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ABSTRACT. We introduce the notion of discrete Baker-Akhiezer (DBA) modules,
which are modules over the ring of difference operators, as a discretization of Baker-
Akhiezer modules, which are modules over the ring of differential operators. We
use it to construct commuting difference operators with matrix coefficients in several
discrete variables.

1. INTRODUCTION

In this paper we introduce the notion of discrete Baker—Akhiezer modules and, with the
help of them, construct commutative rings of difference operators with matrix coefficients
in several discrete variables and with spectral parameter from certain algebraic varieties.

We first recall some basic facts on commuting difference operators in one variable.
Common eigenfunctions of two commuting difference operators,

Ny My
(1) Li= Y v(n)T, Ly= Y u(n)T’,
i=N_ i=M_

are parametrized by points of some algebraic curve I':

Ly (n, P) = M(P)¢(n, P), Lotp(n, P) = u(P)i(n, P).

Krichever and Novikov [I] proved that there are points Pi,..., Py on I' such that the
whole commutative ring of difference operators, containing L, and Lo, is isomorphic to
the ring of meromorphic functions with poles only at Pj,..., P;. In the case k = 2
(two-point construction) explicit forms of operators were found in [2 3]. The theory
of n-point operators was developed in [I]. Krichever and Novikov classified one-point
operators of rank [ and found operators of rank two corresponding to the spectral curve
of genus one. The theory of such operators is connected with the theory of higher rank
algebro-geometric solutions of the 2D-Toda chain [1]. In [4] Krichever-Novikov operators
with polynomial coefficients are found.

In the case of operators, either differential or difference, of several variables, there has
been no classification theorem up to now (for some results in this direction see [B} [6] [7]).
The main difficulty is as follows. If ordinary difference operators ([Il) have a family of
common eigenfunctions parametrized by an algebraic curve with A and i being functions
on it, then they commute. On the other hand, in the case of operators of several variables,
the existence of a big family of common eigenfunctions is not enough for commutativity.
For example, it is not difficult to construct operators possessing a family of common
eigenfunctions parametrized by points of an algebraic variety which do not commute.
This is a major difference between one and higher dimensional cases.
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Then the main question is how many common eigenfunctions are enough for the com-
mutativity in the multi-dimensional case. An answer to this question is partially given
in the papers of the second author [8, [@]. In these papers the notion of a Baker—Akhiezer
(BA) module over the ring of differential operators is introduced. It allows one to obtain
commuting differential operators in several variables with matrix coefficients.

In this paper we introduce a discrete analogue of BA modules. This makes it possible to
construct commuting partial difference operators with matrix coefficients as an analogue
of the construction of commuting differential operators.

Definition 1. Let X bAe an algebraic variety and Y a subvariety of X. Then the set
of C-valued functions M = {¢(n,P)|n € Z9,P € X} is called a DBA module if the
following conditions are satisfied:

1. T;(n,P) € M, where T; is a shift operator on the i-th discrete variable of n =
(nl, e ,ng).

2. f(n)y(n, P) € M, for an arbitrary function f(n) from a certain class.
3. M(P)¢(n, P) € M for each meromorphic function A(P) on X having poles only on Y.

4. The sum of any two elements of M belongs to M.

Let Ay be the ring of meromorphic functions on X with poles only on Y and 7, =
l@[Tl, ..., Ty] be the ring of difference operators, where K is a ring of certain functions
on Z9. Properties 1-3 imply that M is a module over T, and, at the same time, over Ay.
We call M a discrete Baker—Akhiezer (DBA) module.

Suppose that M is a free Tg-module of finite rank. Then the DBA module allows us
to construct commuting difference operators in several variables. Indeed, let us choose a
free basis ¥1,...,%N in M and consider the vector-valued function ¥ = by, N).
Then for A € Ay there exists a uniquely defined difference operator D(A) with matrix
coefficients such that

D(MN)T = \7,
since M is a free Tg-module. Similarly, for u € Ay, we have

D(pu)¥ = puW.

Operators D(\) and D(u) commute, since M is free and A, p do not depend on the
discrete variable n. This means that the family {¥(n, P)} of common eigenvector-valued
functions parametrized by points of X is large enough, and hence the commutativity of
these operators on the whole set of vector-valued functions follows from the commuta-
tivity on {¥(n, P)}.

We construct examples of free DBA modules of finite rank and commuting difference
operators from abelian varieties with non-singular theta divisors and certain rational
varieties as discretizations of the corresponding BA modules. We show that a basis of a
BA module gives a basis of the corresponding DBA module. The situation when solutions
of a continuous system directly give solutions of the corresponding discrete system is well
known in soliton equations [10} [1].

The present paper is organized as follows. In section 2 we construct DBA modules
explicitly and give main theorems. The DBA modules are defined as certain discretiza-
tions of Baker-Akhiezer D modules. Proofs of theorems are given in section 3. In section
4 we give examples of explicit forms of commuting operators.
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2. CONSTRUCTION OF FREE DBA MODULES

In this section we give two examples of free DBA modules which are constructed from
Abelian varieties and certain rational varieties. In the first case elements of DBA modules
and coeflicients of difference operators are expressed in terms of theta functions, and in
the second case the corresponding objects are expressed by elementary functions. All
theorems in this section can be proved using the results on their differential analogues.
The proofs themselves are given in section 3.

