols used in the subsequent tables and
figures.
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TABLE 1. Summary of symbols used in all subsequent tables and figures

m, n | numbers of rows and columns of A, respectively
cpu cpu time
nnzx | number of the nonzeros in the reovered solution

nMat | total number of matrix-vector products involving A and AT

sgn [{i: zi(zs); < 0}], number of corresponding entries of x and =, that are
nonzero but have opposite signs
miss | [{¢:2; =0, (zs); # 0}], number of zero entries in z with a corresponding
nonzero entry in x,
over | |{i:z; #0,(xs); = 0}|, number of nonzero entries in = with a corresponding

zero entry in

4.1. Identification ability of the active set. In this subsection, we illustrate the
identification possibility of our method with respect to sparse signals in compressed
sensing. Namely, we consider the problem ([2)), where the goal is to reconstruct
a length-n sparse signal from m observations, where m < n. The m x n measure
matrix A is obtained by first filling it with independent samples of a standard
Gaussian distribution and then orthonormalizing the rows. These random matrices
are generated by using MATLAB command randn. In this experiment, we set
n = 1024 and m = round(0.1 x n). The observation b is generated by b = Axs.
To generate the signal x4, we first generated the support by randomly selecting T’
indices between 1 and n and then assigned a value to x; for each ¢ in the support
by one of the following four methods:

Type 1: one (zero-one signal);

Type 2: the sign of a normally distributed random variable;

Type 3: a normally distributed random variable (Gaussian signal);
Type 4: a uniformly distributed random variable (—1,1).

Let S denote the support of zs. Then for all ¢ € S, for type 1, z; = 1; for
type 2, x; is a Bernoulli random variable with success probability 1/2; for type 3,
x; ~ N(0,1); for type 4, z; ~ U(—1,1). The regularization parameter p is taken
as p = 0.01]|ATb|| . Notice that p > [|ATb||o, and the unique minimum of (L2 is
the zero vector [30].

Random points = at different fixed distances were generated from the exact
sparsest solution x4 More precisely, for each pair (¢,T), € € {10,1,1071,1072, 1073}
and T € {1,2,...,100}, we generated 100 random points x on the boundary of the
set

K={x:||z —xs]lco <€}
For each component of signal x5 and the generated random points, we consider it
as a nonzero component when its absolute value is great than 0.001||zs||s. For
each random point, we compare our approximate active sets A(z) with the exact
active set G(xs). In Table 2] we report the total number of the correctly identified
G(xs), the values of “sgn”, “miss” and “over”. Noting that, if 2 matches z; in
terms of support and sign, the values of “sgn”, “miss” and “over” should all be
zero. For types 1-2, € = 1072,1073 and T = 1 : 100, we can see from Table [ that
the active set identification technique can accurately identify the zero components
of 5. For types 1-4, we also see that the closer the distance between the random
points and the exact sparse solution x is, the stronger the identifiable ability of
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TABLE 2. Numerical results for n = 1024 and m = round(0.1 x n)

Type 1 T=10 T=1:100

€ total sgn miss over total  sgn miss over
e=10 0 1 0 88526 | 0 185 378 8498493
e=1 0 0 0 56360 | 0 0 0 5305683
e=10"110 0 0 2597 |0 0 0 0
e=10"21100 O 0 0 10000 O 0 0
e=103]100 O 0 0 10000 O 0 0

Type 2 T=10 T =1:100

€ total sgn miss over total  sgn miss  over
e=10 0 1 2 88614 | 0 206 360 8499047
€= 0 0 0 55634 | 0 0 0 5306896
e=10"110 0 0 2567 |0 0 0 149750
e=10"21100 O 0 0 10000 O 0 0
e=10"°]100 0 0 0 10000 O 0 0

Type 3 T=10 T =1:100

€ total sgn miss over total  sgn miss  over
e=10 0 135 50 88648 | 0 51023 25326 8499649
e=1 0 5 31 55891 | 0 2346 8617 5368878
e=10"110 0 0 3411 |0 4 3173 248648
e=10"7]100 0 0 0 8292 0 1808 0
e=10"21100 O 0 0 8400 O 1700 0

Type 4 T=10 T =1:100

€ total sgn miss over total  sgn miss over
e=10 0 155 74 88588 | 0 49734 24901 8499210
e=1 0 15 61 56662 | 0 2165 8639 5377848
e=10"110 0 0 3888 |0 1 2670 276123
e=10"21100 O 0 0 8205 O 1937 0
e=10"31100 O 0 0 8500 O 1600 0O

the the proposed active set identification technique is. In a summary, from Table[2]
we can see that the proposed active set identification technique has a strong ability
to accurately identify the zero components in a neighborhood of the solution.

