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STURM–LIOUVILLE OPERATORS

K. A. MIRZOEV

Abstract. Let (a, b) ⊂ R be a finite or infinite interval, let p0(x), q0(x), and p1(x),

x ∈ (a, b), be real-valued measurable functions such that p0, p
−1
0 , p21p

−1
0 , and q20p

−1
0

are locally Lebesgue integrable (i.e., lie in the space L1
loc(a, b)), and let w(x), x ∈

(a, b), be an almost everywhere positive function. This paper gives an introduction to
the spectral theory of operators generated in the space L2

w(a, b) by formal expressions
of the form

l[f ] := w−1{−(p0f
′)′ + i[(q0f)

′ + q0f
′] + p′1f},

where all derivatives are understood in the sense of distributions. The construction
described in the paper permits one to give a sound definition of the minimal operator
L0 generated by the expression l[f ] in L2

w(a, b) and include L0 in the class of oper-
ators generated by symmetric (formally self-adjoint) second-order quasi-differential
expressions with locally integrable coefficients. In what follows, we refer to these
operators as Sturm–Liouville operators. Thus, the well-developed spectral theory
of second-order quasi-differential operators is used to study Sturm–Liouville opera-
tors with distributional coefficients. The main aim of the paper is to construct a
Titchmarsh–Weyl theory for these operators. Here the problem on the deficiency
indices of L0, i.e., on the conditions on p0, q0, and p1 under which Weyl’s limit point
or limit circle case is realized, is a key problem. We verify the efficiency of our results
for the example of a Hamiltonian with δ-interactions of intensities hk centered at
some points xk, where

l[f ] = −f ′′ +
∑

j

hjδ(x− xj)f.

1. Introduction

1. Let I := (a, b) ⊂ R. Let p, q, and w be real-valued functions on I such that p(x) �= 0
and w(x) > 0 a.e. for x ∈ I and p−1 (:= 1/p), q, and w are locally integrable (i.e.,
p−1, q, w ∈ L1

loc(I)). Finally, let r ∈ L1
loc(I) be a complex-valued function on I. We

define the quasi-derivative f [1] of a locally absolutely continuous complex-valued function
f on I by setting f [1] := p(f ′ − rf). Assume that f [1] is locally absolutely continuous as
well and define the second quasi-derivative f [2] by setting f [2] := (f [1])′ + r̄f [1] − qf and
the quasi-differential expression l[f ] by setting l[f ] := −w−1f [2]. Thus,

(1) l[f ](x) = w−1(x)
{
−[p(f ′ − rf)]′ − r̄p(f ′ − rf) + qf

}
(x),

the domain Δ of l[f ] is the set of all complex-valued functions f such that f and f [1] are
locally absolutely continuous on I, and l[f ](∈ L1

loc(I)) is computed by formula (1) for
f ∈ Δ.
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Green’s formula∫ β

α

{
ḡl[f ]− fl[g]

}
w = [fg](β)− [fg](α), a < α ≤ β < b,

holds for all f, g ∈ Δ, where the sesquilinear form [fg] is given by

[fg](x) := f(x)g[1](x)− f [1](x)g(x), x ∈ I,

and is antisymmetric,
[fg](x) = −[gf ](x).

The study of spectral properties of the operators generated by the expression l[f ] in
the Hilbert space L2

w(I) of complex-valued measurable functions f such that |f |2w is
integrable on I can be reduced to studying the quasi-differential equation

(2) l[f ] = λf + h

with a parameter λ ∈ C and a given function h and the corresponding homogeneous
equation

(3) l[f ] = λf.

Equation (2) is obviously equivalent to the system of first-order differential equations

f̂ ′ = F f̂ + ĥ,

where

F =

(
r p−1

q − λw −r̄

)
, f̂ =

(
f
f [1]

)
, ĥ =

(
0

−wh

)
.

One can use this reduction and the standard existence and uniqueness theorems for
the Cauchy problem for a system of linear first-order differential equations to prove the
corresponding theorem for (2) (see [11, Section V.16.1, Theorem 1], [38, Section 1.2,
Theorem 1.2.1], and [28]). Thus, the following theorem holds.

Theorem 1. Assume that the functions p, q, r, and w satisfy the conditions listed above
and wh ∈ L1

loc(I). Then for any t ∈ I and α, β ∈ C there exists a unique function f : I×
C → C such that the functions f(·, λ) and f [1](·, λ) are locally absolutely continuous on I,
the function f(·, λ) satisfies (2) almost everywhere, f(x, λ)|x=t = α, and f [1](x, λ)|x=t =
β.

It is also well known that the converse of Theorem 1 is true (see [28] and[38, Section 1.2,
Theorem 1.2.3]).

One sometimes uses the terminology adopted in the theory of linear quasi-differential
operators of arbitrary order [19, 27] and says that the quasi-derivatives f [0](:= f), f [1],
and f [2] are generated by the matrix

F =

(
r p−1

q −r̄

)
.

Recall that the expression l[f ] is said to be regular if the interval (a, b) is finite and
the entries of F , as well as the function w, are integrable on the entire interval [a, b].
Otherwise, l[f ] is said to be singular. Furthermore, the left endpoint a of the interval
(a, b) is said to be regular if a > −∞ and the entries of F , as well as w, are integrable on
each interval [a, β] ⊂ [a, b), β < b. Otherwise, the endpoint a is said to be singular. The
notions of regularity and singularity for the other endpoint, b, are defined in a similar
way.

Theorem 1 obviously remains true if t is a regular endpoint of I.
If r = 0 on I, then (3) becomes

(4) −(pf ′)′ + qf = λwf
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with the quasi-derivatives f [0] = f , f [1] = pf ′, and f [2] = (pf ′)′ − qf .
Spectral analysis of ordinary differential operators goes back to Sturm and Liouville’s

work in the early 1830s, especially to their legendary paper [35], where the eigenvalue
problem for an equation of the form (4) with separated boundary conditions at the
endpoints of an interval I = [a, b] of the real line was studied for the case in which
q, w ∈ C(I), p ∈ C1(I), and p, q, w > 0 on I. At the beginning of the 20th century, Weyl
published several papers dealing with (4), where it was assumed that p, q ∈ C[0,+∞),
p > 0, and w = 1 on [0,+∞); e.g., see [36]. (It was in these papers that Weyl had already
used the quasi-derivative f [1] = pf ′.) In 1912, Dixon [21] was the first to replace the
condition of continuity of the coefficients in (4) with the condition p−1, q, w ∈ L1[a, b],
where p, w > 0 a.e. on [a, b]. The subsequent development timeline of and the state of the
art in the theory of operators generated by the expression l[f ] = −(pf ′)′+qf in the space
L2
w(I) are presented in much detail in the proceedings [18] of a conference dedicated to

Sturm’s 200th birthday and in Zettl’s book [38]. Unfortunately, the early 1950s work of
Soviet mathematicians is underrepresented in the literature (in particular, in these two
books). In this connection, we note only that Levitan’s book [7] dealing with spectral
expansions for operators of the form l[f ] = −f ′′ + qf has played an extremely important
role in the development of mathematical analysis in the USSR.