2.1. DBA modules on Abelian varieties. Let 7 be a point of the Siegel upper half
space, 0,5(2,7) the Riemann’s theta function with the characteristic *(‘a,'b), a,b € RY,
X =C/(Z9+7Z9), © C X the theta divisor specified by the zero set of 8(z) := 6y o(2, )
and L., ¢ € C9, the flat line bundle on X for which 0(z + ¢)/0(z) is a meromorphic
section. A meromorphic section of L. is identified with a meromorphic function f(z) on
CY satisfying the condition

(2) f(z+m+71n) = exp(—2mi‘ne) f(2),

for any m,n € Z9 + 77Z9.

Let L.(m) be the space of meromorphic sections of L. with poles only on © of order
at most m and L. = J,,_, Lc(m). A basis of L.(m) is given quite explicitly. Namely,
for a nonnegative integer m and a € Z9/mZ9 we set

Fm,a(za C) = ea/mp(mz + c, mT)/Q(Z)m

Then the set of functions {F), (z,¢)} is a basis of L.(m).
We denote by K the ring of meromorphic functions on C9. We denote the variable of
a function of K by « = (x1,...,z4). Define the space M. by

M, = | Mc(m), Mo(m)=> KFpalz,c+a).
m=0 a

This is nothing but the underlying space of the Baker-Akhiezer module of (X, ©) [§]. We
shall discretize it as follows.
For a function F(z,z) define the operator T; by
0(2’ — hlel)
0(z)
where e; is the i-th unit vector of CY and h; € C is a parameter. It is easy to see that T;
acts on M., since it preserves the relation () for L.y,.
For f(z) € K we associate the map f:Z9 — K by

f(n) = f(z +nh),

where n = (n1,...,ny) and nh = (n1hy,...,nghy). We identify the map f with its value

f(n). Let

T;F(z,2) = F(z,x + h;e;) F(z,z) € M.,

K ={f(n)|f € K}.

The space K naturally becomes a ring which we consider the ring of discrete functions
with the discrete variable n € Z9. R
For a nonnegative integer m and a € Z9/mZ9 we define the map F,, , : Z9 — M, by

Fm@(n) =T"Fy (2, ¢+ ),
where T" = T7" ---Ty?. We identify the map ﬁ'm’a and its value Fm,a(n). We write

Frno(n, 2) if it is necessary to indicate the dependence on the variable z.
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Now we define the discrete Baker-Akhiezer module M, by

<mztiMwm, Me(m)= Y KFpa(n).

a€ZI /mLI

Explicitly,
Ou/m.o(mz + ¢+ x +nh,mr) z—he "
) =L 1l ( )

We give an example of the elements in Mc(m) with m =1, 2.

Example.

0(z+c+a+nh) 5 (0(z—he)\™ _ -
o (") e

j=1

0(z+ c+x +nh+ B)0(z — B) (z — hey) -
s H( L)) e o)

where  is an arbitrary constant from CY9. The first example corresponds tom =1, a =0

in @).

The operator T; acts on MC as the shift operator:

Tﬂﬂmmwmnzfm+mﬁwm+@y

Let T4 = K[Ty,... ,T,] be the ring of difference operators with the coefficients in K.
Then Mc becomes a T4-module.

Let A = Ly be the ring of meromorphic functions on X having poles only on O.
Obviously the space L.;, is an A-module. It follows that the ring A also acts on M,. In
fact, for f(z) € A, we have

(4) f(Z)Fm alz,c+ I Z fm’ a’ m’ a’ (27 c+ 517)7

for some fy,/ o (z) € K, since L.1, is an A-module. Notice that the multiplication by
f(2) commutes with the action of T;. Therefore, applying 7" to (@), we have

f(z)ﬁm7a(n) = Z fm’,a’ (n)Fm’7a’ (n),

m’,a’

which shows that f(z)M,. C M,. Consequently, M, is a (T, A) bi-module.
In the following we assume that © is nonsingular. Then our first theorem is

Theorem 1. For an uncountable number of h € (C*)Y the module M, is a free Tg-module
of rank g!, where C* = C\{0}.

Corollary 1. For values of h specified in Theorem [l there exists a ring mono-morphism

A = Mat(g!, Ty).
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2.2. DBA-modules on rational varieties. We construct a rational spectral variety I'
from CP! x CP9~! by identifying two hypersurfaces. In general we denote a point of the
projective space CP™~! by [t1,...,t,], while a point of the m dimensional affine space
is denoted by (t1...,tm).

Let us fix a1, ag, by, ba € C such that (a;,b;) # (0,0) and [a1,b1] # [az, ba]. Let P be
a nondegenerate linear map P : C9 — CY, and A\; and vj,j =1...,g, be the eigenvalues
and the eigenvectors of P respectively. We assume that \; # A; for ¢ # j. Denote the
induced map CP9~! — CPY9~! by the same symbol P.

We set

[ = CP' x CP9~Y/{(Ja1, b1, t) ~ ([az, ba], P(t)), t € CPI~1Y.

