
for identical twins, no two humans have identi-
cal DNA sequences. Two genomes chosen from
the human population are about 99.8 percent
identical, affirming our common heritage as a
species. But the 0.2 percent vari-
ation translates into some six
million sequence differences.
Common sites of sequence vari-
ations are called DNA polymor-
phisms. Most polymorphisms
are thought to be nonfunctional
variations, arising by mutation,
having no deleterious conse-
quence, and increasing (and de-
creasing) in frequency by sto-
chastic drift. The presence of
considerable DNA polymor-
phism in the population has
sobering consequences for dis-
ease hunting. Even if it were
straightforward to determine
the entire DNA sequence of in-
dividuals, one could not find
the gene for cystic fibrosis (CF)
simply by comparing the se-
quences of a CF patient and an unaffected per-
son: there would be too many polymorphisms.

How then does a geneticist find the genes re-
sponsible for cystic fibrosis, diabetes, or heart
disease? The answer is to proceed hierarchi-

JULY 1995 NOTICES OF THE AMS 747

Mapping Heredity: 
Using Probabilistic Models

and Algorithms to Map
Genes and Genomes

Eric S. Lander

T
he human genome is a vast bio-
chemical jungle in which scientists
have begun hunting for the genetic
basis of inherited diseases. Even a
one-letter error in the 3× 109 base

pairs (bp) of deoxyribonucleic acid (DNA) in-
herited from either parent may be sufficient to
cause a disease. Thus, to detect inherited dis-
eases, one must be able to detect mistakes pre-
sent at just over one part in 1010. The task is
sometimes likened to finding a needle in a
haystack, but this analogy actually understates
the problem: the typical 2-gram needle in a 6,000-
kilogram haystack represents a 3,000-fold larger
target. In certain respects, the gene hunter’s task
is harder still, because it may be difficult to rec-
ognize the target even if one stumbles upon it.
Although molecular biologists refer to the human
genome as if it were well defined in math-
ematicians’ terms, it is recognized that, except

How does a
geneticist find

the genes
responsible
for cystic
fibrosis,

diabetes, or
heart disease?Adapted with permission from “Calculating the Secrets

of Life”. Copyright 1995 by the National Academy of
Sciences. Courtesy of National Academy Press, Wash-
ington, D.C. Part II of this article will appear in the Au-
gust issue of Notices.
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the Whitehead Institute/MIT Center for Genome Re-
search.
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cally. The first step is to use a technique called
genetic mapping to narrow down the location of
the gene to about 1/1,000 of the human genome.
The second step is to use a technique called
physical mapping to clone the DNA from this re-
gion and to use molecular biological tools to
identify all the genes. The third step is to iden-
tify candidate genes (based on the pattern of gene
expression in different tissues and at different
times) and to look for functional sequence dif-
ferences in DNA (for example, mutations that in-
troduce stop codons or that change crucial amino
acids in a protein sequence) in affected patients.
We focus on genetic and physical mapping be-
cause they essentially involve mathematical
analysis.

Genetic Mapping

The Concept of Genetic Maps

Genetic mapping is based on the perhaps coun-
terintuitive notion that it is possible to find
where a gene is without knowing what it is.
Specifically, it is possible to identify the location
of an unknown disease-causing gene by corre-
lating the inheritance pattern of the disease in
families with the inheritance pattern of known
genetic markers. It is useful to return to Mendel’s
Laws of Inheritance: 

• First Law. For any gene, each parent transmits
one allele chosen at random to its offspring.

• Second Law. For any two genes, the alleles
transmitted by a parent are independent (that
is, there is no correlation in the alleles trans-
mitted).

Although Mendel’s First Law has held up well
over the past 130 years, the Second Law turned
out to be false in general. Two genes on differ-
ent chromosomes show no correlation in their
inheritance pattern, but genes on the same chro-
mosome typically show correlation.

Consider the simple backcross in Figure 1,
showing the inheritance of two genes A and B
on the same chromosome. The F1 individual
carries one chromosome with alleles a1 and b1
at the two genes and another chromosome with
alleles a2 and b2. Often, one or the other chro-
mosome is transmitted completely intact to the
offspring. If this always happened, the inheri-
tance pattern at the two genes would be com-
pletely dependent: a1 would always be co-in-
herited with b1. But the situation is more
interesting. Crossing over can occur at random
points along the chromosomes, involving an
even swap of DNA material. If a crossover occurs
between genes A and B, it results in recombi-
nation between the genes, producing a chro-
mosome carrying a new combination of alleles:
a1b2 or a2b1. In fact, multiple crossovers can
occur along a chromosome; recombination be-
tween two loci will result whenever an odd num-
ber of crossovers occur.