2. Let p0, q0, and p1 be real-valued Lebesgue measurable functions such that p−1
0 , p21p

−1
0 ,

and q20p
−1
0 are locally Lebesgue integrable (i.e., p−1

0 , p21p
−1
0 , q20p

−1
0 ∈ L1

loc(I)). Set ϕ :=
p1 + iq0. Consider the matrix

F =
1

p0

(
ϕ 1

−|ϕ|2 −ϕ

)
.

The Cauchy–Schwarz inequality readily shows that

ϕp−1
0 ∈ L1

loc(I).

Indeed,∫ β

α

|ϕ| · |p−1
0 | =

∫ β

α

1√
|p0|

· |ϕ|√
|p0|

≤
(∫ β

α

1

|p0|

)1/2

·
(∫ β

α

|ϕ|2
|p0|

)1/2

< +∞

for any [α, β] ⊂ I. Thus, all entries of F lie in L1
loc(I).

We use the matrix F to define the quasi-derivatives f [0], f [1], and f [2] by setting, as
usual,

f [0] = f, f [1] = p0f
′ − ϕf, f [2] = (f [1])′ +

ϕ

p0
f [1] +

|ϕ|2
p0

f.

Next, we apply Theorem 1 and the subsequent remark (see Section 1.1) to conclude
that the existence and uniqueness theorem holds for the Cauchy problem with data at
an arbitrary point of I for the equation

(5) −f [2] = λwf + wh

and that the conditions p−1
0 , p21p

−1
0 , q20p

−1
0 , w, wh ∈ L1

loc(I) are the most general conditions
guaranteeing that this is the case.

One can treat the entries of F in (5) as regular distributions and the prime ′ as the
generalized derivative (i.e., the derivative in the sense of distributions.) Since

q0f
′ =

q0
p0

(p0f
′) =

q0
p0

f [1] +
q0ϕ

p0
f,
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f, f [1] ∈ ACloc(I), and the coefficients q0p
−1
0 and q0ϕp

−1
0 lie in L1

loc(I) (see above), we
conclude that q0f

′ is a regular distribution. Now assume that p0 lies in L1
loc(I) as well.

Then ϕ ∈ L1
loc(I). Indeed,∫ β

α

|ϕ| =
∫ β

α

√
|p0| ·

|ϕ|√
|p0|

≤
(∫ β

α

|p0|
)1/2

·
(∫ β

α

|ϕ|2
|p0|

)1/2

< +∞

for any [α, β] ⊂ I.
We rewrite the formula for f [1] as

p0f
′ = f [1] + ϕf

and find that p0f
′ is a regular distribution as well.

On the other hand, if we define the product of the distribution a′, where a(x) is an
entry of F , by a function f locally absolutely continuous on I by setting, as usual,

(a′f)(φ) = −
∫ b

a

a(fφ)′

for an arbitrary infinitely differentiable complex-valued function φ compactly supported
on I, then it is easily seen that

(af)′ = a′f + af ′

in the sense of distributions.
This argument shows that one can multiply out completely in the expression for f [2],

thus obtaining

f [2] = (p0f
′)′ − i(2q0f

′ + q′0f)− p′1f,

or

f [2] = (p0f
′)′ − i((q0f)

′ + q0f
′)− p′1f.

We point out that the monomials (p0f
′)′, (q0f)

′, and p′1f in this formula are singular
distributions, the first two of them being the generalized derivatives of regular functions,
while q0f

′ and f [2] are regular distributions.
Thus, the expression l[f ] (see (1)) becomes

l[f ] = w−1
{
−(p0f

′)′ + i((q0f)
′ + q0f

′) + p′1f
}

in terms of distributions.
Note that if the condition p0 ∈ L1

loc(I) is not satisfied, then one apparently cannot

multiply out in the expression for f [2] without, say, ascribing a meaning to the expression
p′1. In such cases, we do not multiply out in (5).

Note some special cases of the expression l[f ].
If q0(x) = 0, w(x) = 1 on I, and p0, p

−1
0 , p21p

−1
0 ∈ L1

loc(I), then the matrix F , the

quasi-derivatives f [0], f [1], and f [2], and the quasi-differential expression l[f ] acquire the
form

F =
1

p0

(
p1 1
−p21 −p1

)
,

f [0] = f, f [1] = p0f
′ − p1f, f [2] = (f [1])′ +

p1
p0

f [1] +
p21
p0

f

l[f ] = −(p0f
′)′ + p′1f.(6)
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In particular, if p0(x) = 1 and p1(x) = σ(x), where σ2(x) ∈ L1
loc(I), then F , f [0], f [1],

f [2], and l[f ] have the form

F =

(
σ 1

−σ2 −σ

)
, f [0] = f, , f [1] = f ′ − σf, f [2] = (f [1])′ + σf [1] + σ2f

l[f ] = −f ′′ + σ′f.(7)

Moreover, if σ(x) is a step function with jumps hj at some points xj ∈ I, then

(8) l[f ] = −f ′′ +
∑
j

hjδ(x− xj)f,

where δ(x) is the Dirac delta function.
Thus, the theory of a Hamiltonian with δ-interactions of intensities hk centered at

the points xk is covered by the theory of operators generated by second-order quasi-
differential expressions.

The operators generated by expressions of the form (7) were thoroughly studied in
[14] and [15], mostly in the case of a finite interval. Later, the Titchmarsh–Weyl theory
was constructed in [24] for an expression of the form (1) with real coefficients, and hence,
in particular, some results in [14] and [15] were generalized. Note also the related earlier
papers [29] and [37]. In [31] the authors study a differential expression of the form (8)
on a finite interval.

Expressions of the form (8) are physically important and hence have long been a focus
of attention for numerous mathematicians (see [5, 17, 20, 32, 34]).

The book [13, Chapter 7] studies the operators generated on an interval by expressions
of the form (6) and the Dirichlet boundary conditions for the case in which p0 and p1
are functions of bounded variation.

2. The operators L1 and L0. Deficiency indices and a description

of self-adjoint extensions of L0

1. Let p, q, r, and w satisfy the conditions listed at the beginning of Section 1. The
expression l[f ] generates an operator L1 with domain D(L1) in L2

w(I) by the formula
L1f = l[f ], f ∈ D(L1), where

D(L1) := {f ∈ L2
w(I) | f ∈ Δ, l[f ] ∈ L2

w(I)}.
We write out Green’s identity in the form∫ β

α

[(gL1f − fL1g)w] = [fg](β)− [fg](α)

and note that if f, g ∈ D(L1), then there exist limits

lim
x→a+0

[fg](x)(=: [fg](a)), lim
x→b−0

[fg](x)(=: [fg](b))

and one has
(L1f, g)− (f, L1g) = [fg](b)− [fg](a),

where (·, ·) is the inner product on L2
w(I).

