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Introduction to the Current Events Bulletin
Will the Riemann Hypothesis be proved this week? What is the Geometric
Langlands Conjecture about? How could you best exploit a stream of data flowing by
too fast to capture? I love the idea of having an expert explain such things to me in a
brief, accessible way. I think we mathematicians are provoked to ask such questions
by our sense that underneath the vastness of mathematics is a fundamental unity
allowing us to look into many different corners -- though we couldn't possibly work in
all of them. And I, like most of us, love common-room gossip.
The Current Events Bulletin Session at the Joint Mathematics Meetings, begun in
2003, is an event where the speakers do not report on their own work, but survey
some of the most interesting current developments in mathematics, pure and applied.
The wonderful tradition of the Bourbaki Seminar is an inspiration, but we aim for more
accessible treatments and a wider range of subjects. I've been the organizer of these
sessions since they started, but a broadly constituted advisory committee helps select
the topics and speakers. Excellence in exposition is a prime consideration.
A written exposition greatly increases the number of people who can enjoy the
product of the sessions, so speakers are asked to do the hard work of producing such
articles. These are made into a booklet distributed at the meeting. Speakers are
then invited to submit papers based on them to the Bulletin of the AMS, and this has
led to many fine publications.
I hope you'll enjoy the papers produced from these sessions, but there's nothing like
being at the talks -- don't miss them!
David Eisenbud, Organizer
University of California, Berkeley
de@msri.org

For PDF files of talks given in prior years, see
http://www.ams.org/ams/current-events-bulletin.html.
The list of speakers/titles from prior years may be found at the end of this booklet.

TOPOLOGY, REPRESENTATION THEORY, AND ARITHMETIC:
THREE-MANIFOLDS AND THE LANGLANDS PROGRAM
MATTHEW EMERTON

Abstract. Using ideas from the Langlands program, F. Calegari and N. Dunfield have constructed a tower of finite covers whose members are closed hyperbolic rational homology 3-spheres, and whose injectivity radii grow without
bound. The goal of this note is to sketch some of the ideas of the Langlands
program, and to explain how they can be brought to bear on the study of
hyperbolic 3-manifolds, and in particular, how they are applied in the construction of Calegari and Dunfield.

1. Introduction
Thurston has raised the following question regarding the topology of closed hyperbolic 3-manifolds (recall that closed means compact without boundary):
1.1. Question. If M is a closed connected hyperbolic 3-manifold, does M admit a
finite cover whose first Betti number is positive?
To give this question some context, we recall some facts about the fundamental
groups of closed hyperbolic 3-manifolds, as well as some terminology.
First, the facts: If M is a closed connected hyperbolic 3-manifold, then its
fundamental group π1 (M ) is infinite, but residually finite (i.e. for any element
γ ∈ π1 (M ) \ 1, there exists a homomorphism π1 (M ) → G with finite image such
that the image of γ is non-trivial). Thus π1 (M ) admits many finite quotients, and
correspondingly M admits many finite covers. Indeed, one can say something more
precise: M admits finite covers of arbitrarily large injectivity radius.1
Next, the terminology: A closed connected orientable 3-manifold M is called a
rational homology sphere if its first Betti number equals 0. By Poincaré duality, this
implies that its second Betti number also equals 0, and thus that M has the same
Betti numbers as the 3-sphere S 3 . (Equivalently, the homology of M , computed
with rational coefficients, coincides with that of S 3 , whence the name.)
Returning now to Thurston’s question we see that we can reformulate it in the
following (negative) fashion:
1.2. Question. Can one find a closed hyperbolic 3-manifold that is a rational
homology sphere, and all of whose finite covers are again rational homology spheres?
Received by the editors November 17, 2008.
2000 Mathematics Subject Classification. Primary .
The author was supported in part by NSF grant DMS-0701315.
1The injectivity radius of a closed Riemannian manifold N is one-half of the length of the
shortest closed geodesic in N ; thus it can be regarded as (one-half of) a minimal diameter of N .
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In fact Thurston conjectured that the answer to his question in this form is no,
or equivalently, that the answer to Question 1.1 is yes. This is the so-called Virtual Positive Betti Number Conjecture (the term virtual refers to the consideration
of finite covers), which remains unproved at the moment. (We refer to [9] for a
discussion of some of the literature and results related to this conjecture.)
Cooper raised the following question, related to Question 1.2 (see Problem 3.58
of [8]):
1.3. Question. Can one find a closed hyperbolic 3-manifold that is a rational
homology sphere, and which admits finite covers of arbitrarily large injectivity
radius that are again rational homology spheres?
Note that a negative answer to this question would yield a negative answer to
Question 1.2 (since, as was recalled above, any closed hyperbolic manifold does
admit covers of arbitrarily large injectivity radius), and hence a positive answer to
Question 1.1, proving the Virtual Positive Betti Number Conjecture.
Unfortunately, the answer to Question 1.3 is in fact yes, and the goal of this
note is to discuss a theorem of Frank Calegari and Nathan Dunfield to this effect
[5, Thm. 1.4]:
1.4. Theorem. There exists an infinite tower of finite covers
· · · → Mn → · · · → M2 → M1 → M0 ,
each member of which is a closed hyperbolic rational homology sphere, and such
that injectivity radius of Mn grows without bound as n → ∞.
In one sense, this result was not a surprise: unlike Question 1.2, Cooper’s Question 1.3 was actually expected to have a positive answer. What was surprising was
the method of proof that Calegari and Dunfield gave of their Theorem 1.4: their
proof relies on ideas from the Langlands program and the theory of Galois representations, topics that at first glance seem quite far removed from the topology of
3-manifolds.
We should note that Calegari and Dunfield’s proof of Theorem 1.4 is contingent
on certain other conjectures, not related to topology, but rather of an arithmetic
nature. Namely, their proof relies on the Generalized Riemann Hypothesis, as
well as on a particular case of Conjecture 1.7 below. Subsequently, Boston and
Ellenberg [3] found an unconditional proof of Theorem 1.4. However, it is the
original argument of Calegari and Dunfield that will be the focus of these notes,
since it is this argument that exhibits a surprising link between the topology of
3-manifolds and questions of arithmetic.
In the remainder of this introduction, we give the briefest sketch of some of the
ideas in the Langlands program, including a very rough statement of Langlands’
reciprocity conjecture (Conjecture 1.7 below), which plays a key role in Calegari
and Dunfield’s proof of Theorem 1.4, before closing with an outline of the contents
of the main body of this note.
1.5. Langlands’ reciprocity conjecture. The Langlands program is an elaborate web of theorems and conjectures relating the representation theory of and
harmonic analysis on certain Lie groups with arithmetic, and in particular, with
representations of certain Galois groups. I will not try to make a precise statement
of any of its tenets or conjectures here, but will content myself with briefest possible
sketch of the ideas.
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Recall that a complex number α is called an algebraic number if it is algebraic
over Q, i.e. if f (α) = 0 for some polynomial f (X) ∈ Q[X]. The set of all algebraic
numbers forms a subfield Q ⊂ C. Alternatively, one may define Q to be the
algebraic closure of Q in C, or to the the union of all the finite subextensions F of
Q in C. Finite extensions F of Q are usually referred to as number fields. If F is
any number field in C, then Q is also the algebraic closure of F in C, and we may
consider the so-called absolute Galois group Gal(Q/F ) of F ; this is the group of
all automorphisms of Q that restrict to the identity on F . (It is in fact naturally
a profinite group, rather than just a group, but we suppress this detail here.) The
group Gal(Q/F ) is one of the characters in the Langlands story.
The other main characters in the story are automorphic eigenforms on reductive
groups, the definition of which we now very briefly sketch. Suppose that F ⊂ Q is
a number field (i.e. of finite degree over Q). Let G be a semi-simple or reductive
linear algebraic group over F . (One can think of GL(n, F ), although, as we will
see below, there are other important examples too.) Let GR denote the set of real
points of G. (If G = GL(n, F ) where F = Q(α) is the number field obtained by
adjoining the algebraic number α to Q, and if the minimal polynomial of α has r1
real roots and 2r2 complex roots, then GR := GL(n, R)r1 × GL(n, C)r2 .) Let Γ be a
congruence subgroup of the integer points of G. (See Subsections 4.2, 4.4, and 4.7
below for the definition of this notion in certain special cases; note in particular
that Γ is then a discrete subgroup of GR .)
Consider the space C ∞ (Γ\GR ) of smooth complex valued functions on the quotient Γ\GR . This space is equipped with many commuting operators, namely the
Casimir and higher Casimir operators (these are differential operators, analogous
to a Laplacian, induced by the action of centre of the enveloping algebra of the Lie
algebra of GR on C ∞ (Γ\GR )), and also the Hecke operators, which are indexed by
(all but a finite number of) the prime ideals of the ring of integers of F .
1.6. Definition. An automorphic eigenform is a function f ∈ C ∞ (Γ\GR ) which is
a simultaneous eigenvector of all of the commuting operators discussed above, i.e.
of all the Casimirs and Hecke operators, and which is slowly increasing at infinity.
We don’t recall the precise definitions of the various operators alluded to above,
or of the term “slowly increasing” as it is used in the above definition, referring the
reader instead to the discussion of [2]. We will outline the definition of the Hecke
operators in certain special cases in Subsection 4.9 below.
If f is an automorphic eigenform, then f determines a collection of eigenvalues,
one eigenvalue for each of the Casimirs and each Hecke operator, which we will
refer to as the system of eigenvalues attached to f .
Of importance for us is the following conjecture, which is a vaguely stated form
of Langlands’ Reciprocity Conjecture:
1.7. Conjecture. (a) If f ∈ C ∞ (Γ\GR ) is an automorphic eigenform, whose (appropriately normalized) eigenvalues under all the Casimir operators are integral,
then the system of eigenvalues attached to f determines, and is in turn determined
by, a certain representation of the Galois group Gal(Q/F ).
(b) Any representation of Gal(Q/F ) satisfying appropriate hypotheses is determined by an automorphic eigenform in the sense of part (a).
This statement is overly simplified, and there are a myriad of details that we have
omitted. Just to indicate some: (i) f should determine not just one representation,
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but in fact a whole family representations; we refer to subsection 5.1 below for some
examples of such families. (ii) One can be precise about the group of matrices in
which the values of the Galois representations associated to f should lie. In general,
this requires a discussion of dual groups and L-groups (see e.g. [1]). In the case
when G = GL(n, F ), one can say that the associated Galois representations should
be n-dimensional. (iii) There is an explicit description of the manner in which the
system of eigenvalues attached to f , and the corresponding Galois representations,
should determine each other. This description relies on, among other things, the
Satake isomorphism (as explained e.g. in [6]). (iv) We have given no indication of
what the “appropriate hypotheses” on a Galois representation in part (b) of the
conjecture might be. For some examples of Galois representations satisfying these
unspecified hypothesis, we again refer to Subsection 5.1.
To elaborate on all these points, and on the many others that we are omitting,
would turn this brief note into a technical treatise, which is certainly not our goal.
(In the case when G = GL(n, F ) for a number field F , we refer to the article [12] of
Taylor for a rather complete discussion.) Rather, we hope to give some indication as
to how one can use Conjecture 1.7 to deduce concrete statements in mathematics,
such as Theorem 1.4.
Let us close the present discussion by observing that (even in the vague form in
which we have presented it), Conjecture 1.7 relates two kinds of objects, namely
automorphic eigenforms and the Galois groups Gal(Q/F ), which seem to have absolutely nothing to do with one another! The first have to do with spectral theory on
Lie groups, and the second to do with algebraic symmetries of algebraic numbers.
It is the connection it provides between two totally different parts of mathematics
that gives Conjecture 1.7 its force; it is also what makes the proof of even special
cases of the conjecture so difficult. (See Subsection 5.4 below for a discussion of
some of those special cases.)
1.8. An outline of the paper. In Section 2, we recall the basic facts about
hyperbolic manifolds and hyperbolic spaces. In particular, we recall the connection
between n-dimensional hyperbolic space and the Lie group SO(n, 1). In the cases
when n = 2 and 3, we recast this connection in terms of the more familiar groups
PSL(2, R) and PSL(2, C).
In Section 3, we recall the basic facts concerning homology and cohomology of
manifolds. After first considering the case of arbitrary dimension we then specialize
the discussion to the cases of dimensions 2 and 3.
In Section 4, we introduce the notion of congruence quotients of H2 and H3 .
In particular, we define a particular tower of congruence quotients of H3 which
satisfies the requirements of Theorem 1.4. (See Theorem 4.8.) Finally, we give
a brief indication of how cohomology classes on congruence quotients give rise to
automorphic forms, and outline the definition of the Hecke operators (in the context
of cohomology).
In Section 5, we discuss the Langlands reciprocity conjecture for 2-dimensional
Galois representations in more detail. We begin by giving some examples of 2dimensional Galois representations, namely, those that arise from elliptic curves.
We then describe the reciprocity conjecture for automorphic eigenforms and 2dimensional Galois representations associated to Q and to quadratic imaginary
number fields. Next, we very briefly sketch how a special case of the reciprocity
conjecture was used by Andrew Wiles to prove Fermat’s Last Theorem. We then
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explain how the reciprocity conjecture can be used to deduce Theorem 1.4. Finally,
we explain how the reciprocity conjecture implies a positive answer to the virtual
positive Betti number conjecture for arithmetic closed hyperbolic 3-manifolds.
These examples illustrate the different ways in which the reciprocity conjecture
can be applied: in the proof of Fermat’s Last Theorem, one uses the non-existence
of certain kinds of automorphic forms to establish the non-existence of certain
kinds of Galois representations, from which one in turn deduces Fermat’s Last
Theorem. By contrast, in the proof of Theorem 1.4, as we will see, one uses the nonexistence of certain Galois representations to deduce the non-existence of certain
automorphic forms, from which one in turn deduces that certain hyperbolic 3manifolds are rational homology spheres. Finally, in the proof of the virtual positive
Betti number conjecture in the arithmetic case, one uses the existence of certain
Galois representations to force the existence of certain automorphic forms.
2. Hyperbolic Manifolds
In this section we discuss some of the basics of the theory of hyperbolic manifolds. We begin with a discussion in the general setting of n-dimensional hyperbolic
manifolds, before specializing to the case of surfaces and 3-manifolds. We focus on
explaining the connection with the Lie groups SO(n, 1) (see in particular Subsection 2.4 below), since this gives the first indication that ideas from the Langlands
program could be applied to the study of hyperbolic manifolds.
2.1. Hyperbolic manifolds as quotients of hyperbolic space. Let M be a
connected complete n-dimensional smooth Riemannian manifold (with n ≥ 2). We
say that M is hyperbolic if M all the sectional curvatures of M are constant and
negative. Rescaling the metric of M if necessary, we may and do assume that the
sectional curvatures of M are then in fact all equal to −1.
The Riemannian metric on M pulls back to a Riemannian metric on the universal
cover M̃ of M , which thus becomes a complete n-dimensional simply connected
hyperbolic manifold. Such a manifold is unique, up to isometry, and we denote it
by Hn . It is referred to as hyperbolic n-space.
The original manifold M may be obtained as the quotient Γ\Hn for a certain
group of deck-transformations Γ acting on Hn . Since the metric on Hn is simply
pulled back from M , the group Γ is a group of isometries of Hn , and it thus a
discrete subgroup of the group Isom(Hn ) of all isometries of Hn . If M is furthermore
orientable, then Γ lies in the index 2 subgroup Isom0 (Hn ) of Isom(Hn ) consisting
of orientation-preserving isometries.
2.2. A quadric model of Hn . Hyperbolic n-space admits many models; in this
subsection we describe one of them.
Let Q denote the quadratic form x21 + · · · x2n − x2n+1 on Rn+1 . This quadratic
forms induces a corresponding pseudo-Riemannian metric
g := dx21 + · · · dx2n − dx2n+1
on Rn+1 . Let X denote the quadric
X := {x ∈ Rn+1 | Q(x) = −1} ⊂ Rn+1 ,
and let X + := {x ∈ X | xn+1 > 0} ⊂ X. (The quadric X is the union of two
connected components, of which X + is one; the other is the subset X − of X
consisting of points for which xn+1 < 0.) If g |X + denotes the restriction of g to
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X + , then g |X + is a true Riemannian metric on X + (i.e. it is positive definite).
Furthermore, the sectional are curvatures of X + are constant and negative. Since
X + is simply connected (indeed, it is homeomorphic to Rn ), we find that X +
provides a model for Hn .
2.3. A Lie theoretic description of Hn . Let O(n, 1) denote the subgroup of
GL(n + 1, R) which preserves the quadratic form Q. The group O(n, 1) then clearly
preserves the quadric X, and one easily sees that it acts transitively on X.
If x is a point of X, and O(n, 1)x denotes the stabilizer of x in O(n, 1), then
O(n, 1)x acts faithfully by orthogonal transformations on the tangent hyperplane
to X at x (orthogonal with respect to the positive definite quadratic form given by
∼
the metric g |X ), and in this manner one obtains an isomorphism O(n, 1)x −→ O(n),
where O(n) denotes the usual orthogonal group of n × n matrices that preserve a
positive definite n-dimensional quadratic form. Thus there is an identification
∼

O(n, 1)/ O(n) −→ X.
If we let O(n, 1)+ denote the index 2 subgroup of O(n, 1) consisting of transformations which take X + to itself, then we obtain a corresponding identification
(2.1)

∼

+
+
n
O(n, 1) / O(n) −→ X = H ,

and we also obtain an identification
∼

+
+
n
O(n, 1) −→ Isom(X ) = Isom(H ).

Any matrix in O(n, 1) has determinant equal to ±1. If we let SO(n, 1)+ denote
the subgroup of O(n, 1)+ consisting of matrices of determinant 1, then SO(n, 1)+ is
identified with the index 2 subgroup Isom0 (Hn ) of orientation preserving isometries
in Isom(Hn ). The identification (2.1) induces an identification
∼

SO(n, 1)+ / SO(n) −→ X + = Hn .
The group SO(n, 1)+ is a connected semi-simple Lie group, and SO(n) is a maximal compact subgroup of SO(n, 1)+ . In general, the quotient of a connected semisimple Lie group G by its maximal compact subgroup is referred to as the symmetric
space associated to G. Thus Hn is the symmetric space associated to SO(n, 1)+ .
We can thus summarize the discussion of this section as follows: the group
Isom0 (Hn ) of orientation-preserving isometries of Hn is isomorphic to the connected
semi-simple Lie group SO(n, 1)+ , and Hn may be identified with the symmetric
space associated to SO(n, 1)+ .
2.4. Hyperbolic manifolds and discrete subgroups of SO(n, 1)+ . If we combine the discussion of subsections 2.1 and 2.3, we find that any orientable complete
hyperbolic n-manifold M may be written as a quotient
∼

M −→ Γ\ SO(n, 1)/SO(n),
where Γ is a discrete torsion-free subgroup of SO(n, 1). (The torsion-free condition
ensures that Γ acts properly discontinuously on SO(n, 1)/SO(n) = Hn .)
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2.5. The upper half-space model for Hn . Another model for Hn is the ndimensional upper half-space
n
n
H := {(x1 , . . . , xn ) ∈ R | xn > 0},

dx21 + . . . dx2n
. One computes that this is a metric
x2n
of constant negative curvature, and so does indeed realize Hn as a model of Hn .
We will discuss this model in more detail in the two cases n = 2 and 3.
equipped with the metric ds2 :=

2.6. The upper half-plane model of H2 . The group SO(2, 1)+ is more familiar
than it might seem. Indeed, there is an isomorphism2
∼

PSL(2, R) := SL(2, R)/{±1} −→ SO(2, 1)+ .
Thus there is also an isomorphism
(2.2)

∼

PSL(2, R) −→ Isom0 (H2 ).

As we now explain, the upper half-plane model of H2 makes this isomorphism
apparent.
Let us rewrite the upper half-plane H2 in the form
2
H := {z = x + iy ∈ C | y > 0}

(i.e. we think of it as being the complex upper half-plane); the metric on H2 then
becomes
dx2 + dy 2
ds2 :=
.
y2
2
The group PSL(2, R) is now
 seento act on H as follows: an element γ ∈ PSL(2, R),
a b
represented by a matrix
∈ SL(2, R), acts on H2 via the formula
c d
az + b
.
cz + d
One easily computes that this action preserves the metric ds2 , and thus we obtain
a concrete description of the isomorphism (2.2).

(2.3)

γ · z :=

2.7. The upper half-space model of H3 . The group SO(3, 1)+ is also more
familiar than it might seem. Indeed, there is an isomorphism3
∼

PSL(2, C) := SL(2, C)/{±1} −→ SO(3, 1)+ .
2This isomorphism can be understood conceptually as follows: SL(2, R) acts on its Lie algebra
sl2 (the space of 2 × 2-matrices of trace zero) via conjugation (the so-called adjoint action). This
action factors through PSL(2, R), and preserves the quadratic form hX, Y i := Trace(XY ), which
has signature (2, 1).
3Here is a theoretical description of this isomorphism: let V denote the two-dimensional complex vector space C2 equipped with the standard representation of SL(2, C), and let V denote C2
equipped with the complex conjugate action of SL(2, C). The tensor product W := V ⊗C V is
then a 4-dimensional representation of SL(2, C). The subgroup {±1} acts trivially on W , and so
W is in fact a representation of PSL(2, C). Furthermore, the character of W is real valued, and
in fact W descends to a representation WR of PSL(2, C) on a 4-dimensional real vector space.
One computes that in the space of quadratic forms on WR , there is a unique line that is invariant
under PSL(2, C), and that the non-zero quadratic forms in this line have signature (3, 1) and
(1, 3). Thus PSL(2, C) preserves a quadratic form of signature (3, 1) on WR ; this yields the stated
isomorphism.
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This isomorphism then induces an isomorphism
(2.4)

∼

PSL(2, R) −→ Isom0 (H2 ).

As we now explain, the upper half-space model of H3 makes this isomorphism
apparent.
Let us rewrite 3-dimensional upper half-space in the form
3
H := {(z, t) ∈ C × R | t > 0}.

We can then identify the Riemann sphere CP 1 := C ∪ {∞} with the “sphere
at infinity” of H3 , and the action of Isom0 (H3 ) = Isom0 (H3 ) on H3 induces a
corresponding action by conformal transformations on CP 1 . On the the other
hand, from complex analysis we know that the group of conformal transformations
of CP 1 is identified with PSL(2, C), acting by linear fractional transformations (via
the formula (2.3)). Thus we obtain a homomorphism Isom0 (H3 ) → PSL2 (C), which
is in fact the inverse of the isomorphism (2.4).
3. The homology and cohomology of closed manifolds
As its title indicates, in this section, we describe some of the basic facts about
the algebraic topology of closed manifolds.
3.1. Homology. If M is a closed connected n-manifold, then we can compute its
homology groups Hi (M, A) with coefficients in any abelian group A via singular
chains. We will primarily be interested in the cases when A is one of the fields Q
or C. In this case the homology groups are actually Q- or C-vector spaces, and the
universal coefficients theorem provides an isomorphism
∼

C ⊗Q Hi (M, Q) −→ Hi (M, C);
in particular, the dimension of Hi is independent of whether we use Q and C; it is
referred to as the ith Betti number of M , and denoted bi . It is always finite.
If M is orientable, then Poincaré duality shows that Hi (M, Q) and Hn−i (M, Q)
are naturally dual vector spaces (and similarly with Q replaced by C). In particular
bi = bn−i . Since there is no homology in negative degrees, we see that bi = 0 if
i < 0, and thus also bi = 0 if i > n. Since M is connected, b0 = 1. Thus bn = 1
also.
3.2. Definition. The Euler characteristic of M is defined to be
X
χ(M ) :=
(−1)i bi .
i≥0

Since bi vanishes if i > n, this sum is well-defined.
3.3. Remark. If n is odd and M is orientable, then it follows from Poincaré duality
(or more precisely, the formula bi = bn−i for all i) that χ(M ) = 0.
If M is triangulable, i.e. is homeomorphic to a simplicial complex, then we
may also compute homology simplicially, in terms of some given triangulation.
The Euler-Poincaré formula then shows that we may also compute χ(M ) as the
alternating sum, for i ≥ 0, of the number of simplices of dimension i appearing in
some given triangulation of M .
We recall that closed surfaces and closed 3-manifolds are always triangulable.
The following lemma describes the behaviour of Euler characteristics under finite
covering maps.
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3.4. Lemma. If N → M is a finite covering map of connected closed manifolds, of
degree d say, then χ(N ) = d χ(M ).
Sketch of proof. We sketch a proof in the case when M is triangulable. (Since closed
surfaces and closed 3-manifolds are always triangulable, this argument establishes
the lemma in dimensions n = 2 or 3.) Fix a triangulation of M and use this
triangulation to compute χ(M ). Then, pull back this triangulation to N via the
covering map and use this pulled-back triangulation to compute χ(N ). Since the
covering map has degree d, every simplex in the triangulation of M pulls back to d
simplices in N . The formula follows.

While the preceding lemma gives excellent control over the behaviour of the
Euler characteristic in finite covers, it is significantly more difficult in general to
control the behaviour of individual Betti numbers, as we will see.
3.5. Cohomology. If M is a closed connected n-manifold, then we can compute its
cohomology group H i (M, A) with coefficients in any abelian group A via singular
cochains. We will primarily be interested in the cases when A is one of the fields
Q or C. In this case the ith cohomology group is actually a Q- or C-vector space,
and is naturally dual to the ith homology group. In particular, it has the same
dimension, namely the ith Betti number bi .
De Rham theory shows that we may also compute the complex cohomology
spaces H i (M, C) using differential forms. If we fix a Riemannian metric g on M ,
then we may furthermore use Hodge theory to identify H i (M, C) with the space of
harmonic i-forms on M . (The connection with analysis provided by de Rham theory
and Hodge theory is one reason for considering cohomology as well as homology,
even though from the point of view of the singular theory, they carry essentially
the same information.)
If N → M is a finite cover, then pulling back cohomology classes induces a
map H i (M, Q) → H i (N, Q), which is in fact injective. (Indeed, if the cover is
regular, with covering group G, then we can be more precise: by functoriality of
cohomology, the group G acts on H i (N, Q), and H i (M, Q) is identified with the
space of G-invariant elements in H i (N, Q).) This yields the following lemma:
3.6. Lemma. If N → M is a finite covering map of closed manifolds, then the ith
Betti number of N is greater than or equal to the ith Betti number of M .
Note that this statement is much weaker than the very precise statement regarding Euler characteristics provided by Lemma 3.4. In the following subsections,
we will discuss the extent to which we can improve it in the cases of surfaces and
3-manifolds.
3.7. The topology of closed hyperbolic surfaces. If M is a closed connected
orientable surface, then b0 = b2 = 1, while b1 = 2g, where g is the genus of M .
Thus the Euler characteristic χ(M ) = 2 − 2g.
If M is equipped with a Riemannian metric with curvature K (a real-valued
function on M , since M is a surface), then the Gauss-Bonnet theorem states that
Z
K = 2π χ(M ).
M
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In particular, if M is a hyperbolic manifold, so that K ≡ −1, then we find that
vol(M )
,
2π
and so is negative; equivalently, the genus g > 1. (Conversely, if χ(M ) is negative,
then M admits a hyperbolic metric — indeed, a (6g − 6)-dimensional moduli space
of them.)
If N is a finite covering space of M , of degree d say, then Lemma 3.4 shows that
χ(N ) = d χ(M ). Consequently, if M has genus g, then N has genus d(g − 1) + 1.
In particular, if M is hyperbolic, so that g > 1, then the genus of a degree d cover
of M grows linearly with d (since g > 1), and hence so does the first Betti number.
(Of course, b0 and b2 are both equal to 1 for any connected cover of M .)
χ(M ) = −

3.8. The topology of closed hyperbolic 3-manifolds. If M is a closed connected orientable 3-manifold, then b0 = b3 = 1, while Poincaré duality shows
that b1 = b2 . In particular, as was noted in Remark 3.3, the Euler characteristic χ(M ) = 0. If N is any finite cover of M , then similarly χ(N ) = 0. Thus the
formula of Lemma 3.4, while it is just as valid for for 3-manifolds as for surfaces,
yields no information about the individual Betti numbers of N . Also, Lemma 3.6,
while it shows that Betti numbers of N can’t be less than those of M , does not
imply that they must be greater than those of M .
Thus, unlike in the case of surfaces, it is not obvious that if one considers a tower
of finite covers of M , then the first Betti number must increase as one moves up
the tower. In fact, not only is is not obvious, it is not true! Indeed, Theorem 1.4
establishes the existence of an infinite tower of finite covers every member of which
has b1 = 0 (i.e. is a rational homology sphere).4
To prove Theorem 1.4, we need a tool that allows us to compute individual Betti
numbers, at least for certain hyperbolic 3-manifolds. This tool will be provided by
the Langlands reciprocity conjecture, applied in the context of arithmetic hyperbolic
3-manifolds.
4. Congruence quotients of H2 and H3
In this section we introduce the notion a congruence quotient of H2 or H3 . The
notion of a congruence quotient of Hn in fact make sense for any n, but we will
focus on the cases n = 2 and 3, since then we can work with the more familiar
groups PSL(2, R) and PSL(2, C), rather than the groups SO(n, 1) (which are the
groups we would have to deal with to study general values of n).
4.1. First examples of discrete subgroups. If we combine the discussions of
Subsections 2.4, 2.6, and 2.7, we see that in order to find examples of hyperbolic
surfaces or three folds, we have to find examples of discrete torsion-free subgroups
of PSL(2, R) or PSL(3, C).
Some basic models for discrete objects inside continuous ones are provided by
the inclusions Z ⊂ R and Z[i] ⊂ C. (Here Z[i] denotes the ring of Gaussian
integers, consisting of complex numbers whose real and imaginary parts are both
4We should point out that the existence of infinite towers of finite covers all of which are
rational homology spheres was known prior to the work of Calegari and Dunfield in [5]; the
new contribution of their work is to show that the tower can furthermore be chosen so that the
injectivity radius grows without bound.
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integers.) These immediately suggest examples of discrete subgroups in PSL(2, R)
and PSL(2, C), namely PSL(2, Z) and PSL(2, Z[i]) respectively.
Unfortunately neither of these groups is torsion free, and so each of the quotients
PSL(2, Z)\H2 and PSL(2, Z[i])\H3 is an orbifold rather than a manifold. Also,
neither of these quotients is compact.
4.2. Congruence quotients of H2 . Although neither of the two groups PSL(2, Z)
or PSL(2, Z[i]) is torsion-free, it is easy to construct closely related discrete subgroups which are torsion-free, the so-called congruence subgroups.
We begin by focusing on the PSL(2, Z) case. In fact it will be simpler to work
with SL(2, Z), and we will do this from now on. Since PSL(2, Z) is a quotient
of SL(2, Z), each of the subgroups we construct will have an associated image in
PSL(2, Z), which will then be a discrete subgroup of PSL(2, R).
If n is any integer, then reduction modulo n induces a ring homomorphism
Z → Z/nZ, and hence a homomorphism of groups
(4.1)

SL(2, Z) → SL(2, Z/nZ).