Genetic mapping is based on the recognition
that the recombination frequency θ between
two genes (or loci) provides a measure of the dis-
tance between them. If two genes are close to-
gether, θ will be small. If the recombination fre-
quency is clearly less than 0.50, the genes are
said to be linked.

The genetic distance dA,B between two genes
A and B is defined as the expected number of
crossovers between the genes. If one assumes
that crossovers are distributed independently
with respect to one another (this assumption is
not quite right but is adequate for many pur-
poses), genetic distances can easily be converted
into recombination frequency, for the number
of crossovers between genes A and B will then
be Poisson distributed with mean d = dA,B ; and
so the probability of an odd number of
crossovers can be shown to be 

θ =
(
1− e−2d

)
/2.

For small distances, the formula is θ ≈ d, which
reflects the fact that the possibility of more than
one crossover can be neglected. For large dis-
tances d, the recombination frequency θ ap-
proaches 0.50, that is, independent assortment.

Genetic mapping is an essential first step in
characterizing a new mutation. Consider first the

Figure 1
Schematic drawing of genetic recombination in an F1 heterozygote
with distinct alleles at two loci (marked as A and B) on a
chromosome. When no recombination occurs between A and B in
meiosis, chromosomes carrying the original pair of alleles result.
When recombination occurs, the resulting chromosomes carry a new
combination of alleles.
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but is tightly linked to locus C. The proportion
of recombinant chromosomes provides a
straightforward statistical estimator of the re-
combination frequency. In this case, the recom-
bination frequency between A and B is about
20/200 = 10 percent. The gene A can be posi-
tioned more precisely by using a three-point
cross shown in Figure 2b, in which two nearby
genetic markers are segregating. Here, it is clear
that A maps about midway between genes C
and D (see figure caption).

For experimental organisms and simple traits,
genetic mapping provides a straightforward way
to locate the trait-causing gene to a small inter-

Figure 2a
Examples of three-point crosses. (A) Locus A is unlinked to locus B
but is linked to locus C at a recombination fraction of 10 percent.

A B

situation of (1) a laboratory organism in which
experimental matings can be set up at will and
(2) traits that are monogenic and fully penetrant
(that is, the phenotype is completely determined
by the genotype at a single gene). For example,
a Drosophila geneticist might find a dominantly
acting mutation at a locus X, causing flies to have
an extra set of wings (in fact, such mutations
exist). He would set up crosses with strains car-
rying different genetic markers (that is, variants
in other genes of known location) in order to find
the regions showing correlated inheritance. Fig-
ure 2a shows the result of a backcross of this
type. The gene A is clearly not linked to locus B

Figure 2b
(B) Locus A is located between loci C and D, at
about 10 percent recombination fraction from
each. The first two types of progeny involve
chromosomes with no recombination; the next
four involve a single recombination, and the last
two involve double recombination (between C-A
and A-D). The double recombination class is
always least frequent, a property that allows
one to determine the order of three linked loci
from a cross in which they are all segregating.



val. Drosophila geneticists rarely need to appeal
to statistical or mathematical concepts. For ge-
neticists studying human families or complex
traits, however, the situation is quite different.

Challenges of Genetic Mapping: Human
Families and Complex Traits
Medical geneticists studying diseases face two
major problems: (1) for human diseases, one
cannot arrange matings at will but must rather
retrospectively interpret existing families; and
(2) for both human diseases and animal models
of these diseases, the trait may not be simply re-
lated to the genotype at a single gene. Owing to
these complications, genetic mapping of dis-
ease genes often requires sophisticated math-
ematical analysis.

The first problem is the inability to arrange
matings. To offset this limitation, human ge-
neticists need to have a huge collection of fre-
quent, naturally occurring genetic markers so
that the inheritance pattern of each chromoso-
mal region can be followed just as if one had de-
liberately set up a cross incorporating specific
genetic markers. In 1980 David Botstein set off
a revolution by recognizing that the naturally oc-
curring DNA polymorphisms in the human pop-
ulation filled the need [4]. By 1994, over 4,000
DNA polymorphisms had been identified and
mapped relative to one another.

Even with a dense genetic map of DNA poly-
morphisms, human genetic mapping confronts
several special problems of incomplete infor-
mation: (1) For individuals homozygous (a1/a1)
at a gene, one cannot distinguish between the two
homologous chromosomes at this location. (2)
For individuals heterozygous (a1/a2) at a gene,
one cannot tell which allele is on the paternal
chromosome and which is on the maternal chro-
mosome unless one can study the individual’s
parents. (3) Information for deceased individu-
als (or for those who choose not to participate
in a genetic study) is completely missing from
the pedigree.