The operator L1 is called the maximal operator generated by the quasi-differential
expression l in the space L2

w(I).
Next, let D0(l) be the set of all compactly supported functions in D(L1), and let

D(L0) := {f ∈ D(L1) | [fg](b) = [fg](a) ∀g ∈ D(L1)}.
Clearly, D(L1) ∩ D0(l) ⊂ D(L0). Furthermore, the set D(L1) ∩ D0(l) is everywhere

dense in L2
w(I) [27, Appendix A, Theorem 1]. Consequently, the formula

L0f = l[f ], f ∈ D(L0),
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defines a closed symmetric operator with dense domain D(L0). Note that D(L0) can also
be characterized as

D(L0) = {f ∈ D(L1) | [fg](b) = [fg](a) = 0 ∀g ∈ D(L1)}.
This operator is called the minimal operator generated by l.

It is well known that
L∗
0 = L1, L∗

1 = L0.

Now we define the deficiency subspaces

D± := {f ∈ D(L∗
0) | L∗

0f = ±if} = {f ∈ Δ ∩ L2
w(I) | l[f ] = ±if}

and deficiency indices d± := dimD± of the operator L0.
It is well known that the deficiency subspaces and the domains of L1 and L0 are

related by

(9) D(L1) = D(L0)⊕D+ ⊕D−

and that the deficiency indices d± satisfy the inequality 0 ≤ d± ≤ 2.
Note that if the expression l is regular, then, obviously, d+ = d− = 2. Moreover, the

problem on the deficiency indices of L0 on an interval I with two singular endpoints can
be reduced to the same problem for the minimal operators generated by l on the intervals
(a, c] and [c, b), where c ∈ (a, b) is arbitrary. Let a be a regular and b a singular endpoint
of I. Then the deficiency indices d+ and d− of L0 coincide (d+ = d− =: d) and can
take the values d = 1 or d = 2. Following Weyl, one speaks of the case of a limit point
(respectively, limit circle) for l at b if d = 1 (respectively, d = 2). The following theorem
holds.

Theorem 2. Let the functions p, q, r, and w satisfy the conditions listed at the beginning
of Section 1. If all solutions of (3) lie in L2

w(I) for some λ0 ∈ C, then all solutions of
this equation lie in L2

w(I) for every λ ∈ C.

This theorem obviously implies that if one of the deficiency indices is 2, then so is the
other.

Let us state one more theorem pertaining to the case of d+ = d− = 2.

Theorem 3. A necessary and sufficient condition for all solutions of (3) to lie in L2
w(I)

for each λ ∈ C is that, for every sequence (αk, βk) ⊂ (a, b), k = 1, 2, . . . , of pairwise
disjoint intervals,

+∞∑
k=1

(∫ βk

αk

w(x) dx

∫ x

αk

|K(x, t)|2w(t) dt
)1/2

< +∞,

where K(x, t) is the Cauchy function of the equation l[f ] = 0, i.e., the solution of this
equation with respect to the variable x with the initial conditions K(x, t)|x=t = 0 and
K [1](x, t)|x=t = 1.

Weyl’s paper [36], published in 1910, was the first to introduce the limit point–limit
circle classification of singular second-order differential operators generated by expres-
sions of the form −(pf ′)′ + qf , where p and q are continuous functions, and the first test
for the limit point case for the corresponding operators. The problem of finding necessary
and sufficient conditions on the coefficients of a second-order differential expression guar-
anteeing, say, that the limit circle case occurs was not posed in [36]. However, Everitt
later stated this problem and indicated its importance in the survey paper [25], and Zettl
included it in a list of unsolved problems in his 2005 book [38]. Theorem 1 in [9] (see also
[10] and references therein), of which Theorem 3 is a special case, solves a similar problem
stated for arbitrary differential operators of arbitrary order and for the spaces Lp

w (see
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[10] and references therein), where Lp
w(I), 1 ≤ p < +∞, is the space of all measurable

functions f such that |f |pw is integrable on I. We return to this problem at the end of
Section 3.1.

When proving Theorem 8 in Section 3, we use the following restatement of Theorem 3.

Theorem 4. Let a be a regular endpoint of an interval I, and let b be a singular end-
point of I. A necessary and sufficient condition for the limit point case to occur for the
expression l at b is that, for some sequence (αk, βk) ⊂ (a, b), k = 1, 2, . . ., of pairwise
disjoint intervals,

(10)
+∞∑
k=1

(∫ βk

αk

w(x) dx

∫ x

αk

|K(x, t)|2w(t) dt
)1/2

= ∞.

To make the picture complete, we conclude the subsection with the proof of this
theorem.

Proof. Let t0 ∈ I, and let u and v form a fundamental solution system of the equation
l[f ] = 0 with the initial conditions u(t0) = v[1](t0) = 1 and u[1](t0) = v(t0) = 0. First,
let us show that the functions K(x, t), u(x), and v(x) are related by the formula

(11) K(x, t) = ū(t)v(x)− v̄(t)u(x).

Indeed, all three functions are solutions of the same equation. HenceK(x, t) = c1(t)u(x)+
c2(t)v(x). Green’s formula obviously implies that if functions f and g are solutions of
the equation l[f ] = 0, then the form [fg](x) is independent of x. Consequently,

[K(·, t)v(·)](x)
∣∣
x=t0

= c1(t), [K(·, t)v(·)](x)
∣∣
x=t

= −v̄(t).

Thus, c1(t) = −v̄(t). In a similar way, one proves that c2(t) = ū(t).
Sufficiency. Formula (11) shows that the function K(x, t) with given x and t is the

inner product of the vectors (ū(t), v̄(t)) and (v(x),−u(x)). Hence it follows from the
Cauchy–Schwarz inequality that

|K(x, t)|2 ≤ (|u(x)|2 + |v(x)|2)(|u(t)|2 + |v(t)|2).

Let [α, β] ⊂ I. We first multiply the last inequality by w(t) and integrate with respect
to t from α to x and then multiply the resulting inequality by w(x) and integrate with
respect to x from α to β; elementary computations show that

(12)

∫ β

α

(|u(x)|2 + |v(x)|2)w(x) dx ≥
√
2

(∫ β

α

w(x) dx

∫ x

α

|K(x, t)|2w(t) dt
)1/2

.

Now let (αk, βk) ⊂ I be a sequence of intervals satisfying condition (10). We apply
inequality (12) with α = αk and βk = β to each term on the right-hand side in the
inequality ∫ b

a

(|u|2 + |v|2)w ≥
∞∑
k=1

∫ βk

αk

(|u|2 + |v|2)w

and use (10) to obtain

(13)

∫ b

a

(|u|2 + |v|2)w = +∞.