The kernel of this map is denoted Γ(n). It is referred to as the principal congruence
subgroup of level n. It has finite index in SL(2, Z) (since SL(2, Z/nZ) is finite),
and is torsion-free if n ≥ 3 (as its image in PSL(2, R)). Thus we have produced
an infinite family of discrete torsion-free subgroups of PSL(2, R), giving rise to an
infinite family of hyperbolic surfaces. Note that if m divides n, then Γ(m) ⊂ Γ(n)
(with finite index), and so Γ(m)\H2 is a finite cover of Γ(n)\H2 . Thus we also have
lots of finite covering maps.
In fact, we will need to consider a slightly different family of congruence subgroups, usually denote Γ1 (n), and defined as follows:
4.3. Definition. The group Γ1 (n) ⊂ SL(2, Z) is defined to be the preimage under (4.1) of the subgroup of upper triangular unipotent matrices in SL(2, Z/nZ);
i.e.


1 ∗
Γ1 (n) := {γ ∈ SL(2, Z/nZ) | γ ≡
mod N }.
0 1
The groups Γ1 (n) are torsion-free provided n ≥ 4. Also, if m divides n, then
Γ1 (m) is a finite index subgroup of Γ1 (n) Thus the quotients Γ1 (n)\H2 give an
infinite family of hyperbolic surfaces, with many finite covering maps between them.
In the number-theoretic literature, the group SL(2, Z) is referred to as the modular group, and the quotients Γ(n)\H2 and Γ1 (n)\H2 are called modular curves.
In this note we will refer to them as congruence quotients (for the obvious reason:
that they are quotients of H2 by congruence subgroups of SL(2, Z)).
4.4. Congruence quotients of H3 . One can define congruence subgroups of
PSL(2, C) in an analogous manner to the case of PSL(2, R). Before doing so, we
make some preliminary remarks.
The first remark is that the inclusion SL(2, C) ,→ GL(2, C) induces an isomorphism
∼
PSL(2, C) := SL(2, C)/{±1} −→ GL(2, C)/C× =: PGL(2, C).
(Here C× , the multiplicative group of non-zero complex numbers, embeds into
GL(2, C) as the subgroup of non-zero scalar matrices.) Thus, in order to construct
discrete subgroups of PSL(2, C), it suffices to construct such subgroups of GL(2, C);
we can then pass to their images in PGL(2, C) = PSL(2, C). The reason for working
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with GL(2, C) rather than SL(2, C) at this point is dictated by the requirements
of the paper [5] — it will allow us to apply the Langlands reciprocity conjecture
in such a way as to construct a tower of rational homology spheres satisfying the
requirements of Theorem 1.4.
The second remark is that Z[i] is not the only “discrete model” for the complex
numbers that we have available for forming discrete
√ subgroups of GL(2, C). If d
is any positive square-free integer, then F := Q( −d) is a subfield of C with the
∼
property that R ⊗Q F −→ C (so F is to C as Q is to R), and the ring of integers5
OF of F is a discrete subring of C. (Such number fields F are called quadratic
imaginary.)
For any choice of F , the group GL(2, OF ) is a discrete subgroup of GL(2, C). If
n is a non-zero ideal in OF , then OF /n is a finite ring, and we have the reduction
map
(4.2)

GL(2, OF ) → GL(2, OF /n).

4.5. Definition. We define Γ1 (n) to be the subgroup of GL(2, OF ) obtained as
the preimage under (4.2) of the subgroup of upper triangular unipotent matrices in
GL(2, OF /n); i.e.


1 ∗
Γ1 (n) := {γ ∈ GL(2, OF /n) | γ ≡
mod n}.
0 1
Just as in the two-dimensional case, for a fixed choice of F , for all but finitely
many ideal n, the group Γ1 (n) will have torsion-free image in PSL(2, C), and of
course, if m ⊂ n is an inclusion of non-zero ideals, then Γ1 (m) ⊂ Γ1 (n). Thus we
obtain an infinite collection of hyperbolic 3-manifolds, of the form Γ1 (n)\H3 , with
many finite covering maps between them. Just as in the surface case, we refer to
these hyperbolic 3-manifolds as congruence quotients of H3 .
4.6. Noncompactness and unipotent elements. The congruence quotients we
have constructed so far, namely Γ1 (n)\H2 and Γ1 (n)\H3 , are important examples
of hyperbolic manifolds, but they have the disadvantage, from the point of view
of proving Theorem 1.4, that they are not compact (although they are of finite
volume).
In the surface case, these quotients have ends that look like cylinders on a circle
(i.e. are homeomorphic to S 1 × R), while in the 3-manifold case they have ends that
look like cylinders on a torus (i.e. are homeomorphic S 1 × S 1 × R).
The reason that the quotients Γ1 (n)\H2 are not compact is that
 the groups
1 1
Γ1 (n) contain non-identity unipotent elements, such as the element
. The
0 1
presence of such elements forces the fundamental domains for these groups in H2 to
contain vertical “strips” going off to infinity, which contribute cylindrical ends to
the corresponding quotient surface. A similar phenomenon occurs with the groups
Γ1 (n), which also contain unipotent elements.
4.7. Compact congruence quotients of H2 and H3 . In this subsection we explain how to construct other kinds of congruence quotient of H2 and H3 which are
5The ring of integers O is equal to Z[√−d] if d ≡ 1 or 2 mod 4, and Z[(1 + √−d)/2] if
F

d ≡ 3 mod 4.
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closed manifolds. To do this, we need to find discrete subgroups Γ which do not
contain unipotent elements. We now explain how we can do this.
A matrix T in SL(2, R) or SL(2, C) is unipotent if and only if T − 1 is a nilpotent
element of the ring of matrices M(2, R) or M(2, C). Thus, in order to be able to
define a notion of congruence subgroup that does not contain non-identity unipotent
elements, we need to find an “integral model” for M(2, R) (say) which does not
contain non-zero nilpotent elements. That is, we need to find a Z-algebra A that
contains no non-zero nilpotents, such that upon extending scalars to R, we obtain
∼
an isomorphism R ⊗Z A −→ M(2, R). How can we do this?
The answer to this question is: via the theory of quaternion algebras! To see
why, begin by recalling that Hamilton’s ring of quaternions is the (associative, but
non-commutative) 4-dimensional R-algebra H (this is the traditional notation, but
do not confuse it with a hyperbolic space!) generated by elements i and j with the
commutation relations
i2 = j 2 = −1, ij = −ji.
(The elements 1, i, j, and k := ij form a basis for H as an R-vector space.) The
algebra H is a division algebra, and so in particular, contains no non-zero nilpotent
∼
elements, but there is an isomorphism C ⊗R H −→ M(2, C).
Now, the theory of quaternion algebras over number fields allows us to greatly
generalize Hamilton’s construction. For example, the associative Q-algebra D generated by elements i and j with the commutation relations
i2 = 2,

j 2 = 3,

ij = −ji

is a 4-dimensional division algebra over Q, and so in particular contains no non-zero
nilpotents, but there is an isomorphism
∼

R ⊗Q D −→ M(2, R),

(4.3)
given by
√




0 3
2
0
√
i 7→
,
j 7→
.
1 0
0 − −2
Let B denote a maximal order in D; i.e. B is a maximal Z-subalgebra of D
that is finitely generated as a Z-module. (So B is like a “ring of integers” of D,
although, unlike in the case of rings of integers in number fields, B is not unique,
but is only unique up to conjugation by a non-zero element of D.) We can use the
isomorphism (4.3) to regard B as a subring
of M(2, R), and then define a discrete
T
subgroup Γ of SL(2, R) via Γ := B SL(2, R). Since D, and hence B, contains
no non-zero nilpotents, the group Γ contains no non-identity unipotent elements.
Thus Γ\H2 is compact.
Now Γ is not torsion-free, and so the quotient Γ\H2 is an orbifold rather than a
manifold. However, by considering the reduction modulo n maps
B → B/nB
for natural numbers n, we may define congruence subgroups of Γ analogous to
Γ(n) or Γ1 (n), and so obtain many torsion-free finite index subgroups of Γ. In this
way, we can construct infinitely many closed hyperbolic surfaces, with many finite
covering maps between them. (And this is just for one particular choice of D!)
We refer to these surfaces, obtained by choosing an appropriate Q-algebra D as
above, and then constructing the associated group Γ and its congruence subgroups,
as compact congruence quotients of H2 .
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We can similarly construct compact congruence quotients of H3 . We first choose
a quadratic imaginary number field F. We then construct a 4-dimensional division
algebra D over F . Since C is algebraically closed, there will automatically be an
isomorphism
(4.4)

∼

C ⊗F D −→ M(2, C).

We then choose a maximal OF -order T
B in D, and using (4.4) to regard B as a
subring of M(2, C), we then set Γ := B GL(2, C). For any non-zero ideal n ⊂ OF ,
we can use the reduction map B → B/nB to define congruence subgroups of Γ
analogous to Γ1 (n). All but finitely many of these congruence subgroups will be
torsion-free, and the corresponding quotients of H3 will then be compact. We
refer to the closed hyperbolic 3-manifolds constructed in this manner as compact
congruence quotients of H3 .
We now give a concrete example,√which is directly relevant
to the proof
√
√ of Theorem 1.4. Begin by taking F = Q( −2). Let√π := 1 − −2, π := 1 + −2. Note
that π and π are prime elements of OF := Z[ −2], and that ππ = 3. Let D be the
associate F -algebra generated by elements i and j satisfying commutation relations
i2 = −1, j 2 = −3, ij = −ji.
Then D is a division algebra. We take B to be a maximal order in D, and define Γ
as above. Finally, for any n ≥ 0 we define a congruence subgroup Γn of Γ analogous
to Γ1 (π n ). (We refer to [5, §2] for the precise definition.) Following [5], we write
X[ππ n ] := Γn \H3 .
(The notation reflects the choice of congruence subgroup, together with the fact
that the construction of D involves the number 3 = ππ.) If n is sufficiently large
than Γn is torsion-free, and thus X[ππ n ] is a closed hyperbolic 3-manifold.
Calegari and Dunfield prove the following result [5, §2], which has Theorem 1.4
as an immediate consequence.
4.8. Theorem. (1) The injectivity radius of X[ππ n ] grows without bound as n → ∞.
(2) Each X[ππ n ] is a rational homology sphere.
We will give the barest of sketches of the proof of this theorem in Subsection 5.7
below, which, as we have already emphasized, relies on the Langlands reciprocity
conjecture.
4.9. Automorphic forms, cohomology, and Hecke operators. The reason
that the reciprocity conjecture can be applied to the problem of computing the
Betti numbers of congruence quotients is because there is a relationship between
cohomology of congruence quotients and automorphic forms, which we now sketch.
Suppose that Γ is one of the (many) congruence subgroups of SL(2, R) (resp.
GL(2, C)) that we have defined. If the quotient Γ\H2 (resp. Γ\H3 ) is a closed manifold, then, as was remarked in Subsection 3.5, we may identify its ith cohomology
group (with C-coefficients) with the space of harmonic differential i-forms on Γ\H2
(resp. Γ\H3 ). (In fact, suitably interpreted, such a result holds true even when
Γ\H2 (resp. Γ\H3 ) is not compact.) Now since Γ\H2 := Γ\ PSL(2, R)/ SO(2) (resp.
Γ\H3 := Γ\ PSL(2, C)/ SO(3)), we may pull-back a harmonic differential i-form on
Γ\H2 (resp. Γ\H3 ) to obtain a certain kind of differential i-form on Γ\ PSL(2, R)
(resp. Γ\ PSL(2, C)), which may then be described explicitly in terms of a certain
automorphic form on Γ\ PSL(2, R) (resp. Γ\ PSL(2, C)). Since this automorphic
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forms arises from a harmonic i-form, it will automatically be an eigenvector for the
Casimir and higher Casimir operators (that were discussed in the introduction).
It will not necessarily be an eigenvector for the Hecke operators. However, we
can define an action of the Hecke operators directly on the cohomology of Γ\H2
(resp. Γ\H3 ). If we then begin with a cohomology class that is an eigenvector for
the Hecke operators on cohomology, then the corresponding automorphic form will
be an eigenvector for the Hecke operators as well, and so will be an automorphic
eigenform, in the sense of the introduction.
The Hecke operators on cohomology are defined by certain Hecke correspondences.6 We won’t give the general description of these correspondence, but will
content ourselves with describing them in the very simplest case, namely for the
quotient SL(2, Z)\H2 .
First, we need to define yet another species of congruence subgroup.
4.10. Definition. For any integer n ≥ 1, the group Γ0 (n) ⊂ SL(2, Z) is defined
to be the preimage under (4.1) of the subgroup of upper triangular matrices in
SL(2, Z/nZ); i.e.


∗ ∗
Γ0 (n) := {γ ∈ SL(2, Z/nZ) | γ ≡
mod N }.
0 ∗
Since Γ0 (n) ⊂ SL(2, Z/nZ), there is a natural projection pr : Γ0 (n)\H2 →
SL(2, Z)\H 2 .


0 1
An easy calculation shows that the matrix
normalizes Γ0 (n). Thus the
n 0
2
automorphism of H induced by this matrix induces a corresponding automorphism
of Γ0 (n)\H2 , which we denote by wn .
Now, for any prime p, the pth Hecke correspondence Tp is defined by the following
diagram:
pr

wp

pr

SL(2, Z)\H2 ←− Γ0 (p)\H2 −→ Γ0 (p)\H2 −→ SL(2, Z)\H2 ,
or, in symbols, Tp := pr ◦wp ◦ pr−1 . (We obtain a correspondence, since pr is not
one-one, and so pr−1 is multi-valued.) The operator induced by Tp on cohomology
is called the pth Hecke operator. The Tp commute among themselves (essentially,
because of the Chinese remainder theorem).
If we replace SL(2, Z) by Γ1 (n) (for some n ≥ 1), then we may form an analogous
diagram for any p that does not divide n. Similarly, if Γ\H2 is a compact congruence
quotient, then we may construct an analogous diagram for all but finitely many p.
In this way, we obtain a commuting family of operators on the cohomology of any
such quotient, indexed by all but finitely many primes. One can make similar
constructions after replacing H2 by H3 .
As already noted, eigenvectors for the Hecke operators on cohomology of Γ\H2
of Γ\H3 give rise to automorphic eigenforms on Γ\ PSL(2, R) or Γ\ PSL(2, C).

6A correspondence is a multi-valued continuous map. Cohomology is not only contravariantly
functorial under continuous maps, but under correspondences: heuristically, one pulls back a
cohomology class under each choice of single valued “branch” of the correspondence, and then
sums the results.
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5. Two-dimensional Galois representations and the Langlands’
reciprocity conjecture for GL2
In this section we begin by explaining how an elliptic curve defined over a number
field gives rise to a family of Galois representations, which encode Diophantine
information related to the curve. These are the basic examples of families of Galois
representations of the type that appear in Conjecture 1.7. We then state a slightly
more precise form of this conjecture in the context of congruence subgroups of
PSL(2, R) or PSL(2, C). Finally, we explain various implications of the conjecture,
including Fermat’s Last Theorem (which is now a theorem of Wiles, since, together
with Taylor, he was able to prove the relevant case of the reciprocity conjecture
in this context), Theorem 1.4 (proved conditionally on the reciprocity conjecture
by Calegari and Dunfield [5], but then unconditionally by Boston and Ellenberg
[3]), and the virtual positive Betti number conjecture in the case of congruence
quotients.
5.1. Elliptic curves. Let F be a number field. An elliptic curve E over F is an
equation of the form y 2 = x3 + ax2 + bx + c, with a, b, c ∈ F , for which the cubic
x3 + ax2 + bx + c is separable (i.e. has distinct roots). Our goal in this subsection
is to explain how E gives rise to representations of the Galois group Gal(Q/F ).
We begin by considering the set of complex solutions to E in C2 . This set
is a manifold7 that is homeomorphic to a torus with 1 point removed. We can
naturally adjoin this missing point as a “point at infinity” to the set of solutions
of E (equivalently, consider the set of solutions not just in C2 , but in the complex
projective plane CP 2 ). We denote this completed set of solutions by E(C); it is
topologically a torus.
Now a torus is homeomorphic to the quotient R2 /Z2 , and so admits not just the
structure of a topological space, but the structure of an abelian topological group
(thinking of it as a quotient of the additive topological group R2 ). We can then
transport this group structure back to E(C), and ask whether is has any intrinsic
meaning.
The answer is yes: the set E(C) does have an intrinsic abelian group structure.
More precisely, the point at infinity is the identity for this group structure, while
three points P, Q, R ∈ E(C) sum to zero in this group structure precisely if they
are collinear. One can check8 that these two rules do indeed define an abelian
group structure on E(C). As we have more-or-less already stated, there is then an
∼
isomorphism of topological groups E(C) −→ R2 /Z2 .
If n ≥ 1 is a positive integer, then the n-torsion subgroup of R2 /Z2 (i.e. the
kernel of multiplication by n) is isomorphic to (Z/nZ)2 . Thus, if we write E[n] to
∼
denote the n-torsion subgroup of E(C), there is an isomorphism E[n] −→ (Z/nZ)2 .
Now, the points of E[n] are obtained by solving an (increasingly elaborate, as n
gets large) series of equations involving intersecting various lines with the elliptic
curve E. Since the coefficients of the equation giving rise to E lie in F , we see
7It is here that the assumption that x3 + ax2 + bx + c has distinct roots is used.
8This check is non-trivial. One relies very much on the fact that since the points in E(C) are

solutions to a cubic equation in x and y, any line meets E(C) in exactly three points (counted
with the correct multiplicities), by Bézout’s Theorem. With this observation in hand one can
check that the two stated rules give a well-defined commutative binary operation, with inverses.
The verification of associativity remains a non-trivial application of Bézout’s Theorem, together
with some related projective geometry.
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that this series of equations again has coefficients lying in F . Thus the coordinates
of the points of E[n] are algebraic over Q, i.e. E[n] ⊂ E(Q) (the subset of E(C)
consisting of points having algebraic number coordinates), and E[n] is preserved
under the natural action of Gal(Q/F ).
Now comes the punchline: the action of Gal(Q/F ) on E[n] induces a homomorphism

∼
ρE,n : Gal(Q/F ) → Aut(E[n]) −→ Aut (Z/nZ)2 = GL(2, Z/nZ).
In short, the elliptic curve E gives rise to a family of two-dimensional representations ρE,n of the Galois group Gal(Q/F ), with coefficients in the various rings
Z/nZ.
5.2. The Diophantine significance of ρE,n . As in the preceding section, let
E denote an elliptic curve over the number field F , given by the equation y 2 =
x3 + ax2 + bx + c. Let OF denote the ring of integers of F . Suppose that p is a
non-zero prime ideal of OF satisfying the following two properties: (a) p does not
contain the denominators of any of a, b, or c; (b) p does not divide the discriminant
of x3 + ax2 + bx + c. Then, by virtue of (a), we may reduce a, b, and c modulo p,
to obtain elements a, b, and c in the field F := OF /p. By virtue of (b), the cubic
x3 + ax2 + bx + c has distinct roots in F[x], and so y 2 = x3 + ax2 + bx + c defines an
elliptic curve E over F. Let E(F) denote the set of solutions in F to the equation
defining E (including the one point at infinity), and write9
ap := 1 + |F| − |E(F)|.
(Here we have written |X| to denote the order of the finite set X.)
The quantities ap are of interest from a Diophantine point of view; they describe the number of the solutions to the various congruences E induced by the
equation E. The following proposition shows that they may be recovered from
the family of Galois representations ρE,n attached to E. We first recall that algebraic number theory associates to each non-zero prime ideal a canonical element10
Frobp ∈ Gal(Q/F ).
5.3. Proposition. For each prime p, the trace of ρE,n (Frobp ) is congruence to ap
mod n.
The Cebotarev density theorem shows that the elements Frobp are dense in the
group Gal(Q/F ). Thus, knowing all the quantities ap is equivalent to knowing the
characters of all the representations ρE,n . This in turn is essentially11 equivalent
9The number of points on a projective line over F is equal to |F| + 1 (there are the elements
of F together with the point at infinity). The quantity ap may thus be regarded as measuring
the extent to which number of points on the elliptic curve E over F deviates from the number of
points on the projective line.
10In fact, Frob is not an element, but a conjugacy class of cosets. Precisely, if D ⊂ Gal(Q/F )
p
p
is choice of decomposition group at p — and such a choice is well-defined up to conjugation — then
Frobp is a canonically determined element of the quotient Dp /Ip , where Ip denotes the inertia
subgroup of Dp . In what follows, it will not cause any harm to speak as if Frobp is in fact a
well-determined element of Gal(Q/F ).
11Since ρ
E,n is defined over the ring Z/nZ, which is not a field in general, it is not the case in
general that ρE,n is determined by its character. But this is a technical detail, which can safely
be ignored for the sake of the present discussion.
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to knowing all the Galois representations ρE,n . Thus the family of Galois representations ρE,n is an algebraic package that encodes the collection of interesting
Diophantine data ap .
5.4. Reciprocity. We are now in a position to √
state a slightly more precise form of
Conjecture 1.7. We let F denote either Q or Q( −d) for some square-free d > 0. In
the first case, let Γ either be a congruence subgroup of SL(2, Z), or else a congruence
subgroup associated to a 4-dimensional division algebra over Q as in Subsection 4.7.
In the second case, let Γ either be a congruence subgroup of GL(2, OF ), or else a
congruence subgroup associated to a 4-dimensional division algebra over F as in
Subsection 4.7.
In the first case, we consider automorphic eigenforms on Γ\ PSL(2, R). In the
second case, we consider automorphic eigenforms on Γ\ PSL(2, C). In either case,
there is a Hecke operator associated to all but finitely many non-zero prime ideals12
p in OF , and so if f is an automorphic Hecke eigenform, it has an associated Hecke
eigenvalue ap for all but finitely many p.
5.5. Conjecture. (a) If f is an automorphic Hecke eigenform, whose (suitably
normalized) eigenvalue under the Casimir is integral, then the eigenvalues ap are
algebraic integers, lying in the ring of integers OL of some number field L, and
for every non-zero ideal n ⊂ OL , there is a representation ρf,n : Gal(Q/F ) →
GL(2, OL /n) with the property that ap is congruent mod n to the trace of ρf,n (Frobp )
for all but finitely many non-zero prime ideals p ⊂ OF .
(b) Suppose given a number field L, and a family of Galois representations ρn :
Gal(Q/F ) → GL(2, OL /n), such that the traces of ρf,n (Frobp ) are compatible (in an
obvious sense) as n varies, for all but finitely many non-zero prime ideals p ⊂ OF ,
and satisfying some other technical conditions which we suppress. Then there exists
an automorphic Hecke eigenform f as in (a) such that ρn = ρf,n for all n.
If E is an elliptic curve over F , then we can take L = Q, and the family of
representations ρE,n is one to which part (b) of the conjecture should apply. Thus
every elliptic curve is conjectured to be associated to an automorphic eigenform, in
the sense of the conjecture. Taking into account Proposition 5.3, we see that the
Hecke eigenvalues of the eigenform encode the number of points on E modulo the
various prime ideal p.
5.6. Fermat’s Last Theorem. In the papers [13, 14], Taylor and Wiles proved
part (b) of the reciprocity conjecture for the Galois representations arising from
(most13) elliptic curves over the field Q of rational numbers. The conjecture in
this case (which predates Langlands’ more general conjecture, and was known as
the Shimura-Taniyama, or Shimura-Taniyama-Weil, conjecture) famously implies
Fermat’s Last Theorem. Let us very briefly sketch the reason why (following the
strategy due to Frey and Serre).
Fermat’s Last Theorem for the exponent 3 was proved by Euler, and for the
exponent 4 by Fermat himself. Suppose then that up + v p = wp for some prime
12In fact, this is correct only if O has class number 1; otherwise, the situation is slightly more
F
complicated. We suppress this technical detail.
13More precisely, they proved the conjecture for those Galois representations arising from socalled semi-stable elliptic curves over Q. The conjecture for Galois representations arising from
arbitrary elliptic curves was completely established in [4].
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p ≥ 5 and some integers u, v, and w. We can form the elliptic curve E with equation
y 2 = x(x − up )(x + v p ).
This elliptic curve gives rise to its Galois representations ρE,n , and hence, via the
reciprocity conjecture, to an automorphic eigenform f . This automorphic eigenform will in turn contribute to the H 1 of some compact congruence quotient of H2 .
Moreover, a careful investigation of the properties of the Galois representations
ρE,n , and in particular of the representation ρE,p , due to Ribet [10], allows one
to compute this congruence quotient precisely.14 A direct computation then shows
that this particular congruence quotient has genus 0, and hence that H 1 = 0. Consequently, the eigenform can’t exist, and thus neither can the solution to Fermat’s
Last Theorem.
5.7. Rational homology spheres. To prove Theorem 4.8, Calegari and Dunfield
show that the reciprocity conjecture implies that each of the manifolds X[ππ n ] has
trivial first Betti number. The proof is by contradiction: Suppose that some X[ππ n ]
has positive first Betti number. Then there is a non-zero eigenvector for the Hecke
operators in H 1 (X[ππ n ], C), whose harmonic representative will be an automorphic
eigenform. Part (a) of the reciprocity conjecture implies that this eigenform gives
rise to a family of Galois representations. Analyzing the properties of the resulting
Galois representations, one finds that in fact they cannot exist!15 Thus b1 must
vanish after all.
We won’t attempt to explain here the Galois-theoretic argument that rules out
the existence√of these representations. We mention only that it relies on the fact
that F := Q( −2) has fairly small discriminant (−8), and that ππ = 3, which is a
small prime.
Although great progress has been made on part (a) of the reciprocity conjecture
in the case when F is quadratic imaginary (by Taylor, et. al. [7, 11]), it is not known
in sufficient generality to make the argument of [5] unconditional. (Another, unconditional, proof of Theorem 1.4 has been found by Boston and Ellenberg.) Never the
less, the reciprocity conjecture is certainly believed to be true, and the argument of
Calegari and Dunfield gives a good indication of the range of its influence in diverse
areas of mathematics.
5.8. The virtual positive Betti number conjecture for congruence quotients of H3 . We close this note by observing that the reciprocity conjecture implies the virtual positive Betti number conjecture for compact congruence quotients
14One can reasonably ask where the property that (u, v, w) solves the Fermat equation is
actually used. The answer is as follows: the discriminant of the cubic x(x − up )(x + v p ) is equal
to −up v p (up + wp ) = (−uvw)p , and in particular is a perfect pth power. Because of this, the
representation ρE,p is endowed with rather remarkable properties — too remarkable, as it turns
out, for it to even exist.
This is not the place to explain carefully how the nature of the discriminant influences the
properties of the representation ρE,p . But it may help to mention a simpler, but related, Galoistheoretic phenomenon: if f (x) ∈ Q[x] is an irreducible degree n polynomial, then the Galois group
of the splitting field of f (x) is a subgroup of the symmetric group Sn , and is typically equal to
this group. However, if the discriminant of f (x) is a square, then the Galois group in fact lies
inside the alternating group An .
15In the non-existence proof as it is written in [5], the Generalized Riemann Hypothesis is also
required. However, Calegari has informed me that in fact the argument can be made to work
without it.
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of H3 . Fix F = Q( −d), and a 4-dimensional division algebra D over F , as in
Subsection 4.7. If Γ1 and ΓT
2 are two congruence subgroups of GL(2, C) arising
fromT these choices, then Γ1 Γ2 has finite index in each of Γ1 and Γ2 , and so
(Γ1 Γ2 )\H3 is a common finite cover of each of Γ1 \H3 and Γ2 \H3 . Taking into
account Lemma 3.6, it thus suffices to exhibit one Γ (arising from the particular
choice of F and D) for which Γ\H3 has positive first Betti number. For this, it suffices to exhibit a certain kind of non-zero automorphic eigenform. If one grants the
reciprocity conjecture (in particular, part (b) of the conjecture), then to do this, it
suffices in turn to write down certain kinds of Galois representations. Now one can
write down lots of elliptic curves over the quadratic imaginary field F , so many in
fact that one can find plenty of the required kinds of Galois representations. This
proves the result.
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Abstract
We survey a new paradigm in signal processing known as "compressive sensing".
Contrary to old practices of data acquisition and reconstruction based on the ShannonNyquist sampling principle, the new theory shows that it is possible to reconstruct
images or signals of scientific interest accurately and even exactly from a number of
samples which is far smaller than the desired resolution of the image/signal, e.g., the
number of pixels in the image. This new technique draws from results in several fields
of mathematics, including algebra, optimization, probability theory, and harmonic
analysis. We will discuss some of the key mathematical ideas behind compressive
sensing, as well as its implications to other fields: numerical analysis, information
theory, theoretical computer science, and engineering.

1 Introduction
Compressive sensing [45, 119] is a new concept in signal processing where one seeks to
minimize the number of measurements to be taken from signals while still retaining
the information necessary to approximate them well. The ideas have their origins
in certain abstract results from functional analysis and approximation theory [79, 92]
but were recently brought into the forefront by the work of Candés, Romberg and
Tao [13, 15, 12] and Donoho [45] who constructed concrete algorithms and showed
their promise in application.
Sparse approximation has been studied for nearly a century, and it has numerous
applications. Temlyakov [111] locates the first example in a 1907 paper of Schmidt
[104]. In the 1950s, statisticians launched an extensive investigation of another sparse
approximation problem called subset selection in regression [87] and recently least
angle regression [54, 113]. Later, approximation theorists began a systematic study
of m-term approximation with respect to orthonormal bases and redundant systems
[38, 111] and very recently in [25, 26].
Over the last decade, the signal processing community spurred by the work of
Coifman et al. [28, 29] and Mallat et al. [84, 37, 36] has become interested in sparse
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representations for compression and analysis of audio [72], images [63] and video
[90]. Sparsity criteria also arise in deconvolution [110], signal modeling [100], preconditioning [74], machine learning [70], de-noising [22], regularization [33, 35] and
error correction [16, 19, 60, 58, 59, 61]. Most sparse approximation problems employ a
linear model in which the collection of elementary signals is both linearly dependent
and large. These models are often called redundant or overcomplete. Recent research
suggests that overcomplete models offer a genuine increase in approximation power
[95, 62]. Unfortunately, they also raise a serious challenge. How do we find a good
representation of the input signal among the plethora of possibilities? One method
is to select a parsimonious or sparse representation. The exact rationale for invoking sparsity may range from engineering to economics to philosophy. At least three
justifications are commonly given:
1. It is sometimes known a priori that the input signal can be expressed as a short
linear combination of elementary signals also contaminated with noise.
2. The approximation may have an associated cost that must be controlled. For
example, the computational cost of evaluating the approximation depends on
the number of elementary signals that participate. In compression, the goal is to
minimize the number of bits required to store the approximation.
3. Some researchers cite Occam’s Razor, ”Pluralitas non est ponenda sine necessitate” (causes must not be multiplied beyond necessity).
Sparse approximation problems are computationally challenging because most
reasonable sparsity measures are not convex. A formal hardness proof for one important class of problems independently appeared in [88] and [36]. A vast array of
heuristic methods for producing sparse approximations have been proposed, but the
literature contains few guarantees of their performance. The pertinent numerical techniques fall into at least three basic categories:
1. The convex relaxation approach replaces the nonconvex sparsity measure with
a related convex function to obtain a convex programming problem. The convex
program can be solved in polynomial time with standard software [8], and one
expects that it will yield a good sparse approximation. More on that will be said
in the sequel.
2. Greedy methods make a sequence of locally optimal choices in an effort to produce a good global solution to the approximation problem. This category includes forward selection procedures (such as matching pursuits), backward selection and others. Although these approaches sometimes succeed [31, 67, 69,
68, 115, 117, 118], they can also fail spectacularly [40, 22]. The monographs of
Miller [87] and Temlyakov [111] taste the many flavors of greedy heuristic.
3. Specialized nonlinear programming software has been developed that attempts
to solve sparse approximation problems directly using, for example, interior
point methods [96]. These techniques are only guaranteed to discover a locally
optimal solution though.
Several problems require solutions to be obtained from underdetermined systems of
linear equations, i.e., systems with fewer equations than unknowns. Some example
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Figure 1: When Fourier coefficients of a testbed medical image known as the Logan–
Shepp phantom (top left) are sampled along 22 radial lines in the frequency domain (top
right), a naive, “minimal energy” reconstruction setting unobserved Fourier coefficients
to 0 is marred by artifacts (bottom left). `1 -reconstruction (bottom right) is exact.
of such problems arise in linear filtering signal processing, and inverse problems. For
an underdetermined system of linear equations, if there is any solution, there are infinitely many solutions. In many applications, the “simplest“ solution is most acceptable. Such a solution is inspired by the minimalist principle of Occam’s Razor. For
example, if the parameters of a model are being estimated then among all models that
explain the data equally well, the one with the minimum number of parameters is
most desirable.
The notion that sparse signals–meaning signals with a small number of nonzero
coefficients for a given basis (and no noise) one can (with high probability) be reconstructed exactly via ` 1 -minimization is not exactly new. The idea was first expressed
in 1986, by Fadil Santosa and William Symes [103]. But the full extent of the theory,
including the robustness of the reconstruction procedure, is only now coming into full
focus. One of the champions of this approach, David Donoho, coined the term ”compressed sensing“ to emphasize the fact that ` 1 -minimization is not just a new way of
massaging a ”complete“ set of measurements into a compact form, but rather a new
way of thinking about how to measure things in the first place [45].
This new way of thinking has profoundly practical implications. Making measurements can be expensive, in terms of time, money, or (in the case of, say, x-rays)
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damage done to the object being imaged. Compressive sensing has the potential to
provide substantial cost savings without sacrificing accuracy. In one impressive numerical experiment, Candès, Romberg, and Tao [12] showed that a 512 × 512-pixel
test image, known as the Logan-Shepp phantom, can be reconstructed exactly from
512 Fourier coefficients sampled along 22 radial lines–with, in other words, more than
95% of the ostensibly relevant data missing (see Figure 1).
A host of practical applications are now being explored, including new sensing
techniques, new analog-to-digital converters, and a new digital camera with a single
photon detector, being developed by Kevin Kelly, Richard Baraniuk and the Digital
Signal Processing group at Rice (dsp.rice.edu/cs/cscamera) [107, 121].