Then on I there is a structure of an algebraic variety [12].
Let f(P), fi(P),i=1,...,g, be the function of P = (z1, 29, ¢1, ...,t,) € CIT2 of the
form

g
() fz1, 20, b1, tn) = Y (awzity + Brzatr), ax, Bk € C,

k=1

g
(6) filz1, 22,1, ..., tg) = Z (aipzity + Binzots) s ik, Bir € C.

k=1

Proposition 1 ([12]). For generic (a, 3) € C?9 and generic (a;, 5;) € C*,i=1,...,9,
there exist A, c1,...,cqg € C* such that for every t = (t1,...,ty) € C9 the functzons (ml),
() satisfy the following equations:
(7) f(alabla’vj) # Oa 1§]§ga
(8) f(alablat) _Af(a25b2a73(t)) = O’
(9) fila1,01,t) —cifilaz,b2,P(t)) = 0, 1<i<g.

According to () the equation
f(Zl, 22, t17 ey tg) = O

correctly defines a hypersurface in I'.

For any A € C* the discrete Baker-Akhiezer module My is similarly defined to the
case of Abelian varieties as the discretization of the Baker-Akhiezer module constructed
n [I2]. It is defined directly by

(10) iy = ) ¥ia(h)
k=0

() VIA(K) = { (. P) = j(ﬁﬁ) ,

where h(n, P) = h(n, 21, 22,t) is an arbitrary function of the form

(12) h(n, P) = Z hja(n )zlz2 I e,
0<j<k,lal=k
a=(a1,...,0q), t* =11 tg?, and satisfies the equation
g9 A n;
(13) bl arsb1,t) = A4 bl ozt P [T (2) 7 =0
J

j=1
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This equation is equivalent to a set of linear homogeneous equations for {h;(n)} which
has nontrivial solutions under the generic conditions in Proposition [II [I2]. Notice that
([@3) can be written as

(14) w(naahbht) —Aw(n,ag,bg,P(t)) =0.

According to (8), @), @), if v € Ma(k), then Tjp = 9(n + e;, P) € Ma(k + 1).
Consequently, we have g mappings

Tj: Mp(k) = Ma(k+1), j=1,....¢.
Theorem 2. For an uncountable number f)fh € (C*)9 the module My is a free Tg-module
of rank g generated by g functions from Ma(1).
Let A be the ring of meromorphic functions on I' with poles only on the divisor (f = 0).
Corollary 2. For values of h specified in Theorem [2] there is an embedding of the ring
A — Mat(g,Tg)-

In the case g = 2 there is another way of identification of two lines on CP' x CP?
which is suitable for our goals.
We set

(15) Q= CP! x CP/{([1,0], [t1, t2]) ~ ([t1, 2], [0, 1])}.
Let G,G1, Gy be the functions on C* of the form:
G(21, 22, w1, w2) = apz1w1 + Boz1wa + Yozew1 + do22wa, @, 3,7, € C,
Gi(21, 22, w1, w2) = a;z1wy + Biziwe + Yizowy + dizow2, i, Bi, i, i € C.

Proposition 2 ([12]). For generic (o, Bi,7i,0:;) € C*, i = 0,1,2, there exist B,c1,co €
C* such that for every t = (t1,t3) € C? the functions G,G1, G2 satisfy the following
equations:

(16) G(0,1,0,1) # 0,
(17) G(1,0,t1,t5) — BG(t1,t2,0,1) = 0,
(18) Gi(l,o,tl,tg) —CiGi(tl,tQ,O,l) = 0 i= 1,2

For any A € C* the discrete Baker-Akhiezer module MQA = U;o:o MQA(k) in this
case is defined by

~ - _B(’I’Ll,ng,P) 2 GJ(P) i
o = o= T (Gm) [

where h is an arbitrary function of the form ([I2) and satisfies

2 n;
_ ~ B\"
(19) h(n1,n2,1,0,t1,t2) — AB*h(ny,na, 1, t5,0,1) | I (c_> =0.
j=1 27

This equation is equivalent to a set of linear homogeneous equations for {h;,} which has
nontrivial solutions under the generic conditions in Proposition 2] [I2]. Notice that (I9)
can be written as

QD(’I’Ll,’I’LQ, 1707t17t2) - Aw(nl>n2>tl>t2707 1) =0.

Theorem 3. For an uncountable number of h € (C*)? the module MQJ\ is a free Ta-
module of rank 2 generated by two functions from J\ngLA(l).
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Let A denote the ring of the meromorphic functions on 2 with poles only on the curve
defined by the equation G(P) = 0.

Corollary 3. For values of h specified in Theorem Bl there is a ring embedding,
A — Mat(2,73).

3. PrROOFS

Theorems [ to Bl follow from their differential analogues. Since the schemes of the
proofs are similar, we only prove Theorem [Il and Theorem

3.1. Proof of Theorem [Il Let
Vi=20;—((2), 0;=0/0x;.

It is easy to see that it acts on M,. Let D = K[01,...,0,4]. Then M, is a D-module. It
is called the Baker-Akhiezer module of (X, 0) [§]. Let

gr M, = @;gr; M., gr;M. = M.(i)/M.(i —1).
Since 9;M.(m) C M.(m+ 1), grM. is also a D-module. Recall that we assume that © is
nonsingular in this paper. Then the following theorem is proved in [§].

Theorem 4. The module grM, is a free D-module of rank g'.