Another problem is that many traits and dis-
eases do not follow simple Mendelian rules of
inheritance. This problem has several aspects:
• Incomplete penetrance. For some “disease

genes”, the probability that an individual in-
heriting the disease gene will have the disease
phenotpye may be less than 1. This probability
is called the penetrance of the disease geno-
type. Penetrance may depend on other un-
known genes, age, environmental exposure,
or random chance. For example, a gene called
BRCA1 on chromosome 17 predisposes to
early onset of breast cancer in some women,
but the penetrance is estimated to be about
60 percent by age 50 and 85 percent by age
80.
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• Phenocopy. Some diseases can be due to non-
genetic causes. For example, colon cancer can
be caused by mutations in the APC gene on
human chromosome 5, but most cases of
colon cancer are thought to be nongenetic in
origin (and are often attributed to diet).

• Genetic heterogeneity. Some diseases may be
caused by mutations in any one of several dif-
ferent genes.

• Polygenic inheritance. Some diseases may in-
volve the interaction of mutations at several
different genes simultaneously.

Maximum Likelihood Estimation
To handle the problem of incomplete informa-
tion, geneticists have adopted the statistical ap-
proach of maximum likelihood estimation (MLE).

The geneticist would ideally like to have com-
plete genotypic data X—for example, the geno-
type for every family member, including the pre-
cise parental chromosome from which each allele
was inherited. Given complete information, it is
usually easy to estimate the required parameters:
for example, the recombination frequency can
be estimated by counting recombinant chro-
mosomes, and the penetrance can be estimated
by finding the proportion of individuals with a
disease-predisposing genotype who manifest
the disease. Unfortunately, one typically has
only incomplete data Y, from which it is diffi-
cult to estimate θ directly.

The maximum likelihood estimate θ̂ is the
value that makes the observed data Y most likely
to have occurred, that is, the value that maxi-
mizes the likelihood functionL(θ): = prob (Y |θ).
Using Bayes’ Theorem, one can calculate L(θ).

To determine whether θ̂ is significantly dif-
ferent from a null value θ0 (for example, to see
whether an estimated recombination frequency
is significantly less than 50 percent), one ex-
amines the likelihood ratio Z = L(θ̂)/L(θ0). If Z
exceeds some appropriate threshold T, a sta-
tistically significant effect has been found.

In principle, virtually any genetic problem
can be treated by this approach. In practice, two
important issues arise:

Efficient Algorithms. The number of terms
in the Bayes sum scales as roughly O(ecmn),
where m is the number of people in the family,
n is the number of genetic markers studied,
and c is a constant. Except in the case of the
smallest problems, it is infeasible to enumerate
all the terms in the sum. Thus, it is a challenge
even to calculate the likelihood L(θ) at a single
point, let alone to find the value θ̂ that maxi-
mizes the function. Considerable mathematical
attention has been devoted to finding efficient
ways to calculate L(θ).

Recently, mathematical geneticists have ex-
plored ways to approximate L(θ) by sampling
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After considerable genetic mapping and cloning,
Dove and his colleagues showed that Min was in
fact a mutation in the mouse version of the APC
gene [20].

The Min mouse thus provided a model of
human colon cancer and, in particular, a way to
look for other genes that might suppress the de-
velopment of colon tumors. When Dove and col-
leagues crossed this mouse to another mouse
strain called AKR, they got a surprising result:
progeny develop many fewer colon tumors.

A backcross was arranged in which the F1
progeny were mated back to the more suscep-
tible strain (Figure 3). For any modifier locus, 50
percent of the progeny should inherit one copy
of the suppressing allele from the AKR strain
(that is, have genotype AB) and 50 percent should
be homozygous for the nonsuppressing allele
(that is, have genotype BB). Each animal inherit-
ing the Min mutation was scored for its pheno-
type by dissecting the intestine and counting the
number of tumors and for its genotype by typ-
ing the mice for a dense map of DNA polymor-
phisms that had been constructed in our labo-
ratory [6].

The data for animal i can be thought of as a
phenotpye φi and a continuous function gr (x) in-
dicating the genotype, which is either AB or BB-
at each position along the chromosome (Figure 4).

Figure 3
Distribution of colon tumors caused by the Min
mutation. Mice from the B6 strain carrying the
genotype Min/+ develop about 30 tumors on
average. When these mice are crossed to the
AKR strain, the resulting F1 progeny develop
only about 6 tumors. When F1 progeny are
crossed back to the B6 strain, the resulting
backcross progeny show a wide distribution in
tumor number. This figure shows the design of
cross.

from the sum. Modern techniques such as Gibbs
sampling and importance sampling [12, 14, 15,
13, 21] have been introduced in the past few
years. These methods exploit the fact that each
piece of missing data depends only on local in-
formation in the pedigree. Finding good ways to
compute the likelihood function remains a prob-
lem from the standpoint of genetics and an ex-
cellent test bed for new statistical estimation
techniques.