2 Mathematical foundations
2.1 Sparsity and undersampling
The celebrated Nyquist-Shannon-Whittaker sampling theorem shows that a signal
with bandwidth 2Ω is completely determined by its uniform samples if and only if the
samples are taken at least at the Nyquist rate Ω/π. This principle used to underlie all
signal acquisition techniques used in practice, such as consumer electronics, medical
imaging, analog-to-digital conversion and so on. Compressive sampling puts forward
a novel sampling paradigm that replaces the notion of band-limited signals with that
of sparse signals. This new notion allows for dramatically “undersampled” signals to
be captured and manipulated using a very small amount of data. The point of this
section is to explain the basic mathematics behind this new theory.
Suppose x is an unknown vector in N (a digital image or signal). We plan to
sample x using n linear functionals of x and then reconstruct. We are interested in
the case n  N, when we have many fewer measurements than the dimension of the
signal space. Such situations arise in many applications. For example, in biomedical
imaging, far fewer measurements are typically collected than the number of pixels
in the image of interest. Further examples are provided by virtually any domain of
science or technology where amounts of data are very large and costs of observation/acquisition/measurement are nontrivial.
The measurements y k are obtained by sensing x against n vectors φ k ∈ N . Thus
yk = hx, φk i for k = 1, . . . , n, or, equivalently
y = Φx

(1)

for some n × N measurement/sensing matrix Φ. Thus we arrive at an underdetermined
system of linear equations, which, as is well known, in general has infinitely many
solutions, so our problem is ill-posed. But suppose that our signal x is sparse or compressible, i.e., that is (essentially) depends only on a small number of degrees of freedom. To give a first impression of the theory, we in fact assume that the signal can be
written exactly as a linear combination of only a few basis vectors.
Mathematically the problem can be formulated as follows. Given a matrix Φ ∈
n×N with many more columns than rows (n  N), and a vector y ∈
n , find a
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Figure 2: `1 minimization
vector x ∈

N

with a minimum possible number of nonzero entries, i.e.,
minimize kxk0 subject to Φx = y

(2)

where kxk0 is the number of nonzero entries of x [30]. By allowing noise (ε ≥ 0), we
obtain a variation of the problem (2):
minimize kxk0 subject to kΦx − yk2 ≤ ε,

(3)

These problems per se are NP-hard even for ε = 0, see [65, 88].
The classical, well studied, approach would be to minimize the 2-norm kxk 2 in
the above problems, but this usually yields a solution vector x that is full, while for a
sparse representation we would like to find a vector x with few nonzero entries.
The main approach taken in compressive sensing is to minimize the 1-norm kxk 1
instead.
minimize kxk1 subject to Φx = y,
(4)
and

minimize kxk1 subject to kΦx − yk2 ≤ ε,

(5)

respectively [22], where kxk 1 := ∑i |xi | (See Figure 2). Very surprisingly, the ` 1 minimization yields the same result as the ` 0 minimization in many cases of practical
interest. This phenomenon was initially observed by engineers and geophysicists,
most notably Claerbout and Logan as early as 1970s (see [110]), and by Santosa and
Symes in 1986 [103], as mentioned in the introduction. In the last five years or so, a
series of papers [12, 41, 42, 46, 47, 56, 64, 73, 105] explained why ` 1 minimization can
recover sparse signals in a variety of practical setups. In our next section, we give a
few sample theorems about this remarkable phenomenon.
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Finally, the `1 minimization problem can be efficiently solved by convex programming or by linear programming (LP) [8]. Most compressive sensing results due to
Candès, Donoho, Romberg, Tao and others [41, 42, 12, 45, 25, 15] are all based on
this method (see also [125, 126, 127]). Other approaches include greedy algorithms,
for instance, the so-called matching pursuit introduced by Mallat and Zhang [84, 91,
114, 115]. Recently many variations on matching pursuit have been proposed, among
which are orthogonal matching pursuit [91, 89], stagewise orthogonal matching pursuit [51], gradient pursuit [6], and others.

2.2 Incoherence and restricted isometry
Given an n × N matrix Φ, the first basic question is to determine whether Φ is good
for compressive sensing, i.e., will lead to good recovery of sparse solutions to the
equations Φx = y.
Candès and Tao [10]–[20] introduced a necessary condition that guarantees an estimate of its performance on classes of sparse vectors.
Definition ([19, 12, 13]). A matrix Φ is said to satisfy the Restricted Isometry Property
(RIP) of order k with constant δ := δk ∈ (0, 1) if
(1 − δk )kxk22 ≤ kΦxk22 ≤ (1 + δk )kxk22

(6)

for any x such that kxk0 ≤ k.

It is straightforward to see that this condition can be reformulated as follows: Consider n × #T matrices Φ T formed by the columns of Φ with indices in the set T. Then
the Gramian matrices
GT := ΦtT Φ T
are bounded and boundedly invertible on l 2 with bounds as in (6), uniform for all
T of size #T = k. Since each matrix G T is symmetric and nonnegative definite, this
is equivalent to each of these matrices having their eigenvalues in the interval [1 −
δk , 1 + δk ]. The role played by RIP becomes clear from the following result of Candès
and Tao.
Theorem 1 ([18, 11]). If the n × N matrix satisfies RIP of order 3k for some δ ∈ (0, 1), then,
for any vector x ∈ N , the `1 minimization problem (4) has a solution x ∗ such that
kx − x ∗ k2 ≤ C ·

kx − xk k1
√
,
k

(7)

where xk denotes the best k-sparse approximation to x and C denotes a constant.
The condition (7) means that the Φ’s with higher values of k for which RIP is satisfied perform better in compressive sensing. For example, if an n × N matrix Φ has the
restricted isometry property
of order k, then its performance in l 2 -norm on the unit
√
N
ball of l1 is of order C/ k, and the optimal performance is achieved if Φ satisfies RIP
of order k = Θ(n/ log(N/n)) [39]. This is indeed achieved via various probabilistic
constructions [41, 42, 43, 44, 48].
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A primary matrix measure related to RIP is mutual incoherence [22, 118, 114, 115]:
M(Φ) := max |(Φt Φ)i,j |,
i6 = j

i.e., the maximum inner product of distinct columns of Φ. Since the columns of Φ are
usually normalized to be of 2-norm 1, the mutual incoherence of a matrix is between
0 and 1.
This notion can be generalized [77] as follows: For a given normalized matrix
Φ ∈ n×N , its k-mutual incoherence M k (Φ) is defined by
Mk (Φ) := max max |(ΦST ΦS )i,j |.
#S≤k i6 = j

The mutual incoherences M k are intimately related to the best constant δk with which
the matrix Φ satisfies RIP of order k, but a full understanding of this connection has
not been reached [77, 78].
A challenging aspect of RIP is its computational cost. Indeed, RIP is a property
of the submatrices of a specific size. At present, no subexponential-time algorithm
is known for testing RIP. Introducing other matrix measures may potentially help in
effectively verifying the RIP or finding other, less demanding conditions for sparse
recovery.
One such weaker condition has been introduced by Cohen, Dahmen and DeVore
in [25]. To motivate their condition, we first recall that a pair (Φ, ∆) where Φ is a
sensing matrix and ∆ is a decoder, is called instance-optimal of order k for a normed
space (V, k · kV ) if there exists an absolute constant C such that
kx − ∆(Φx)kV ≤ Ckx − xk kV .

The matrix Φ has the null space property in V if
kxkV ≤ ckx − xk kV

for all x such that Φx = 0.

The importance of the null space property can be seen from the following result:
Theorem 2 ([25, 26]). Given an n × N matrix Φ, a norm k · k V and a value k, the instance
optimality in V with constant C0 is equivalent to the null space property of Φ of order 2k with
the constant C0 /2 in the sufficiency part and the same constant C0 in the necessity part.
Note that the null space property is preserved under row operations on the matrix
Φ since, as its name suggests, it is simply a property of its null space. This property is
therefore less rigid than the RIP and may allow for a more efficient verification.

2.3 Compressible signals
In practice, most signals may not be exactly sparse in a given basis but may concentrate near a sparse set. In fact, the most commonly used models in signal processing
assume that the coefficients of the signal with respect to, say, a wavelet basis, decay
rapidly away from their essential support. Smooth signals, images with bounded
variation and those with bounded Besov norm are known to be of that type.
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Given a nearly sparse signal x, denote by x k its best k-sparse approximation, i.e.,
the vector obtained by keeping the k largest coefficients of x and discarding the rest.
Candès, Romberg and Tao
√ [12] showed that the initial signal can be recovered with
error of order kx − x k k1 / k whenever the sensing matrix satisfies RIP of order 4k and
the RIP constants δ3k and δ4k are not too close to 1.
Theorem 3 ([18]). Let Φ satisfy RIP of order 4k with δ3k + 3δ4k < 2. Then, for any signal x,
the solution x ∗ to (4) satisfies
kx ∗ − xk2 ≤ C ·

kx − xk k1
√
,
k

with a well-behaved constant C.
A similar result holds [12] for stable recovery from imperfect measurements, i.e., in the
setting of problem (5). All together, this indicates that ` 1 minimization stably recovers
the largest k coeffients of a nearly k-sparse vector even in the presence of noise.
This result is in fact optimal for important classes of signals: Let x belong to
the weak-` p ball or radius R, i.e., let the decreasing rearrangement of its coefficients
|x|(1) ≥ |x|(2) ≥ · · · ≥ |x| (N) satisfy the condition
|x|(i) ≤ R · i −1/p ,

i = 1, . . . , N.

This can be shown to imply
kx − xk k2 ≤ C · R · k1/2−1/p

and kx − xk k1 ≤ C · R · k1−1/p

for some constant C. Moreover, for generic elements in weak-` p , no better estimates
are obtainable. In other words, ` 1 recovery achieves an approximation error roughly
as small as the error obtained by deliberately selecting the k largest coefficients of the
signal.

2.4 Good sensing matrices
Most sampling algorithms developed so far in compressive sensing are based on randomization [17, 45]. Typically, the sensing matrices are produced by taking i.i.d. random variables with some given probability distribution and then normalizing their
columns. Such matrices are guaranteed to perform well with very high probability,
i.e., with the failure rate exponentially small in the size of the matrix [45]. Following
[10], we mention three random constructions that are by now standard.
Random matrices with i.i.d. entries. Consider the matrix Φ with entries drawn
independently at random from the Gaussian probability distribution with mean
zero and variance 1/n. Then [15, 42], with overwhelming probability, the ` 1
minimization (4) recovers k-sparse solutions whenever
k ≤ const · n/ log(N/n).
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Fourier ensemble. Let Φ be obtained by randomly selecting n rows from the N × N
discrete Fourier transform and renormalizing the columns so that they have 2norm 1. If the rows are selected at random, then [15] as above, with overwhelming probability, the ` 1 minimization (4) recovers k-sparse vectors for
k ≤ const · n/(log N)6 .
General orthogonal ensembles. Suppose Φ is obtained by selecting n rows from
an N × N orthonormal matrix U and renormalizing the columns to be of unit
length. In the rows are selected at random, then [15] k-sparse recovery by ` 1
minimization (4) is guaranteed with overwhelming probability provided that
k ≤ const ·

1
n
.
M2 (U) (log N)6

Note that the Fourier matrix U satisfies M(U) = 1, so this is a generalization of
the Fourier ensemble.
The natural problem already being addressed by several authors is how to achieve
robust deterministic constructions of good CS matrices. Tao in [109] points out the importance of this problem, as well as its similarity to other derandomization problems
from theoretical computer science and combinatorics. Several deterministic constructions are currently known (see, e.g., [39, 76]). However, the performance of matrices
provided by these deterministic constructions is not yet on a par with that of matrices
arising probabilistically.
To give several examples, DeVore in [39] proposes a construction
of cyclic matri√
ces using finite fields that satisfy RIP of order k for k ≤ C n log n/ log(N/n), which
falls short of the above-mentioned range k ≤ Cn/ log(N/n) known for probabilistic constructions. Indyk in [76] and Xu and Hassibi in [123] propose another scheme
for compressive sensing with deterministic performance guarantees based on bipartite expander graphs. Another flavor of randomness is introduced in [2] where random Toeplitz matrices are constructed with entries drawn independently from a given
probability distribution.

2.5 Optimality and n-widths
The performance of the best sensing matrices Φ, which is presently achieved by random matrices with probabilistic guarantees, yields recovery of k-sparse vectors using
n samples (so that the matrix Φ is n × N) provided that
k ≤ const · n/ log(N/n).

In particular, a k-sparse vector can be recovered, say, by random projections, of dimension O(k · log(N/k)) [41].
For signals x in the weak-` p ball of radius R, `1 recovery gives the error [45]
kx ∗ − xk2 ≤ const · R · (n/ log(N/n)) −1/p+1/2 .
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It turns out that this performances cannot be improved even by using possibly adaptive sets of measurements and reconstruction algorithms.
The matter turns out to be closely related to the issue of the so-called Gelfand
widths [92] known from approximation theory: For a class F , let E n (F ) be the best
reconstruction error from n linear measurements
En (F ) := inf sup k f − D(y)k2 ,
f ∈F

y = Φf,

where the infimum is over all sets of n linear functionals and all reconstruction algorithms D. The error En (F ) is essentially equal [92] to the Gelfand width of the class F
defined as
dn (F ) := inf {sup kPV f k : codim(V) < n},
V

f ∈F

where PV is the orthogonal projector on the subspace V. Gelfand widths are known for
many classes of interest. In particular, Kashin [79], Garnaev and Gluskin [66] showed
that the Gelfand widths for the weak-` p ball of radius R satisfy
c·R·



log(N/n) + 1
n

−1/p+1/2

≤ dn (F ) ≤ C · R ·



log(N/n) + 1
n

−1/p+1/2

.

for some universal constants c and C.
This shows that the recovery provided by compressive sensing techniques is in fact
optimal for weak-` p norms in spite of being completely non-adaptive [25, 10]. This is
one more indication of the great potential of compressive sensing in applications.

3 Connections with other fields
3.1 Statistical estimation
Candès [10] and Donoho [45] point out a number of connections of compressive sensing with ideas from statistics and coding theory. We briefly mention main ideas here.
In statistical estimation, the signal is assumed to be measured with stochastic errors
y = Φx + z
where z is a vector of i.i.d. (independent identically distributed) random variables
with mean zero and variance σ 2 . Very often, z is assumed to be Gaussian. The problem
is again to recover x from y.
One seeks to design an estimator whose accuracy depends on the information content of the object x. The Dantzig selector [20] estimates x by solving the convex program
minimize k x̃k1 subject to sup |(Φ T r)i | ≤ λσ
i

for some λ > 0, where r is the residual r := y − Φ xe. These ideas are very close to the
so-called lasso approach [113, 54].
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Analogously to `1 minimization in compressive sensing, the Danzig selector was
shown [20] to recover sparse and compressible signals with the number of measurements much smaller than the dimension of x and within a logarithmic factor of the
ideal mean squared error one would only achieve with an oracle supplying perfect
information which coordinates are nonzero and which are above the noise level.

3.2 Error-correcting codes
In coding theory [60, 58, 59, 61], a vector x is transmitted to a remote receiver. The information x is encoded using an n × N matrix C with n  N. Gross errors may occur
during transmission, so that a fraction of the entries of Cx is completely corrupted.
The location and the damage done to those entries are unknown. It turns out that
a constant fraction of errors with arbitrary magnitudes can still be corrected [19] by
solving a suitable linear minimization problem. In fact, known methods recover the
vector x exactly provided the fraction of the corrupted entries is not too big [20, 10].

3.3 Frame theory
The theory of compressive sensing matrices closely resembles the basic theory of
frames [23, 32, 83, 124]. A countable collection of elements { f i }i∈I is a frame for a
Hilbert space H if there exist constants 0 < A ≤ B < ∞ (the lower and upper frame
bound) such that, for all g ∈ H,
Akgk2H ≤ ∑ |hg, f i i|2 ≤ Bkgk2H .
i∈I

A frame is called tight if the upper and lower bounds are the same A = B. A frame is
bounded if infi∈I k f i k H > 0 (the condition supi∈I k f i k H < ∞ follows automatically from
the definition of a frame). A frame is unit norm if k f i k H = 1 for all i ∈ I. If { f i }i∈I is a
frame only for its closed linear span, it is called a frame sequence. A family { f i }i∈I is a
Riesz basic sequence for H if it is a Riesz basis for its closed linear span, i.e., if, for some
constants 0 < A ≤ B < ∞ and for all sequences of scalars {c i }i∈I ,
A ∑ |ci |2 ≤ k ∑ ci f i k2H ≤ B ∑ |ci |2 .
i∈I

i∈I

i∈I

The analogy with the restricted isometry property is obvious, however, the latter is
imposed only on submatrices formed from the original matrix.
This analogy must be worth pursuing in both directions, i.e., looking for applications of the theory and methodology of compressive sensing to frames and vice versa.
Randomization techniques from compressive sensing could be of particular interest
in attacking problems from frame theory (cf. [4, 116]).

4 Practical implications
Compressive sensing, and more generally the possibility of efficiently capturing sparse
and compressible signals using a relatively small number of measurements, paves the
way for a number of possible applications.
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Figure 3: The scheme of the CS camera
Data acquisition. New physical sampling devices may be designed that directly
record discrete low-rate incoherent measurements of the analog signal. This
should be especially useful in situations where large collections of samples may
be costly, difficult or impossible to obtain.
Data compression. The sparse basis in which the signal is to be represented may
be unknown or unavailable. However, a randomly designed Φ is suitable for
almost all signals. We stress that these protocols are nonadaptive to the signal
and simply require to correlate it with a small number of other fixed vectors.
Inverse problems. The measurement system may have to satisfy rigid constraints
such as in MR angiography and other MR setups, where Φ records a subset of
the Fourier transform. However, if a sparse basis exists that is also incoherent
with Φ, then efficient sensing is possible.
A particularly interesting example of successful implementation of compressive sensing methodology is provided by a digital camera newly developed by Richard Baraniuk and Kevin Kelly at Rice University (see dsp.rice.edu/cs/cscamera) [107, 121].
In the detector array of a conventional digital camera, each pixel performs an
analog-to-digital conversion; for example, the detector on a 5-megapixel camera produces 5 million bits for each image. This large amount of data is then dramatically
reduced through a compression algorithms (using wavelet or other techniques) so as
not to overburden typical storage and transfer capacities.
Rather than collect 5 million pixels for an image, the new camera samples only a
factor of about four times the 50,000 pixels that the jpg compression might typically
output. These 200,000 single-pixel measurements provide an immediate 25-fold savings in data collected compared with 5 megapixels.
The camera developed at Rice replaces the CCD array with a digital-micromirror
device (DMD). A sequence of random projections is performed on the micromirror array, so that the image “bounces off” of each random pattern in the sequence, and the
reflected light from each pattern is collected sequentially with a photodiode sensor
that acts as the single-pixel detector (see Figure 3). After taking a sequence of essentially time-multiplexed measurements, a specific ` 1 minimization algorithms decodes
the picture out of the collected sequence of single-pixel measurements.
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TAUBES’S PROOF OF THE WEINSTEIN CONJECTURE IN
DIMENSION THREE
MICHAEL HUTCHINGS

Abstract. Does every smooth vector field on a closed three-manifold, for
example the three-sphere, have a closed orbit? No, according to counterexamples by K. Kuperberg and others. On the other hand there is a special
class of vector fields, called Reeb vector fields, which are associated to contact
forms. The three-dimensional case of the Weinstein conjecture asserts that
every Reeb vector field on a closed oriented three-manifold has a closed orbit.
This conjecture was recently proved by Taubes using Seiberg-Witten theory.
We will give an introduction to the Weinstein conjecture, the main ideas in
Taubes’s proof, and the bigger picture into which it fits.

Taubes’s proof of the Weinstein conjecture involves a lot of material: not only
the 86-page paper proving the conjecture itself, but also, for example, substantial
parts of the book by Kronheimer and Mrowka constructing Seiberg-Witten Floer
homology (∼800 pages), as well as ideas from Taubes’s ealier work on SeibergWitten invariants of symplectic 4-manifolds (∼400 pages). As a consequence, the
present article, despite its length, is not so much an explanation of the proof as
rather an introduction to it and some of the relevant background. Hopefully this
will at least provide a good warmup for reading Taubes’s paper to learn the full
story. Another excellent source of information on this subject is the online video
archive from the June 2008 MSRI hot topics workshop [31].
The contents of the present article are as follows. In §1–§3 we introduce the
statement of the Weinstein conjecture and discuss some examples. In §4–§6 we
discuss a natural strategy for approaching the Weinstein conjecture, which proves
it in many but not all cases, and provides background for Taubes’s work. In §7
we give an overview of the big picture surrounding Taubes’s proof of the Weinstein
conjecture. In §8–§9 we bring in necessary material from Seiberg-Witten theory. In
§10 we finally give an outline of Taubes’s proof.
1. Statement of the Weinstein conjecture
The Weinstein conjecture asserts that certain vector fields must have closed
orbits. Before stating the conjecture at the end of this section, we first give a semihistorical discussion of its origins. This is only “semi-historical”, because only a
sample of the relevant works will be cited, and not always in chronological order.
1.1. Closed orbits of vector fields. Let Y be a closed manifold (all manifolds
in this article are smooth unless otherwise stated), and let V be a vector field on
Y . A closed orbit of V is a map γ : R/T Z → Y , for some T > 0, satisfying the
2000 Mathematics Subject Classification. 57R17,57R57,53D40.
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ordinary differential equation
dγ(t)
= V (γ(t)).
dt
Given a closed manifold Y , we can ask: Does every vector field on Y have a
closed orbit? If the Euler characteristic χ(Y ) 6= 0, then by the Poincaré-Hopf index
theorem every vector field on Y has zeroes, which give rise to constant closed orbits.
In this article we will mainly focus on the case where Y is three-dimensional. Then
χ(Y ) = 0, and as a result it is relatively easy to construct vector fields on Y with
no zeroes. But understanding nonconstant closed orbits is much harder.
Already for Y = S 3 , the question of whether all vector fields have closed orbits
is very difficult. It turns out that the answer is no. Examples of vector fields on
S 3 with no closed orbit, with increasing degrees of regularity, were constructed
by P. Schweizer (C 1 ), J. Harrison (C 2 ), K. Kuperberg (C ∞ ), G. Kuperberg and
K. Kuperberg (real analytic), and G. Kuperberg (C 1 and volume preserving), see
[40, 17, 29, 28, 27]. Thus to guarantee the existence of a closed orbit one needs to
make some additional assumption on the vector field.
1.2. Hamiltonian vector fields. A very important class of vector fields, of interest in mechanics and dynamical systems, are Hamiltonian vector fields. We briefly
recall the definition of these. Let (M 2n , ω) be a symplectic manifold. This means
that ω is a closed 2-form on M such that ω n 6= 0 everywhere, or equivalently ω defines a nondegenerate bilinear form on the tangent space Tx M at each point x ∈ M .
If H : M → R is a smooth function, the associated Hamiltonian vector field is the
vector field XH on M characterized by ω(XH , ·) = dH. This exists and is unique
by the nondegeneracy condition. The flow of XH preserves H, because
XH (H) = dH(XH ) = ω(XH , XH ) = 0.
So if E ∈ R is a regular value of H, then the level set H −1 (E) is a (2n − 1)dimensional submanifold of M , which we will call a “regular level set”, and XH is
a smooth vector field on it.
Must the Hamiltonian vector field XH have a closed orbit on every regular level
set? Results of Hofer-Zehnder and Struwe using symplectic capacities, see eg [19,
32], show that under favorable circumstances the answer is “almost every”. For
example, suppose M = R2n with coordinates x1 , . . . , xn , y1 , . . . , yn and the standard
symplectic form
n
X
ω=
dxi ∧ dyi .
i=1

Theorem 1.1 (Hofer-Zehnder, Struwe, 1990). Let H : R2n → R be a proper smooth
function. Then the vector field XH has a closed orbit on H −1 (E) for almost every
E in the interval [−1, 1] (in the measure-theoretic sense).
But not necessarily for every E. For example, Ginzburg-Gürel [15] proved that
there is a proper C 2 Hamiltonian on R4 with a regular level set with no closed
characteristic. And C ∞ examples are known in higher dimensions. So even for
Hamiltonian vector fields on R2n one needs a further assumption to guarantee the
existence of closed orbits.
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1.3. Weinstein’s conjecture. To see what kind of assumption might be needed,
let Y be a hypersurface in a symplectic manifold (M, ω) which is a regular level set
of a Hamiltonian H : M → R. Observe that the existence of a closed orbit of XH on
Y depends only on the hypersurface Y and not on the Hamiltonian H. For suppose
K : M → R is another Hamiltonian which also has Y as a regular level set. Then
dK|Y = f dH|Y for some nonvanishing function f : Y → R, so XK = f XH on Y .
Thus the periodic orbits of XK and XH on Y differ only in their parametrizations.
In fact one can describe the existence problem for periodic orbits on Y without
referring to a Hamiltonian at all by noting that the Hamiltonian vector field on Y
always lives in the rank 1 subbundle
LY := Ker(ω|Y ) ⊂ T Y,
called the charateristic foliation. Thus the existence of a closed orbit on Y for any
Hamiltonian having it as a regular level set is equivalent to the existence of a closed
curve tangent to LY , sometimes called a closed characteristic.
Under what circumstances must a hypersurface in a symplectic manifold have a
closed characteristic? In the late 1970’s, Weinstein [48] showed that in R2n with
the standard symplectic form, if Y is a convex compact hypersurface, then Y has a
closed characteristic. Rabinowitz [37] showed that one can replace “convex” in the
statement by “star-shaped”, meaning transverse to the radial vector field
n

ρ :=

1X
(xi ∂xi + yi ∂yi ).
2 i=1

Now the existence of a closed characteristic is invariant under symplectomorphisms
of R2n , while the star-shaped condition is not. This suggests that there should be
a more general condition on the hypersurface Y that guarantees the existence of a
closed characteristic. Weinstein [49] proposed such a condition as follows.
Definition 1.2. A hypersurface Y in a symplectic manifold (M, ω) is of contact
type if there is a 1-form λ on Y such that dλ = ω|Y , and λ(v) 6= 0 for all nonzero
v ∈ LY .
This condition is clearly invariant under symplectomorphisms of (M, ω).
If Y is a star-shaped hypersurface in R2n , then Y is of contact type, because one
can take
n
1X
(xi dyi − yi dxi )|Y .
λ=
2 i=1
This works because if v ∈ LY is nonzero, then the star-shaped condition implies
that ω(ρ, v) 6= 0, while it follows from the above formulas that ω(ρ, v) = λ(v), so
λ(v) 6= 0.
More generally, a Liouville vector field on a symplectic manifold (M, ω) is a
vector field ρ such that Lρ ω = ω. It turns out that a hypersurface Y in (M, ω)
is of contact type if and only if there exists a Liouville vector field defined in a
neighborhood of Y which is transverse to Y . In particular, given such a vector field
ρ, the contact type condition is fulfilled by λ = ω(ρ, ·)|Y .
One could now conjecture that if Y is a compact hypersurface of contact type in
a symplectic manifold (M, ω), then Y has a closed characteristic. This is essentially
what Weinstein conjectured in [49]. (The original conjecture in [49] also assumed
that H 1 (Y ; R) = 0.)
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1.4. Contact forms. In fact one can remove the symplectic manifold (M, ω) from
the statement as follows. Let Y be an oriented manifold of dimension 2n − 1. A
contact form on Y is a 1-form λ on Y such that
λ ∧ (dλ)n−1 > 0
everywhere. A contact form λ determines a vector field R, called the Reeb vector
field , characterized by
dλ(R, ·) = 0,
λ(R) = 1.
If Y is a hypersurface of contact type in a symplectic manifold, then the 1-form λ
appearing in the definition of contact type is a contact form, and the associated Reeb
vector field is tangent to the characteristic foliation LY . Conversely, any manifold
with a contact form (Y, λ) arises as a hypersurface of contact type in an associated
symplectic manifold. Namely, the symplectization of (Y, λ) is the manifold R × Y
with the symplectic form ω = d(es λ), where s denotes the R coordinate. The slice
{0} × Y is a hypersurface of contact type in R × Y , with λ fulfilling the definition of
contact type. In conclusion, the conjecture in the previous paragraph is equivalent
to the following:
Weinstein Conjecture. Let Y be a closed oriented odd-dimensional manifold with
a contact form λ. Then the associated Reeb vector field has a closed orbit.
1.5. Some terminology. Below, to save space, we usually say “Reeb orbit” instead of “closed orbit of the Reeb flow”. Two Reeb orbits γ, γ 0 : R/T Z → Y are
considered equivalent if they differ by reparametrization, ie precomposition with a
translation of R/T Z. If γ : R/T Z → Y is a Reeb orbit and k is a positive integer, then the k-fold iterate of γ is the pullback of γ to R/kT Z. A Reeb orbit γ
is embedded if and only if it is not the k-fold iterate of another Reeb orbit where
k > 1.
2. Basic examples in 2n − 1 dimensions
2.1. Hypersurfaces in R2n . The Weinstein conjecture for compact hypersurfaces
of contact type in R2n was proved in 1987 by Viterbo [47]. In fact the almostexistence result in Theorem 1.1 is a generalization of this. To see why, let Y be
a compact hypersurface in R2n of contact type. As mentioned previously, there
exists a Liouville vector field ρ defined on a neighborhood of Y which is transverse
to Y . Flowing the hypersurface Y along the vector field ρ for a small time ε gives
another hypersurface Yε and a diffeomorphism Y ' Yε . Since ρ is transverse to Y ,
there exists δ > 0 such that the different hypersurfaces Yε for || < δ are disjoint
and sweep out a neighborhood that can be identified in the obvious way with
(−δ, δ) × Y . Also, the Liouville condition Lρ ω = ω implies that the diffeomorphism
Y ' Yε respects the characteristic foliations. Thus Yε has a closed characteristic for
either all ε or none. But Theorem 1.1 implies that Yε has a closed characteristic for
almost every ε. Hence there is a closed characteristic for every ε, and in particular
for ε = 0.
2.2. Cotangent bundles. Another important example of a manifold with a contact form is the unit cotangent bundle of a Riemannian manifold.
To start, let Q be a smooth manifold. There is a canonical 1-form λ on the
cotangent bundle T ∗ Q, defined as follows. Let π : T ∗ Q → Q denote the projection.
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If q ∈ Q, and if p ∈ Tq∗ Q, then λ : T(q,p) T ∗ Q → R is the composition
π

p

∗
T(q,p) T ∗ Q −→
Tq Q −→ R.