More precisely, there exists a D-free basis ¢;; such that ¢;; € gr,M., 1 < i < g,
1 <j <r; with

i—1 S
ri—ig_(i—l)g_zrj(g+;:]1_1 >, r>2,

j=1
and 1 = 1. Moreover, for each ¢, one can find ¢;; in {F; ,(z,x)}; that is, one can write
Pij = Figaij (z> :L‘)
for some a;; € Z9 /iZ9.
We remark that, in Theorem [ ¢ = 0 is not excluded. This is because we consider K,

the space of meromorphic functions of x, as a coefficient field of D and M..
Recall that T; acts also on M.. It satisfies

T;M.(m) C M.(m+1).
Therefore T; acts on grM, too. For F(z,2) € M, we have the expansion
T,F(z,7) = F(z,2) + V,F(z,2)h; + O(h3?),
and it is possible to define the map T; = (T; = 1)/h; : M. — M.

T,F(z,x) = hll (T;F(z,2) — F(z,x)).
It satisfies
(20) TiF(z,z) = ViF(z,x) + O(h;).

Notice that, as an action on grM,,

t

1
T
h;

<.

‘We prove

Theorem 5. For an uncountable number of h € (C*)9, grM. is a free Ty-module of rank
g! with a basis {p;;}.
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Proof. Since grM, is a free D module, for each k, the set of elements
(‘)fl A 8§9<pij7
(21) ki +ky=k—i, 0<K <k, 1<i<g, 1<j<r,

is a K-basis of M.(k). The number of elements in (21 is Ny := k9. Let us enumerate
them as ¥F,. .. ,w]k\,k.
Expand

0(2)fyf = af,(2)2", = (... )
Since {wf} is linearly independent over K, there exist p(#1) ... u*Nr) such that

d t( ke ) 0,
€ a/z,u(kvﬂ)(x) 1<i,j <Nk 7é

where “# 07 signifies that it is not identically zero as a function of zx.
Consider correspondingly that

@) T Tl

Let us denote the function in (22) which has the same (ki, ..., ky) as ¥ by 1;5 Then

O (2, h) = 6 (z,0) + S O(hy).
=1

If we expand

O(2)"F =y _ak,(a, h)z",

then
&ﬁu(az, h) = aﬁu(x) + Z O(hy)
and
det (@ (2,0)) = det (af, (2)) #0,

Notice that det (af#(k,”(x)) is an analytic function of x and the zero set of it is of

measure zero. Thus
(23) e\ (det (a0 (2)) =0)
k=0

has positive measure and contains an uncountable number of elements. Take any x( from
[23). Since dﬁu (z,h) is an analytic function of (x, h), the set

(24) o\ (J{nldet (af . (20, 1)) = 0}
k=0

contains an uncountable number of elements. Moreover, it contains elements of the form
ho = (hot, - - -, hog), hoi # 0, for any i, since U7_,{3_,; hje; € CIlh; € C9} is also of
measure zero. Take such an hg. Then, for any k,

det (aﬁu(k,j)(x, ho)) £ 0.

For such an hg {¢/¥} is linearly independent and generates M, (k) over K for all k > 0.
Therefore gri, is a free T, module with the basis {¢;;}. O
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Let us prove Theorem [Il Notice that T; satisfies the following commutation relation
with a function of x:

TiF(3) = F(x + hie:)Ts.
By definition the discretization ¢;;(n) of ¢;;(z, x) is
¢(n) =T"pij(z, ).
By Theorem [l any element of M, can be uniquely written as a linear combination of
T"pij, meZLy,, 1<i<g, 1<j<m,
with the coefficients in /. The discretization of the element of the form f(x)T™;; with
f(x) € K is given by
T" (f(2)T"pij(2,2)) = fl@+nh)T"T"pij(z,2) = f(n)T™"dij(n).
Thus any element of M, can be written as a linear combination of {T"¢;;(n)} with the
coefficients in KC.

Moreover, this description of an element of M, as a linear combination of {T™&i;(n)}
is unique. In fact, suppose that

(25) Z Fij(n)T™4i5(n) = 0.
Applying T~ to ([25) we get
> Ji @) T iz, 2) = 0.
It follows that f;;(z) = 0 for any (¢, ), since {¢;;(z, )} is linearly independent over K.
Consequently f”(n) = 0 for every (i, 7).
Thus M, is proved to be a free T,-module with a basis ¢;;. O
3.2. Proof of Theorem[2l We shall first give a construction of functions f, f; satisfying

conditions ([Bl)-([@) together with further conditions and related functions f;.
Consider the function F(z1, 22,t, ), t € C9, s € C, of the form

g

F(z1,29,t,8) = Z(*yk(s)zl + 0(8)22)tk

k=1
and the following equation for F:

(26) F(a1,b1,t,s) = Ae’F(ag, ba, P(1), s).

This equation gives g linear homogeneous equations for 2¢g unknown variables 7y, k.
By examining the case (a1,b01) = (1,0), (az,b2) = (0,1), P(t) = (Ait1, ..., Agty), We see
easily that, for generic choice of a;, b;, P, there exist g linearly independent solutions
{F;} of ([28) such that the following conditions are satisfied:

(i) Fi(z1, 22,t,0) is independent of i. Set f(z1,22,t) = F;(21, 29,t,0).
(i) The set of functions {f, 0sF;(z1, 22,t,0)} is linearly independent.
(iii) f(a1,b1,v;) # 0 for any j.