Thus, for some λ0 ∈ C (namely, for λ0 = 0), not all solutions of (3) lie in L2
w(I).

Consequently, the limit circle case does not hold for l at b by Theorem 2. We have
proved the sufficiency.



288 K. A. MIRZOEV

Necessity. Assume that the limit point case holds for l; i.e., (13) holds. Let us show
then that

(14)

∫ β

α

w(x) dx

∫ x

α

|K(x, t)|2w(t) dt = +∞

for every α ∈ I. Assume the contrary:

J :=

∫ β

α0

w(x) dx

∫ x

α0

|K(x, t)|2w(t) dt < +∞

for some α0 ∈ I. We use (11) and note then that∫ β

α0

w(x) dx

∫ β

α0

|K(x, t)|2w(t) dt = 2J < +∞.

It follows by Fubini’s theorem that K(·, t) ∈ L2
w(I) for almost all t ≥ α0. On the other

hand, the functions u and v are linearly independent and continuous. Hence, first, there
exist numbers t01 and t02 (> α0) such that∣∣∣∣u(t1) v(t1)

u(t2) v(t2)

∣∣∣∣ �= 0

for t1 = t01 and t2 = t02; second, there exists a δ > 0 such that this inequality holds for all
t1 ∈ (t01 − δ, t01 + δ) and t2 ∈ (t02 − δ, t02 + δ). Thus, there exist numbers t11 and t12 in the
respective intervals such that K(·, t1i ) ∈ L2

w(I) for i = 1, 2. Moreover, it is obvious that
the functions K(·, t11) and K(·, t12) are linearly independent. Consequently, all solutions
of the equation l[f ] = 0 lie in L2

w(I), which contradicts condition (13). The proof of (14)
is complete. It remains to note that if (14) holds, then there exists a sequence of pairwise
disjoint intervals (αk, βk) ⊂ I, k = 1, 2, . . ., such that, say,∫ βk

αk

w(x) dx

∫ x

αk

|K(x, t)|2w(t) dt ≥ 1,

and (10) obviously holds for this sequence. The proof of Theorem 4 is complete. �

2. It is well known that the operator L0 admits self-adjoint extensions if and only if
d+ = d− = d. If d = 0, then it follows from (9) that D(L1) = D(L0), i.e., that the
operator L1 (and hence L0) is self-adjoint. This case obviously holds if and only if

[fg](a) = [fg](b) = 0

for any f, g ∈ D(L1).
Now let d = 1. Assume that either a is a regular endpoint or the limit circle case

holds for it and that the limit point case holds for b. Then the domain D(L) of every
self-adjoint extension L of L0 is given by

D(L) = {y ∈ D(L1) : [yw](a) = 0},
where w is a function such that w ∈ D(L1) \ D(L0) and [ww](a) = 0. The converse is
also true.

The following theorem gives a description of all self-adjoint extensions of L0 for d = 2.

Theorem 5. Let d+ = d− = 2. The domain D(L) of every self-adjoint extension L of
L0 is the set of functions y ∈ D(L1) satisfying the conditions

(15) [ywk](b)− [ywk](a) = 0, k = 1, 2,

where w1, w2 ∈ D(L1) are some functions linearly independent modulo D(L0) such that

(16) [wjwk](b)− [wjwk](a) = 0, j, k = 1, 2.
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Conversely, for arbitrary functions w1, w2 ∈ D(L1) linearly independent modulo D(L0)
and satisfying condition (16), the set of functions y(x) ∈ D(L1) satisfying condition (15)
is the domain of a self-adjoint extension L of L0.

In some cases, one can represent conditions (15) and (16) in a more explicit form. In
particular, the following theorem holds.

Theorem 6. Assume that the expression l is regular on the interval I. Every self-adjoint
extension L of L0 is determined by linearly independent boundary conditions of the form

(17) αi1y(a) + αi2y
[1](a) + βi1y(b) + βi2y

[1](b) = 0, i = 1, 2,

and moreover,

(18) AJA∗ = BJB∗,

where

A =

(
α11 α12

α21 α22

)
, B =

(
β11 β12

β21 β22

)
, J =

(
0 1
−1 0

)
.

Conversely, any linearly independent boundary conditions (17) satisfying relations
(18) define some self-adjoint extension L of L0.

If the point a of the interval I is a regular endpoint for l and d = 1, then every
self-adjoint extension L of L0 is determined by a boundary condition of the form

αy(a) + βy[1](a) = 0,

where α and β are complex numbers such that |α|2+|β|2 �= 0 and αβ̄ = ᾱβ. The converse
is also true.

Now let us state a theorem describing the case in which a is a regular endpoint, b is
a singular endpoint, and d = 2.

Let u and v be the fundamental solution system of the equation l[f ] = 0 with the
conditions u(a) = v[1](a) = 1 and u[1](a) = v(a) = 0 (see Theorem 1), and let (Sf)(x),
f ∈ D(L1), be the linear transformation

(Sf)(x) =

(
(Sf)1(x)
(Sf)2(x)

)
=

(
u v

u[1] v[1]

)−1 (
f

f [1]

)
(x).

We see from this definition of S that

(Sf)1(x) = W{u, f}(x), (Sf)2(x) = W{f, v}(x),

where W{f1, f2} is the Wronskian of the system of functions f1, f2 (with the derivatives
everywhere replaced with first-order quasi-derivatives). It follows from the last formula
and the definition of quasi-derivative that

(Sf)1(x) = (Sf)1(a)−
∫ x

a

f(t)v(t) dt, (Sf)2(x) = (Sf)2(a) +

∫ x

a

f(t)u(t) dt.

Consequently, there exists a limit limx→b−0(Sf)(x) =: (Sf)(b).

Theorem 7. Let a be a regular endpoint of I for the expression l, let b be a singular
endpoint of I, and let d = 2. Then every self-adjoint extension L of the operator L0 is
determined by linearly independent boundary conditions of the form

αi1y(a) + αi2y
[1](a) + βi1(Sf)1(b) + βi2(Sf)2(b) = 0, i = 1, 2,

where the complex numbers αik and βik satisfy conditions (17). The converse is also
true.
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Clearly, a similar theorem holds for the case in which both endpoints of I are singular
and d = 2.

Interestingly, self-adjoint extensions L0 can be defined under the assumptions of The-
orem 7 not only by analogs of Sturm type boundary conditions (separated boundary
conditions) but also by other types of boundary conditions (e.g., analogs of periodic
boundary conditions).

