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Sharp estimates are obtained for the rates of blow up of the norms of embeddings of Besov spaces in Lorentz spaces as

the parameters approach critical values. More precisely, we consider the homogeneous Besov spaces bs
p,q on the n−th

dimensional Euclidean space, defined as the completion of all smooth functions with compact support with respect to the

quasinorm (
∫ ∞
0

(t−sωk
p(t, f))qdt/t)1/q, where 0 < s < k, 0 < p < ∞, 0 < q ≤ ∞, and ωk

p(t, f) stands for the usual modulus

of continuity of order k in the Lp− metric. A typical result is the following one:

Let 1 < p < ∞, 1 ≤ q ≤ ∞, 0 < σ < 1, 1/r = (1 − σ)/p, k = n/p. Then as σ → 1,

bkσ
p,q ⊂ (1 − σ)1−1/pLr,q.

Here Lr,q is the Lorentz space and the above result is sharp.

Similar results are proved for the cases k > n/p > s and s > n/p as s approaches n/p. The main tools are real

interpolation and the following pointwise estimate for the rearrangement:

Let 1 ≤ p < n/(k − 2) if k ≥ 3, and 1 ≤ p ≤ ∞ if k = 1, 2. Then for all smooth functions with compact support,

f∗∗(t) − f∗∗(2t) � t−1/pωk
p(t1/n, f).
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