We take ¢é;, h; € C* and set

¢; = Aefili,

We define f; and fz by
(27) filz1, 22,8, hi) = Fi(21, 22,1, Ghy),
(28) fi(z1,20,t) = E0,Fi(21,22,1,0).
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Then f, f; satisfy @)-@) and f; satisfies
(29) fi(z1, 22,t) = On, fi(21, 22, £,0),
(30) fi(a17 b17 t) - Afi(a27 b27 P(t)) - Eif(alu b17 t) = 07

due to (28). Moreover, by property (ii), {f, fi,..., fg} is linearly independent.
Next we consider, for k fixed, a function h(z, P), P € C9*2, such that

(31) h(z, P) = Z hja(x)z{zgfjto‘,
0<j<k,|a|=k
(32) h(z,a1,b1,t) Ao Tiy Gias h(z,az,ba, P(t)) _0

f(ahblat)k f(aQaanP(t))k

Equation (32)) is equivalent to the system of linear homogeneous equations for {h;q}.
As shown in [12],

. +k-1
) ~ tleauations) = (47171
where #5 denotes the number of elements of S. Therefore ([B2) has non-trivial solutions.
Moreover, it is possible take a basis of solutions such that each element of a basis is a
rational function of e>i=1 %% and is analytic at z = 0.
Let K be the ring of rational functions of e>=i=1 %% and

h(z, P)
f(P)x }

where h(z, P) is an arbitrary rational function of eXi=1 %% that satisfies BI)), (B2).
Obviously M, is a vector space over K. As remarked above we can take a basis of each
My (k) over K such that each element of the basis is analytic at = 0.

Equation (B2) signifies that an element ¢(x, P) of My satisfies

My = [j My(k),  Ma(k) = {
k=0

<P(I7 at, bla t) —Ae” Zf:l Eixiw(l‘v az, an P(t)) =0.
Let

Then it satisfies that
(33) &i(a1,b1,t) — &iaz, b2, P(t)) — ¢ =0,
due to (B0). We set
Vi=0; +&(P).
Using (B3] one can easily check that V; acts on M and satisfies
ViMa(k) C Ma(k+1).

Thus M, and grM, become modules over the ring of differential operators D := K[0, . .., 0],
where 9; acts by V;. The D-module M, is the Baker-Akhiezer module of (T', (f = 0))
constructed in [12].

The following theorem had been proved in [12].

Theorem 6. The module grMy is a free D-module of rank g generated by g functions
from Ma(1).
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Similarly to the case of abelian varieties we define the operator T; by

T, — fi( P, hi)ehiai’
f(P)
where €9 is the shift operator:
ehiaiG(...,.’I}i,...) = (;(,:L‘z —l—h“)

By @) and (@) T; acts on M and satisfies T; My (k) C M (k + 1). Therefore T; acts on
grMy.

By (29)) we have
Ji(P,hi) = [(P) + [i(P)h; + O(h3).
Consequently,
Ty =1+ h Vi +O(h?).
We set
T, — (L= 1) = Vi + O(h).
On grM, we have
[ = hiT

The discretization My of My is defined similarly to the case of Abelian varieties using
T;. Explicitly, My is given by (I0) and (II).

The proof of Theorem [2] is completely similar to that of Theorem [ and reduces to
Theorem [B] using T}. O

4. COMMUTING DIFFERENCE OPERATORS

In this section we give examples of explicit forms of commuting difference operators.

4.1. Two-point operators: g = 1. Let g =1 in Theorem[Il] X = C/(Z + 7Z). In this
case the DBA module M) is generated over 77 by the function

v = S () <o

Let
5= 0(z—h)0(z+h)
- 02(2) '
There is a unique operator of the form
Ly = va(n)T? + vy (n)T + vo(n)
such that
Let us find the coefficients v;(n). We divide ([34) by (0(z — h)/6(2))" and multiply by
0(z)3:
v2(n)(z + x4+ (n+2)h)0*(z — h) + vi(N)8(z + z + (n + 1)h)0(z — h)B(z)
(35) +vo(n)0(z + x +nh)0(2)? = 0(z — h)0(z + h)0(z + = + nh).
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We recall that 6(5 + $7) = 0. Let us substitute z =p= 1+ 17+ h in (BH) We obtain
vg = 0. Let us d1v1de B5) by 6(z — h) and again substitute z = p = 3 + 37 + h. We

obtain
O(p+ x +nh)f(p+ h)

) = Gtz t (s D)
We put z = ¢ = 5 + 37 in (BH) and obtain
0(q+x+nh)f(q+h)

valn) = 0(g+z+ (n+2)h)0(g—h)’
Similarly, for
0(z — h)0?(z + %)
TR
we have
(36) Loty = (uz(n)T? + ua(n)T? + uy (n)T + uo(n)) ¢ = pp.

From (B6) we obtain uy = 0,
O(p+z+nh)o?(p+12) 0(q+z+nh)6?(q+ L)
up(n) = uz(n) = 5 .
O(p+z+ (n+1)h)62(p)’ 0(q+x+ (n+3)h)02%(q — h)
To find uz(n) let us substitute z = r = 1 + 17 — 2 in (@0):
O(r+z+ (n+1)h)0(r) O(r+x+ (n+3)h)0(r — h)
—uz(n) .
r+xz+ (n+2)h)0(r—h) O(r+z+ (n+2)h)0(r)
Operators Ly and Lo commute.