Theorems 6 and 7 provide broad possibilities for studying the spectrum and, more
generally, the Green function of the corresponding boundary value problems. In particu-
lar, theorems on uniform resolvent convergence apparently hold in this context. However,
a detailed exposition of these results is beyond the framework of the present paper. We
note only that theorems on uniform resolvent convergence under the assumptions of The-
orem 6 were given in [14] and [15] for differential expressions l[f ] of the form (7) and
later in [31] for l[f ] of the form (6).

Krein’s paper [6] deals with spectral analysis of self-adjoint extensions of the operator
generated in L2

ρ[0,+∞) by the expression 1
ρ (−y′′ + q(x)y) for the case in which the

deficiency indices of L0 are (2, 2) and the self-adjoint extension is defined by Sturm type
boundary conditions. Thus, the starting point of [6] is the assertion of Theorem 7 for the
case in which the first boundary condition is posed at zero and the second, at infinity;
moreover, all possible conditions of this kind are considered. Fulton’s paper [30] was
the first to introduce the transformation S for the case in which ρ = 1 and all other
assumptions in [6] are satisfied; this transformation was used to describe all self-adjoint
extension of L0 with separated boundary conditions and write out the Titchmarsh–Weyl
m(λ)-function for the corresponding operator.

Theorems 5 and 6 and the subsequent remarks can be found in [11, Section 18.1–
18.3] and, in a slightly different form, in [1, Supplement 2, Sections 125 and 127] for
quasi-differential operators of arbitrary even order with real coefficients and with quasi-
derivatives defined in a special way. However, these books present a general theory of self-
adjoint extensions of symmetric operators with finite deficiency indices in abstract Hilbert
spaces (see [11, Section V.14] and [1, Chapter VIII]), which permits one to construct
the corresponding theory for quasi-differential expressions associated with matrices F
of general form (see [27]). Most of [27] deals with the theory outlined here and uses
symplectic algebra techniques to this end.

Now let L be an arbitrary self-adjoint extension of L0. Clearly, Krein’s method of
directing functionals (see [11, Section 6.14] and [1]) can be used to prove the theorem on
eigenfunction expansions (the spectral expansion) for the self-adjoint operator L and in
particular obtain inversion formulas.

A modern version of the proof of the Titchmarsh–Weyl theorem on eigenfunction
expansions for an operator L with separated boundary conditions can be found in a joint
paper by Bennewitz and Everitt in [18, pp. 137–171]. Although this paper deals with an
equation of the form (4), one can see from the joint paper [19] by the same authors that
everything remains true for an equation of the form (3).

Note also that Levitan viewed the spectral expansion theorem for an ordinary symmet-
ric second-order differential equation with real coefficients and with one singular endpoint
as an elementary theorem of calculus. In particular, he had in mind his proof published
in [7]. In [8], he extended this proof to symmetric differential equations of higher or-
der with real coefficients. Apparently, his proof also remains valid for equations of the
form (3).
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3. Limit point and limit circle theorems

1. In this section, we assume that I = [0,+∞) and p0, q0, and p1 satisfy the conditions
on I listed at the beginning of Section 1.2. Let (αn, βn) ⊂ I, n = 1, 2, . . . , be a sequence
of pairwise disjoint intervals, and let K(x, t) be the Cauchy function of the equation
l[f ] = 0. It follows from Theorem 1 that, for given n, the function K(x, t) is uniquely
determined in the square {(x, t) | x, t ∈ [αn, βn]} by the values of the functions p0(x),
q0(x), and p1(x) for x ∈ [αn, βn]. Thus, if condition (10) is satisfied, then, regardless of

the values of these functions outside the set
⋃+∞

n=1[αn, βn], the limit point case holds for

the expression l; it is only required that p−1
0 , p21p

−1
0 , q20p

−1
0 ∈ L1

loc(I). Using this fact, let
us prove the following theorem.

Theorem 8. Suppose that p−1
0 , p21p

−1
0 , q20p

−1
0 , w ∈ L1

loc(I), w(x) > 0 a.e. on I, and
(αn, βn), n = 1, 2, . . . , is a sequence of pairwise disjoint intervals such that p0(x) = 1,
q0(x) = 0, w(x) = 1, and p1(x) = σ(x) for x ∈ [αn, βn], n = 1, 2, . . . , and the function
σ(x) is absolutely continuous on each of the intervals [αn, βn]. In addition, assume that
one of the following four conditions is satisfied :

(a) σ′(x) = −kn a.e. for x ∈ [αn, βn], where the kn > 0 are constants such that

+∞∑
n=1

1

kn
{γ2

n − sin2 γn}1/2 = +∞;

here γn =
√
kn(βn − αn).

(b) The sequences kn and γn are the same as in (a), σ′(x) ≥ kn a.e. for x ∈ [αn, βn],
and

+∞∑
n=1

1

kn
{sinh2 γn − γ2

n}1/2 = +∞.

(c) One has ∫ βn

αn

(βn − x)(x− αn)σ
′
−(x) dx ≤ ν(βn − αn),

+∞∑
n=1

(
(βn − αn)

∫ βn

αn

[(βn − x)(x− αn)]
2σ′

+(x) dx

)1/2

= +∞,

where σ′
−(x) = −min{σ′(x), 0}, σ′

+(x) = σ′(x) + σ′
−(x), and ν ∈ [0, 1) is a constant. Q1

(d) One has
+∞∑
n=1

(βn − αn)
2

1 +
(
(βn − αn)

∫ βn

αn
σ′
−(x) dx

)1/2 = +∞.

Then the limit point case holds for the expression l in the space L2
w(I).

Proof. Assume that 0 ≤ α < β < +∞, the expression l[f ] can be represented in the form
(7) for x ∈ (α, β), and the function σ(x) is absolutely continuous on the interval [α, β].

If σ′(x) = −k (k > 0) for x ∈ [α, β], then

K(x, t) =
sin

√
k(x− t)√
k

for α ≤ t ≤ x ≤ β,

and hence ∫ β

α

dx

∫ x

α

K2(x, t) dt =
1

4k2
[k(β − α)2 − sin2

√
k(β − α)].

Now we set [α, β] = [αn, βn] and k = kn in this equation and apply Theorem 4 to find
that the assertion of Theorem 8 holds under condition (a).
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The Cauchy function K(x, t) satisfies the differential equation

(19) f ′′ + σ′
−(x)f = σ′

+(x)f

with respect to x(∈ (α, β)) and the initial conditions

K(x, t)|x=t = 0 and K ′
x(x, t)|x=t = 1, t ∈ [α, β].

Consequently, this function satisfies the Volterra integral equation

K(x, t) = u(x, t) +

∫ x

t

u(x, τ )σ′
+(τ )K(τ, t) dτ,

where u(x, t) is the Cauchy function of the equation f ′′ = −σ′
−(x)f .