More explicitly, if q1 , . . . , qn are local coordinates
on Q, and if we write a cotangent
Pn
vector in this coordinate patch as p = i=1 pi dqi , then this gives local coordinates
q1 , . . . , qn , p1 , . . . , pn on T ∗ Q, and in these coordinates
n
X
λ=
pi dqi .
i=1

Now suppose that Q has a Riemannian metric. This induces a metric on T ∗ Q,
and we consider the unit cotangent bundle
ST ∗ Q = {p ∈ T ∗ Q | |p| = 1}.
The restriction of λ to ST ∗ Q is a contact form. Indeed ST ∗ Q is a hypersurface
of contact type P
in the symplectic manifold (T ∗ Q, dλ), with transverse Liouville
n
vector field ρ = i=1 pi ∂pi . One can further show that the associated Reeb vector
field agrees with the geodesic flow, see eg [14, §1.5]. Thus Reeb orbits in ST ∗ Q
are equivalent to closed geodesics in Q. If Q is compact, then so is ST ∗ Q, and
the Weinstein conjecture in this case is equivalent to the classical Lyusternik-Fet
theorem asserting that every compact Riemannian metric has at least one closed
geodesic.
2.3. Prequantization spaces. Another important example of manifolds with contact forms is given by circle bundles, or “prequantization spaces”. Let (Σ, ω) be a
symplectic manifold of dimension 2n − 2, and suppose that the cohomology class
[ω] ∈ H 2 (Σ; R) is the image of an integral class e ∈ H 2 (Σ; Z). Let π : V → Σ be
the principal S 1 -bundle with first Chern class e. This means that there is a free
S 1 action on V whose quotient is Σ, and e ∈ H 2 (Σ; Z) is the primary obstruction
to finding a section Σ → V . Let R denote the derivative of the S 1 action; this is
a vector field on V which is tangent to the fibers. There is a unique connection
1-form λ on V whose curvature equals ω. These conditions mean that λ is invariant
under the S 1 action, λ(R) = 1, and dλ = π ∗ ω. It follows that λ is a contact form
on V whose Reeb vector field is R. In particular, the Reeb orbits are the fibers and
their iterates.
The fact that Reeb orbits appear here in (2n − 2)-dimensional smooth families is
a special feature arising from the symmetry of the picture. For a “generic” contact
form on a manifold Y the Reeb orbits are isolated, in the sense that if γ is a Reeb
orbit of length T which goes through a point x ∈ Y , then there is no other Reeb
orbit through a point close to x with length close to T . For example, on a circle
bundle as above, one can get rid of most of the Reeb orbits by a perturbation in
which one replaces the contact form λ by
λ0 = (1 + π ∗ H)λ,
where H : Σ → R is a smooth function whose first derivative is small. A short
calculation then shows that the new Reeb vector field is given by
eH ,
R0 = (1 + π ∗ H)−1 R + (1 + π ∗ H)−2 X
eH denotes
where XH is the Hamiltonian vector field on Σ determined by H, and X
e
eH ) = 0.
its horizontal lift, ie the unique vector field on V with π∗ XH = XH and λ(X
So for this new contact form, the only fibers that are Reeb orbits are the fibers over
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the critical points of H. (There may also be some much longer Reeb orbits that
cover closed orbits of XH .) But the Weinstein conjecture here asserts that there is
no way to eliminate all of the remaining Reeb orbits without introducing new ones.
The Weinstein conjecture in this case can be proved using contact homology [11,
§2.9], about which we will have more to say later.
3. The Weinstein conjecture in three dimensions
We now restrict attention to the three-dimensional case. The main goal of this
article is to explain Taubes’s proof of the Weinstein conjecture in dimension three:
Theorem 3.1 (Taubes). If Y is a closed oriented three-manifold with a contact
form, then the associated Reeb vector field has a closed orbit.
3.1. Contact structures in three dimensions. To gain an appreciation for this
result and its proof, it will help to recall a bit about contact structures on threemanifolds. For much more about this subject we refer the reader to [12] and [14].
Recall that a contact form on a closed oriented three-manifold Y is a 1-form λ
such that λ ∧ dλ > 0 everywhere. The associated contact structure is the 2-plane
field ξ = Ker(λ). This has an orientation induced from the orientation of Y and
the direction of the Reeb vector field. In general one defines a contact structure1
to be an oriented 2-plane field which is the kernel of some contact form. A contact
structure is a “totally nonintegrable” 2-plane field, which means that in a sense it
as far as possible from being a foliation: the kernel of λ is a foliation if and only if
λ ∧ dλ ≡ 0.
Different contact forms can give rise to the same contact structure. To be precise,
if λ is a contact form, then λ0 is another contact form giving rise to the same contact
structure if and only if λ0 = f λ where f : Y → R is a positive smooth function. For
a given contact structure, the Reeb vector field depends on the choice of contact
form, but it is always transverse to the contact structure.
A (three-dimensional closed) contact manifold is a pair (Y, ξ) where Y is a closed
oriented three-manifold and ξ is a contact structure on Y . Two contact manifolds
(Y, ξ) and (Y, ξ 0 ) are isomorphic, or contactomorphic, if there is an orientationpreserving diffeomorphism φ : Y → Y 0 such that φ∗ sends ξ to ξ 0 preserving the
orientiations. Two contact structures ξ and ξ 0 on Y are isotopic if there is a oneparameter family of contact structures {ξt | t ∈ [0, 1]} on Y such that ξ0 = ξ and
ξ1 = ξ 0 . Gray’s stability theorem asserts that ξ and ξ 0 are isotopic if and only if
there is a contactomorphism between them which is isotopic to the identity.
It turns out that any contact structure on a 3-manifold is locally isomorphic to
the “standard contact structure” on R3 , which is the kernel of the contact form
(3.1)

λ = dz − y dx.

In fact any contact form is locally isomorphic to this one. The contact structure
defined by (3.1) is invariant under translation in the z direction. The contact planes
are horizontal along the x axis, but rotate as one moves in the y direction; the total
rotation angle as y goes from −∞ to +∞ is π. The Reeb vector field associated to
λ is simply
R = ∂z .
1Strictly speaking this is a “co-oriented contact structure”. There is also a notion of unoriented
contact structure which is only locally the kernel of a contact form.
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In particular there are no Reeb orbits. Of course this does not contradict the
Weinstein conjecture since R3 is not compact, but it does indicate that any proof
of the Weinstein conjecture will need to use global considerations.
3.2. Some classification results. It turns out that every closed oriented threemanifold admits a contact structure. In fact, two much stronger results were proved
by Eliashberg and Giroux, which we describe here and in §3.4 respectively.
To state Eliashberg’s result, define an overtwisted disk in a contact 3-manifold
(Y, ξ) to be a smoothly embedded closed disk D ⊂ Y such that for each y ∈ ∂D
we have Ty ∂D ⊂ ξy but Ty D 6= ξy . A contact 3-manifold is called overtwisted if it
contains an overtwisted disk; otherwise it is called tight.
An example of an overtwisted contact structure on R3 is the kernel of the contact
form given in cylindrical coordinates by
λ = cos r dz + r sin r dθ.
This contact structure is invariant under translation in the z direction. Here the
contact planes are vertical on the z axis, but rotate infinitely many times as one
moves out from the z axis along a horizontal ray. An overtwisted disk can be
obtained by taking a horizontal disk of radius r, where r is a positive number such
that tan r = −r, and then bending it down slightly so that it is not horizontal at
the boundary.
On the other hand, the standard contact structure defined by (3.1) is tight,
although this is less trivial to prove.
Theorem 3.2 (Eliashberg [10]). For any closed oriented 3-manifold Y , the inclusion of the set of overtwisted contact structures on Y into the set of oriented 2-plane
fields on Y is a homotopy equivalence.
A detailed exposition of the proof may be found in [14]. In particular, this
theorem implies that overtwisted contact structures modulo isotopy are equivalent
to homotopy classes of oriented 2-plane fields. The latter always exist, because
an oriented 3-manifold has trivial tangent bundle. (As far as I know, in higher
dimensions it is not completely known which manifolds admit contact structures.
For example it was only in 2002 that odd-dimensional tori were shown to admit
contact structures, by Bourgeois [4].)
The classification of tight contact structures is more complicated, and a subject of
ongoing research. In particular, the map from tight contact structures to homotopy
classes of oriented 2-plane fields is in general neither injective nor surjective. We
will see in §6.6 below that a given homotopy class of oriented 2-plane fields may
contain more than one isotopy class of tight contact structures. On the other hand,
Colin-Giroux-Honda have shown that on any given closed oriented 3-manifold there
are only finitely many homotopy classes of oriented 2-plane fields that contain tight
contact structures [8] (even though there are always infinitely many homotopy
classes of oriented 2-plane fields, see Remark 8.3 below).
3.3. Simple examples. To get some examples of contact forms on 3-manifolds,
recall from §1.3 that any star-shaped hypersurface Y in R4 has a contact form
obtained by restricting the form
2

λ=

1X
(xi dyi − yi dxi )
2 i=1
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to Y . The resulting contact structure on S 3 is tight, and a theorem of Eliashberg
asserts that all tight contact structures on S 3 are isotopic to this one. If Y is the
unit sphere |z1 |2 + |z2 |2 = 1 (here we are writing zk = xk + iyk ), then the Reeb
vector field is tangent to the fibers of the Hopf fibration S 3 → S 2 . In particular,
there is a family of Reeb orbits parametrized by S 2 . This is in fact a special case
of the circle bundle example that we considered previously, and in particular it is
not “generic”. If one replaces the sphere with the ellipsoid
|z2 |2
|z1 |2
+
=1
a21
a22
where a1 , a2 are real numbers with a1 /a2 irrational, then there are just two embedded Reeb orbits, namely the circles z1 = 0 and z2 = 0. The Weinstein conjecture
says that we can not further modify the contact form to eliminate these two remaining orbits without introducing new ones.
Remark 3.3. Examples of contact forms on closed three-manifolds with only two
embedded Reeb orbits (at least in which all Reeb orbits are nondegenerate, see
§6.2) are rare: a generalization of the Weinstein conjecture proved in [25] asserts
that these only exist on spheres and lens spaces.
We next consider some examples of contact forms on the 3-torus T 3 . Write
T = (R/2πZ)3 with coordinates x, y, z. For each positive integer n, define a
contact form λn on T 3 by
3

(3.2)

λn := cos(nz)dx + sin(nz)dy.

The associated Reeb vector field is given by
(3.3)

Rn = cos(nz)∂x + sin(nz)∂y .

We can regard T 3 as a T 2 -bundle over S 1 , where z is the coordinate on S 1 and
x, y are the fiber coordinates. The Reeb vector field is then a linear vector field
tangent to each fiber, whose slope rotates as z increases. Whenever the slope is
rational, the fiber is foliated by Reeb orbits. That is, there is a circle of embedded
Reeb orbits for each z such that tan(nz) ∈ Q ∪ {∞}. Again this is a non-generic
situation, and it turns out for any such z, one can perturb the contact form so that
the corresponding circle of Reeb orbits disintegrates into just two Reeb orbits. We
will see in §6 below that the contact structures ξn := Ker(λn ) are pairwise noncontactomorphic, although they all represent the same homotopy class of oriented
2-plane fields. Also, they are all tight. Note that ξ1 is isomorphic to the canonical
contact structure on the unit contangent bundle of T 2 with a flat metric.
Remark 3.4. One can use the above example to illustrate that Reeb vector fields
are somewhat special. To see how, note first that if R is the Reeb vector field
associated to a contact form λ on a 3-manifold, then R is volume preserving with
respect to the volume form λ∧dλ, because the definition of Reeb vector field implies
that the Lie derivative LR λ = 0. But not every volume-preserving vector field is a
Reeb vector field. In fact the Reeb vector field (3.3) can easily be perturbed to a
volume-preserving vector field with no closed orbits (which of course cannot be a
Reeb vector field). Namely, consider the vector field
V = cos(nz)∂x + (sin(nz) + ε1 )∂y + ε2 ∂z
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where ε2 6= 0 and ε1 /ε2 is irrational. Suppose that (x(t), y(t), z(t)) is a trajectory
of V . Then z(t) = z(0) + ε2 t, so if this is a closed orbit then the period must be
2πk/ε2 for some positive integer k. But the path (x(t), y(t)) moves in the sum of
a circular motion with period 2π/(nε2 ) and a vertical motion of speed ε1 , so we
have (x(2πk/ε2 ), y(2πk/ε2 )) = (0, 2πkε1 /ε2 ). Thus our assumption that ε1 /ε2 is
irrational implies that there is no closed orbit.
3.4. Open book decompositions. There is a useful classification of all contact
three-manifolds, not just the overtwisted ones, in terms of open book decompositions.
Let Σ be a compact oriented connected surface with nonempty boundary. Let
φ : Σ → Σ be an orientation-preserving diffeomorphism which is the identity near
the boundary. One can then define a closed oriented three-manifold
Yφ := [0, 1] × Σ/ ∼,
(1, x) ∼ (0, φ(x)) ∀x ∈ Σ,
(t, x) ∼ (t0 , x)

∀x ∈ ∂Σ, t, t0 ∈ [0, 1],

called an open book . The image of a set {t}×Σ in Yφ is called a page. The boundaries
of the different pages are all identified with each other, to an oriented link in Yφ
called the binding. The map φ is called the monodromy of the open book. An open
book decomposition of a closed oriented three-manifold Y is a diffeomorphism of Y
with an open book Yφ as above.
Definition 3.5. A contact structure ξ on a closed three-manifold Y is compatible
with, or supported by, an open book decomposition Y ' Yφ if ξ is isotopic to a
contact structure given by a contact form λ such that:
• The Reeb vector field is tangent to the binding (oriented positively).
• The Reeb vector field is transverse to the interior of each page, intersecting
positively.
Example 3.6. The standard contact structure on the unit sphere described in §3.3
is compatible with an open book decomposition of S 3 in which Σ is a disk and φ is
the identity map.
A classical theorem of Alexander asserts that every closed oriented connected
three-manifold has an open book decomposition. A short argument by ThurstonWinkelnkemper shows that every open book decomposition has a compatible contact structure. This is a nice way to show that all closed oriented three-manifolds
admit contact structures. In fact the compatible contact structure is determined
up to isotopy by the open book. Moreover, a theorem of Giroux asserts that two
open books determine isotopic contact structures if and only if they are related to
each other by “positive stabilizations”. For more about this see [16, 13].
3.5. Previous results on the 3d Weinstein conjecture. There is a long history of work proving the Weinstein conjecture for various classes of contact threemanifolds. For example: Hofer proved that for all contact three-manifolds (Y, ξ)
in which ξ is overtwisted or π2 (Y ) 6= 0, for all contact forms with kernel ξ, there
exists a contractible Reeb orbit [18]. Abbas-Cieliebak-Hofer proved the Weinstein
conjecture for all contact three-manifolds supported by an open book in which the
pages have genus zero [1]. Colin-Honda used linearized contact homology (see §6
below) to prove the Weinstein conjecture for contact three-manifolds supported by
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open books in which the monodromy is periodic, and in many cases where the monodromy is pseudo-Anosov [9]. In fact, for many contact structures supported by
open books with pseudo-Anosov monodromy, they proved a much stronger statement: that for any contact form, there are infinitely many free homotopy classes of
loops that contain an embedded Reeb orbit.
4. Some strategies for proving the Weinstein conjecture
One naive strategy for proving the Weinstein conjecture might be to try the
following:
• Define some kind of count of Reeb orbits with appropriate signs.
• Show that this count is a topological invariant.
• Calculate this invariant and show that it is nonzero.
This strategy is too simple for at least two reasons. First of all, often there are
actually infinitely many embedded Reeb orbits, so it is not clear how to obtain a
well-defined count of them. Second, even if the above difficulty can be overcome, the
signed count might be zero, despite the existence of some Reeb orbits with opposite
signs that cannot be eliminated. In general, as one deforms the contact form, pairs
of Reeb orbits can be created or destroyed (more complicated bifurcations such
as period-doubling are also possible), and one needs some way of keeping track of
when this can happen.
A more refined strategy, which avoids the above two problems, is as follows:
• Define some kind of chain complex which is generated by Reeb orbits, such
that there are differentials between pairs of Reeb orbits that can potentially
be destroyed in a bifurcation.
• Show that the homology of this chain complex is a topological invariant.
• Compute this homology and show that it is nontrivial.
It turns out that there does exist a chain complex along these lines which is sufficient
to prove the Weinstein conjecture. The origin of this chain complex is a bit of a
long story, which we will now attempt to explain.
5. Prototype for a chain complex: Morse homology
The prototype for the type of chain complex we want to consider is Morse homology, which we now review. We will not give any proofs, as these require a fair
bit of analysis; a good reference for this is [38]. There is also an interesting history
of the development of the Morse complex, for which we refer the reader to [3].
5.1. Morse functions. Let X be an n-dimensional closed smooth manifold and
let f : X → R be a smooth function. A critical point of f is a point p ∈ X such
that 0 = dfp : Tp X → R. The basic goal of Morse theory is to relate the critical
points of f to the topology of X. A first question is, on a given X, what is the
minimum number of critical points that a smooth function f can have? Of course
f must have at least two critical points, namely a minimum and a maximum, since
we are assuming that X is compact and has no boundary. But usually there must
be more.
To make this question easier, we can require that the critical points of f be
“generic”, in a sense which we now specify. If p ∈ X is a critical point of f : X → R,
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define the Hessian
H(f, p) : Tp X ⊗ Tp X −→ R

(5.1)

as follows. Let ψ : X → T ∗ X denote the section corresponding to df . Then H(f, p)
is the composition
dψp

π

Tp X −→ T(p,0) T ∗ X = Tp X ⊕ Tp∗ X −→ Tp∗ X,
where π denotes the projection onto the second factor. To be more explicit, if
(x1 , . . . , xn ) are local coordinates on X centered at p, then


∂
∂2f
∂
=
,
.
H(f, p)
∂xi ∂xj
∂xi ∂xj
In particular, H(f, p) is a symmetric bilinear form. If one chooses a metric on X,
then the Hessian can be identified with a self-adjoint operator
(5.2)

H(f, p) : Tp X −→ Tp X.

The critical point p is said to be nondegenerate if the Hessian pairing (5.1) is
nondegenerate, or equivalently the Hessian operator (5.2) does not have zero as an
eigenvalue, or equivalently the graph of df in T ∗ X is transverse to the zero section
at (p, 0). In particular, nondegenerate critical points are isolated in X.
We say that f is a Morse function if all of its critical points are nondegenerate.
One can show that “generic” smooth functions are Morse. More precisely, the set
of Morse functions is open and dense in the set of all smooth functions f : X → R,
with the C ∞ topology. We can now ask, what is the minimum possible number of
critical points of a Morse function on X?
One could start by counting the critical points with signs. If p is a nondegenerate
critical point of f , define the index of p, denoted by ind(p), to be the maximal
dimension of a subspace on which the Hessian pairing (5.1) is negative definite,
or equivalently the number of negative eigenvalues, counted with multiplicity, of
the Hessian operator (5.2). For example, a local minimum has index 0, and a
local maximum has index n. More generally, the Morse lemma asserts that if p is a
nondegenerate critical point of index i, then there are local coordinates (x1 , . . . , xn )
centered at p in which
(5.3)

f = f (p) − x21 − · · · − x2i + x2i+1 + · · · + x2n .

It turns out that the appropriate sign with which to count an index i critical point
is (−1)i . In fact, if f is a Morse function on X, and if ci denotes the number of
critical points of index i, then
n
X
(−1)i ci = χ(X).
i=0

One can prove this by choosing a metric on X, applying the Poincaré-Hopf index
theorem to the resulting gradient vector field ∇f , and checking that the sign of the
zero of ∇f at an index i critical point is (−1)i . In particular, the number of critical
points is at least |χ(X)|. But if χ(X) = 0 then this tells us nothing.
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5.2. The classical approach. One can obtain better lower bounds on the number
of critical points of a Morse function f : X → R by bringing in more dynamical
information. The classical approach to Morse theory is to define, for a real number
a, the subset
Xa := {x ∈ X | f (x) ≤ a}
and study how the topology of Xa changes as a increases. If a is a regular value
of f then Xa is a manifold with boundary. One can further show that if a < b are
regular values of f , then Xb is obtained from Xa by attaching one i-handle for each
index i critical point in f −1 [a, b]. One can relate the resulting handle decomposition
of X to the homology of X. If bi denotes the rank of Hi (X), then one finds that
ci ≥ bi , and more generally one obtains the Morse inequalities:
(5.4)

ci − ci−1 + ci−2 − · · · + (−1)i c0 ≥ bi − bi−1 + bi−2 − · · · + (−1)i b0 .

This approach can be extended to the energy functional on the (infinite dimensional)
loop space of a Riemannian manifold, in order to relate closed geodesics to the
topology of the loop space. For more about classical Morse theory see eg [34].
5.3. The Morse complex. A more modern approach, which is a better model
for the particular infinite-dimensional generalizations that we will need later, is to
consider “gradient flow lines” between critical points and package these into a chain
complex. Here is how this works.
Choose a metric g on X and use it to define the gradient vector field ∇f . If
p and q are critical points, a downward gradient flow line from p to q is a map
γ : R → X such that
dγ(s)
= ∇f (γ(s))
ds
and lims→+∞ γ(s) = p and lims→−∞ γ(s) = q. Let M(p, q) denote the set of
downward gradient flow lines from p to q.
If the metric g is generic, then M(p, q) is naturally a manifold of dimension
(5.5)

dim M(p, q) = ind(p) − ind(q).

To see why, for s ∈ R let ψs : X → X denote the time s flow of the vector field ∇f .
The descending manifold of a critical point p is the set
D(p) := {x ∈ X | lim ψs (x) = p}.
s→+∞

Informally, this is the set of points in X that “can be reached by downward gradient
flow starting at p”. Similarly, the ascending manifold of a critical point q is defined
to be
A(q) := {x ∈ X | lim ψs (x) = q}.
s→−∞

One can show that the descending manifold D(p) is a smoothly embedded open ball
in X of dimension ind(p), and also Tp D(p) is the negative eigenspace of the Hessian
(5.2). For example, in the local coordinates given by the Morse Lemma in which
(5.3) holds, if one chooses the metric to be Euclidean near the origin, then near the
origin D(p) agrees with the linear subspace (xi+1 = · · · = xn = 0). Likewise, A(q)
is a smoothly embedded open ball of dimension n − ind(q).
It follows from the definitions that there is a bijection
'

M(p, q) −→ D(p) ∩ A(q)
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sending a flow line γ to the point γ(0) ∈ X. Consequently, if D(p) is transverse to
A(q), then equation (5.5) follows by dimension counting. The pair (f, g) is said to
be Morse-Smale if D(p) is transverse to A(q) for every pair of critical points p, q.
One can show that for a given Morse function f , for generic metrics g the pair (f, g)
is Morse-Smale. Henceforth we always assume that this condition holds. Observe
also that R acts on M(p, q) by precomposition with translations, and if p 6= q then
this action is free, so that
dim(M(p, q)/R) = ind(p) − ind(q) − 1.
In particular, if ind(q) ≥ ind(p) then M(p, q) is empty (except when p = q), and if
ind(q) = ind(p) − 1 then M(p, q)/R is discrete.
We now define the Morse complex C∗Morse (X, f, g) as follows. The chain module
in degree i is the free Z-module generated by the index i critical points:
CiMorse (X, f, g) := Z{p ∈ X | dfp = 0, ind(p) = i}.
Morse
The differential ∂ : CiMorse (X, f, g) → Ci−1
(X, f, g) is defined by counting gradient flow lines as follows: if p is an index i critical point, then
X
M(p, q)
· q.
∂p :=
#
R
ind(p)−ind(q)=1

Here ‘#’ denotes a signed count. We will not say more about what these signs are,
except to note that the signs depend on choices of orientations of the descending
manifolds of the critical points, but the chain complexes resulting from different
sign choices are canonically isomorphic to each other.
To show that this chain complex is well-defined, one must prove that ∂ is welldefined, ie M(p, q)/R is finite whenever ind(p)−ind(q) = 1, and one must also prove
that ∂ 2 = 0. The first step is to prove a compactness theorem which asserts that
given critical points p 6= q, any sequence {γn }∞
n=1 in M(p, q)/R has a subsequence
which converges in an appropriate sense to a “k-times broken flow line” from p to
q. This is a tuple (b
γ0 , . . . , γ
bk ) for some k ≥ 0, such that there are critical points
p = r0 , r1 , . . . , rk+1 = q for which γ
bi ∈ M(ri , ri+1 )/R is a nonconstant flow line.
If ind(p) − ind(q) = 1, then the Morse-Smale condition implies that there are no
k-times broken flow lines with k > 0, so M(p, q) is compact, and hence finite, so ∂
is well-defined.
To prove that ∂ 2 = 0, one shows that if ind(p) − ind(q) = 2, then M(p, q)/R
has a compactification to a compact oriented 1-manifold with boundary M(p, q)/R,
whose boundary as an oriented manifold is
[
M(p, r) M(r, q)
(5.6)
∂M(p, q)/R =
×
.
R
R
ind(p)−ind(r)=1

Granted (5.6), counting the points on both sides with signs gives
X
(5.7)
#∂M(p, q)/R =
h∂p, rih∂r, qi.
ind(p)−ind(r)=1

Here h∂p, ri ∈ Z denotes the coefficient of r in ∂p. Thus the right hand side of
(5.7) is, by definition, the coefficient h∂ 2 p, qi. On the other hand a fundamental
theorem of differential topology, namely that a compact oriented 1-manifold has
zero boundary points counted with signs, implies that the left hand side of (5.7) is
zero.
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To justify (5.6), two additional ingredients are needed. First, there is a gluing
theorem asserting that each broken flow line (b
γ0 , γ
b1 ) with γ
b0 ∈ M(p, r)/R and γ
b1 ∈
M(r, q)/R can be patched to an unbroken flow line in a unique end of M(p, q)/R.
Second, one has to show that M(p, q)/R can be oriented so that the orientations
on both sides of (5.6) agree.
5.4. Morse homology. The Morse homology H∗Morse (X, f, g) is the homology of
the above chain complex.
Example 5.1. Consider a Morse function f : S 2 → R with two index 2 critical
points x1 , x2 , one index 1 critical point y, and one index 0 critical point z. One
can visualize f as the height function on a “heart-shaped” sphere embedded in R3 .
Pick any metric g on S 2 ; it turns out that (f, g) will automatically be Morse-Smale
in this example. There is (up to reparametrization) a unique downward gradient
flow line from each xi to y. There are two gradient flow lines from y to z. The
latter turn out to have opposite signs, and so for suitable orientation choices the
Morse complex is given by
C2Morse = Z{x1 , x2 },
∂x1 = y,

C1Morse = Z{y},
∂x2 = −y,

C0Morse = Z{z},

∂y = 0.