It is easy to see that for the meromorphic function n with poles at p and ¢ there is an
operator of the form

o (m) = 1 (n)

Ny
L= Z v;(n)T"
i=N_
such that
Ly =mp.
We see that in the case g = 1 our construction is involved in the two-points construction

2.

4.2. 2 x 2-matrix operators: Abelian varieties. Let ¢ = 2 in Theorem [l X =
C?%/(Z* + 7Z*). The functions

Ozt a+nh) 1y (00— he)\" -
R E H( ™) <,

(37) Yy = 9(’2”“;2( H( Z_heﬂ>jeMo(2)

form a basis in MO, where 3 belongs to some open everywhere dense subset in C2. Let
us find the operator corresponding to the function
0(z — hie1)0(z + hiey)

A= #(2)

We have
(38) L1y + Liava = Ay,
Lo19p1 + Lootpy = Aipa.
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Operators L1 and L5 have the form
L1 = vooTE + vii Th T + v02 T + 01Ty + voTo +vo, L1z = uiTy + u2Th + ug.
Let us divide (B8] by H?zl (0(z — hjej)/0(2))™ and multiply by 6(z)3. Then we get
v200(2z + « + nh + 2hie1)0(z — h161)2
+v110(z +x + (n+ 1)h)0(z — hie1)0(z — haes)
+v020(z + & + nh + 2hoes)0(z — h262)2
+v10(z + & +nh+ hie1)0(z — hie1)0(z)
+020(2 + = + nh + haea)0(z — hoes)0(2) + vobf(z + x + nh)d(2)?
+u10(z + x + nh+ hier + 8)0(z — 8)0(z — hier)
+u20(z + x + nh + haes + B)0(z — 8)0(z — haes)
(39) +upl(z +z +nh+ p)0(z — 5)0(z) = (2 — h1e1)0(z + hie1)0(z + = + nh).

Lemma 1. The equalities
Vg = Upg = 0
are valid.

Proof. Let p; and p2 be the points of intersection of the curves 6(z — hie;) = 0 and
0(z — hoes) = 0. Let us substitute z = p; and z = ps in B9):

008 (pi + 2 4+ nh)0(p;)? + uob(p; + = +nh + B)0(p; — B)0(p;) = 0.

These equations can be considered as a system of linear equations for vy, ug. If vg # 0
or ug # 0, then

0(p1 + = + nh)f(p2 + x + nh + 8)0(p2 — 3)0(p1)
—0(p2 + x + nh)0(py + x + nh + B)0(p1 — B)6(p2) = 0.

If 8 is a solution of #(p; — ) = 0, then this equality is not valid. Consequently, for 8 in
general position this equality is not valid. Thus Lemma [ is proved. O

Let us restrict (39) on the curve §(z — hiey) = 0 and divide by 6(z — haes):

vp20(2 + © + nh + 2haes)0(z — haea) + v20(z + = + nh + haes)0(2)
(40) +u2f(z + x + nh + haes + B)0(z — B) = 0.
Let g1 and g2 be the points of intersection of §(z — hye1) = 0 and §(z) = 0. Then

v020(q; + x + nh + 2hge2)0(q; — hoea) + u20(q; + x + nh + haea + 8)0(q; — B) = 0.
By a similar argument as in the proof of Lemma [Tl we obtain
Vo2 = Vg = Uy = 0.
We divide [B9) by 6(z — hie1) and get
vo00(z + . + nh + 2h1e1)0(z — hie1) + v110(z + & + (n + 1)h)6(z — haes)

+v10(z + & + nh+ h1e1)0(2) + u10(z + . + nh + hie; + 8)0(z — B)
(41) =0(z+ x4+ nh)f(z + hiey).
Let us substitute z = p; and z = py in ({@I]). Then we obtain

( vy > e ( 0(p1 + = + nh)0(p1 + hier) >

w )1 O(p2 + = +nh)f(ps + hier)
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A — O(p1 + x4+ nh+ hie1)0(p1) O(p1+x+nh+ hie; + B)0(p1 — 5)
! 0(p2 + x +nh+ hie1)0(p2) O(p2 + x4+ nh+ hier + 5)0(p2 — B)

Let r1 and r2 be the points of intersection of §(z) = 0 and §(z — §) = 0. From Il we

obtain
V20 _ Ail 9(7“1 +x + nh)H(rl + hlel)
V11 2 9(1"2 +x + nh)&(rg + hlel) ’
A — O(r1 + x + nh + 2h1e1)0(r1 — hier) O(r1 +a + (n+ 1)h)0(r1 — haes)
2= 9(7“2 +x+nh+ 2h1€1)9(7“2 — hlel) 9(7”2 + x4+ (n + 1)h)9(7“2 — hgeg)
Similarly it is possible to find operators Loy, Las and an operator corresponding to
9(2 - hgeg)ﬂ(z + hgeg)
0%(z) '
4.3. 2 X 2-matrix operators with rational coefficients. It is a well known fact that
the Lame identity

_ O'(Z-i-!E) —x((z)
T e M.
where o, (, p are Weierstrass functions of the elliptic curve w? = 4y3 + oy + ag, takes
the form

(- %) w0 = 50" w2),

z24+x _=
e z

(e, 2) = Tz
2

under the degeneration a; — 0. The Lame potential becomes the rational function — .
In this section we shall consider the spectral variety X obtained from the Abelian vari-
ety X = C2?/(Z* + 772) by a similar degeneration. Elements of the corresponding DBA
module are expressed in terms of elementary functions; coefficients of commuting differ-
ence operators are rational functions. To describe XV we recall Mumford’s construction
of the affine part of the Jacobian variety of a hyperelliptic curve ¥ of genus g (see [13]):

w® = f(y) = W + agy® + - + an.