We find by the successive approximation method that u(x, t) can be represented in
the form

(20) u(x, t) = x− t−
∫ x

t

(x− τ )σ′
−(τ )(τ − t) dτ

+

+∞∑
m=1

∫ x

t

[u2m(x, τ )− u2m+1(x, τ )](τ − t) dτ,

where

u1(x, τ ) = (x− τ )σ′
−(τ ),

um+1(x, τ ) =

∫ x

τ

u1(x, ξ)um(ξ, τ ) dξ, m = 1, 2, . . . ,

and K(x, t) can be represented in the form

(21) K(x, t) = u(x, t) +

+∞∑
m=1

∫ x

t

Km(x, τ )u(τ, t) dτ,

where

K1(x, τ ) = u(x, τ )σ′
+(τ ),

Km+1(x, τ ) =

∫ x

τ

K1(x, ξ)Km(ξ, τ ) dξ, m = 1, 2, . . .

Moreover, if σ′
−(x) = 0 and σ′

+ ≥ k (k > 0) for x ∈ [α, β], then u(x, t) = x− t, and it
readily follows from (21) that

K(x, t) ≥ 1√
k
sinh

√
k(x− t), α ≤ t ≤ x ≤ β.

Thus, in this case we have∫ β

α

dx

∫ x

α

K2(x, t) dt ≥ 1

4k2
[sinh2

√
k(β − α)− k(β − α)2].

Now we set [α, β] = [αn, βn] and k = kn in this inequality and apply Theorem 4, thus
proving the assertion of Theorem 8 under condition (b).

Now assume that

(22)

∫ β

α

(β − τ )(τ − α)σ′
−(τ ) dτ ≤ ν(β − α),

where ν ∈ (0, 1] is some constant. The functionQ1

f(x, t) =
1

x− t

∫ x

t

(x− τ )(τ − t)σ′
−(τ ) dτ,
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α ≤ t < x ≤ β, increases in x on the set (t, β] and decreases in t on the set [α, x). Hence
inequality (22) implies the inequality

(23)

∫ x

t

(x− τ )(τ − t)σ′
−(τ ) dτ ≤ ν(x− t), α ≤ t ≤ x ≤ β.

The last inequality, together with the definition of the functions um(x, t), implies that

(24) um(x, t)− um+1(x, t) ≥ (1− ν)um(x, t), m = 1, 2, . . .

We take into account inequality (23) and the inequality u2m(x, t) − u2m+1(x, t) ≥ 0,
α ≤ t ≤ x ≤ β, which follows from (24), and obtain u(x, t) ≥ (1 − ν)(x − t) for
α ≤ t ≤ x ≤ β and 0 < ν < 1. Now it follows from (21) that

K(x, t) ≥ (1− ν)(x− t) + (1− ν)2
∫ x

t

(x− τ )(τ − t)σ′
+(τ ) dτ.

Thus, if α and β are numbers such that condition (22) is satisfied for 0 < ν < 1, then

K2(x, t) ≥ 2(1− ν)3(x− t)

∫ x

t

(x− τ )(τ − t)σ′
+(τ ) dτ

for α ≤ t ≤ x ≤ β, Consequently,∫ β

α

dx

∫ x

α

K2(x, t) dt ≥ 2(1− ν)3
∫ β

α

dx

∫ x

α

(x− t)

(∫ x

t

(x− τ )(τ − t)σ′
+(τ ) dτ

)
dt

=
(1− ν)3

3
(β − α)

∫ β

α

[(β − x)(x− α)]2σ′
+(x) dx.

To prove the assertion of Theorem 8 in case (c), it remains to set [α, β] = [αn, βn] and
apply Theorem 4.

Let us define a partition of the interval [α, β] by points α =: a0 < a1 < . . . < an := β
as follows. Note that the function f(x, a0) increases for x > a0 and f(x, a0) → 0 as
x → a0+; hence either f(x, a0) < 1 for all x ∈ (α, β], or the equation f(x, a0) = 1 has a
solution on (α, β]. In the former case, we set a1 := β and complete the partition. In the
latter case, we set a1 := inf{x | x > a0, f(x, a0) = 1}. If it turns out that a1 = β, we also
complete the partition; otherwise, we define a2 by replacing a0 with a1 in the preceding
argument and continue the procedure. Now let us show that the partition of [α, β] thus
constructed contains finitely many points and estimate their number from above. Let
N ≥ 2 be a positive integer, and assume that the number of points in the partition is
greater than N . Then

f(am, am−1) ≤ 1, m = 1, 2, . . . , N − 1.

It readily follows from this inequality that

1

am − am−1
≤ 1

4

∫ am

am−1

σ′
−(τ ) dτ, m = 1, 2, . . . , N − 1,

and we obtain, by summing with respect to m,

N−1∑
m=1

1

am − am−1
≤ 1

4

∫ β

α

σ′
−(τ ) dτ.

Next, we apply the arithmetic–harmonic mean inequality and find after some elementary
transformations that

N ≤ 1

2

(
(β − α)

∫ β

α

σ′
−(τ ) dτ

)1/2

+ 1.
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Now note that, by construction, inequality (22) becomes an equality with ν = 1 for
α = am−1 and β = am, and hence inequality (23) holds for these α, β, and ν. Thus, by
formulas (20) and (21),

(25) K(x, t) ≥ x− t−
∫ x

t

(x− τ )σ′
−(τ )(τ − t) dτ, am−1 ≤ t ≤ x ≤ am.

Now let [α, β] = [αn, βn], n = 1, 2, . . . We divide the interval [αn, βn] into Nn parts by
points

αn =: a(0)n < a(1)n < . . . < a(Nn)
n := βn

using the method indicated above. Inequality (25) holds on each [a
(m−1)
n , a

(m)
n ] with am =

a
(m)
n , m = 1, 2, . . . , Nn, and an = a

(0)
n . Next, we use the Cauchy–Schwarz inequality,

then estimate the resulting integrals with the use of inequality (25), and finally sum with
respect to m, thus obtaining

Nn∑
m=1

(∫ a(m)
n

a
(m−1)
n

dx

∫ x

a
(m−1)
n

K2(x, t) dt

)1/2

≥ c

Nn∑
m=1

(a(m)
n − a(m−1)

n )2 ≥ c(βn − αn)
2

Nn
,

where c = 5
√
2/48. It remains to take into account the upper bound for Nn, sum these

inequalities with respect to n, and apply Theorem 4. Thus, the assertion of Theorem 8
holds under condition (d). The proof of Theorem 8 is complete. �

It is easily seen that the upper bound for N is an estimate for the number of zeros
of a nonzero solution of (19) on the interval [α, β], and inequality (22) with ν = 1 is a
condition under which an arbitrary nonzero real solution of the same equation has at
most one zero on [α, β]. Thus, we have obtained yet another proof of Theorem 5.1 and
inequality (5.9) in [16, Section 11.5]. Moreover, the number N also satisfies the estimate

N ≤
∫ β

α

(x− α)σ′
−(x) dx+ 1

(see inequality (5.11) in [16, Section 11.5]). One can use this inequality to show that
Theorem 8 remains valid if condition (d) is replaced by the condition

(26)
+∞∑
n=1

(βn − αn)
2

1 +
∫ βn

αn
(x− αn)σ′

−(x) dx
= +∞.