Thus H2Morse ' Z, generated by x1 + x2 ; H1Morse = 0; and H0Morse = Z, generated
by z.
The above example illustrates a fundamental theorem in the subject:
Theorem 5.2. There is a canonical isomorphism between Morse homology and
singular homology,
H∗Morse (X, f, g) ' H∗ (X).
An immediate corollary is that there must be enough critical points to generate
a chain complex whose homology is H∗ (X). For example, ci must be greater than
or equal to the rank of Hi (X), and more generally it is not hard to deduce the
Morse inequalities (5.4).
A brief outline of one proof of Theorem 5.2 (which requires considerable work to
justify) is as follows. If p is a critical point, then the descending manifold D(p) has
a compactification D(p) using broken flow lines, with a natural map e : D(p) → X
extending the inclusion D(p) → X, such that e(D(p) \ D(p)) is contained in the
union of the descending manifolds of the critical points with index less than that
of p. Furthermore, D(p) is homeomorphic to a closed ball of dimension ind(p), so
that the balls D(p) together with the maps e give X the structure of a CW complex
with one cell for each critical point. Finally, the resulting cellular chain complex
agrees with the Morse complex.
5.5. Continuation maps. We will later construct analogues of Morse homology
which generally do not have interpretations in terms of previously known invariants
such as singular homology. What is most important here as a model for these later
constructions is that the Morse homology H∗Morse (X, f, g) is a topological invariant
of X which does not depend on f or g. One can prove this directly, without making
the comparison with singular homology, as follows.
Let (f0 , g0 ) and (f1 , g1 ) be two Morse-Smale pairs. Let {(fs , gs ) | s ∈ R} be a
smooth family of pairs of functions and metrics on X such that (fs , gs ) = (f0 , g0 )
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for s ≤ 0 and (fs , gs ) = (f1 , g1 ) for s ≥ 1. We do not (and in general cannot)
assume that the pair (fs , gs ) is Morse-Smale for all s. One now defines a map
Φ : C∗Morse (X, f1 , g1 ) −→ C∗Morse (X, f0 , g0 ),
called the continuation map, as follows. If p0 is an index i critical point of f0 and
p1 is an index i critical point of f1 , then hΦ(p1 ), p0 i is a signed count of maps
γ : R → X satisfying
dγ(s)
= ∇fs (γ(s))
ds
and lims→−∞ γ(s) = p0 and lims→+∞ γ(s) = p1 . Here the gradient of fs is computed using the metric gs . Similarly to the proof that ∂ is well defined and ∂ 2 = 0,
one can show that if the family of metrics {gs } is generic then Φ is a well-defined
chain map. For example, if the family {(fs , gs )} is constant then Φ is the identity
map. Finally, related considerations show that if
Φ0 : C∗Morse (X, f0 , g0 ) −→ C∗Morse (X, f1 , g1 )
is the continuation map induced by a generic homotopy in the reverse direction,
then the compositions ΦΦ0 and Φ0 Φ are chain homotopic to the respective identity
maps. Thus Φ induces an isomorphism on homology.
5.6. Floer homology. Floer homology is a kind of Morse homology for certain
functionals on infinite dimensional manifolds. Roughly speaking, the Floer homology in each case is the homology of a chain complex which is generated by critical
points of the functional, which are usually geometric objects of interest, and whose
differential counts “gradient flow lines”, which are solutions of an elliptic partial differential equation. There are now a number of different flavors of Floer theory. The
versions originally introduced by Floer are Floer theory for symplectomorphisms
(which is generated by fixed points of a symplectomorphism and whose differential
counts certain holomorphic cylinders), more generally Floer theory for Lagrangian
intersections (which is generated by intersection points of two Lagrangian submanifolds of a symplectic manifold and whose differential counts certain holomorphic
strips), and instanton Floer homology of a three-manifold Y (which is generated
by flat SU (2)-connections on Y and whose differential counts anti-self-dual connections on R × Y ). These provided inspiration for the definitions of the versions
of Floer theory that are relevant to the Weinstein conjecture. But to keep a long
story from getting even longer, we now jump ahead to the latter.
6. First attempt at a chain complex: cylindrical contact homology
Let Y be a closed oriented 3-manifold and let λ be a contact form on Y . We would
like to define an analogue of the Morse complex which is generated by Reeb orbits,
and whose differential counts an appropriate notion of “flow lines” between them.
Although the analogy with Morse homology breaks down slightly, this idea leads
naturally to the definition of cylindrical homology. This theory can be used to prove
the Weinstein conjecture in many cases. Although cylindrical contact homology can
be defined for contact manifolds of any odd dimension, for definiteness we stick to
the three-dimensional case.
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6.1. The symplectic action functional. We would like to find a functional on
the (smooth) free loop space whose critical points are Reeb orbits, and try to define
an analogue of Morse homology for this functional.
There is indeed a natural functional A along these lines, called the symplectic
action. If γ : S 1 → Y is a smooth loop, the symplectic action of γ is defined simply
by integrating the contact form along γ, namely
Z
Z
A(γ) :=
γ∗λ =
λ(γ 0 (t))dt
S1

S1

0

where γ (t) := dγ(t)/dt.
The symplectic action is a smooth function on the Frechet manifold X of smooth
maps S 1 → Y . Its differential can be computed as follows. The tangent space to X
at a smooth loop γ : S 1 → Y is the space of smooth sections γ̇ of the bundle γ ∗ T Y
over γ. We then have
Z
(6.1)
dAγ (γ̇) =
dλ(γ̇(t), γ 0 (t))dt.
S1

It follows that γ is a critical point of A if and only if γ 0 (t) is in the kernel of dλ, ie
proportional to the Reeb vector field, for all t.
6.2. Nondegenerate Reeb orbits. We now explain the appropriate analogue of
nondegenerate critical point in this context.
For t ∈ R, let ψt : Y → Y denote the diffeomorphism obtained by flowing along
the Reeb vector field R for time t. The definition of Reeb vector field implies
that the Reeb flow preserves the contact form, ie LR λ = 0. It follows that the
derivative of ψt is a contactomorphism. That is, for each y ∈ Y the linear map
dψt : Ty Y → Tψ(y) Y restricts to a map on contact planes ξy → ξψ(y) . Moreover,
the latter map preserves the symplectic forms given by dλ.
Now let γ : R/T Z → Y be a Reeb orbit. Then for each t ∈ R/T Z, we have a
linear symplectic automorphism
'

dψT : ξγ(t) −→ ξγ(t) ,
called the linearized return map. Another way to describe this map is as follows.
Let D be a small embedded disk in Y centered at γ(t) and transverse to γ, such
that Tγ(t) D = ξγ(t) . For x ∈ D close to the center, there is a unique point in D
which is reached by following the Reeb flow for a time close to T . This gives a
partially defined “return map” φ : D → D which is defined near the origin. The
derivative of this map at the origin is the linearized return map.
We say that the Reeb orbit γ is nondegenerate if the linearized return map does
not have 1 as an eigenvalue. This does not depend on the choice of t ∈ R/T Z,
because the linearized return maps for different t are conjugate to each other. If
the Reeb orbit γ is nondegenerate then it is isolated, because Reeb orbits close to
γ give rise to fixed points of the map φ, and the condition that 1 − dφ is invertible
at the origin implies that φ has no fixed points near the origin.
One can show that for a given contact structure ξ, for generic contact forms λ,
all Reeb orbits are nondegenerate. We will always assume unless otherwise stated
that all Reeb orbits are nondegenerate.
One can classify (nondegenerate) Reeb orbits into three types, according to the
eigenvalues λ, λ−1 of the linearized return map:
• elliptic: λ, λ−1 = e±2πiθ .
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• positive hyperbolic: λ, λ−1 > 0.
• negative hyperbolic: λ, λ−1 < 0.
6.3. Holomorphic cylinders. The appropriate analogue of “gradient flow line”
in this context is a certain kind of holomorphic cylinder. We now explain what
these are.
In general, recall that a complex structure on an even-dimensional real vector
bundle E → X is a bundle map J : E → E satisfying J 2 = −1. An almost
complex structure on an even-dimensional manifold X is a complex structure J on
the tangent bundle T X. A holomorphic curve in (X, J) is a map u : Σ → X where
Σ is a surface with an almost complex structure j (ie a Riemann surface), and
J ◦ du = du ◦ j. Two holomorphic curves u : (Σ, j) → X and u0 : (Σ0 , j 0 ) → X
are considered equivalent if there is a biholomorphic map φ : (Σ, j) → (Σ0 , j 0 ) with
u = u0 ◦ φ. If u is an embedding then the equivalence class of u is determined by its
image. That is, an embedded holomorphic curve in (X, J) is just a 2-dimensional
submanifold C ⊂ X such that J(T C) = T C.
Returning now to the situation of interest:
Definition 6.1. Let Y be a three-manifold with a contact form λ. An almost
complex structure J on the 4-manifold R × Y is admissible if:
(1) J sends ξ to itself, rotating positively with respect to the orientation given
by dλ.
(2) If s denotes the R coordinate on R × Y , then J(∂s ) = R.
(3) J is invariant under the R action on R × Y that translates s.
Note that the space of such J is nonempty and contractible. Indeed, the choice
of such a J is equivalent to the choice of a complex structure on the 2-plane bundle
ξ over Y which rotates positively with respect to dλ. Fix an admissible almost
complex structure on Y below.
Observe that if γ is an embedded Reeb orbit, then R×γ is a holomorphic cylinder
in R × Y . This follows from condition (2) above. More generally, we can study
holomorphic curves in R × Y that are asymptotic to such R-invariant cylinders
as the R coordinate goes to plus or minus infinity. To define what we mean by
this, consider [0, ∞) × S 1 or (−∞, 0] × S 1 with coordinates s, t, with the almost
complex structure j sending ∂s to ∂t . Let πR : R × Y → R and πY : R × Y → Y
denote the two projections. If u : Σ → R × Y is a holomorphic curve and if γ is
a Reeb orbit (not necessarily embedded), we define a positive end of u at γ to be
an end of Σ which can be parametrized as [0, ∞) × S 1 with the almost complex
structure j as above, such that lims→∞ πR (s, ·) = ∞, and lims→∞ πY (s, ·) is a
reparametrization of γ. Likewise, a negative end of u at γ is an end of Σ which can
be parametrized as (−∞, 0] × S 1 , with the almost complex structure j as above,
such that lims→−∞ πR (s, ·) = −∞, and lims→−∞ πY (s, ·) is a reparametrization of
γ.
If γ+ and γ− are two Reeb orbits, define M0 (γ+ , γ− ) to be the set of holomorphic
cylinders in R × Y that have a positive end at γ+ and a negative end at γ− . It
turns out that these holomorphic cylinders are the appropriate “gradient flow lines”
from γ+ to γ− . Note that there is an R action on M0 (γ+ , γ− ) given by translating
the R coordinate on R × Y . This action is free except on the R-invariant cylinders
R × γ in M0 (γ, γ). (This is not to be confused with the R × S 1 action on the set
of holomorphic maps R × S 1 → R × Y given by compositions with translations of
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the domain, which we have already modded out by in our definition of holomorphic
curve.)
We will not explain the analogy between holomorphic cylinders and gradient flow
lines, except to note the following fundamental lemma:
Lemma 6.2. If there exists a holomorphic cylinder u ∈ M0 (γ+ , γ− ), then
A(γ+ ) ≥ A(γ− ).
Equality holds if and only if γ+ = γ− and the image of u is an R-invariant cylinder.
Proof. Let u : R × S 1 → R × Y be a holomorphic cylinder in M0 (γ+ , γ− ). By
Stokes’ theorem,
Z
A(γ+ ) − A(γ− ) =
u∗ dλ.
R×S 1

By the definition of admissible almost complex structure, u∗ dλ ≥ 0 at each point
in R × S 1 , with equality only where u is tangent to R cross the Reeb direction. 
6.4. The chain complex. We can now define an analogue of the Morse complex
in this setting. We will give a “quick and dirty” definition to save space; for the
more general context into which this definition fits, see [11].
To start, for reasons we will explain below, one must discard certain “bad” Reeb
orbits for the construction to work:
Definition 6.3. A Reeb orbit γ is said to be bad if it is the k-fold iterate of a
negative hyperbolic orbit with k even. Otherwise γ is said to be good .
Now fix Γ ∈ H1 (Y ). Define CC(Y, λ, Γ) to be the free Q-module generated by
the good Reeb orbits γ representing the homology class Γ. One then defines a
differential
∂ : CC(Y, λ, Γ) −→ CC(Y, λ, Γ)
as follows. Fix a generic admissible almost complex structure J on R × Y . If γ+ is
a good Reeb orbit, then
X
(6.2)
∂γ+ :=
kγ− n(γ+ , γ− )γ− .
γ−

Here the sum is over good Reeb orbits γ− , and kγ denotes the unique positive
integer such that γ is the kγ -fold iterate of an embedded Reeb orbit. Meanwhile,
n(γ+ , γ− ) ∈ Q is a signed count of holomorphic cylinders in M(γ+ , γ− )/R that
live in zero-dimensional moduli spaces. Multiply covered cylinders are counted
with weight ±1 divided by the covering multiplicity. The homology of this chain
complex, when defined (see below), is called cylindrical contact homology, and we
denote it by CH(Y, ξ, Γ).
The following is a special case of a result to be proved in [7], see [9, §3.2] for the
statement, asserting that a more general theory called “linearized contact homology” is well-defined.
Theorem 6.4. Suppose there are no contractible Reeb orbits. Then ∂ is welldefined2, ∂ 2 = 0, and the homology CH(Y, ξ, Γ) depends only on Y , the contact
2The expert reader may worry that even for generic J, multiply covered holomorphic cylinders
might have smaller index than the cylinders that they cover, making ∂ undefined. It turns out that
this does not happen for holomorphic cylinders in the symplectization of a contact 3-manifold.
However this is an issue in defining the continuation maps and chain homotopies needed to prove
the invariance statement in Theorem 6.4.
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structure ξ, and the homology class Γ, and not on the contact form λ or almost
complex structure J.
A few comments are in order. First, the factors of kγ in (6.2) are needed to make
∂ 2 = 0 work, because when one glues two holomorphic cylinders along a Reeb orbit
γ which is the k-fold iterate of an embedded Reeb orbit, there are k different ways
to glue. This is also why bad Reeb orbits need to be discarded: these k different
gluings all have the same sign when γ is good, but have cancelling signs when γ
is bad. Finally, the assumption that there are no contractible Reeb orbits ensures
that the necessary compactness arguments go through, by ruling out bubbling off
of holomorphic discs.
6.5. The index. Unlike Morse homology, cylindrical contact homology is not Zgraded. Rather, it is relatively Z/d(2c1 (ξ))-graded, where d(2c1 (ξ)) denotes the
divisibility of 2c1 (ξ) in H 2 (Y ; Z) mod torsion. This means that any two generators
γ+ and γ− have a well-defined relative grading, which can be regarded as the
grading difference between γ+ and γ− , and which is an element of Z/d(2c1 (ξ)). In
this sense the differential ∂ decreases the grading by 1. The reason why there is no
absolute grading analogous to the Morse index is that the analogue of the Hessian
in this setting has infinitely many negative and infinitely many positive eigenvalues.
Nonetheless it still makes sense to define the relative grading of γ+ and γ− to be the
expected dimension of the moduli space of holomorphic cylinders M0 (γ+ , γ− ) that
represent some relative homology class Z. This is given by a topological formula
which we will not state here. It is only defined modulo d(2c1 (ξ)), because if Z 0
is a different relative homology class of cylinder then the corresponding expected
dimensions differ by h2c1 (ξ), Z − Z 0 i.
There is also a canonical absolute Z/2-grading: a Reeb orbit has odd grading
if it is positive hyperbolic, and even grading if it is elliptic or negative hyperbolic.
The differential ∂ also has degree −1 with respect to this Z/2-grading.
6.6. Examples. (1) Consider the contact form λn on T 3 defined in (3.2). Recall
that all Reeb orbits represent homology classes of the form (a, b, 0) ∈ H1 (T 3 ) with
(a, b) 6= (0, 0). As a consequence, the cylindrical contact homology CH∗ (T 3 , ξn , Γ)
is nonzero only for Γ of this form. Fix such a class Γ = (a, b, 0). All Reeb orbits γ
in the homology class Γ have symplectic action
p
A(γ) = 2π a2 + b2 .
So by Lemma 6.2, there are no non-R-invariant holomorphic cylinders between
them. Now the cylindrical contact homology is not yet defined because λn is a
“Morse-Bott” contact form whose Reeb orbits are not isolated but rather appear
in one-parameter families. But one can show, see [5], that one can perturb λn to a
contact form λ0n such that each of the n circles of Reeb orbits in the homology class
Γ splits into two Reeb orbits (one elliptic and one positive hyperbolic), there are
no other Reeb orbits in the class Γ, and the differential on CC∗ (Y, λ0n , Γ) vanishes
for any choice of admissible almost complex structure J. We conclude that the
Z/2-graded cylindrical contact homology is given by
CHeven (Y, ξn , (a, b, 0)) ' CHodd (Y, ξn , (a, b, 0)) ' Qn .
It now follows from Theorem 6.4 that the different contact structures ξn are pairwise non-contactomorphic. Also, they all satisfy the Weinstein conjecture. Because
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for any contact form λ with ξn = Ker(λ), either there is no contractible Reeb orbit,
in which case the cylindrical contact homology is well-defined and nonzero, or else
there is a contractible Reeb orbit. In fact there is a generalization of cylindrical
contact homology, called linearized contact homology, which is sometimes defined
even when there are contractible Reeb orbits, by adding certain correction terms
to the cylindrical contact homology differential. Linearized contact homology can
be used in this example to prove that there is always a Reeb orbit in the homology
class (a, b, 0).
(2) Let us compute the cylindrical contact homology of the irrational ellipsoid
(S 3 , λ) from §3.3. Here of course we must take Γ = 0. Strictly speaking Theorem 6.4
is not applicable here because all Reeb orbits are contractible, but in fact the
cylindrical contact homology is still defined in this example because all Reeb orbits
satisfy a certain Conley-Zehnder index condition.
Denote the two embedded Reeb orbits by γ1 and γ2 . These are elliptic. Let
γik denote the k-fold iterate of γi . The chain complex CC∗ (S 3 , λ, 0) has a relative
Z-grading, and because Γ = 0 there is in fact a canonical way to normalize it to an
absolute Z-grading. This grading is given as follows: there are positive irrational
numbers φ1 and φ2 with φ1 φ2 = 1 (if the ellipsoid is close to a sphere then φ1 and
φ2 are close to 1) such that the grading of γik is
(6.3)

|γik | = 2bk(1 + φi )c.

It is an exercise to deduce from (6.3) that there is one generator of each positive
even grading. Hence the differential vanishes for degree reasons, and

Q, ∗ = 2, 4, . . . ,
CH∗ (S 3 , ξ, 0) '
0, otherwise.
Here ξ denotes the contact structure determined by λ, which as mentioned previously is the unique tight contact structure on S 3 . See [6] for some applications of
contact homology to the Reeb dynamics of other contact forms determining this
contact structure.
(3) As mentioned previously, Colin-Honda used linearized contact homology to
prove the Weinstein conjecture in many cases. However as far as I know it is not
currently known whether linearized contact homology can be used to prove the
Weinstein conjecture for all tight contact three-manifolds. (In the overtwisted case
linearized contact homology is never defined, but the failure of linearized contact
homology to be defined implies the existence of a contractible Reeb orbit, reproducing Hofer’s result.) Taubes’s proof of the Weinstein conjecture for all contact
three-manifolds needs Seiberg-Witten theory.
7. The big picture surrounding Taubes’s proof of the Weinstein
conjecture
7.1. Seiberg-Witten invariants of four-manifolds. The Seiberg-Witten invariants (and the conjecturally equivalent Ozsvath-Szabo invariants) are the most powerful tool currently available for distinguishing smooth four-manifolds. To briefly
outline what these are, let X be a closed oriented connected smooth four-manifold.
If b+
2 (X) > 1, then the Seiberg-Witten invariant of X is, after certain orientation
choices have been made, a function
SW : Spinc (X) −→ Z.
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Here b+
2 (X) denotes the maximal dimension of a subspace of H2 (X; R) on which
the intersection pairing is positive definite. Also Spinc (X) denotes the set of
spin-c structures on X. This is an affine space over H 2 (X; Z), which we will
say more about in §8.1. Given a spin-c structure s, the Seiberg-Witten invariant SW (X, s) is defined by appropriately counting solutions to the Seiberg-Witten
equations on X; for a detailed definition see eg [35]. We will not write down
the four-dimensional Seiberg-Witten equations here, but we will write down the
three-dimensional Seiberg-Witten equations in §8.3. The Seiberg-Witten invariants
depend only on the diffeomorphism type of X, and can distinguish many pairs of
smooth four-manifolds that are homeomorphic but not diffeomorphic. The SeibergWitten invariants are conjecturally equivalent to the earlier Donaldson invariants
that count solutions ot the anti-self-dual Yang-Mills equations, but the SeibergWitten equations are analytically better behaved and as a result the Seiberg-Witten
invariants are generally easier to work with.
7.2. Taubes’s “SW=Gr” theorem. Suppose now that our four-manifold X is
symplectic. A major result of Taubes from the 1990’s asserts that the SeibergWitten invariants of X are equivalent to a certain count of holomorphic curves.
To describe this result, let ω denote the symplectic form on X. It turns out that
ω defines a bijection
'
ıω : Spinc (X) −→ H2 (X).
Now let J be a generic, ω-tame almost complex structure on X; the tameness
condition means that ω(v, Jv) > 0 for all nonzero tangent vectors v. Taubes then
defines a “Gromov invariant”
Gr : H2 (X) −→ Z
roughly as follows. For each Z ∈ H2 (X), the integer Gr(X, Z) is a count of certain
J-holomorphic curves C in X representing the homology class Z. The curves C that
are counted are required to be embedded, except that they may include multiple
covers of tori of square zero. Such a curve C is not required to be connected, but
each component of C must live in a zero-dimensional moduli space. Each such
holomorphic curve C is counted with a certain integer weight. (The weight is ±1,
except when C includes multiply covered tori, in which case the weight is given by
a somewhat complicated recipe.) Taubes’s theorem is now:
Theorem 7.1 (Taubes). Let X be a closed connected symplectic 4-manifold with
c
b+
2 (X) > 1. Then for each s ∈ Spin (X) we have
SW (X, s) = Gr(X, ıω (s)).
The proof of this theorem is given in [41]; for an introduction to it see [23].
7.3. Three-dimensional Seiberg-Witten theory. Now let Y be a closed oriented 3-manifold. The set of spin-c structures on Y , denoted by Spinc (Y ), is an
affine space over H 2 (Y ; Z). A spin-c structure on Y determines a product spin-c
structure on R × Y . There are then various ways to define topological invariants
of the 3-manifold Y by studying solutions to the Seiberg-Witten equations on the
noncompact 4-manifold R × Y .
To start, one can consider R-invariant solutions to the Seiberg-Witten equations
on R×Y . These are equivalent to solutions to the three-dimensional Seiberg-Witten
equations on Y , which we will discuss in §8.3. When b1 (Y ) > 0, one can count
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these solutions with signs to obtain the three-dimensional Seiberg-Witten invariant
SW : Spinc (Y ) → Z. (When b1 (Y ) = 1, for “torsion” spin-c structures, ie spin-c
structures whose first Chern class is torsion, see §8.1, this invariant depends on
the choice of one of two possible “chambers”.) As shown in [33, 46], this invariant
agrees with the Turaev torsion of Y , which generalizes the Alexander polynomial of
a knot, and which is explicitly computable in terms of the determinants of certain
matrices associated to a triangulation of Y .
To get more interesting invariants of Y , one observes that solutions to the
Seiberg-Witten equations on Y are critical points of a certain functional F on
a configuration space associated to Y . Moreover, solutions to the Seiberg-Witten
equations on R × Y (not necessarily R-invariant) are equivalent to gradient flow
lines of this functional. It turns out that one can then define a version of Morse
homology for the functional F, called Seiberg-Witten Floer homology. This construction is highly nontrivial and has been carried out by Kronheimer-Mrowka [26].
Roughly speaking, the Seiberg-Witten Floer homology is the homology of a chain
complex which is generated by solutions to the Seiberg-Witten equations on Y , and
whose differential counts solutions to the Seiberg-Witten equations on R×Y . When
b! (Y ) > 0, for non-torsion spin-c structures, the Euler characteristic of the SeibergWitten Floer homology agrees with the Seiberg-Witten invariant discussed above.
However Seiberg-Witten Floer homology can be defined without any assumption
on b1 (Y ).
In fact there are two basic versions of Seiberg-Witten Floer theory that one can
define, depending on how one treats “reducibles”, see §8.4. The first is denoted
ˇ ∗ (Y ), and pronounced “HM-to”; this assigns a relatively graded homology
by HM
ˇ ∗ (Y, s) to each spin-c structure s on Y , which is conjecturally isomorgroup HM
phic to the Heegaard Floer homology HF∗+ (Y, s) defined in [36]. The second is
d ∗ (Y, s), and conjecturally isomorphic to
pronounced “HM-from”, denoted by HM
ˇ ∗
the Heegaard Floer homology HF∗− (Y, s). For non-torsion spin-c structures, HM
d
and HM ∗ are the same. For any spin-c structure s, there is a canonical isomorphism
ˇ ∗ (−Y, s) = HM
d
HM

−∗

(Y, s),
∗

d denotes the cohomowhere −Y denotes Y with its orientation reversed, and HM
d ∗ obtained by dualizing the chain complex.
logical version of HM
7.4. Embedded contact homology. Suppose now that our three-manifold Y is
equipped with a contact form λ. Recall that the four-manifold R × Y then has a
symplectic form d(es λ), where s denotes the R coordinate. It is natural to seek
an analogue of Taubes’s “SW=Gr” theorem for the noncompact symplectic fourmanifold R × Y . That is, one would like to understand the Seiberg-Witten Floer
homology of Y in terms of holomorphic curves in R × Y . For this purpose it is
appropriate to use an admissible almost complex structure as in Definition 6.1.
The analogy suggests that the Seiberg-Witten Floer homology of Y should be
isomorphic to the homology of a chain complex whose differential counts certain
(mostly) embedded holomorphic curves in R × Y , and which is generated by certain
R-invariant holomorphic curves in R × Y , that is to say unions of Reeb orbits. The
resulting theory is called embedded contact homology, or ECH for short. There
is some resemblance between ECH and cylindrical contact homology; but among
other differences, ECH does not require the holomorphic curves that are counted
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to be cylinders, while cylindrical contact homology does not require them to be
embedded.
To say a bit more about what ECH is, assume as usual that all Reeb orbits are
nondegenerate.
Definition 7.2. An orbit set is a finite set of pairs α = {(αi , mi )} where:
• The αi ’s are distinct embedded Reeb orbits.
• The mi ’s are positive integers.
The homology class of α is defined by
X
[α] :=
mi [αi ] ∈ H1 (Y ).
i

The orbit set α is admissible if:
• mi = 1 whenever αi is hyperbolic (see §6.2).
Given Γ ∈ H1 (Y ), the embedded contact homology ECH∗ (Y, λ, Γ) is the homology of a chain complex which is freely generated over Z by admissible orbit sets
α with [α] = Γ. The differential counts certain (mostly) embedded holomorphic
curves in R × Y . It has a relative Z/d(c1 (ξ) + 2 PD(Γ)) grading. The precise definitions of the grading and the differential are somewhat subtle; we refer the reader
to [22] for an overview and to [20, 24] for more details.
Example 7.3. Consider again the irrational ellipsoid (S 3 , λ) as discussed in §6.6.
Of course we must take Γ = 0. The generators of the ECH chain complex have
the form γ1m1 γ2m2 where γ1 and γ2 are the two embedded Reeb orbits, m1 and m2
are nonnegative integers, and γ1m1 γ2m2 is shorthand for the orbit set consisting of
the pair (γ1 , m1 ) (when m1 6= 0) together with the pair (γ2 , m2 ) (when m2 6= 0).
In this case the chain complex has a relative Z-grading, and since Γ = 0 it has a
canonical refinement to an absolute Z-grading such that the grading of the empty
set is zero. It is shown in [25] that the grading is given by
!
mi
2 X
X
m1 m2
bkφi c
|γ1 γ2 | = 2 m1 + m2 + m1 m2 +
i=1 k=1

where φ1 and φ2 are as in §6.6. One can deduce from this formula that there is one
generator of each nonnegative even grading, so that

Z, ∗ = 0, 2, . . . ,
ECH∗ (S 3 , λ, 0) '
0, otherwise
In general it turns out that ECH depends only on Y , the contact structure ξ, and
the homology class Γ, and not on the choice of contact form λ or admissible almost
complex structure J. This follows from a much stronger result recently proved by
Taubes [45], which is the analogue of SW=Gr in this setting:
Theorem 7.4 (Taubes). Let Y be a closed oriented 3-manifold with a contact form
λ such that all Reeb orbits are nondegenerate. Then for each Γ ∈ H1 (Y ) there is
an isomorphism
(7.1)

d
ECH∗ (Y, λ, Γ) ' HM

up to a grading shift.

−∗

(Y, sξ + PD(Γ)),
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Here ξ denotes the contact structure determined by λ, and sξ is a spin-c structure
determined by ξ, see Example 8.2 below. In fact both sides of (7.1) have canonical
absolute gradings by homotopy classes of oriented 2-plane fields, see [26, 21], and
it is natural to conjecture that the isomorphism (7.1) respects these gradings.
7.5. Significance for the Weinstein conjecture. To prove the Weinstein conjecture, it is enough to show that the embedded contact homology is nontrivial.
More precisely, if (Y, λ) were a counterexample to the Weinstein conjecture, then
we would have

Z, Γ = 0,
(7.2)
ECH(Y, λ, Γ) '
0, Γ 6= 0.
Here the Z corresponds to the empty set of Reeb orbits. (Incidentally the empty
set is an important ECH generator; it is always a cycle in the ECH chain complex
by the argument in Lemma 6.2, and its homology class in ECH conjecturally agrees
with the invariants of contact structures in Seiberg-Witten and Heegaard Floer
homology.)
However, by Theorem 7.4, the ECH cannot be trivial as in (7.2), because the
Seiberg-Witten Floer homology is always infinitely generated:
Theorem 7.5 (Kronheimer-Mrowka). Let Y be a closed oriented 3-manifold and let
∗
d (Y, s) is nonzero for infinitely
s be a spin-c structure with c1 (s) torsion. Then HM
many values of the grading ∗, which are bounded from above.
Here c1 (s) denotes the first Chern class of the spin-c structure, which is defined
in §8.1 below. In terms of the correspondence between Spinc (Y ) and H1 (Y ) in
(7.1), we have
c1 (sξ + PD(Γ)) = c1 (ξ) + 2 PD(Γ).
It turns out that c1 (ξ) is always divisible by 2 in H 2 (Y ; Z). Thus Theorems 7.4
and 7.5 imply the following more precise version of the Weinstein conjecture:
• Let Y be a closed oriented 3-manifold with a contact form λ such that all
Reeb orbits are nondegenerate. Let Γ ∈ H1 (Y ) such that c1 (ξ) + 2 PD(Γ) ∈
H 2 (Y ; Z) is torsion. (Such Γ always exist.) Then there is a nonempty
admissible orbit set α with [α] = Γ.
Remark 7.6. The fact that ECH is infinitely generated does not imply that there
are infinitely many embedded Reeb orbits, as shown by the irrational ellipsoid
example. On the other hand we are not aware of any example of a closed oriented
three-manifold, other than a sphere or a lens space, with a contact form with only
finitely many embedded Reeb orbits.
In fact one does not need the full force of the isomorphism in Theorem 7.4
to prove the Weinstein conjecture; rather one just needs a way of passing from
generators of Seiberg-Witten Floer homology to ECH generators. This is what
Taubes’s original proof of the Weinstein conjecture in [42] establishes, yielding a
proof of the following theorem, which is slightly different than the statement above:
Theorem 7.7 (Taubes). Let Y be a closed oriented 3-manifold with a contact form
λ. Let Γ ∈ H1 (Y ) such that c1 (ξ) + 2 PD(Γ) ∈ H 2 (Y ; Z) is torsion. (Such Γ always
exist.) Then there is a nonempty orbit set α with [α] = Γ.
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In a sequel [43], Taubes uses more nontriviality results for Seiberg-Witten Floer
homology to find nonempty orbit sets in some other homology classes. In [25],
the full force of the isomorphism in Theorem 7.4 is used to obtain some slight
improvements on the Weinstein conjecture.
The rest of this article will attempt to describe Taubes’s proof of Theorem 7.7.
8. The three-dimensional Seiberg-Witten equations
It is time to introduce the three-dimensional Seiberg-Witten equations. These
equtions originated in physics, and if one is not conversant in the relevant physics
then they may seem unmotivated. However, they turn out to be exquisitely tuned
to produce well-behaved moduli spaces out of which one can extract topological
invariants.
8.1. Spin-c structures. Let Y be a closed oriented connected 3-manifold, and
choose a Riemannian metric on Y .
Definition 8.1. A spin-c structure on Y is a pair s = (S, ρ) where S is a rank 2
Hermitian vector bundle on Y , called the spinor bundle, and
ρ : T Y −→ End(S)
is a bundle map, called Clifford multiplication, such that:
(1) If a, b ∈ Ty Y , then
ρ(a)ρ(b) + ρ(b)ρ(a) = −2ha, bi.
(2) If e1 , e2 , e3 is an oriented orthonormal frame for Ty Y , then
ρ(e1 )ρ(e2 )ρ(e3 ) = 1.
Properties (1) and (2) of Clifford multiplication are equivalent to the following:
For each y ∈ Y , there is an oriented orthonormal frame e1 , e2 , e3 for Ty Y , and a
basis for Sy , in which Clifford multiplication is given by the Pauli matrices






i 0
0 −1
0 i
(8.1)
ρ(e1 ) :=
,
ρ(e2 ) :=
,
ρ(e3 ) :=
.
0 −i
1 0
i 0
A section ψ of the spinor bundle S is often called a spinor .
Example 8.2. An oriented 2-plane field ξ ⊂ T Y determines a spin-c structure sξ
as follows. The spinor bundle is defined by
(8.2)