Let us introduce the polynomials
g+1

g g
a(y) = Zaziﬂygﬂ, b(y) = Z boiy? ™", c(y) = z:c%ygﬂﬂ7
i=1 = g

by = 1,c0 = 4,a; = 0. We shall consider the affine space C39*! with the coordinates
(agit1,b2i,c2:). The affine part J(X)\O is given in C3**! by the following system of
equations for ag; 11, bo;, co;:

a*(y) + b(y)e(y) = f(y).
In the case g = 2 we have the following equations:

g — ag — b4C6 = 0, o — 2&3@5 — b4C4 — bQCG = O,
ag—ag—b462—b264—66 :07 043—4b4—b202—04 :O, 014—4172—02 =0.
We define the spectral variety XV by the conditions c; = 0. From the last three equations

one can find ca, ¢4, ¢, and substitute it in the first two equations. One gets that XV is
isomorphic to the variety defined in C* by the two equations

42 by a2 + 43 — 8boby) — a? = 0, a2b2 — 2asas +4 b — 3b2b4 + b?2) = 0.
3 2 5 3 2 2 4

Analytically this degeneration of the Jacobian variety is well described by using the
sigma function of X. The sigma function is a certain modification of Riemann’s theta
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function which was originally introduced by Klein [14] I5]. The important property for
us now is that the sigma function o(z1, z2) becomes the Schur function

3
z
v 1
o' =—o—2
3

under the limit «; — 0 [16,[I7]. The a;, b;, ¢; coordinates of the Jacobian can be described
explicitly using the sigma function (see [I3]), and, consequently, those of the variety given
by [@2) are described by the Schur function.

One can replace Riemann’s theta function by the sigma function in the description of
the DBA module on X as in the previous section. A free basis of the DBA module is
given by

_ o(z+x+nh) 2 o(z—hje;))\" _ -
o= TG s

2

_ olz+x+nh+B)o(z—B) o(z—hje;)\"™ v
Yy = o2(z) H( o(z) ) € Mo(2).

Taking the limit o; — 0 we get a new free DBA module on XV generated by the

functions
2 n;
z—i—x—i—nh z—h € J
. H( L)

v o¥(z+a+nh+B)oV(z—B) (rfv(z—hjej))”j
vy = .

o (0V(2))?

a¥(z)
Let U = t(¢p1,92) and UV = (), 9y). As a limit of the identity L(\)¥ = AV we get
LY(AV)TY = A\VW¥Y, where AV is the corresponding limit of A. For different AV and
w1 operators LY(\Y) and LY(u") commute. By the method explained in the previous
section we can directly compute the operator corresponding to the function

)\V _ Uv(z—hlel)av(z+h161) _ ((21—h1)3/3—22)((21+h1)3/3—22)
(0V(2))? (21/3 = 22)? '
For simplicity we put hy = hg = 1,2 =0, = (1,1/3). We have

Li/l(/\v> e 1)20T12 + v ThTs + 0117, LYQ()\V) =u 11,

—2n2(ny + 1)(n1 + 2)(n1(ny + 3) +5) + 6n2(2n1(n1 + 1)(ny +2) — 3) — 18n2

Ul =
! (n1 + 2)(6ng + n1(n1(n1 + 6) + 13) + 14)
n (n1+2)2n1(n1 + 1) —u1(n1 + 3)) — 6ng
V20 = —UL — ;v = ;
ny + 2 3(n1+2)(np +1)
2
= 2 — —
V11 N+ 27
LAY = goT? + qnTiTe + 2T T3 + 0Ty + quThTe + i T,
Ly(AY) = pTi +puTiTe +piTh,
2(n§ + 9nf + 37n + 48 + n?(106 — 27ny))

p1

3(n1 + 2)(n3 + 6n2 + 13n1 + 6ny + 14)
2(n1(88 — 21ny) + n3(83 — 6ng) + 21ny + 9n3)
3(n1 + 2)(n$ 4 6n2 4+ 13ny + 6ny + 14)

b
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2(5 + n1(11 + nl(nl + 6)) - 3712) - 9(711 + 1)(711 + 2)qlg

b= 3(ny + 2)(n1 + 3) ’
0= 3pi2 +3p1 — 4 +ni(p11 +p1 — 2) +q

! 3(ni+1) 12
- —2n$ — 24nY — 123n7 + 12n3(ny — 28)