4.2. Test on the /;-regularized nonconvex problem. In this subsection, we
demonstrate the viability of our approach and focus on the specific problem of
binary classification using the ¢;-regularized logistic regression. For these problems,
the function f(x) in () is set to

m
@) =3 log(1 4 7w ),
i=1
where w; € R™, ¢ = 1,2,...,n, are the training samples and y; € {—1,+1} are
the corresponding labels. Such problems are used for training a linear classi-
fier x € R™. For more details about support vector machine problems, we refer
the reader to [42]. All nine data sets used were downloaded from the web site
http://www.csie.ntu..tw/~cjlin/liblinear and have been featurewise normalized to
[—1,1].
For each test problem, we first ran fminsearch and stored the final value of the
objective function and then ran the ABB algorithm until it reaches at least the same
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TABLE 3. Numerical results for the ¢1-regularized nonconvex prob-
lem with 4= 0.1

Problem ABB fminsearch
name m n | iter time nnz | time nnz
heart 270 13|16 1.09 13 |15.72 13
australian 690 14 |2 5,67 14 |79.25 14
fourclass 862 2 |17 085 2 1.03 2
diabetes 768 8 |13 245 8 29.42 8
ionosphere 3561 34|50 17.37 32 | 218.60 34
sonar 208 60|27 6.63 60 | 150.46 60
svmguide3 41 22|17 028 2 2.06 19
liver-disorders 345 6 |47 210 6 4.01 6
breast 683 9 |21 224 9 2882 9

TABLE 4. Numerical results for /;-regularized nonconvex problem

with p =1

Problem ABB fminsearch
name m n | iter time nnz | time nnz
heart 270 1319 0.9204 13 | 2047 13
australian 690 14 |13 2.87 14 | 4731 14
fourclass 862 2 |17 0.78 2 1.45 2
diabetes 768 8 |10 1.76 8 19.95 6
ionosphere 351 34|43 9.84 29 | 132,57 34
sonar 208 60| 14 3.82 54 | 119.57 60
svmguide3 41 22|11 0.20 2 2.27 18
liver-disorders 345 6 |44 2.04 6 3.47 5
breast 683 9 |20 2.54 9 1583 9

objective function value. Each component of the final solution  obtained by the
two tested methods is considered as a nonzero component when its absolute value
is greater than 0.001||Z||o. The detailed numerical results are presented in Tables
Bl and [ which contain the name of the tested data set, the number of training
samples m and features n, the number of iterations (iter), the CPU time required
in seconds (time) and the number of nonzero components of solutions (nnz).

As shown in Tables 3 and 4, ABB yields much better performance for the test data
sets and is a promising method for solving ¢;-regularized nonconvex problems.

4.3. Test on the ¢3-¢; problem. In this experiment, we tested the matrix A with
size n = 2'2 with m = round(0.1 * n) or m = round(0.2 * n), and n = 2'4 with
m = round (0.1 * n) and considered a range of degrees of sparsity: the number T of
nonzero spikes in x, ranges from 1 to 30 for each type of elements in the support.
We generated random matrices A using the same strategy as that of subsection 4.1.
The observation b is generated by b = Ax, and the regularization parameter p is
taken as p = 0.01||ATb||oo. The above procedure yields a total of 360 problems.
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For each test problem, we stop all tested algorithms if the condition

(%) — p(at)|
max(L, [o(F 1), [6m)])

is satisfied or the number of iterations exceeds 10%.

Again, each component of signal x, and the final solution obtained by each tested
method is considered as a nonzero component when its absolute value is greater
than 0.001||zs||cc. We adopt the performance profiles by Dolan and Moré [22] to
evaluate the CPU time, the final function value, the relative error (rel.err= %),
and the numbers of nMat and nnz. Figures 1-10 show the performance proﬁfes of
the five methods relative to the CPU time (Figures [Il and [l), the final function
value (Figures [ and [@)), the relative errors (Figures Bl and [0, and the numbers of
nMat and nnz (Figures 2 B [ and [)). It shows that the AGE method performs
best for the 360 test problems; it generally requires least CPU time, fewest numbers
of nMat and obtains almost the same numbers of nnz, the final function value and

the relative error.

7 [——rroas || i ——rc.As ||
+-- ABB 5" «-- ABB
—v— AGE —v— AGE
o~ GPSR_BB °~ GPSR_BB
SpaRSA SpaRSA
£ g
() o
£ g
& 2
E e
= 53
6 1 2 3 4 5 3 4 5
CPU time (seconds) nMat
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5. CONCLUSIONS

In the paper, we have proposed an identification function and developed an
active set identification technique. The active set identification technique has a
strong ability to accurately identify the zero components in a neighborhood of
an isolated stationary point of (IIl) without strict complementarity conditions for
the £; optimization problem. Based on the active set identification technique, we
proposed a gradient-based method for solving (Il). To accelerate the algorithm,
a subspace Barzilai-Borwein steplength and a subspace exact steplength have been
developed, respectively. Under appropriate conditions, we showed that the method
with the nonmonotone line search technique is globally convergent. The numerical
results in Section 4 demonstrated the effectiveness of the algorithm for solving some
standard f5-f; problems.
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