S := C ⊕ ξ.

where ξ is regarded as a Hermitian line bundle using its orientation and the Riemannian metric on Y , while C denotes the trivial complex line bundle. The Clifford
multiplication is defined at a point y ∈ Y by the equations (8.1), where e1 , e2 , e3 are
an oriented orthonormal frame for Ty Y such that e2 , e3 is an oriented orthonormal
frame for ξy , and the basis for Sy is given in terms of the decomposition (8.2) by
(1, e2 ).
Two spin-c structures (S, ρ) and (S0 , ρ0 ) are isomorphic if there is a Hermitian
'
vector bundle isomorphism φ : S → S0 such that ρ0 (v)◦φ = φ◦ρ(v) for every tangent
c
vector v. Let Spin (Y ) denote the set of isomorphism classes of spin-c structures
on Y . This does not depend on the choice of Riemannian metric on Y . There is
an action of H 2 (Y ; Z) on Spinc (Y ) defined as follows: Given α ∈ H 2 (Y ; Z), let
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Lα denote the complex line bundle on Y with c1 (Lα ) = α, assign it a Hermitian
metric, and define
α · (S, ρ) := (S ⊗ Lα , ρ ⊗ 1).
It turns out that this action is free and transitive, so that Spinc (Y ) is an affine
space over H 2 (Y ; Z).
Remark 8.3. If P(Y ) denotes the set of homotopy classes of oriented 2-plane fields
on Y , then the map P(Y ) → Spinc (Y ) defined in Example 8.2 is surjective. Two
oriented 2-plane fields give rise to isomorphic spin-c structures if and only if they
are homotopic over the 2-skeleton of Y (for some triangulation). Given a spin-c
structure s, its inverse image in P(Y ) is an affine space over Z/d(c1 (s)). Here c1 (s)
denotes the first Chern class of the spinor bundle, and d denotes its divisibility in
H 2 (Y ; Z) mod torsion, which is always an even integer.
Here is an alternate definition of a spin-c structure, on an n-dimensional oriented
manifold Y with a Riemannian metric. Let F → Y denote the frame bundle, whose
'
fiber over y ∈ Y is the set of orientation-preserving linear isometries Rn → Yy . Note
that SO(n) acts on the right on F by precomposition with automorphisms of Rn .
This action makes F into a principal SO(n)-bundle over Y . Now the Lie group
Spinc (n) is defined by
Spinc (n) := Spin(n) ×Z/2 U(1).
Here Spin(n) is the connected double cover of SO(n); and Z/2 acts on Spin(n) as the
nontrivial covering transformation, and on U(1) as multiplication by −1. A spin-c
structure on Y is then defined to be a lift of F to a principal Spinc (n)-bundle, ie
a principal Spinc (n)-bundle Fe → Y together with a map Fe → F which commutes
with the group actions and the projections to Y .
When n = 3, this definition is equivalent to the previous one. In particular,
given a lift Fe of the frame bundle, the spinor bundle and Clifford multiplication are
recovered as follows. We can identify Spin(3) = SU(2) and Spinc (3) = U(2). The
spinor bundle is then associated to Fe via the fundamental representation of U(2).
On the other hand the tangent bundle of Y is associated to Fe by the representation
of U(2) on R3 given by the projection Spinc (3) → SO(3). Clifford multiplication is
then defined on these associated bundles using the model linear map R3 → End(C2 )
that sends the standard basis vectors of R3 to the three matrices in (8.1).
8.2. The Dirac operator. Let s = (S, ρ) be a spin-c structure.
Definition 8.4. A spin-c connection on s is a Hermitian connection on S such that
the associated covariant deriviative ∇A is compatible with Clifford multiplication
in the following sense: If v is a section of T Y and if ψ is a section of S, then
∇A (ρ(v)ψ) = ρ(∇v)ψ + ρ(v)∇A ψ.
Here ∇v denotes the covariant derivative of v with respect to the Levi-Civita connection on T Y .
It follows from the above definition that any two spin-c connections differ by
an imaginary-valued 1-form on Y . It is not hard to show that spin-c connections
exist. In fact a spin-c connection is equivalent to a Hermitian connection on the
U(1)-bundle det(S). One can see this by using the alternate definition of spin-c
structure and noting that the Lie algebra of U(2) is the sum of the Lie algebras of
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SO(3) and of U(1). A connection on S is then determined by a connection on T Y
(which we take to be the Levi-Civita connection) and a connection on the complex
line bundle associated to the determinant map U(2) → U(1), namely det(S). So in
the notation ∇A , we regard A as a connection on det(S). From this perspective,
adding an imaginary-valued 1-form a to the connection A on det(S) adds a/2 to
the associated spin-c connection ∇A on S.
Definition 8.5. Given a connection A on det(S), define the Dirac operator DA to
be the composition
∇

ρ

A
C ∞ (Y, T ∗ X ⊗ S) −→ C ∞ (Y, S).
C ∞ (Y, S) −→

Here the Clifford action is extended to cotangent vectors using the metric.
A key property of the Dirac operator is that its square is the “connection Laplacian”, plus some zeroth order terms involving curvature. More precisely, it satisfies
the Bochner-Lichnerowitz-Weitzenbock formula
1
s
2
(8.3)
DA
ψ = ∇∗A ∇A ψ + ψ + ρ(FA )ψ.
4
2
Here s denotes the scalar curvature of Y , which is a real-valued function; FA denotes
the curvature of the connection A on det(S), which is an imaginary-valued closed
2-form on Y ; and Clifford multiplication is extended to differential forms by the
rule

1
ρ(a)ρ(b) + (−1)deg(a) deg(b) ρ(b)ρ(a) .
ρ(a ∧ b) :=
2
Indeed, the motivation for introducing the original version of the Dirac operator
(on Minkowski spacetime) was to find a square root of the Laplacian, in order to
study the quantum theory of the electron.
Another important property is that the Dirac operator is formally self-adjoint:
if ψ1 and ψ2 are two spinors, then
Z
Z
hDA ψ1 , ψ2 id vol =
hψ1 , DA ψ2 id vol .
Y

Y

For much more about Dirac operators, see eg [2, 30].
8.3. The Seiberg-Witten equations. Fix a spin-c structure (S, ρ). The SeibergWitten equations concern a pair (A, ψ) where A is a connection on det(S) and ψ is
a section of S.
Definition 8.6. The (unperturbed) Seiberg-Witten equations for the pair (A, ψ)
are
DA ψ = 0,
∗FA = hρ(·)ψ, ψi.
Here ‘∗’ denotes the Hodge star. Note that it follows from the properties of
Clifford multiplication that if ψ is any spinor then hρ(·)ψ, ψi is an imaginary-valued
1-form.
Remark 8.7. Conventions for the Seiberg-Witten equations vary in the literature.
In particular, one could multiply one side of the second equation by a positive
constant, and the solutions to the equations would be equivalent via rescaling the
spinor. However the sign is crucial: switching the sign in the second equation would
ruin the key compactness properties of the equations.
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One also needs to consider certain perturbations of the equations. In particular,
one often needs to make small perturbations in order to obtain transversality, while
Taubes’s proof of the Weinstein conjecture will involve a large perturbation.
Definition 8.8. Let µ be a real closed 2-form on Y . The Seiberg-Witten equations
with perturbation µ for the pair (A, ψ) are
(8.4)

DA ψ = 0,
∗FA = hρ(·)ψ, ψi + i ∗ µ.

8.4. Gauge transformations. The equations (8.4) have a large amount of symmetry. Namely, the Seiberg-Witten equations are defined on the configuration space
C := Conn(det(S)) × C ∞ (Y, S),
where Conn(det(S)) denotes the set of Hermitian connections on det(S). Define the
gauge group
G := C ∞ (Y, S 1 ).
This can be regarded as the automorphism group of the spin-c structure (S, ρ).
As such it has a natural action on the configuration space C defined as follows: If
g : Y → S 1 is in G, then regarding S 1 as the unit circle in C, one defines
g · (A, ψ) := (A − 2g −1 dg, gψ).
Lemma 8.9. The set of solutions to the Seiberg-Witten equations (8.4) is invariant
under the action of the gauge group G.
Proof. The curvature equation is invariant because the curvature of a connection
is invariant under gauge transformations. The Dirac equation is invariant because
DA−2g−1 dg (gψ) = ρ((∇A − g −1 dg)gψ)
(8.5)

= ρ(dg ⊗ ψ + g∇A ψ − g −1 dg ⊗ gψ)
= ρ(g∇A ψ)
= gDA ψ.


Two solutions to the Seiberg-Witten equations are called gauge equivalent if they
differ by the action of an element of G. In general, one counts solutions only modulo
gauge equivalence.
Observe that the action of G on C is free, except that configurations (A, 0) have
S 1 stabilizer given by the constant maps Y → S 1 . To keep track of this, a configuration (A, ψ) is called reducible if ψ ≡ 0, and irreducible otherwise. Reducible
solutions exist if and only if [µ] = −2πc1 (S) in H 2 (Y ; R). In this case the set
of reducible solutions modulo gauge equivalence can be identified with the torus
H 1 (Y ; R)/2πH 1 (Y ; Z).
9. Seiberg-Witten Floer homology
We now briefly review some of what we will need to know about Seiberg-Witten
Floer homology, following [26].
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9.1. The Chern-Simons-Dirac functional. We begin by realizing the solutions
to the Seiberg-Witten equations as the critical points of a functional. The SeibergWitten Floer theory will then be some kind of Morse homology for this functional.
Let Y be a closed connected oriented 3-manifold with a Riemannian metric and
a spin-c structure s = (S, ρ). Fix a real closed 2-form µ for use in defining the
perturbed Seiberg-Witten equations (8.4). Also fix a reference connection A0 on
det(S), so that if A is any other connection on det(S) then A − A0 is an imaginaryvalued 1-form on Y .
Definition 9.1. Define the (perturbed) Chern-Simons-Dirac functional
F :C→R
by
Z
Z
1
1
(A − A0 ) ∧ (FA + FA0 − 2iµ) +
hDA ψ, ψid vol .
8 Y
2 Y
Lemma 9.2. (A, ψ) is a critical point of F if and only if (A, ψ) satisfies the perturbed Seiberg-Witten equations (8.4).

(9.1)

F(A, ψ) := −

Proof. Let (Ȧ, ψ̇) be a tangent vector to the configuration space C at (A, ψ). This
means that Ȧ is an imaginary-valued 1-form and ψ̇ is a spinor. We compute
Z
Z
1
1
Ȧ ∧ (FA + FA0 − 2iµ) −
dF(A,ψ) (Ȧ, ψ̇) = −
(A − A0 ) ∧ dȦ
8 Y
8 Y
Z
Z
Z
1
1
1
hρ(Ȧ)ψ, ψid vol +
hDA ψ̇, ψid vol +
hDA ψ, ψ̇id vol .
+
4 Y
2 Y
2 Y
Applying Stokes’ theorem to the second term, using the definition of Clifford multiplication to manipulate the third term, and applying self-adjointness of the Dirac
operator to the fourth term, we obtain
Z
Z
1
Ȧ ∧ (FA − iµ − ∗hρ(·)ψ, ψi) +
RehDA ψ, ψ̇id vol .
dF(A,ψ) (Ȧ, ψ̇) = −
4 Y
Y
This vanishes for all Ȧ and ψ̇ if and only if (A, ψ) satisfy the perturbed SeibergWitten equations (8.4).

We now consider the behavior of F under gauge transformations. Recall that the
set of homotopy classes of maps Y → S 1 can be identified with H 1 (Y ; Z). Denote
the homotopy class of a map g by [g]. If g : Y → S 1 is smooth, and if we regard S 1
as the unit circle in C, then the image of [g] in H 1 (Y ; R) is the cohomology class
of the 1-form (2πi)−1 g −1 dg.
Lemma 9.3. If g : Y → S 1 is a gauge transformation, then
Z
F(g · (A, ψ)) − F(A, ψ) = π
[g] ^ (2πc1 (s) + [µ]).
[Y ]

Proof. We compute, using (8.5), that
Z
1
F(g · (A, ψ)) − F(A, ψ) = −
(−2g −1 dg) ∧ (FA + FA0 − 2iµ)
8 Y
Z
Z
1
1
+
hgDA ψ, gψid vol −
hDA ψ, ψid vol .
2 Y
2 Y
The second line vanishes. To process the first line, recall that FA and FA0 both
represent the class −2πic1 (s). The lemma follows.
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In particular, F is gauge invariant if and only if [µ] = −2πc1 (s) in H 2 (Y ; R).
9.2. Seiberg-Witten Floer homology. Roughly speaking, Seiberg-Witten Floer
homology is the Morse homology of the functional F on C/G, where the perturbation
2-form µ is taken to be exact. (One can also define versions of Seiberg-Witten Floer
homology when µ is closed but not exact, but these have different properties.) The
detailed construction is carried out in [26]. Some basic issues to keep in mind are
the following:
(1) When c1 (s) is not torsion, the functional F is not gauge invariant, so it is
not actually a real-valued functional on C/G. However, it follows from Lemma 9.3
that the differential dF is a well-defined closed 1-form on C/G, whose periods are
integers (times 2π 2 ), so F can be regarded as an S 1 -valued functional on C/G. As
such, its Morse theory can still be defined; and in the present case no Novikov ring
is needed, because there is a monotonicity formula relating the ambiguity in F and
the ambiguity in the index.
(2) The quotiented configuration space C/G on which F is defined is not a manifold in any natural sense, because G does not act freely on the reducibles. On the
other hand, C/G is the quotient of a manifold by an S 1 action. Namely, if one fixes
a point y0 ∈ Y and defines G0 := {g ∈ G | g(y0 ) = 1}, then C/G0 is a manifold, and
C/G = (C/G0 )/S 1 . So one wants to define some kind of S 1 -equivariant homology of
F on C/G0 .
The approach taken by Kronheimer-Mrowka is, roughly speaking, to blow up
g where the
the singularities of C/G, so as to obtain a manifold-with-boundary C/G,
boundary arises from the reducibles. The gradient flow of F induces a (partially
g which is tangent to the boundary.
defined) flow on C/G,
There is now a finite-dimensional model for how to proceed. Let X be a finite
dimensional compact manifold with boundary, and let (f, g) be a Morse-Smale pair
on X such that the gradient flow is tangent to the boundary. In this context, as
explained in [26, §2], there are three versions of Morse homology one can define,
which fit into a long exact sequence:
Morse

H∗

Morse

b ∗Morse (X, f, g) −→ H ∗−1 (X, f, g) −→
(X, f, g) −→ Ȟ∗Morse (X, f, g) −→ H

Here H ∗ is just the Morse homology of the boundary. The version Ȟ∗ is the
homology of a chain complex which is freely generated over Z by interior critical
points and “boundary stable” critical points on the boundary, and whose differential
b ∗ is similar
counts certain configurations of flow lines between them. The version H
but its generators include “boundary unstable” critical points on the boundary
instead. The above exact sequences turns out to agree with the relative homology
exact sequence
H∗ (∂X) −→ H∗ (X) −→ H∗ (X, ∂X) −→ H∗−1 (∂X) −→ · · ·
Carrying out an analogue of this construction on the blown-up configuration
space now gives three versions of Seiberg-Witten Floer homology, which fit into a
long exact sequence:
ˇ ∗ (Y, s) −→ HM
d ∗ (Y, s) −→ HM ∗−1 (Y, s) −→ · · ·
HM ∗ (Y, s) −→ HM
The version HM comes entirely from the reducibles and can be computed (at least
over Q) in terms of classical algebraic topology, specifically the triple cup product
on H ∗ (Y ). As such, HM ∗ may seem less interesting than the other two versions
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ˇ ∗ and HM
d ∗ . However the computation of HM ∗ is needed (in conjunction with
HM
the above exact sequence) to prove the nontriviality result of Theorem 7.5, which
plays a key role in the proof of the Weinstein conjecture.
(3) The three versions of Seiberg-Witten Floer homology above all have a relative
Z/d(c1 (s))-grading. So if c1 (s) is torsion then the Seiberg-Witten Floer homologies are relatively Z-graded. As mentioned previously, there is in fact an absolute
grading by homotopy classes of oriented 2-plane fields, which is compatible with
the map P(Y ) → Spinc (Y ) that was discussed in Remark 8.3. However for our
purposes it is enough to just regard the grading as taking values in some affine
space over Z/d(c1 (s)).
(4) Heuristically the differentials in the Seiberg-Witten Floer chain complexes
count gradient flow lines of F, but in fact some abstract perturbations of the equations are needed to obtain the transversality needed to count solutions. The perturbations are explained in detail in [26] and will be suppressed in the exposition
here.
10. Outline of Taubes’s proof
We now have the background in place to describe Taubes’s proof of the Weinstein
conjecture. Here we follow Taubes’s paper [42] and MSRI lectures [31]. This will
be just an outline, with the proofs of many key results omitted.
10.1. Geometric setup. Let Y be a closed oriented connected 3-manifold with a
contact form λ. Fix a Riemannian metric on Y such that |λ| = 1 and dλ = 2 ∗ λ.
We can do this because λ ∧ dλ > 0.
Denote3 the oriented 2-plane field ξ = Ker(λ), regarded as a Hermitian line
bundle, by K −1 . Recall that ξ determines a distinguished spin-c structure sξ , in
which S = C ⊕ K −1 . Any spin-c structure s is obtained from sξ by tensoring with
a Hermitian line bundle E, so that
(10.1)

S = E ⊕ K −1 E.

In this decomposition, E is the +i eigenspace of Clifford multiplication by λ, while
K −1 E is the −i eigenspace. The significance of E is that Taubes’s Theorem 7.4 ulti−∗
d (Y, s) is isomorphic
mately shows that the Seiberg-Witten Floer cohomology HM
to ECH∗ (Y, λ, Γ) where Γ is Poincare dual to c1 (E).
For any spin-c structure as in (10.1), connections on det(S) have the form A0 +2A
where A0 is a reference connection on K −1 while A is a connection on E. Also,
Taubes picks out a canonical connection A0 on K −1 , such that with respect to
the above decomposition, DA0 (1, 0) = 0. Henceforth, think of spin connections as
being determined this way by the canonical connection A0 on K −1 together with
a connection A on E.
10.2. Taubes’s perturbation. The idea of Taubes’s proof of the Weinstein conjecture is to deform the Seiberg-Witten equations by a sequence of increasingly
large perturbations, and to use a sequence of solutions to the perturbed equations
(provided by the known nontriviality of Seiberg-Witten Floer homology), to yield
a nonempty collection of Reeb orbits.
3This notation is carried over from the SW=Gr story, where K denotes the canonical bundle of a
symplectic 4-manifold. For a contact 3-manifold, K is the canonical bundle of the symplectization.
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The basic perturbation of the Seiberg-Witten equations considered by Taubes is
(10.2)

∗FA = r(hρ(·)ψ, ψi − iλ) + iω,
DA ψ = 0.

Here r ≥ 1 (the deformation involves taking r → ∞), and ω denotes the harmonic
1-form whose Hodge star represents the image of πc1 (K −1 ) in H 2 (Y ; R). Also
remember that now A denotes a connection on E, and ψ is a section of E ⊕ K −1 E.
Taubes’s equations (10.2) are equivalent to a case of the√perturbed Seiberg-Witten
equations (8.4), via rescaling the spinor by a factor of r and taking µ to be the
exact 2-form
µ = −rdλ − iFA0 + 2 ∗ ω.
Some parts of the argument involve further perturbations of the equations (10.2)
in order to obtain necessary transversality. For simplicity, we will suppress these in
the exposition below.
10.3. Convergence to Reeb orbits. There is now the following theorem which
finds Reeb orbits from a sequence of solutions to (10.2).
Theorem 10.1. (special case of [42, Thm. 2.1]) Let (rn , ψn , An ) be a sequence of
solutions to the equations (10.2) with rn → ∞. Suppose that:
(1) There is a constant c > 0 with supRY (1 − |ψn |) > c.
(2) There is a constant C < ∞ with i Y λ ∧ FAn < C.
Then there exists a nonempty orbit set a with [a] = PD(c1 (E)).
This is a three-dimensional analogue of an earlier theorem of Taubes for symplectic four-manifolds, part of the SW=Gr story, that obtains holomorphic curves
from sequences of solutions to the Seiberg-Witten equations perturbed using the
symplectic form. The idea of the proof of Theorem 10.1 is to write ψn = (αn , βn ),
where αn is a section of E and βn is a section of K −1 E, and show that one can
pass to a subsequence such that αn−1 (0) converges as a current to a nonempty orbit
set. This will then, of course, represent the Poincare dual of c1 (E). In fact, when
n is large, |βn | will be close to zero everywhere, while |αn | will be close to 1 except
near its zero set, which is where the curvature FAn will be concentrated.
Assumption (1) is needed to avoid solutions with αn nonvanishing, which can
exist when c1 (E) = 0. In fact, if c1 (E) = 0, then for any c > 0, if r is sufficiently large then there exists a unique (up to gauge equivalence) solution (A, ψ)
to the perturbed Seiberg-Witten equations (10.2) with 1 − |ψ| < c everywhere, see
Lemma 10.2 below. This solution has |α| close to 1 and |β| close to zero everywhere;
it corresponds to the ECH generator given by the empty
R set of Reeb orbits.
The idea of assumption (2) is that when n is large, i Y λ ∧ FAn is approximately
2π times the symplectic action of the orbit set to which αn−1 (0) is converging. A
uniform upper bound on this integral is needed in order to obtain an orbit set of
finite length. Without condition (2) one can still obtain an invariant set for the
Reeb flow, but this might not contain any Reeb orbit.
Note also that assumption (2) guarantees that (An , ψn ) is irreducible when n
is sufficiently large, because it follows
R from the equations (10.2) that if (A, 0) is a
reducible solution to (10.2) then i Y λ ∧ FA is a linear, increasing function of r.
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10.4. Avoiding the empty set. Now fix E such that c1 (K −1 ) + 2c1 (E) is torsion in H 2 (Y ; Z). Let s denote the corresponding spin-c structure. KronheimerMrowka’s Theorem 7.5 guarantees the existence of solutions to the perturbed equations (10.2) for all r ≥ 1. To complete the proof of the Weinstein conjecture, we
need to find a sequence of such solutions with r → ∞ such that conditions (1) and
(2) in Theorem 10.1 are satisfied.
One can achieve condition (1) using the following lemma:
Lemma 10.2.
• If c1 (E) 6= 0, then there is a constant c > 0 such that if r
is sufficiently large, and if (A, ψ) is a solution √
to the equations (10.2), then
there exist points in Y where 1 − |ψ| ≥ 1 − c/ r.
• If c1 (E) = 0, then there is a constant c > 0 such that if r is sufficiently large
then there exists a unique (up to gauge equivalence) solution
√ (A0 , ψ0 ) to the
equations (10.2) such that 1−|ψ0 | ≤ c. In fact 1−|ψ0 | ≤ c/ r. The grading
of (A0 , ψ0 ) in the Seiberg-Witten Floer chain complex is independent of r.
This means that if c1 (E) 6= 0 then any sequence of solutions will automatically
satisfy condition (1); and if c1 (E) = 0 then a sequence of solutions will satisfy
condition (1) as long as we avoid the one bad gauge equivalence class (A0 , ψ0 ),which
we can easily do since we know from Theorem 7.5 that the Seiberg-Witten Floer
homology is nonzero in infinitely many gradings.
10.5. Three functionals. The hardest part of the proof is to achieve condition
(2) in Theorem 10.1. This is a new problem which does not arise in the fourdimensional SW=Gr story. (On a symplectic four-manifold (X, ω), one needs an
analogue of condition (2) in which λ replaced by the symplectic form ω; but there
the quantity that needs to be bounded is constant because the symplectic form is
closed.)
The first step is to write the Chern-Simons-Dirac functional F in (9.1), of which
Seiberg-Witten Floer homology is the Morse homology, as the sum of two other
functionals. To do so, fix a reference connection A1 on E.
Definition 10.3. If A is a connection on E, define the Chern-Simons functional
cs(A) by
Z
cs(A) := − (A − A1 ) ∧ (FA + FA1 − 2i ∗ ω).
Y

Note that this is gauge invariant thanks to our assumption that 2c1 (E) + c1 (K −1 )
is torsion. Also, define the energy
Z
E(A) := i
λ ∧ FA .
Y

This is the quantity that we want to control.
Observe now that for a given r, if in the definition of F we take our reference
connection on det(S) to be A0 + 2A1 , then we have
Z
1
r
hDA ψ, ψid vol,
F(A, ψ) = (cs(A) − rE(A)) +
2
2 Y
up to the addition of an r-dependent constant. Since adding a constant to F does
not affect its Morse homology, we will ignore this constant and take the above
equation to be the new definition of F. In particular, if (A, ψ) is a solution to the
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perturbed Seiberg-Witten equations (10.2), then the three functionals in play are
related by
(10.3)

F(A, ψ) =

1
(cs(A) − rE(A)) .
2

10.6. A piecewise smooth family of solutions. The next step is:
Lemma 10.4. One can choose for each r sufficiently large a solution (A(r), ψ(r))
to the equations (10.2) such that:
• (A(r), ψ(r)) is a piecewise smooth function of r.
• F(A(r), ψ(r)) is a continuous function of r.
• For all r at which (A(r), ψ(r)) is smooth as a function of r, the grading of
(A(r), ψ(r)) in the Seiberg-Witten Floer chain complex is well-defined and
independent of r.
• If c1 (E) = 0, then (A(r), ψ(r)) is not gauge equivalent to the solution
(A0 , ψ0 ) described in Lemma 10.2.
The idea of the proof of Lemma 10.4 is as follows. First, one shows that for any
given grading, if r is sufficiently large then all generators of the chain complex defind ∗ (Y, s) with that grading are irreducible. This is proved using a spectral
ing HM
flow estimate related to Proposition 10.7 below. Thus, for any given range of gradings, if r is sufficiently large then the differential in the Seiberg-Witten Floer chain
complex just counts (perturbed) gradient flow lines of F, without the subtleties
arising from reducibles.
Now by Theorem 7.5, there is a nonzero class σ in the Seiberg-Witten Floer
d ∗ (Y, s) whose grading is not the same as that of (A0 , ψ0 ). Fix such
homology HM
a class σ.
P
For any given r, a chain representing the class σ can be expressed as i ni ci ,
where ni is a nonzero integer and ci is a critical point of FPfor each i in some
finite set. Define f (r) to be the minimum, over all chains
i ni ci representing
σ, of maxi F(σi ). The idea is then to define (A(r), ψ(r)) to be the maximal F
critical point in a representative of σ realizing the minimum f (r). One can choose
this (A(r), ψ(r)) to vary piecewise smoothly with r, jumping when the “Morse
complex” undergoes a bifurcation involving the critical point (A(r), ψ(r)).
To complete the proof of Lemma 10.4, one needs to show that the function f (r)
defined above is continuous. Taubes does so by explicitly studying the bifurcations
that can happen in a generic one-parameter family of “Morse complexes”. It might
also be possible to prove this by estimating that the continuation maps that relate
the Seiberg-Witten Floer homologies for nearby values of r, compare §5.5, do not
increase the functional F too much. This method has been used to prove analogous
continuity results in symplectic Floer homology, see eg [39, §2.4].
Lemma 10.5. Let {(A(r), ψ(r))} be a piecewise smooth family from Lemma 10.4.
Then
1
d
F(A(r), ψ(r)) = − E(A(r)).
dr
2
Proof. This follows from a general principle: If X is a smooth manifold (finite or
infinite dimensional), if f : R × X → R is a smooth function, and if {x(t)} is a
smooth family of critical points of ft := f (t, ·) on X defined for t in some interval,

TAUBES’S PROOF OF THE WEINSTEIN CONJECTURE

35

then

d
∂f
ft (x(t)) =
(t, x(t)).
dt
∂t
To prove this one uses the chain rule to compute


d
∂f
dx(t)
f (t, x(t)) =
(t, x(t)) + dft
,
dt
∂t
dt
and notes that the second term on the right vanishes because x(t) is a critical point
of ft .

10.7. The energy dichotomy. Let {(A(r), ψ(r)} be a piecewise smooth family
given by Lemma 10.4. To prove the Weinstein conjecture, by Theorem 10.1 we
just need to show that there is a sequence rn → ∞ such that the energy E(A(rn ))
is bounded. The next step is to show that if this is not the case, then there is a
sequence rn → ∞ such that the energy E(A(rn )) grows at least linearly, and the
Chern-Simons functional grows quadratically. The last step will be to show that
this quadratic growth of the Chern-Simons functional leads to a contradiction.
Lemma 10.6. Let {(A(r), ψ(r)} be a piecewise smooth family given by Lemma 10.4.
Then one of the following two alternatives holds:
(1) There is a sequence rn → ∞ and a constant C < ∞ such that E(A(rn )) < C
for all n.
(2) There is a sequence rn → ∞ and a constant c > 0 such that E(A(rn )) ≥ crn
and cs(A(rn )) ≥ crn2 for all n.
The proof of Lemma 10.6 uses an inequality
(10.4)

|cs(A(r))| ≤ c0 r2/3 |E(A(r))|4/3 .

The proof of (10.4) is too long to be included here, but it involves a priori estimates
on solutions to the Seiberg-Witten equations, starting with (8.3) and the maximum
principle. Granted this, we can now give:
Proof of Lemma 10.6. Introduce the shorthand cs(r) := cs(A(r)), E(r) := E(A(r))
and F(r) := F(A(r), ψ(r)). We can assume without loss of generality that E(r) > 0
for all r sufficiently large (since otherwise case (1) holds). Now fix ε0 ∈ (0, 1/5).
We consider two cases.
Case A: There is a sequence rn → ∞ with
cs(rn ) ≥ ε0 rn E(rn )
for all n. It follows in this case from the inequality (10.4) that alternative (2) holds.
Case B: For all r sufficiently large,
(10.5)

cs(r) < ε0 rE(r).

In this case we will show that alternative (1) holds.
To do so, define
2F
cs(r)
=−
.
v(r) := E(r) −
r
r
It then follows from Lemma 10.5 that
cs
dv
= 2.
(10.6)
dr
r
On the other hand, the hypothesis (10.5) is equivalent to
(10.7)

E < (1 − ε0 )−1 v.
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It now follows from (10.6), (10.5) and (10.7) that
dv
εv
<
,
dr
r
where ε := (1 − ε0 )−1 ε0 < 1/4. Therefore
(10.8)

v < c1 r ε

for some constant c1 . On the other hand, by (10.4), (10.7) and (10.8), we have
cs < c2 r2/3+(4/3)ε
for some constant c2 . Putting this back into (10.6), we get
dv
< c2 r(4/3)(ε−1) .
dr
Since ε < 1/4, the exponent in the above inequality is less than −1. Consequently
the above inequality can be integrated to show that v is bounded from above. Then
E is also bounded from above by (10.7).