(n1 + 3)(n3 + 9n? + 28ny + 6ng + 34)
+n%(72n2 —501) + 6n1(21ny — 64) — 18(n3 — 2ny + 7)
(n1 + 3)(n$ + 9n? + 28n; + 6ny + 34)
3+ V(g2 —q1) 2
ni +3 421, 430 n+3
9(n1(n1(n1 +3) +3) = 3ns —5)qi2 + ((n1 + 3)* — 3n2)g30
3(5+ni(ni(ny + 6) +12) — 3”2)
2(46 + 61nt + 12n7 + nf + nq (161 — 66n2))
9(n1 + 2)(n? + 6n3 + 13n1 + 20)
2(n3(163 — 6ng) — 21ny + 9n3 — 4n2(9ny — 58))
9(n1 + 2)(n? 4+ 6n3 + 13ny + 20)

Similarly, for the function

v _ 0V(z = haes)oV(z + haes) _ (27/3 — (22 — 2))(27/3 — (22 + h2))

b

q11 = —q1 — q12, G20 = —p2o — 1,

g21 = )

q12 =

(0V(2))? B (27/3 = 22)?
we have
LY, (1Y) = fuliTs + fooTs + foTo, LY, (n") = goTo,
_ 18n, _ fui(ng +2)
fin= ) foo = —F—""—"7F-1,
ni(ni(n1 +3) +4) 4+ 6(ne + 2) 3nq
fo =1~ foz, g2 = — fi1,
L (wY) = 1T + rioTiT5 +rosTy + rinTiTs + 1021y + 1215,
Ly (1Y) = juTiTe + jo2T5 + joTo,
18(n1 + 1) 2(ny + 2)
r21 = 7'03 =

n$ + 6n? + 13n1 + 20 + 6ny’ n3 +3n? +4ny + 6(ny +2)°

_ 9Inyrez + In2roz + 6121 + Snyra + nire;

nz = 312 + 9n1 + 6 ’
r _ —’n??’12 — 6(7L2 + 2)T12 + n%(9r03 — 67“12 + 7’21) + n1(37"21 — 97’03 - 77’12)
M n3 +3n? +4ny + 6(na + 2) ’
roy — 2(nf + 303 +4ny + 15 4 6n2)703 ry = —to — s = —ras
nd+3n? +4n; +6(nay+2) ’ ’
S 24 mi43mres . 1+ 2= joa(na +2) — 3narez — 6naros
Jo2 ny+2 »J2 L+ 2 .

4.4. 2 x 2-matrix operators: Rational spectral variety. Let us consider the DBA
module Mgq ; of the case of A =1. We set

G = Z1W1 + 21W2 + 22Wa, G1 = 421’(1)1 + 22111)2 + ZW2, G2 = Z1W1 — 21W32 + 22Wa.
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Here B =1 in (I[7) and ¢; = 2,¢, = —1 in [I8). We choose the following basis of M ;:

w B 20wy ﬁ ni % no
Lo @ G ’

by = 2wy + (—1)"22" z1wg + 22 zpwy & e % 2
2 G G G)
We have
wi(nlu na, [17 0]7 [tlu tQ]) - d]i(nlu na, [t17t2]> [07 1]) =0.
Let ZoW 21 22W1W
N, = 22U Z1zwiy
1 G ) 2 G2

These functions satisfy the identity
Ai([1,0], [t1, £2]) = Ai([tr, 2], [0, 1]) = 0.
It is easy to check that

(T1+G2T2+a b Ty +bT5 +b ) ( Y1 )_/\1<1/11 >

62T2 +c d1T1 + d2T2 + d Qﬁg ’@/12
where
ag = =14 (=24 (=1)"22™ 4 3. 2820y g = —4 —ay — by,
—1 -1 n221+n1
. S W | Gl Gt ) b= ab by,
—144tm (14 (=1)m22m)(—1 4 41+n1)

—144m 1 ) , )

b= e = 5 (L= (P12 (224 (<12 432y,

(=1 + (=1)m22t+n1)d,

[+ (—regm o =Tl

CZl_CQ_dla d2:

In a similar way we get
Liy L2 Y1\ _ o Y1
Lyy Lo o Py )7
1 / 2 1 / /
L11 = —§T1T2 + CL22T2 =+ §T1 + a2T2 +a 5
Lig = b, Ty Ty + by T3 + Uy Ty + bhTo + 1,
L21 = C/22T22 + C/2T2 =+ C/, L22 = d/12T1T2 + d/22T22 + dllTl + T2 =+ d/,
where

1
ap = 5(1—4(1+ (=122 — 3 AT, + (=1)"22™ by — (—1)"28" b)),

n n 3
ay = (2= 2ah, — by —2(=1)"2"Mby), o' = —a) —ah, b= m7
1

by = 5 (=4(1+ (=1)"21")bg — (14 (=1)"22")bh), by = —bio,

3
/o / / /
b= —1+4m’ b= —by — by,

1

0/22 _ _Z(_l 4 (_1)n22n1)(_1 + (—8 _ (_1)n223+n1 +42+n1)d/12
(1) 21 (14 (—1)me2m)),
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1

¢h= =5 =2y — (14 ()24 )y, = —ch—chy di = —dhy,
—1+44m

! - - /__ _ !

1277 9(—1 4 414m)’ d' = —1—dy,,

h2 = 5 (A1 + (2122 M)y — (14 (<1)722M)).
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