Needless to say, there are quite a few well-known sufficient conditions for the limit
point and limit circle cases to hold provided that l[f ] has the form (6),

l[f ] = −(pf ′)′ + qf, p(:= p0), q(:= p′1) ∈ L1
loc(I)

(e.g., see [26] and references therein). Basic information about Weyl’s limit point–limit
circle alternative for expressions l[f ] of this form can be found in [38, Section 7.4]. The
same book [38, Section 7.5] provides quite an impressive list of references on the topic. In
what follows, we present a brief analysis of how the assertions in Theorem 8 are related
to the result obtained earlier by other authors for the case of l[f ] = −f ′′ + qf , where
q(:= σ′) ∈ L1

loc(I) (see (6)).
Examples of step function potentials q such that the limit point or limit circle case

is realized for l were used earlier in various issues of quantum physics and differential
equations (see [23]). I do not know any other conditions of the form (a). Neither am I
aware of any papers by other authors where conditions of the form (c) have been obtained
for which the limit point case is realized.
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Ismagilov [3] showed, as early as in 1963, that if

q(x) ≥ kn > 0 for x ∈ (αn, βn) and

+∞∑
n=1

√
kn(βn − αn)

3 = +∞,

then the limit point case holds for l. Later, this theorem was generalized in [12], [26],
and [33]. The results obtained in these papers are stated in slightly different terms than
in Theorem 8(b), but are close to these.

To compare earlier obtained results with condition (d), we state the following theorem.

Theorem 9. The limit point case is realized for l if q ∈ L1
loc(I) and there exists a

sequence of pairwise disjoint intervals [αn, βn], n = 1, 2, . . . , such that one of the following
two conditions is satisfied :

1. q(x) ≥ −γn for x ∈ [αn, βn], where γn > 0 and

+∞∑
n=1

1

(βn − αn)−2 + γn
= +∞.

2. There exists a sequence of positive numbers νn and constants k and K such that

+∞∑
n=1

ν−1
n = +∞, (βn − αn)

2νn ≥ k,

∫ βn

αn

q−(x) dx ≤ K(βn − αn)
3ν2n.

The first part of Theorem 9 is the case of n = 1 of a theorem in Ismagilov’s paper
[2], where it is stated for the expression (−1)nf (2n) + q(x)f , and the second part was
proved by Eastham [22]. One can readily show that condition 1 in Theorem 9 implies
that conditions (26) are satisfied, while condition 2 and condition (d) in Theorem 8 are
equivalent. Thus, condition (d) in Theorem 8 and its modification (26) are none other
than Theorem 9, and the proof given here is new.

We have already noted that, as was indicated in the survey paper [25] and in [38,
Chapter 17, Open problems II], the following problem is a key classification problem for
the expression l[f ] = −(pf ′)′ + qf in the space L2

w(I):
Find necessary and sufficient conditions on the coefficients p, q, and w for the limit

point or limit circle case to be realized for the expression l.
Theorem 8 and its proof show that Theorem 4 provides quite an efficient solution of

this problem.

2. Here we still assume that I = [0,+∞) and w(x) = 1. Along with the quasi-differential
expression l[f ] of the form (7) generated by the matrix F , consider the expression s[f ]
generated by the matrix

G =

(
Q 1

−Q2 −Q

)
,

where Q, as well as σ, is a real-valued function on I and lies in L1
loc(I). By S0 we

denote the minimal operator generated by s[f ] in the space L2(I). Next, let u and v be
a fundamental solution system of the equation

−(f ′ −Qf)′ −Q(f ′ −Qf)−Q2f = 0.

Theorem 10. Let σ(x), Q(x) ∈ L2
loc(I) be real-valued functions such that, for some

a > 0,

(i)

∫ +∞

a

(σ −Q)2ϕ2 < +∞, (ii)

∫ +∞

a

|σ −Q| · |ϕϕ′| < +∞,
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where ϕ = u or ϕ = v, and

(iii)

∫ +∞

a

|σ −Q| · |(uv)′| < +∞.

Then the deficiency indices of the operators L0 and S0 are the same.

It is well known that if Q(x) is sufficiently smooth and satisfies certain conditions (see
Theorem 11 below), then u and v form a fundamental solution system of the equation

−f ′′ +Q′f = 0

and satisfy the inequalities (the Liouville–Green estimates)

|u|, |v| ≤ c(−Q′)−1/4, |u′|, |v′| ≤ c(−Q′)1/4,

where c is some constant. Using this fact and Theorem 10, one can prove the following
theorem.

Theorem 11. Assume that Q(x) ∈ L1
loc(I) has locally absolutely continuous second

derivative on (a,+∞) for some a > 0, Q′(x) < 0 for x ∈ (a,+∞), and the conditions∫ +∞

a

√
−Q′ = +∞,

∫ +∞

a

(−Q′)−1/4 · |[(−Q′)−1/4]′′| < +∞

are satisfied. Moreover, assume that σ(x) and Q(x) satisfy∫ +∞

a

(σ −Q)2√
−Q′ < +∞,

∫ +∞

a

|σ −Q| < +∞.

Then the assertion of Theorem 10 holds.

We do not dwell upon generalizations and applications of Theorems 10 and 11, in par-
ticular those to differential expressions of the form (8), and refer the reader to Konech-
naya’s paper [4].

3. Let xn, n = 1, 2, . . . , be an increasing sequence of positive numbers such that x0 = 0
and limn→+∞ xn = +∞. In what follows, we assume that the expression l[f ] has the
form (7) and σ′(x) satisfies

(27) σ′(x) = q(x) +

+∞∑
k=0

hkδ(x− xk),

where q(x) ∈ L1
loc(I), h0 = 0, and the hk, k = 1, 2, . . . , are some real constants. If the

function q(x) satisfies some of conditions (a)–(d) in Theorem 8, say, on the intervals

[αk, βk] =

[
2xk + xk+1

3
,
xk + 2xk+1

3

]
,

then the limit point case obviously holds for the expression l[f ]. Thus, Theorem 8
provides various examples of the limit point case for l[f ] regardless of the sequences hk and
xk. In particular, if q(x) = 0 for x ∈ I, then σ′

−(x) = 0 on the above-mentioned sequence
of intervals [αk, βk]; by Theorem 8(d), the limit point case holds for l[f ] whenever

+∞∑
k=0

(xk+1 − xk)
2 = +∞.