10.8. Controlling the Chern-Simons functional. The last step in Taubes’s
proof of the Weinstein conjecture is the following proposition relating the SeibergWitten Floer grading to the Chern-Simons functional. To state it, if (A, ψ) is a
solution to the perturbed Seiberg-Witten equations (10.2), let deg(A, ψ) denote its
grading in the Seiberg-Witten Floer chain complex, and for r large let (A0 , ψ0 )
denote the distinguished Seiberg-Witten Floer generator given by Lemma 10.2.
Proposition 10.7. (special case of [42, Prop. 5.1]) There exists κ > 0 such that
for all r sufficiently large, if (A, ψ) is a solution to (10.2), then
deg(A, ψ) − deg(A0 , ψ0 ) +

1
cs(A) < κr31/16 .
4π 2

This is proved using a new estimate on the spectral flow of Dirac operators (the
latter determines the relative grading in Seiberg-Witten Floer homology). The
proof in the present case is given in [42, §5], and a higher-dimensional generalization
is proved in [44].
10.9. Conclusion. To prove the Weinstein Conjecture, more specifically Theorem 7.7, let Γ ∈ H1 (Y ) such that c1 (ξ) + 2 PD(Γ) is torsion, and let E be the
line bundle with c1 (E) = PD(Γ). Let {(A(r), ψ(r)} be a piecewise smooth family
given by Lemma 10.4. Alternative (2) in Lemma 10.6 is impossible by Proposition 10.7, because deg(A, ψ) and deg(A0 , ψ0 ) are independent of r. So alternative
(1) in Lemma 10.6 holds. Then we have a sequence rn → ∞ such that condition (2)
in Theorem 10.1 holds. Condition (1) in Theorem 10.1 also holds by Lemma 10.2.
Thus Theorem 10.1 applies to produce the desired nonempty orbit set.
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FRONTIERS OF REALITY IN SCHUBERT CALCULUS
FRANK SOTTILE
Abstract. The theorem of Mukhin, Tarasov, and Varchenko (formerly the Shapiro conjecture for Grassmannians) asserts that all (a priori complex) solutions
to certain geometric problems from the Schubert calculus are actually real. Their
proof is quite remarkable, using ideas from integrable systems, Fuchsian differential equations, and representation theory. Despite this advance, the original
Shapiro conjecture is not yet settled. While it is false as stated, it has several
interesting and not quite understood modifications and generalizations that are
likely true.
These notes will introduce the Shapiro conjecture for Grassmannians, give some
idea of its proofs and consequences, its links to other subjects, and sketch its
extensions.

Introduction
While it is not unusual for a univariate polynomial f with
√ real coefficients to have
some real roots—under reasonable assumptions we expect deg f real roots [20]—it
is rare for a polynomial to have all of its roots be real. In fact, the primary example
from nature that comes to mind is when f is the characteristic polynomial of a
symmetric matrix, as all eigenvalues of a symmetric matrix are real.
Similarly, when a system of real polynomial equations has finitely many (a priori
complex) solutions, we expect some, but likely not all, solutions to be real. In fact,
upper bounds on the number of real solutions [1, 18] sometimes ensure that not
all solutions can be real. As before, the primary example that comes to mind of a
system with only real solutions is the system of equations for the eigenvectors and
eigenvalues of a real symmetric matrix.
Here is another system of polynomial equations which also turns out to have only
real solutions. The Wronskian of univariate polynomials f0 , . . . , fn ∈ C[t] is the
determinant


f0 (t)
f1 (t) · · · fn (t)
 f0′ (t)
f1′ (t) · · · fn′ (t) 


det  ..
..
..  .
...
 .
.
. 
(n)

(n)

(n)

f0 (t) f1 (t) · · · fn (t)
Up to a scalar multiple, the Wronskian depends only upon the linear span P of
the polynomials f0 , . . . , fn in the vector space C[t] of all polynomials. This scaling
retains only the information of the roots of the Wronskian and their multiplicities. Recently, Mukhin, Tarasov, and Varchenko [22] proved the remarkable (but
seemingly innocuous) result.
2000 Mathematics Subject Classification. 14M15, 14N15.
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Theorem 1. If the Wronskian of a space P of polynomials has only real roots, then
P has a basis of real polynomials.
While not immediately apparent, those (n+1)-dimensional subspaces P of C[t]
with a given Wronskian W are the solutions to a system of polynomial equations
which depend on the roots of W . In Section 1, we explain how the Shapiro conjecture
for Grassmannians is equivalent to Theorem 1.
The proof of Theorem 1 uses the Bethe ansatz for the Gaudin model on certain
modules (representations) of the Lie algebra sln+1 C. This is a method to decompose
a module of sln+1 C into irreducible submodules that is compatible with a family of
commuting operators called the Gaudin Hamiltonians. It includes a set-theoretic
map from the spaces of polynomials with a given Wronskian to certain Bethe eigenvectors for the Gaudin Hamiltonians. A coincidence of numbers, from the Schubert
calculus on one hand and from representation theory on the other, implies that this
map is a bijection. As the Gaudin Hamiltonians are symmetric with respect to
the positive definite Shapovalov form, their eigenvectors and eigenvalues are real.
Theorem 1 follows as eigenvectors with real eigenvalues must come from real spaces
of polynomials. We describe this in Sections 2, 3, and 4.
The geometry behind the statement of Theorem 1 appears in many other guises,
some of which we describe in Section 5. These include linear series on the projective
line [5] and rational curves with prescribed flexes [17]. A special case of the Shapiro
conjecture concerns a remarkable statement about rational functions with prescribed
critical points, and was proved in this form by Eremenko and Gabrielov [8]. They
showed that a rational function whose critical points lie on a circle in the Riemann
sphere maps that circle to another circle.
A generalization of Theorem 1 by Mukhin, Tarasov, and Varchenko [24] implies
the following particularly attractive statement from matrix theory. Let β1 , . . . , βn
be distinct real numbers, α1 , . . . , αn be complex numbers, and consider the matrix


α1
(β1 − β2 )−1 · · · (β1 − βn )−1
 (β2 − β1 )−1
α2
· · · (β2 − βn )−1 
 .
Z := 
..
..
..
...


.
.
.
(βn − β1 )−1 (βn − β2 )−1 · · ·

αn

Theorem 2. If Z has only real eigenvalues, then α1 , . . . , αn are real.
Unlike its proof, the statement of Theorem 2 has nothing to do with Schubert calculus or representations of sln+1 C or integrable systems, and it remains a challenge
to prove it directly.
The statement and proof of Theorem 1 is only part of this story. Theorem 1
settles (for Grassmannians) a conjecture about Schubert calculus originally made
by Boris Shapiro and Michael Shapiro in 1993/4. While this Shapiro conjecture is
false for most other flag manifolds, there are appealing corrections and generalizations supported by theoretical evidence and also by overwhelming computational
evidence. We sketch this in Section 6.
There are now three proofs [14, 22, 25] of the Shapiro conjecture for Grassmannians, all passing through integrable systems and representation theory. In the second
proof [14], the solutions are identified with certain representations of a real rational
Cherednik algebra [11], and reality follows as these representations are necessarily
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real. The third proof [25] provides a surprising and deep connection between the
Schubert calculus and the representation theory of sln+1 C. We will only treat the
first proof in these notes. During 2009, these notes will be expanded into a more
complete treatment of this remarkable conjecture and its proofs.
First steps: the problem of four lines. We close this Introduction by illustrating
the Schubert calculus and the Shapiro conjecture with some beautiful geometry.
Consider the set of all lines in three-dimensional space. This set (a Grassmannian)
is four-dimensional, which we may see by counting degrees of freedom for a line ℓ
as follows. Fix planes H and H ′ that meet ℓ in points p and p′ .
ℓ

H
p

H′

p′

Since each point p and p′ has two degrees of freedom to move within its plane, we
see that the line ℓ enjoys four degrees of freedom.
Similarly, the set of lines that meet a fixed line is three-dimensional. More parameter counting tells us that if we fix four lines, then the set of lines that meet
each of our fixed lines will be zero-dimensional. That is, it consists of finitely many
lines. The Schubert calculus gives algorithms to determine this number of lines. We
instead use elementary geometry to show that this number is 2.
The Shapiro conjecture asserts that if the four fixed lines are chosen in a particular
way, then both solution lines will be real. This special choice begins by specifying
a twisted cubic curve, γ. While any twisted cubic will do, we’ll take the one with
parameterization
(1)

γ : t 7−→ (6t2 − 1,

7 3
t
2

+ 23 t,

3
t
2

− 12 t3 ) .

Our fixed lines will be four lines tangent to γ.
We understand the lines that meet our four tangent lines by first considering lines
that meet three tangent lines. We are free to fix the first three tangent points to
be any of our choosing, for instance, γ(−1), γ(0), and γ(1). Then the three lines
ℓ(−1), ℓ(0), and ℓ(1) tangent at these points have parameterizations
(−5 + s, 5 − s, −1) , (−1, s, s) , and (5 + s, 5 + s, 1) for s ∈ R.

These lines all lie on the hyperboloid H of one sheet defined by
(2)

x2 − y 2 + z 2 = 1 ,

which has two rulings by families of lines. The lines ℓ(−1), ℓ(0), and ℓ(1) lie in one
family, and the other family consists of the lines meeting ℓ(−1), ℓ(0), and ℓ(1). This
family is drawn on the hyperboloid H in Figure 1.
The lines that meet ℓ(−1), ℓ(0), ℓ(1), and a fourth line ℓ(s) will be those in this
second family that also meet ℓ(s). In general, there will be two such lines, one

4

FRANK SOTTILE

for each point of intersection of line ℓ(s) with H, as H is defined by the quadratic
polynomial (2). The remarkable geometric fact is that every such tangent line, ℓ(s)
for s 6∈ {−1, 0, 1}, will meet the hyperboloid in two real points. We illustrate this
when s = 0.31 in Figure 1, highlighting the two solution lines.
ℓ(0)
H

ℓ(1)

ℓ(s)

γ
¡
¡

¡
¡
¡
¡

µ
¡
¡
¡
¡

ℓ(−1)

γ(s)
Figure 1. The problem of four lines.
The Shapiro conjecture and its extensions claim that this reality always happens:
If the conditions for a Schubert problem are chosen relative to a rational normal
curve (here, the twisted cubic curve γ of (1)), then all solutions will be real. When
the Schubert problem comes from a Grassmannian (like this problem of four lines),
the Shapiro conjecture is true—this is the theorem of Mukhin, Tarasov, and Varchenko. For most other flag manifolds, it is known to fail, but in very interesting
ways.
Our plan is to explain this conjecture more precisely for Grassmannians, outline
the first proof of Mukhin, Tarasov, and Varchenko, and then give some of its consequences. Along the way we will discuss some special cases of the conjecture which at
first glance do not seem to have any relation to Schubert calculus or representation
theory. We conclude with a sketch of the emerging landscape of conjectures for
other flag manifolds which generalize and correct the Shapiro conjecture.
Acknowledgments. We thank the many people who have helped us to better learn
this story and to improve this exposition. In particular, we thank Eugene Mukhin,
Alexander Varchenko, Aaron Lauve, Zach Teitler, and Nickolas Hein.
1. The Shapiro conjecture for Grassmannians
Let Cd [t] be the set of complex polynomials of degree at most d in the indeterminate t, a vector space of dimension d+1. Fix a positive integer n < d, and
let Grassn,d be the set of all (n+1)-dimensional linear subspaces P of Cd [t]. This
Grassmannian is a complex manifold of dimension (n+1)(d−n) [15, Ch. 1.5].
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The main character in our story is the Wronski map, which associates a point
P ∈ Grassn,d to the Wronskian of a basis for P . If {f0 (t), . . . , fn (t)} is a basis for
P , its Wronskian is the determinant of the derivatives of the basis,


f0
f1 · · · fn
 f0′
f1′ · · · fn′ 


(1.1)
Wr(f0 , . . . , fn ) := det  ..
..  ,
..
...
 .
. 
.
(n)
(n)
(n)
f0
f1
· · · fn
which is a nonzero polynomial of degree of at most (n+1)(d−n). This does not quite
define a map Grassn,d → C(n+1)(d−n) [t], as choosing a different basis for P multiplies
the Wronskian by a nonzero constant. If we consider the Wronskian up to a nonzero
constant, we obtain the Wronski map
(1.2)

Wr : Grassn,d −→ P(C(n+1)(d−n) [t]) ≃ P(n+1)(d−n) ,

where P(V ) denotes the projective space consisting of all 1-dimensional linear subspaces of a vector space V .
We restate Theorem 1, the simplest version of the Theorem of Mukhin, Tarasov,
and Varchenko [22].
Theorem 1. If the Wronskian of a space P of polynomials has only real roots, then
P has a basis of real polynomials.
The problem of four lines is a special case of Theorem 1 when d = 3 and n = 1.
To see this, note that if we apply an affine function a + bx + cy + dz to the curve
γ(t) of (1), we obtain a cubic polynomial in C3 [t], and every cubic polynomial
comes from a unique affine function. A line ℓ in C3 (actually in P3 ) is cut out by a
two-dimensional space of affine functions, which gives a 2-dimensional space Pℓ of
polynomials in C3 [t], and hence a point Pℓ ∈ Grassn,d .
It turns out that the Wronskian of a point Pℓ ∈ Grassn,d is a quartic polynomial
with a root at s ∈ C if and only if the line ℓ corresponding to Pℓ meets the line ℓ(s)
tangent to the curve γ at γ(s). Thus a line ℓ meets four lines tangent to γ at real
points if and only if the corresponding point Pℓ ∈ Grassn,d has a Wronskian whose
roots are these four points. Since these points are real, Theorem 1 implies that Pℓ
has a basis of real polynomials. Thus ℓ is cut out by real affine functions, and hence
is real.
1.1. Geometric form of the Shapiro Conjecture. Let P ∈ Grassn,d be a subspace. We consider the order of vanishing at a point s ∈ C of polynomials in a basis
for P . There will be a minimal order a0 of vanishing for these polynomials. Suppose
that f0 vanishes to this order. Subtracting an appropriate multiple of f0 from each
of the other polynomials, we may assume that they vanish to order greater than a0
at s. Let a1 be the minimal order of vanishing at s of these remaining polynomials.
Continuing in this fashion, we obtain a basis f0 , . . . , fn of P and a sequence
0 ≤ a0 < a1 < · · · < an ≤ d ,
where fi vanishes to order ai at s. We call this sequence aP (s) the ramification of
P at s. For a sequence a : 0 ≤ a0 < a1 < · · · < an ≤ d, write Ω◦a (s) for the set of
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points P ∈ Grassn,d with ramification a at s, which is a Schubert cell of Grassn,d .
It has codimension
|a| := a0 + a1 −1 + · · · + an −n ,
as may be seen by expanding the basis f0 , . . . , fn of P in the basis {(t − s)i | i =
(i)
(i)
0, . . . , d} of Cd [t]. Since fj vanishes to order at least aj − i at s and fi vanishes
to order exactly ai − i at s, we see that the Wronskian of a subspace P ∈ Ω◦a (s)
vanishes to order exactly |a| at s.
Let Grass◦n,d consist of subspaces P ∈ Grassn,d that have a basis f0 , . . . , fn where
fi has degree d−n+1. This is an open subset of Grassn,d . When P ∈ Grass◦n,d ,
we obtain the Plücker formula for the total ramification of a general subspace P of
Cd [t],
X
(1.3)
dim Grassn,d =
|aP (s)| .
s∈C

In general, the total ramification of P is bounded by the dimension of Grassn,d . (One
may also define ramification at infinity for subspaces P 6∈ Grass◦n,d , to obtain the
Plücker formula in full generality.) If aP (s) = 0 < 1 < · · · < n, so that |aP (s)| = 0,
then we say that P is unramified at s. In this language, Theorem 1 states that if a
subspace P ∈ Grassn,d is ramified only at real points, then P is real in that it has
a basis of real polynomials.
Let us introduce some more geometry. Let W be the Wronskian of P . Then
\
P ∈
Ω◦aP (s) (s) ,
s : W (s)=0

and this intersection consists of all subspaces with Wronskian W . In particular, P
lies in the intersection of the closures of these Schubert cells, which we now describe.
For each s ∈ C, Cd [t] has a complete flag of subspaces
F• (s) : C · (t−s)d ⊂ C1 [t] · (t−s)d−1 ⊂ · · · ⊂ Cd−1 [t] · (t−s) ⊂ Cd [t] .
More generally, a flag F• is a sequence of subspaces
F• : F1 ⊂ F2 ⊂ · · · ⊂ Fd ⊂ Cd [t] ,
where Fi has dimension i. For a sequence a and a flag F• , the Schubert variety
¡
¢
(1.4)
{P ∈ Grassn,d | dim P ∩ Fd+1−aj ≥ n+1 − j, for j = 0, 1, . . . , n} ,

is a subvariety of Grassn,d , written Ωa F• . It consists of linear subspaces P having
special position (encoded by a) with respect to the flag F• . Since dim(P ∩Fd+1−i (s))
counts the number of linearly independent polynomials in P that vanish to order at
least i at s, we see that Ω◦a (s) ⊂ Ωa F• (s). More precisely, Ωa F• (s) is the closure of
the Schubert cell Ω◦a (s) and it is the disjoint union of Ω◦b (s) for b ≥ a, where ≥ is
componentwise comparison.
(1)
(m)
Given ramification sequences a(1) , . . . , a(m) and flags F• , . . . , F• , the intersection
\
\
\
(1.5)
Ωa(1) F•(1)
Ωa(2) F•(2)
···
Ωa(m) F•(m)
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consists of those linear subspaces P ∈ G having specified position a(i) with respect
(i)
(i)
to the flag F• , for each i = 1, . . . , m. Kleiman [19] showed that if the flags F• are
general, then the intersection (1.5) is (generically) transverse.
A Schubert problem is a list A := (a(1) , . . . , a(m) ) of sequences satisfying
(n+1)(d−n) ( = dim Grassn,d ) = |a(1) | + · · · + |a(m) | .

Given a Schubert problem, Kleiman’s Theorem implies that a general intersection (1.5) will be zero-dimensional and thus consist of finitely many points. By
transversality, the number δ(A) of these points is independent of choice of general
flags. The Schubert calculus, through the Littlewood-Richardson rule [12], gives
algorithms to determine δ(A).
We mention an important special case. Let ι := 0 < 1 < · · · < n−1 < n+1 be the
unique ramification sequence with |ι| = 1, and suppose that (ι, . . . , ι) is a Schubert
problem, so that (n+1)(d−n) is the number of occurrences of ι. Write ιn,d for this
sequence. Schubert [30] gave the following formula
(1.6)

δ(ιn,d ) = [(n+1)(d−n)]!

1!2! · · · n!
.
(d−n)!(d−n+1)! · · · d!

By (1.3), the total ramification (aP (s) | |aP (s)| > 0) of a subspace P ∈ Grass◦n,d is
a Schubert problem. Let W be the Wronskian of P . We would like the intersection
containing P
\
(1.7)
ΩaP (s) F• (s)
s : W (s)=0

to be transverse and zero-dimensional. However, Kleiman’s Theorem does not apply,
as the flags F• (s) for s a root of W are not generic. For example, in the problem
of four lines, if the Wronskian is t4 − t, then the corresponding intersection (1.7) of
Schubert varieties is not transverse. (This worked out in detail in [5, §9].)
We can see that this intersection (1.7) is however always zero-dimensional. Note
that any positive-dimensional subvariety meets Ωι F• , for any flag F• . (This is because, for example, Ωι F• is a hyperplane section of Grassn,d in its Plücker embedding
into projective space.) In particular, if the intersection (1.7) is not zero-dimensional,
then given a point s ∈ P1 with W (s) 6= 0, there will be a point P ′ in (1.7) which also
lies in Ωι F• (s). But then the total ramification of P ′ does not satisfy the Plücker
formula (1.3), as its ramification strictly contains the total ramification of P .
A consequence of this argument is that the Wronski map (1.2) is a finite map. In
particular, all of its fibers are finite. The intersection number δ(ιn,d ) in (1.6) is an
upper bound for the cardinality of a fiber. By Sard’s Theorem, this upper bound is
obtained for generic Wronskians.
Theorem 1.8. There are finitely many spaces of polynomials P ∈ Grassn,d with a
given Wronskian. For a general polynomial W (t) of degree (n+1)(d−n), there are
exactly δ(ιn,d ) spaces of polynomials with Wronskian W (t).
When W has distinct roots, these spaces of polynomials are exactly the points in
the intersection (1.7), where aP (s) = ι at each root s of W . A limiting argument, in
which the roots of the Wronskian are allowed to collide one-by-one, proves a local
form of Theorem 1.
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Theorem 1.9 ([32]). If the roots of a polynomial W (t) of degree (n+1)(d−n) are
real, distinct, and sufficiently clustered together, then there are δ(ιn,d ) spaces of
polynomials with Wronskian W (t), so that the intersection (1.7) is transverse, and
each such space of polynomials is real.
We noted that the intersection (1.7) is not transverse when d = 3, n = 1, and
W (t) = t4 − t. It turns out that it is always transverse when the roots of the
Wronskian are distinct and real. This is the stronger form of the Theorem of Mukhin,
Tarasov, and Varchenko.
Theorem 1.10 ([25]). For any Schubert problem (a(1) , . . . , a(m) ) and any distinct
real numbers s1 , . . . , sm , the intersection
\
\
\
(1.11)
Ωa(1) F• (s1 )
Ωa(2) F• (s2 )
···
Ωa(m) F• (sm )
is transverse and consists solely of real points.

This theorem (without the transversality) is the original statement of the conjecture of Shapiro and Shapiro for Grassmannians, which was posed in exactly this
form to the author in May 1995. The Shapiro conjecture was first discussed and
studied in detail in [33], where significant computational evidence was presented
(see also [35] and [28]). The results and computations in [33], as well as the result
of Theorem 1.9, highlighted the key role that transversality seemed to play in the
conjecture. This conjecture also appeared in [31].
We will not discuss the proof of Theorem 1.10, except to remark that its main
ingredient is an isomorphism between algebraic objects associated to the intersection (1.11) and to certain representation-theoretic data. This isomorphism provides
a very deep link between Schubert calculus for the Grassmannian and the representation theory of sln+1 C.
We will however sketch the proof of Theorem 1 in the next three sections.
2. Spaces of polynomials with given Wronskian
Theorem 1.8 enables the reduction of Theorem 1 to a special case. Since the
Wronski map is finite, a standard limiting argument (given for example in Section
1.3 of [22] or Remark 3.4 of [33]) shows that it suffices to prove Theorem 1 when
the Wronskian has distinct real roots that are sufficiently general. Since δ(ιn,d ) is
the upper bound for the number of spaces of polynomials with given Wronskian, it
suffices to construct this number of distinct spaces of real polynomials with a given
Wronskian, when the Wronskian has distinct real roots that are sufficiently general.
In fact, this is exactly what Mukhin, Tarasov, and Varchenko do.
Theorem 1′. If s1 , . . . , s(n+1)(d−n) are generic real numbers, there
Q exist exactly
δ(ιn,d ) distinct real vector spaces of polynomials P with Wronskian i (t − si ).

The proof proceeds by first constructing δ(ιn,d ) distinct spaces of polynomials
with a given Wronskian having generic complex roots, which we describe in Section 2.1. This uses a Fuchsian differential equation given by the critical points of
a remarkable symmetric function, called the master function. Critical points of the
master function are also used in the Bethe ansatz for the Gaudin model, which
is a method for decomposing a representation V of sln+1 C into irreducibles that
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is compatible with the action of certain commuting operators, called the Gaudin
Hamiltonians. In particular, a critical point of the master function gives a Bethe
eigenvector of the Gaudin Hamiltonians which is also a highest weight vector for an
irreducible submodule of V . This is described in Section 3, where the eigenvalues
of the Gaudin Hamiltonians on a Bethe vector are shown to be the coefficients of
the Fuchsian differential equation giving the corresponding spaces of polynomials.
Finally, the reality of the space of polynomials follows as the Gaudin Hamiltonians
are real symmetric operators when the Wronskian has only real roots. This implies
that the eigenvalues are real, and thus the Fuchsian differential equation and the
corresponding space of polynomials is also real. In all, this is an extraordinary proof.
2.1. Critical points of master functions. The construction of δ(ιn,d ) spaces of
polynomials with a given Wronskian begins with the critical points of a symmetric rational function that arose in the study of hypergeometric solutions to the
Knizhnik-Zamolodchikov equations [29], as well as the Bethe ansatz method for the
Gaudin model. (See §3.)
The master function Φ(x; s) depends upon a point s := (s1 , . . . , s(n+1)(d−n) ) ∈
(n+1)(d−n)
C
¡n+1,¢ whose coordinates will be the roots of our Wronskian W , and an additional 2 (d−n) complex variables
(0)

(0)

(1)

(1)

(n−1)

x := (x1 , . . . , xd−n , x1 , . . . , x2(d−n) , . . . , x1
(i)

(n−1)

, . . . , xn(d−n) ) .

(i)

Each set of variables x(i) := (x1 , . . . , x(i+1)(d−n) ) will be the roots of certain intermediate Wronskians.
Define the master function Φ(x; s) by the (rather formidable) formula

(2.1)

n−1
Y

Y

i=0 1≤j<k≤(i+1)(d−n)

n(d−n) (n+1)(d−n)

Y
j=1

Y

(n−1)

(xj

k=1

− sk )

(i)

(i)

(xj − xk )2

(i+2)(d−n)
n−2
Y
Y
Y (i+1)(d−n)
i=0

j=1

k=1

.
(i)

(i+1)

(xj − xk

)

This is separately symmetric in each set of variables x(i) . This master function has
a much simpler formulation which we give below (2.4).
The critical points of the master function are solutions to the system of equations
(2.2)

1 ∂
Φ(x; s) = 0
Φ ∂x(i)
j

for i = 0, . . . , n−1,

j = 1, . . . , (i+1)(d−n) .

When the parameters s are generic, these Bethe ansatz equations turn out to have
finitely many solutions. The master function is invariant under the group
S := Sd−n × S2(d−n) × · · · × Sn(d−n) ,
where Sm for the group of permutations of 1, . . . , n, and the factor S(i+1)(d−n) permutes the variables in x(i) . Thus S acts on the critical points. The invariants of
this action are polynomials whose roots are the coordinates of the critical points.
Given a critical point x, define monic polynomials px := (p0 , . . . , pn−1 ) where the
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components x(i) of x are the roots of pi ,
(i+1)(d−n)

(2.3)

pi :=

Y
j=1

(i)

(t − xj )

for i = 0, . . . , n−1 .

Also write pn for the Wronskian, the monic polynomial with roots s. The master
function is greatly simplified by this notation. Recall that the discriminant Discr(f )
of a polynomial f is the square of the product of differences of its roots and the
resultant Res(f, g) is the product of all differences of the roots of f and g [4]. Then
the formula for the master function (2.1) is
n
. n−1
Y
Y
(2.4)
Φ(x; s) =
Discr(pi )
Res(pi , pi+1 ) .
i=0

i=0

The connection between the critical points of the master function and spaces
of polynomials is through a Fuchsian differential equation of order n+1 that has
only polynomial solutions. Given (an orbit of) a critical point x represented by the
list of polynomials px and write pn for the Wronskian W , define the fundamental
differential operator Dx of the critical point x by
³d
³ p ´´
³ p ´´³ d
´
³d
n
1
···
− ln′
− ln′
− ln′ (p0 ) ,
(2.5)
dt
pn−1
dt
p0
dt
where ln′ (f ) := dtd ln f . Write Vx for the kernel of Dx , which we call the fundamental
space of the critical point x.
Example 2.6. Since
³d
´
³d
p′ ´
p′
′
− ln (p) p =
−
p = p′ − p = 0 ,
dt
dt
p
p
we see that p0 is a solution of Dx . It is instructive to look at Dx and Vx when n = 1.
Suppose that f a solution to Dx that is linearly independent from p0 . Then
³d
³ ´´³ d
´
³d
³ ´´¡
p′ ¢
′ W
′
′ W
0 =
− ln
− ln (p0 ) f =
− ln
f′ − 0 f .
dt
p0
dt
dt
p0
p0
This implies that
p′
W
= f′ − 0 f ,
p0
p0
′
′
or rather that W = f p0 − p0 f = Wr(f, p0 ), so that the kernel of Dx is a space of
functions with Wronskian W .
Mukhin and Varchenko showed that what we just saw is always the case, and
much more.
Theorem 2.7 ([26], Section 5). Suppose that Vx is the fundamental space of the
critical point x of the master function Φ whose parameters s are roots of a polynomial
W.
(1) The critical point x is recovered from Vx as follows. Suppose that f0 , . . . , fn
are monic polynomials in Vx with deg fi = d−n + i. Then, up to scalar
multiples, the polynomials p0 , . . . , pn−1 in the sequence px are
f0 , Wr(f0 , f1 ) , Wr(f0 , f1 , f2 ) , . . . , Wr(f0 , . . . , fn−1 ) .