Statistical Significance. In many genetic sit-
uations, one may search for a disease gene by
estimating θ̂ at many locations along the
genome. When doing multiple comparisons, the
threshold for statistical significance must be
higher than the threshold for a single compari-
son. Surprisingly, the answer to this threshold
question turns out to depend on relatively recent
results from the theory of large deviations of dif-
fusion processes. We elaborate on this idea in the
next section, using an example from recent work
in our laboratory on susceptibility to colon can-
cer.

Excursion: Susceptibility to Colon Cancer
in Mice and the Large Deviation Theory of
Diffusion Processes
Colon cancer is one of the most prevalent ma-
lignancies in western societies, with an esti-
mated 145,000 new cases and 60,000 deaths
per year in the United States alone. Although en-
vironmental factors such as diet can markedly
influence the incidence of the disease, genetic
factors are known to play a key role. Some fam-
ilies show striking clusters of colon cancer.
Among such colon cancer families, there is a dis-
tinctive subtype called familial adenomatous
polyposis (FAP), which is characterized by the
fact that affected individuals develop a large
number of intestinal growths called polyps that
can become tumors. Genetic mapping studies [2,
17] showed that FAP was genetically linked to a
region on the long arm of human chromosome
5; subsequently, physical mapping studies led to
the isolation of the responsible gene, named
APC [10, 11, 19].

One way to study the role of APC in tumori-
genesis is to turn to biochemistry. Another way
is to turn back to genetics for further insight. One
observation about FAP families is that individ-
uals inheriting precisely the same APC muta-
tion may be affected to very different degrees.

By the usual scientific serendipity, animal
studies turned out to hold an important clue. In
1990 William Dove’s laboratory at the University
of Wisconsin was performing mutagenesis ex-
periments and identified a mouse that sponta-
neously developed colon tumors [18]. The dom-
inantly acting mutation responsible for the trait
was named Min (multiple intestinal neoplasia).
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At every position x along the chromosome,
the animals can be divided into two sets ac-
cording to their genotype: 

AB(x) = {animal i|g, (x) = AA}
and BB(x) = {animal i|g, (x) = BA}.

If a major modifier gene occurs at location x,
then the animals in AB(x∗) should have many
fewer tumors than the animals in BB(x). One
could thus perform a t-test at every position
along the chromosome to find a region where the
t-statistic Z exceeds some critical threshold T.

How high a threshold is needed to ensure
statistical significance, if one scans the entire
genome? We will focus on a single chromosome.
If there is no modifying gene along the chro-
mosome, the t-statistic Z(x) at any given point
x should be normally distributed with mean 0.
It is thus easy to determine the appropriate sig-
nificance level for the single test at x. But we
need to know about the distribution of max
Z(x), where the maximum is taken over the en-
tire chromosome.

It is not hard to show that the statistics Z(x)
in our genetic example follow an Ornstein-Uh-
lenbeck process with β = 2. Using recent math-

ematical results [7, 16], one can thus show that,
for large t , 

Prob {max0≤x≤GZ(x) ≥ t} ∼ 2Gt2(1− Φ(t)),

where Φ(t) is the standard normal distribution
function and G is the length of the chromo-
some measured in expected numbers of
crossovers (a unit called the morgan). In short,
the probability of exceeding threshold t some-
where along a genome of length LG is larger by
a factor of 2Gt2 than the probability of ex-
ceeding it at a single point.

Returning to the problem of colon cancer, we
applied this analysis to the entire mouse genome
(the genetic length G ≈ 16 morgans). By genetic
mapping, we found a striking region on mouse
chromosome 4 for which Zmax = 4.5. The nom-
inal significance level of the statistic is
p = 3.5× 10−6. After correcting for searching
over an entire genome (by multiplying by
2G(Zmax)2), the genome-wide significance level
is p ≈ 0.002. This suggests that there is indeed
a modifying gene in this region of chromosome
4.

On the strength of this analysis, several ad-
ditional crosses were arranged to confirm this
result. With more than 300 animals analyzed, the
results are now unambiguous: the corrected sig-
nificance level is now < 10−10, and it appears
that a single copy of the suppressing form of the
gene can decrease tumor numbers at least
twofold. Physical mapping is now underway to
clone the gene in order to learn its role of re-
ducing colon cancer in genetically predisposed
mice. With luck, it may suggest ways to do the
same in humans.
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