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In this lecture, we will mainly follow the survey article [30]. In addition, we will discuss
several recent results on finite frame quantization with a focus on applications in compressive
sampling. Below, we outline our lecture and provide some key references.
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Generalities on finite frames and quantization
d
N
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• Finite frame {fn }N
n=1 ⊂ R and dual frame {hn }n=1 ⊂ R
• Frame expansion:
N
X
∀x ∈ Rd , x =
hx, fn ihn
n=1
d

• Frame expansion discretely encodes x ∈ R by the frame coefficients {hx, fn i}N
n=1 .
• Frame coefficients hx, fn i can take on a continuum of values.
• To be amenable to digital processing and storage, the coefficients hx, fn i need to be
discretized in amplitude. This discretization step is known as quantization.

Suggested readings:
• Primary suggested reading: The survey article [30] will serve as a main template for
the lecture. This will be supplemented by a discussion of recent and ongoing work on
quantization for finite frames.
• Other suggested readings: The references [16, 2, 12, 18] have influenced the general
perspective of the lecture. Other references from the large literature on quantization
for finite frames are summarized below.

We shall focus on the following methods for quantization of finite frames:
• Memoryless scalar quantization (MSQ): This is a simple classical method but is
not particularly adept at exploiting redundancy present in frames.
• First order Sigma-Delta (Σ∆) quantization: This is a more sophisticated low
complexity approach which effectively exploits redundancy but still leaves much room
for theoretical improvements.
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• Higher order Sigma-Delta (Σ∆) quantization: This method yields strong error
bounds at the cost of increased complexity by exploiting a class of noncanonical dual
frames known as Sobolev duals.
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Memoryless scalar quantization (MSQ)
• Let A ⊂ R be a finite set known as a quantization alphabet.
• Let Q : R → A be a function satisfying |u − Q(u)| ≤ |u − a| for all u ∈ R and a ∈ A.
In other words, Q(u) rounds u ∈ R to a nearest element of A. We shall refer to Q as
a scalar quantizer associated to the quantization alphabet A.
• MSQ quantizes frame coefficients hx, fn i by qn = Q(hx, fn i).
• Reconstruction algorithms? Error bounds? Frame theoretic issues?
• Suggested references:
–
–
–
–
–
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General discussion about MSQ for frames: [16, 15, 10]
Error bounds for MSQ: [37]
Uniform noise models and dithering in quantization: [4, 17, 24, 7]
Consistent reconstruction: [34, 35, 33, 29, 32]
β expansions: [13]

First order Sigma-Delta (Σ∆) quantization
• MSQ does not utilize the redundancy of frames.
• First order Σ∆ quantization exploits correlations among frame coefficients.
• First order Σ∆ quantization:
Set u0 = 0 and produce quantized coefficients {qn }N
n=1 by iterating for n = 1, · · · , N:
qn = Q(un−1 + hx, fn i)
un = un−1 + hx, fn i − qn
• Intuition? Reconstruction algorithms? Error bounds? Stability of the algorithm?
Frame theoretic issues? Robustness?
• Suggested references:
–
–
–
–
–
–
–

Basic and refined error bounds for Σ∆ quantization of finite frames: [2]
Σ∆ quantization for Shannon sampling expansions: [12, 19, 31]
Comparison of MSQ and Σ∆: [1]
Frame paths and error bounds: [8]
Robustness: [20]
Connections with travelling salesman problem: [36]
Origins and engineering issues: [23, 28]
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Higher order Sigma-Delta (Σ∆) quantization
• rth order Σ∆ quantization:
qn = Q(F ({uj }nj=n−T , {hx, fj i}nj=n−S )
(∆r u)n = hx, fn i − qn
Here ∆ is defined by (∆u)n = un − un−1 and ∆r is defined by ∆r = ∆∆r−1 . The
function F is a specially designed quantization rule.
• Why higher order Σ∆? Reconstruction algorithms? Canonical dual frames versus
non-canonical dual frames? Error rates as a function of frame redundancy? Frame
theoretic issues? Applications to compressed sensing?
• Suggested references:
–
–
–
–
–

Dual frames for Σ∆ quantization: [27, 5, 25, 9]
Compressed sensing, Gaussian and sub-Gaussian random frames: [21, 26]
Stability of higher order Σ∆ quantization: [12, 38]
Ergodic dyamics and tilings for Σ∆ quantization: [22]
Nonlinear reconstruction: [34]
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[31] A.M. Powell, J. Tanner, Ö. Yılmaz, Y. Wang, Coarse quantization for random interleaved sampling of bandlimited signals, ESAIM Mathematical Modelling and Numerical
Analysis, to appear.
[32] A.M. Powell, J.T. Whitehouse, Error bounds for consistent reconstruction: random
polytopes and coverage processes, preprint.
[33] S. Rangan, V. Goyal, Recursive consistent estimation with bounded noise, IEEE Transactions on Information Theory 47 (2001), 457–464.
[34] N. Thao, Deterministic analysis of oversampled A/D conversion and decoding improvement based on consistent estimates, IEEE Transactions on Signal Processing 42 (1994),
519–531.
[35] N. Thao, M. Vetterli, Reduction of the MSE in R-times oversampled A/D conversion
from O(1/R) to O(1/R2 ), IEEE Transactions on Signal Processing 42 (1994), 200–203.
[36] Y. Wang, Sigma-delta quantization errors and the traveling salesman problem. Advances
in Computational Mathematics 28 (2008), 101–118.
[37] Y. Wang, Z. Xu, The performance of PCM quantization under tight frame representations, preprint 2011.
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