FRONTIERS OF REALITY IN SCHUBERT CALCULUS

11

(2) Vx is a space of polynomials of degree d and dimension n+1 lying in G◦ with
Wronskian W .
Statement (1) is quite general; it generalizes Example 2.6 and gives a recipe for
writing the differential operator with kernel generated by sufficiently differentiable
functions f0 (t), f2 (t), . . . , fn (t). It follows from some interesting identities among
Wronskians shown in the Appendix of [26]. Statement 2 is the deeper of the two.
Together these imply that the kernel V of an operator of the form (2.5) is a space
of polynomials with Wronskian W if and only if the the polynomials p0 , . . . , pn−1
come from the critical points of the master function (2.1) corresponding to W .
Thus there is an injection from S-orbits of critical points of the master function Φ
with parameters s to spaces of polynomials in Grass◦n,d whose Wronskian has roots s.
Mukhin and Varchenko also showed that when s is generic, this is in fact a bijection.
Theorem 2.8 (Theorem 6.1 in [27]). For generic complex numbers s, the master
function Φ has δ(ιn,d ) distinct orbits of critical points and all critical points are
nondegenerate.
The structure (but not of course the details) of their proof is remarkably similar to
the structure of the proof of Theorem 1.9 (given in [32]); they allow the parameters
to collide one-by-one, and show how the orbits of critical points behave. Ultimately,
they obtain the same recursion as in [32], which mimics the Pieri formula for the
branching rule for tensor products of representations of sln+1 with its fundamental
representation Vωn . This same structure is also found in the main argument in [7].
In fact, this is the same recursion in a that Schubert established for intersection
numbers δ(a, ι, . . . , ι), and then solved to obtain the formula (1.6).
3. The Bethe ansatz for the Gaudin model
The Bethe ansatz is intended to give an explicit decomposition of a representation V of sln+1 C into irreducible submodules that is also compatible with the action
of a family of commuting operators on V , called the Gaudin Hamiltonians. These
commuting operators constitute an integrable system. Its development, justification, and refinements are the subject of a large body of work, a small part of which
we mention. One unintended consequence (besides the proof of the Shapiro conjecture) is a deeper link between Schubert calculus on the Grassmannian Grassn,d and
representation theory of sln+1 C than had been known previously.
3.1. Representations of sln+1 C. The Lie algebra sln+1 C (or simply sln+1 ) is the
space of (n+1) × (n+1)-matrices with zero trace. It has a decomposition
sln+1 = n− ⊕ h ⊕ n+ ,
where n+ (n− ) are the strictly upper (lower) triangular matrices, and h consists of
the diagonal matrices with zero trace.
As h is commutative, any representation V of sln+1 decomposes into joint eigenspaces of h, called weight spaces,
M
V =
V [µ] ,
µ∈h∗
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where, for v ∈ V [µ] and h ∈ h, we have h.v = µ(h)v. The possible weights µ of
representations lie in the integral weight lattice. Positive weights are those that are
integral linear combinations of weights of the representation n+ . The weight lattice
has a distinguished basis of fundamental weights ω1 , . . . , ωn that generate the cone
of dominant weights (a subcone of the positive weights).
The irreducible representations of sln+1 enjoy the following classification. An
irreducible representation V has a unique highest weight µ. That is, if π is another
weight of V , then µ − π is positive. Furthermore, µ is dominant. This highest
weight space V [µ] is 1-dimensional and it generates V , and any two irreducible
modules with the same highest weight are isomorphic. Write Vµ for the highest
weight module with highest weight µ. Lastly, there is one highest weight module
for each dominant weight.
The highest weight space Vµ [µ] of Vµ is also distinguished as the set of vectors
in Vµ that are annihilated by the nilpotent subalgebra n+ of sln+1 . More generally,
if V is any representation of sln+1 and µ is a weight, then the singular vectors in
V of weight µ, written sing(V [µ]), are the vectors in V [µ] annihilated by n+ . If
v ∈ sing(V [µ]) is nonzero, then the submodule sln+1 .v it generates is isomorphic to
the highest weight module Vµ . Thus V decomposes as a direct sum of submodules
generated by the singular vectors,
M
(3.1)
V =
sln+1 .sing(V [µ]) ,
µ

so that the multiplicity of the highest weight module Vµ in V is simply the dimension
of this space of singular vectors of weight µ.
When V is a tensor product of highest weight modules, the Littlewood-Richardson rule [12] gives formulas for the dimensions of the spaces of singular vectors.
Since this is formally the same rule as used to determine the number of points in
an intersection (1.5) of Schubert varieties coming from a Schubert problem, these
geometric intersection numbers are equal to the dimensions of spaces of singular
vectors. In particular, if Vω1 ≃ Cn+1 is the defining representation of sln+1 and
Vωn = ∧n Vω1 = Vω∗1 (these are the first and last fundamental representations of
sln+1 ), then
(3.2)

dim sing(Vω⊗(n+1)(d−n)
[0]) = δ(ιn,d ) .
n

3.2. The Gaudin model. The Bethe ansatz is a conjectural method to obtain
this decomposition (3.1) by giving an explicit basis for sing(V [µ]), which is also an
eigenbasis for a family of commuting operators on V . For us, V is the tensor product
Vω⊗m
, and the family of commuting operators are the Gaudin Hamiltonians. These
n
depend upon m distinct complex numbers s1 , . . . , sm and a complex variable t.
For each i, j = 1, . . . , n+1, let Ei,j ∈ sln+1 be the matrix that has all entries 0,
except a 1 in row i and column j. For each such pair (i, j) consider the differential
operator Xi,j (t) acting on Vω⊗m
-valued functions of t,
n
(k)
m
X
Ej,i
d
−
Xi,j (t) := δi,j
,
dt
t − sk
k=1
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(k)

where Ej,i acts on tensors in Vω⊗m
by Ej,i in the kth factor and by the identity in
n
other factors. Define a differential operator acting on Vω⊗m
-valued functions of t,
n
X
M :=
|σ| X1,σ(1) (t) X2,σ(2) (t) · · · Xn+1,σ(n+1) (t) ,
σ∈S

where S is the group of permutations of {1, . . . , n+1} and |σ| = ± is the sign of a
permutation σ ∈ S. Write M in standard form

dn+1
dn
+
M
(t)
+ · · · + Mn+1 (t) .
1
dtn+1
dtn
These coefficients M1 (t), . . . , Mn+1 (t) are called the Gaudin Hamiltonians. They are
linear operators that depend rationally on t and act on Vω⊗m
. We collect together
n
some of their properties.
M =

Theorem 3.3. Suppose that s1 , . . . , sm are distinct complex numbers. Then
(1) The Gaudin Hamiltonians commute, that is, [Mi (u), Mj (v)] = 0 for all i, j =
1, . . . , n+1 and u, v ∈ C.
(2) The Gaudin Hamiltonians centralize the action of sln+1 on Vω⊗m
.
n
Proofs of these statements may be found in [21], as well as Propositions 7.2 and
8.3 in [23]. A consequence of the second assertion is that the Gaudin Hamiltonians
preserve the weight space decomposition of the singular vectors of Vω⊗m
. Since they
n
commute with each other, the singular vectors of Vω⊗m
have
a
basis
of common
n
eigenvalues. The Bethe ansatz is a method to write down these joint eigenvectors
and their eigenvalues.
3.3. The Bethe ansatz for the Gaudin model. The Bethe ansatz for the Gaudin
model begins with a rational function, called a universal weight function, that takes
values in a weight space Vω⊗m
[µ],
n
v : Cl × Cm 7−→ Vω⊗m
[µ] .
n

This universal weight function was introduced in [29] to solve the Knizhnik-Zamolodchikov equations with values in Vω⊗m
[µ]. When the arguments (x, s) are the critical
n
points of a master function, the vector v(x, s) is both singular and an eigenvector
of the Gaudin Hamiltonians. (This master function is a generalization of the one
defined by (2.1).) The Bethe ansatz conjecture asserts that the vectors v(x, s) form
a basis for the space of singular vectors.
¡ ¢
(d−n), and µ = 0. Then the universal weight
For us, m = (n+1)(d−n), l = n+1
2
function is a map
n+1
v : C( 2 )(d−n) 7−→ V ⊗(n+1)(d−n) [0] .
ωn

For these notes, we omit the definition of v(x, s).
While v(x, s) is a rational function of x and hence not globally defined, it turns
out (Lemma 2.1 of [27]) that if the coordinates of s are distinct and x is a critical
⊗(n+1)(d−n)
point of the master function (2.1), then the vector v(x, s) ∈ Vωn
[0] is welldefined and it is in fact a singular vector. Such a vector v(x, s) when x is a critical
point of the master function a Bethe vector. Mukhin and Varchenko also prove the
following, which is the second part of Theorem 6.1 in [27].
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Theorem 3.4. When s ∈ C(n+1)(d−n) is general, the Bethe vectors form a basis of
⊗(n+1)(d−n)
the space sing(Vωn
[0]).
The reason to introduce these Bethe vectors is that they are the joint eigenvectors
of the Gaudin Hamiltonians.
Theorem 3.5 (Theorem 9.2 in [23]). For any critical point x of the master function (2.1), the Bethe vector v(x, s) is a joint eigenvector of the Gaudin Hamiltonians
M1 (t), . . . , Mn+1 (t). The corresponding eigenvalues µ1 (t), . . . , µn+1 (t) are given by
the formula
dn+1
dn
d
+
µ
(t)
+ · · · + µn (t)
+ µn+1 (t) =
1
n+1
n
dt
dt
dt
³d
´³ d
³ p ´´
³ p ´´³ d
³ W ´´
³d
1
n
+ ln′ (p0 )
+ ln′
+ ln′
+ ln′
···
,
dt
dt
p0
dt
pn−1
dt
pn
where (p0 (t), . . . , pn (t)) are the polynomials (2.3) associated to the critical point x
and W (t) is the polynomial with roots s.
(3.6)

Observe that (3.6) is similar to the formula (2.5) for the differential operator Dx
of the critical point x. This similarity is made more precise if we replace the Gaudin
Hamiltonians by a different set of operators. Consider the differential operator
formally conjugate to (−1)n+1 M ,
dn
dn+1
n d
−
M
(t)
+
·
·
·
+
(−1)
Mn (t) + (−1)n+1 Mn+1 (t)
1
dtn+1
dtn
dt
dn+1
dn
d
=
K
(t)
+
+ · · · + Kn (t)
+ Kn+1 (t) .
1
n+1
n
dt
dt
dt

K =

⊗(n+1)(d−n)

These coefficients Ki (t) are operators on Vωn
that depend rationally on t,
and are also called the Gaudin Hamiltonians. Here are the first three,
K2 (t) = M2 (t) − nM1′ (t) ,
µ ¶
n
′′
K3 (t) = −M3 (t) + (n−1)M2 (t) −
M1′′′ (t) ,
2

K1 (t) = −M1 (t) ,

and in general Ki (t) is a differential polynomial in M1 (t), . . . , Mn+1 (t).
These operators also commute, [Ki (u), Kj (v)] = 0 for all i, j, u, v, and they also
⊗(n+1)(d−n)
commute with the sln+1 -action on Vωn
, and the Bethe vector v(x, s) is also
a joint eigenvector of these new Gaudin Hamiltonians Ki (t). The corresponding
eigenvalues λ1 (t), . . . , λn+1 (t) are given by the formula
dn+1
dn
d
+
λ
(t)
+ · · · + λn (t)
+ λn+1 (t) =
1
n+1
n
dt
dt
dt
³d
³ W ´´³ d
³ p ´´
³d
³ p ´´³ d
´
n−1
1
− ln′
− ln′
···
− ln′
− ln′ (p0 ) ,
dt
pn−1
dt
pn
dt
p0
dt
which is just the fundamental differential operator Dx of the critical point x.

(3.7)

Corollary 3.8. Suppose that s ∈ C(n+1)(d−n) is generic.

⊗(n+1)(d−n)

(1) The set of Bethe vectors form an eigenbasis of sing(Vωn
Gaudin Hamiltonians K1 (t), . . . , Kn+1 (t).

[0]) for the
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(2) The Gaudin Hamiltonians K1 (t), . . . , Kn+1 (t) have simple spectrum in that
eigenvalues of the Gaudin Hamiltonians separate the basis of eigenvectors.
Statement (1) follows from Theorems 3.4 and 3.5. For Statement (2), suppose
that two Bethe vectors v(x, s) and v(x′ , s) have the same eigenvalues. By (3.7), the
corresponding fundamental differential operators would be equal, Dx = Dx′ . But
this implies that the fundamental spaces coincide, Vx = Vx′ . By Theorem 2.7 the
fundamental space determines the orbit of critical points, so the critical points x
and x′ lie in the same orbit, which implies that v(x, s) = v(x′ , s).
All that remains is to show that the space Vx is real.
4. Shapovalov form and the proof of the Shapiro conjecture
The last step in the proof of Theorem 1 is to show that if s ∈ R(n+1)(d−n) is generic
and x a critical point of the master function (2.1), then the fundamental space Vx of
the critical point x has a basis of real polynomials. As promised in the introduction,
the reason for this reality is that the eigenvectors and eigenvalues of a symmetric
matrix are real.
We begin with the Shapovalov form. The map τ : Eij 7→ Eji induces an antiautomorphism on sln+1 . Given a highest weight module Vµ and a nonzero vector v in
Vµ [µ], the Shapovalov form h·, ·i on Vµ is defined recursively by
hv, vi = 1

and

hg.u, vi = hu, τ (g).vi ,

for g ∈ sln+1 and u, v ∈ V .
For example, if Vω1 = Cn+1 is the defining representation of sln+1 with basis
e0 , . . . , en , and we set v := en , then hei , ej i = δij . Thus the Shapovalov form is
the standard Euclidean inner product on Vω1 . As Vωn is the linear dual of Vω1 , the
Shapovalov form on Vωn is also the standard Euclidean inner product. In general,
this Shapovalov form is nondegenerate on Vµ and positive definite on the real part
of Vµ .
The Shapovalov form on Vωn induces a symmetric bilinear form, also called the
⊗(n+1)(d−n)
Shapovalov form, on the tensor product Vωn
. This tensor Shapovalov form
⊗(n+1)(d−n)
is also positive definite on the real part of Vωn
.
Theorem 4.1 (Proposition 9.1 in [23]). The Gaudin Hamiltonians are symmetric
with respect to the tensor Shapovalov form,
hKi (t).u, vi = hu, Ki (t).vi ,
⊗(n+1)(d−n)

for all i = 1, . . . , n+1, t ∈ C, and u, v ∈ Vωn

.

We give the most important consequence of this result for our story.
Corollary 4.2. When the parameters s and variable t are real, the Gaudin Hamiltonians K1 (t), . . . , Kn+1 (t) are real linear operators which are simultaneously diagonalizable with real spectrum.
Proof. From the definition of the Gaudin Hamiltonians M1 (t), . . . , Mn+1 (t), we see
⊗(n+1)(d−n)
that they are real linear operators which act on the real part of Vωn
. The
same is then also true of the Gaudin Hamiltonians K1 (t), . . . , Kn+1 (t). But these
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are symmetric with respect to the positive definite Shapovalov form. Consequently,
the are simultaneously diagonalizable with real spectrum.
Proof of Theorem 1. Suppose that s ∈ R(n+1)(d−n) is general. By Corollary 4.2,
(n+1)(d−n)
the Gaudin Hamiltonians for t ∈ R acting on sing(Vωn
[0]) are symmetric
operators on a Euclidean space, and so have real eigenvectors and eigenvalues. The
Bethe vectors v(x, s) for critical points x of the master function with parameters s
form an eigenbasis for the Gaudin Hamiltonians. As s is general, the eigenvalues
are distinct by Corollary 3.8 (2), and so the Bethe vectors must be real.
Given a critical point x, the eigenvalues λ1 (t), . . . , λn+1 (t) of the Bethe vectors
are then real rational functions, and so the fundamental differential operator Dx
has real coefficients. But then the fundamental space Vx of polynomials is real.
In this way, we see that each of the δ(ιn,d ) spaces of polynomials Vx whose Wronskian has roots s that were constructed in Section 2 is in fact real. This proves
Theorem 1.
5. Applications of the Shapiro conjecture
Theorem 1 and its stronger version, Theorem 1.10, have a number of other applications in mathematics. Some are straightforward, such as linear series on P1
with real ramification. Others are much less so, such as Schützenberger evacuation
in algebraic combinatorics. Here, we discuss two applications which are in the first
class, namely maximally inflected curves and rational functions with real critical
points.
5.1. Maximally inflected curves. One of the earliest occurrences of the central
mathematical object of these notes, spaces of polynomials with prescribed ramification, was in algebraic geometry, as these are linear series P ⊂ H 0 (P1 , O(d)) on P1
with prescribed ramification. Their connection to Schubert calculus originated in
work of Castelnuovo in 1889 [3] on g-nodal rational curves, and this was important
in Brill-Noether theory (see Ch. 5 of [16]) and the Eisenbud-Harris theory of limit
linear series [5, 6].
A linear series P on P1 of degree d and dimension n+1 (subspace in Grassn,d )
gives rise to a degree d map
(5.1)

ϕ : P1 −→ Pn = P(P ∗ )

of P1 to projective space. We will call this map a curve. The linear series if ramified
at points s ∈ P1 where the curve ϕ is not convex (the jets ϕ(s), ϕ′ (s), . . . , ϕ(n) (s) do
not span Pn ). Call such a point s a flex of the curve (5.1).
A curve is real when P is real. It is maximally inflected if all of its flexes are real.
The study of these curves was initiated in [17], where restrictions on the topology
of plane maximally inflected curves were established. Specifically, there is a lower
bound on the number of isolated singularities (and hence an upper bound on the
number of nodes) of a maximally inflected plane curve.
For example, there are two types of cubic curves, which are distinguished by their
singular points. The singular point of the curve on the left is a node and connected
to the rest of the curve, while the singular point on the other curve is isolated from
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the rest of the curve.

y 2 = x3 + x2

y 2 = x 3 − x2

While both curves have one of their three flexes at infinity, only the curve on the
right has its other two flexes real (the dots) and is therefore maximally inflected. A
nodal cubic cannot be maximally inflected.
Similarly, a maximally inflected quartic has either 1 or 0 of its (necessarily 3)
singular points a node, and necessarily 2 or 3 solitary points. We draw the two types
of maximally inflected quartics having six flexes, without their solitary points.

While many constructions of maximally inflected curves were known, Theorem 1,
and in particular Theorem 1.10, show that there are many maximally inflected
curves: Any curve ϕ : P1 → Pn whose ramification lies in RP1 must be real and is
therefore maximally inflected.
5.2. Rational functions with real critical points. A special case of Theorem 1,
proved earlier by Eremenko and Gabrielov, serves to illustrate the breadth of mathematical areas touched by this Shapiro conjecture. When n = 1, we may associate
a rational function ϕP := f1 (t)/f2 (t) to a basis {f1 (t), f2 (t)} of a vector space
P ∈ Grassn,d of polynomials. Different bases give different rational functions, but
they all differ from ϕP by a fractional linear transformation of the image P1 . We
say that such rational functions are equivalent.
The critical points of any such rational function are the points of the domain P1
where the derivative of ϕP ,
µ
¶
1
f1′ f2 − f1 f2′
f1 f2
= 2 · det ′
,
dϕP :=
f1 f2′
f22
f2
vanishes. That is, at the roots of the Wronskian. Eremenko and Gabrielov [8] prove
the following result about the critical points of rational functions.
Theorem 5.2. A rational function ϕ whose critical points lie on a circle in P1 maps
that circle to a circle.
To see that this is equivalent to Theorem 1 when n = 1, note that we may apply
a change of variables to ϕ so that its critical points lie on the circle RP1 ⊂ P1 .
Similarly, the image circle may be assumed to be RP1 . Reversing these coordinate
changes establishes the equivalence.
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The proof used methods
to rational functions. Goldberg showed [13] that
¡ specific
¢
1 2d−2
there are at most cd := d d−1 rational functions of degree d with a given collection
of 2d − 2 simple critical points. If the critical points of a rational function ϕ of
degree d lie on a circle C ⊂ CP1 and if ϕ maps C to C, then ϕ−1 (C) forms a
graph on the Riemann sphere with nodes the 2d−2 critical points, each of degree
4, and each having two edges along C and one edge on each side of C. It turns
out that there are also cd such abstract graphs. (In fact, cd is Catalan number,
which counts many objects in combinatorics.) Eremenko and Gabrielov essentially
constructed such a rational function ϕ for each such graph and choice of critical
points on C. Since cd is the upper bound for the number of such rational functions,
this construction gives all rational functions with given set of critical points and
thus proves Theorem 5.2. More recently, Eremenko and Gabrielov have found an
elementary proof of this result, which uses an induction similar to that described
after Theorem 2.8, but that has unfortunately never been published [9].
6. Extensions of the Shapiro conjecture
The proofs of different Bethe ansätze for other models (other integrable systems)
and other Lie algebras, which is ongoing work of Mukhin, Tarasov, and Varchenko,
and others, leads to generalizations of Theorem 1. One such is given in an appendix
of [22], where it is conjectured that orbits of critical points of generalized master
functions are real. This is the analog of the consequence of Theorem 1 and Theorem 2.7 (1) that the polynomials pi are real, which is that new conjecture for the Lie
algebra sln+1 . In that appendix, it is noted that this generalization of the Shapiro
conjecture is true for sp2n and so2n+1 , by the results in Section 7 of [26].
In [24], the Bethe ansatz for the XXX model is used to prove an analog of Theorem 1 for spaces of quasipolynomials (functions of the form eλi x fi (x) with λi ∈ R)
whose discrete Wronskian has only simple real roots separated by at least the step
size used in the discrete Wronskian. There surely is more to come.
Likewise the Shapiro conjecture, that an intersection of Schubert varieties in the
Grassmannian given by the special flags F• (s) consists only of real points, makes
sense for other flag manifolds. In this more general setting, it is known to fail,
but in a very interesting way. When it fails, we can modify it to give a conjecture
that holds under scrutiny, and the Shapiro conjecture also admits some appealing
generalizations. We briefly describe some of this story.
6.1. Lagrangian and Orthogonal Grassmannians. Lagrangian and orthogonal
Grassmannians are two varieties closely related to the classical Grassmannian. For
each of these, the Shapiro conjecture is particularly easy to state.
The (odd) orthogonal Grassmannian, begins with a non-degenerate symmetric
bilinear form h·, ·i on C2n+1 . This vector space has a basis e1 , . . . , e2n+1 such that
hei , e2n+2−j i = δi,j .
The (odd) orthogonal Grassmannian OG(n) is the set of all n-dimensional subspaces
V of C2n+1 that are isotropic in that hV, V i = 0. These subspaces have¡ maximal
¢
dimension among all isotropic vector spaces. This variety has dimension n+1
.
2
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The Shapiro conjecture for OG(n) begins with a particular rational normal curve
γ having parametrization
t 7−→ e1 + te2 +

t2
tn
tn+1
e3 + · · · +
en+1 −
en+2
2
n!
(n + 1)!
2n
tn+2
n t
+
en+3 − · · · + (−1)
e2n+1 .
(n + 2)!
(2n)!

This has special properties with respect to the form h·, ·i. For t ∈ C, define the flag
F• (t) in C2n+1 by
Fi (t) := Span{γ(t), γ ′ (t) , . . . , γ (i−1) (t)} .
Then F• (t) is isotropic in that
hFi (t), F2n+1−i (t)i = 0 .
More generally, an isotropic flag F• of C2n+1 is a flag such that hFi , F2n+1−i i = 0. The
Schubert variety Xλ F• of OG(n) is defined by a Schubert index λ and an isotropic
flag F• . Write |λ| for its codimension. A Schubert problem is a list (λ1 , . . . , λm ) of
Schubert indices such that
µ
¶
n+1
|λ1 | + |λ2 | + · · · + |λm | = dim OG(n) =
.
2
We state the Shapiro conjecture for OG(n).
Conjecture 6.1. If (λ1 , . . . , λm ) is a Schubert problem for OG(n) and s1 , . . . , sm
are distinct real numbers, then the intersection
\
\
\
Xλ1 F• (s1 )
Xλ2 F• (s2 )
···
Xλm F• (sm )
is transverse with all points real.
Besides optimism based upon the validity of the Shapiro conjecture for Grassmannians, the evidence for Conjecture 6.1 comes in two forms. A local version,
analogous to Theorem 1.9, is true [34], and several tens of thousands of instances
have been checked with a computer.
There is a similar story but with a different outcome for the Lagrangian Grassmannian. Let h·, ·i be a nondegenerate skew symmetric bilinear form on C2n . This
vector space has a basis e1 , . . . , e2n such that
½
δi,j
if i ≤ 2n
hei , e2n+1−j i =
.
−δi,j
if i > 2n
The Lagrangian Grassmannian LG(n) is the set of all isotropic n-dimensional subspaces V of C2n . These subspaces have maximal dimension among all isotropic
vector spaces,
¡n+1¢ and are typically called Lagrangian subspaces. This variety has dimension 2 .
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For the Shapiro conjecture for LG(n), we have the rational normal curve γ with
parametrization
t 7−→ e1 + te2 +

t2
tn
tn+1
e3 + · · · +
en+1 −
en+2
2
n!
(n + 1)!
t2n−1
tn+2
en+3 − · · · + (−1)n−1
e2n .
+
(n + 2)!
(2n − 1)!

For t ∈ C, define the flag F• (t) in C2n+1 by

Fi (t) := Span{γ(t), γ ′ (t) , . . . , γ (i−1) (t)} .

Then F• (t) is isotropic in that
hFi (t), F2n−i (t)i = 0 .

More generally, an isotropic flag F• of C2n is a flag such that hFi , F2n−i i = 0. The
Schubert variety Xλ F• of LG(n) is defined by a Schubert index λ and an isotropic
flag F• . It has codimension |λ|. A Schubert problem is a list (λ1 , . . . , λm ) such that
¶
µ
n+1
.
|λ1 | + |λ2 | + · · · + |λm | = dim LG(n) =
2
Belkale and Kumar [2] define a notion of Levi movability for Schubert conditions,
which has the following geometric interpretation. Each Schubert variety Xλ F• of
LG(n) is the intersection of LG(n) with a Schubert variety Ωa(λ) F• of the Grassmannian of n planes in C2n . The index λ is Levi movable when these two Schubert
varieties have the same codimension in their respective Grassmannians. A Levi
movable Schubert problem is one made up of Levi movable Schubert indices.
The obvious generalization of Theorem 1 and Conjecture 6.1 to LG(n) turns out
to be false. We offer a modification that we believe is true.
Conjecture 6.2. If (λ1 , . . . , λm ) is a Schubert problem for LG(n) and s1 , . . . , sm
are distinct real numbers, then the intersection
\
\
\
Xλ1 F• (s1 )
Xλ2 F• (s2 )
···
Xλm F• (sm )

is transverse. If (λ1 , . . . , λm ) is Levi movable, then all points of intersection are
real, but if it is not Levi movable, then no point in the intersection is real.
The strongest evidence in favor of Conjecture 6.2 is that it is true when the
Schubert problem (λ1 , . . . , λm ) is Levi movable. This follows from the definition of
Levi movable and the Shapiro conjecture for Grassmannians. Further evidence is
that if each λi is simple in that |λ| = 1, then a local version, similar to Theorem 1.9
but without transversality, is true. That is, if the si are sufficiently clustered, then
no point in the intersection is real [34]. Lastly, several tens of thousands of instances
have been checked with a computer.
6.2. Monotone conjecture for flag manifolds. The original Shapiro conjecture
was for Schubert varieties in the classical (type-A) flag manifold. This conjecture
fails for the first non-trivial Schubert problem on a flag variety that is not a Grassmannian. Consider the geometric problem of partial flags ℓ ⊂ Λ in 3-dimensional
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space where ℓ is required to meet three fixed lines and Λ is required to contain two
fixed points.
This is just the problem of four lines in disguise. Suppose that p and q are the
two fixed points that Λ is required to contain. Then Λ contains the secant line p, q
spanned by these two points. Since ℓ ⊂ Λ, we see that ℓ must meet p, q. As ℓ must
also meet three lines, this problem reduces to the problem of four lines. In this way,
there are two solutions to this Schubert problem.
Now let us investigate the original Shapiro conjecture for this Schubert problem,
which posits that both flags ℓ ⊂ Λ will be real, if we require that ℓ meets three fixed
tangent lines to a rational curve and Λ contains two fixed points of the rational
curve. Let γ be the rational normal curve (1) from the Introduction and suppose
that the three fixed lines of our problem are its tangent lines ℓ(−1), ℓ(0), and ℓ(1).
These line lie on the hyperboloid H with equation (2). Here is another view of these
lines, the curve γ, and the hyperboloid.

H

ℓ(1)
γ

ℓ(0)

ℓ(−1)

If we require ℓ to meet the three tangent lines ℓ(−1), ℓ(0), and ℓ(1) and Λ to contain
the two points γ(v) and γ(w) of γ, then ℓ also meets the line λ(v, w) spanned by
these two points. As in the Introduction, the lines ℓ that we seek will come from
points where the secant line λ(v, w) meets H.
Figure 2 shows an expanded view down the throat of the hyperboloid, with a
secant line λ(v, w) that meets the hyperboloid in two points. For these points γ(v)
ℓ(0)
λ(v, w)
6

6

ℓ(1)
ℓ(−1)

γ
γ(v)

γ(w)

Figure 2. A secant line meeting H
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and γ(w) there will be two real flags ℓ ⊂ Λ satisfying our conditions. This is
consistent with the Shapiro conjecture.
In contrast, Figure 3 shows a secant lines λ(v, w) that does not meet the hyperboloid in any real points. For these points γ(v) and γ(w), neither flag ℓ ⊂ Λ
γ(v)

λ(v, w)

¤
¤¤²

ℓ(1)
γ

¤

¤

¤
¤

¤

ℓ(−1)

Á








ℓ(0)

γ(w)
Figure 3. A secant line not meeting H
satisfying our conditions is real. This is not consistent with the Shapiro conjecture,
so we see that Shapiro conjecture does not hold for this Schubert problem, and so
it is false.
This failure is however quite interesting. If we label the points −1, 0, 1 with 1
(conditions on the line) and v, w by 2 (conditions on the plane), then along γ they
occur in order
11122 in Figure 2 and 11212 in Figure 3.
The sequence for Figure 2 is monotone and in this case both solutions are always
real. This example suggests a way to correct the Shapiro conjecture, which we call
the monotone conjecture.
Specifically, let n : 0 < n1 < · · · < nm < d be a sequence of integers. The manifold
Fℓn,d of flags of type n is the set of all sequences of subspaces
E• : En1 ⊂ En2 ⊂ · · · ⊂ Enm ⊂ Cd [t]

with dim Eni = ni . The forgetful map E• 7→ Eni induces a projection
πi : Fℓn,d 7−→ Grassni ,d

to a Grassmannian. A Grassmannian Schubert variety is a subvariety of Fℓn,d of
the form πi−1 Ωa F• . Write X(a,ni ) F• for this Grassmannian Schubert variety and call
(a, ni ) a Grassmannian Schubert condition.
A Grassmannian Schubert problem is a list
(6.3)

(a(1) , n(1) ), (a(2) , n(2) ), . . . , (a(m) , n(m) ),

of Grassmannian Schubert conditions satisfying |a(1) | + · · · + |a(m) | = dim Fℓn,d . We
assume that the conditions (6.3) of a Grassmannian Schubert problem are sorted in
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that
n(1) ≤ n(2) ≤ · · · ≤ n(m) .

We state the monotone conjecture.
¡
¢
Conjecture 6.4. Let (a(1) , n(1) ), . . . , (a(m) , n(m) ) be a Grassmannian Schubert
problem for the flag variety Fℓn,d . Whenever s1 < s2 < · · · < sm are real numbers, the intersection
\
\
\
X(a(1) ,n(1) ) F• (s1 )
X(a(2) ,n(2) ) F• (s2 )
···
X(a(m) ,n(m) ) F• (sm ) ,
is transverse with all points of intersection real (when it is nonempty).

There is a lot of evidence in support of this monotone conjecture. First, the
Shapiro conjecture for Grassmannians is the special case of the monotone conjecture
when m = 1, for then Fℓn,d = Grassn1 ,d , and the monotonicity condition s1 < · · · <
sm is empty as any reordering of the list of Schubert conditions remains sorted.
But there is more. This conjecture was formulated in [28], where the failure of
reality in our example was noted. That project utilized some serious computer
investigation of the monotone conjecture. This computer experimentation used
over 15 gigaHertz-years of computing, solving over 500 million polynomial systems
representing intersections of Schubert varieties in over 1100 different enumerative
problems on 27 different flag manifolds. Some of this computation studied intersections of Schubert varieties that were not necessarily monotone and that did not
always involve Grassmannian Schubert conditions. This experimentation discovered
that such an intersection is not necessarily transverse if the monotone condition is
violated. More interesting, the intersection may not be zero-dimensional (for any
s1 , . . . , sm ∈ C) if the Schubert problem does not involve Grassmannian Schubert
conditions.
A third piece of evidence for the monotone conjecture was provided by Eremenko,
et. al [10], who showed that it is true for two-step flag manifolds, when n = d−1 < d.
This result is a special case of their main theorem, which asserts the reality of a rational function ϕ with prescribed critical points on RP1 and prescribed coincidences
ϕ(v) = ϕ(w), when v, w are real. Their proof was based on the results of [8].
Phrasing their result in terms of Grassd−1,d shows that it is a generalization of
the Shapiro conjecture, where we replace the flags F• (s) by more general secant
flags. Geometrically, the flag F• (s) is the flag of subspaces osculating the rational
normal curve γ. A secant flag F• is one where every subspace Fi of F• is spanned
by its points of intersection with γ. Secant flags F•1 , . . . , F•m are disjoint if there
exist disjoint intervals I1 , . . . , Im of γ such that the subspaces in flag F•i meet γ at
points of Ii . The main result of [8] is that an intersection of Schubert varieties in
Grassd−1,d given by disjoint secant flags is transverse with all points real.
This result motivates the following secant conjecture.
Conjecture 6.5. If (a1 , . . . , am ) is a Schubert problem for Grassn,d and F•1 , . . . , F•m
are disjoint secant flags, then the intersection
\
\
\
···
Ωam F•m
Ωa1 F•1
Ωa2 F•2

is transverse with all points real.
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