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On an interval I, we study the integral form of the John-Nirenberg inequality for BMO(I) (with the L2-based BMO

norm). Two different versions of BMO are considered, the continuous and dyadic one. We apply the Bellman function

method to the problem, explicitly find the Bellman function and thus prove the following

Theorem. There exists ε0 > 0 such that for every 0 ≤ ε < ε0 there is C(ε) > 0 such that for any function

ϕ ∈ BMOε(I),

〈eϕ〉I ≤ C(ε)e〈ϕ〉I .

Here BMOε(I) is the ε-ball in BMO(I). The sharp continuous-case results are ε0 = 1 and C(ε) = e−ε

1−ε
. The dyadic results

are significantly different. In particular, εd
0 =

√
2 log 2.

This integral inequality immediately produces the weak-form estimate

1

|I| |{ϕ − 〈ϕ〉I > λ}| ≤
(

1 +
λ

‖ϕ‖

)
e−λ/‖ϕ‖

for any ϕ ∈ BMO(I). Here 〈ϕ〉I = 1
|I|

∫
I
ϕ. This estimate is better (for large λ) than the classical estimate C1e

−c2λ/‖ϕ‖ for

any c2 < 1. (Received August 15, 2006)
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