In our situation, the expression l[f ] of the form (8) is considered, and the conditions
given above ensure that the limit point case is realized for this expression. As we have
already noted, the expression l[f ] of the form (8) is discussed in numerous papers. In
particular, it was shown in [20] that the deficiency indices of the operator L0 generated
by this expression in L2(I) do not exceed 2 and that Weyl’s alternative holds. The
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fact that the theory of operators generated by quasi-differential expressions with locally
integrable coefficients covers the operators generated by expressions l[f ] of the form
(8) implies these assertions automatically. The paper by Christ and Stolz [34] was the
first to provide an example in which the deficiency indices of this operator are (2, 2).
Later, quite a few various examples of this type were constructed in [4] and [5]. The
state of the art in spectral analysis of operators generated by expressions of the form
(8) is presented in [5] and [32]. The paper [17] deals with spectral analysis of lower
semibounded Sturm–Liouville operators with potentials of the form (27). The papers [5]
and [32] introduce a Jacobi matrix J and establish relationships between the spectral
characteristics of operators generated in L2(I) by expressions l[f ] of the form (8) and
the boundary condition f ′(0) = 0 and the difference operators generated by J in the
space l2.

It is obviously advantageous to include the operators generated by expressions of the
form (8) in the class of operators generated by quasi-differential expressions with locally
integrable coefficients. To illustrate this, let us state one result due to Malamud and
Kostenko [5, 32] and give a simple proof.

Theorem 12. The minimal closed symmetric operator L0 generated by l[f ] (see (8)) in
L2(I) has deficiency indices (2, 2) if and only if all solutions of the equation

(28)
Zk+1

rk+1rk+2dk+1
− 1

r2k+1

(
hk +

1

dk
+

1

dk+1

)
Zk +

Zk−1

rkrk+1dk
= 0, k = 1, 2, . . . ,

belong to the space l2, where dk = xk − xk−1 and rk+1 =
√
dk + dk−1.

Proof. Let f be an arbitrary solution of the equation l[f ] = 0. Then

f = Xk + Yk(x− xk−1), k = 1, 2, . . . ,

for xk−1 < x < xk, where Xk and Yk are some constants. The functions f and f [1] are
locally absolutely continuous on I by Theorem 1. Hence, in particular, f(xk−) = f(xk+)
and f ′(xk+)− f ′(xk−) = hkf(xk); i.e.,{

Xk + Ykdk = Xk+1,

Yk+1 − Yk = hkXk+1, k = 1, 2, . . .

We find from this system that the coefficients Xk and Yk are related by the formula

Yk =
Xk+1 −Xk

dk
,

and moreover,

(29)
Xk+2

dk+1
−
(
hk +

1

dk
+

1

dk+1

)
Xk+1 +

Xk

dk
= 0, k = 1, 2, . . .

On the other hand, one can readily establish that∫ +∞

0

f2(x) dx =

+∞∑
k=1

∫ xk

xk−1

f2(x) dx =
1

3

+∞∑
k=1

dk(X
2
k +XkXk+1 +X2

k+1),

where the quadratic form in parentheses on the right-hand side satisfies the two-sided
inequality

1

2
(X2

k +X2
k+1) ≤ X2

k +XkXk+1 +X2
k+1 ≤ 3

2
(X2

k +X2
k+1).

Hence f ∈ L2(I) if and only if the series

+∞∑
k=1

dk(X
2
k +X2

k+1) = d1X
2
1 +

+∞∑
k=1

(dk + dk+1)X
2
k+1,
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where Xk satisfies the finite-difference equation (29), converges. By making the change
of variables

Zk =
√
dk + dk+1Xk+1 = rk+1Xk+1, k = 1, 2, . . . ,

in this equation and by multiplying the resulting equation by 1/rk+1, we find that Zk

satisfies (28) and thus complete the proof of Theorem 12. �
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lungen willkürlicher Funktionen, Math. Ann. 68 (1910), 220–269. MR1511560

[37] R. E. White, Weak solutions of (p(x)u′(x))′ + g(x)u′(x) + qu(x) = f with q, f ∈ H−1[a, b], 0 <
p(x) ∈ L∞[a, b], g(x) ∈ L∞[a, b] and u ∈ H1[a, b], SIAM J. Math. Anal. 10 (1979), no. 6, 1313–1325.
MR547816 (80k:34022)

[38] A. Zettl, Sturm–Liouville theory, Math. Surveys and Monographs, vol. 121, Amer. Math. Soc.,
Providence, RI, 2005. MR2170950 (2007a:34005)

Faculty of Mechanics and Mathematics, Moscow State University, Moscow, Russia

E-mail address: mirzoev.karahan@mail.ru

Translated by V. E. NAZAIKINSKII

Originally published in Russian

http://www.ams.org/mathscinet-getitem?mr=0316801
http://www.ams.org/mathscinet-getitem?mr=0316801
http://www.ams.org/mathscinet-getitem?mr=0417481
http://www.ams.org/mathscinet-getitem?mr=0417481
http://www.ams.org/mathscinet-getitem?mr=3046408
http://www.ams.org/mathscinet-getitem?mr=0477247
http://www.ams.org/mathscinet-getitem?mr=0477247
http://www.ams.org/mathscinet-getitem?mr=866835
http://www.ams.org/mathscinet-getitem?mr=866835
http://www.ams.org/mathscinet-getitem?mr=1647856
http://www.ams.org/mathscinet-getitem?mr=1647856
http://www.ams.org/mathscinet-getitem?mr=0477222
http://www.ams.org/mathscinet-getitem?mr=0477222
http://www.ams.org/mathscinet-getitem?mr=1168193
http://www.ams.org/mathscinet-getitem?mr=1168193
http://www.ams.org/mathscinet-getitem?mr=0450657
http://www.ams.org/mathscinet-getitem?mr=0450657
http://www.ams.org/mathscinet-getitem?mr=2667807
http://www.ams.org/mathscinet-getitem?mr=2667807
http://www.ams.org/mathscinet-getitem?mr=2644117
http://www.ams.org/mathscinet-getitem?mr=2644117
http://www.ams.org/mathscinet-getitem?mr=0437844
http://www.ams.org/mathscinet-getitem?mr=0437844
http://www.ams.org/mathscinet-getitem?mr=1281525
http://www.ams.org/mathscinet-getitem?mr=1281525
http://www.ams.org/mathscinet-getitem?mr=1511560
http://www.ams.org/mathscinet-getitem?mr=547816
http://www.ams.org/mathscinet-getitem?mr=547816
http://www.ams.org/mathscinet-getitem?mr=2170950
http://www.ams.org/mathscinet-getitem?mr=2170950

	1. Introduction
	1
	2

	2. The operators 𝐿₁ and 𝐿₀. Deficiency indices and a description  of self-adjoint extensions of 𝐿₀
	1
	2

	3. Limit point and limit circle theorems
	1
	2
	3

	References

