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we say it is bound . For example, in (1) x is a free
variable and y is bound, while in (2) both x and
y are bound. If a formula has free variables, we
often denote the formula in a way that explic-
itly shows which variables are free. For example,
we might denote (3) by  (x; y). We think of a for-

mula (X1;:::;Xn) as expressing a relation that
holds among the variables x1;:::;Xn. FOor exam-
ple,

(4) ow xw2+yw +z =0

expresses the relationship x;y;z are coeffi-
cients of a solvable quadratic polynomial , while

(5) 8 x8y ux2+vxy +zy2 0

expresses that u;v;z are the coefficients of a
positive semidefinite binary quadratic form.

A formula is a sentence if it has no free vari-
ables. If A is an ordered ring, then any L -sen-
tence  will either be true or false for A . For
example, (2) is true for the field of real numbers
R but false for the field of rational numbers Q.
Formulas that are not sentences may hold for
some assignments of the free variables but not
for others. For example, in Q (4) holds for (1,5,6)
but fails for (1,0,-2). Of course, (4) holds for (1,0,-
2)in R. The first-order theory of R, Th(R), is the
set of all L-sentences that are true about R.
Many important properties of R can be expressed
as L -sentences. For example, (2) expresses that
for any x either x or x isasquare. For each n
the sentence

O wia) (O wib') < 0!
i=0 i=0

n
Ix(a< x<hb~n Zwixi =0)]

i=0
expresses that the sign change property holds
for polynomials of degree n. One sees that all
of the axioms for real closed ordered fields (see
[21]) are contained in T h(R). On the other hand,
there is no first-order sentence that expresses
the completeness of the ordering of R. Indeed,
we cannot hope to characterize the real numbers
up to isomorphism by Th(R), as the L wenheim-
Skolem theorem (see [3]) insures there will be
models of Th(R) of every infinite cardinality.

Tarski s Theorem. The first-order theory of the
field of real numbers is decidable. That is, there
is an algorithm that will decide on input
whether or not is a sentence true of R.

The proof of Tarskis theorem breaks into
two steps.
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Step 1: (Elimination of Quantifiers) If

(v1;:::;vn) is an L -formula, then there is an
equivalent quantifier-free L -formula
w(vl; ::1;Vvn). (Here by equivalent we mean that

holds of @ =(ay;:::;an)ifandonlyif ) holds
of a forall a2 R".) Moreover, there is an algo -

rithm that transforms to .

Note that quantifier-free formulas are just fi-
nite Boolean combinations of p(x1;:::;Xp) =
q(x;::;xn) and p(xa;iiiiXn) > (X100 Xn)

We are familiar with some natural examples
of quantifier elimination. For example, (4) is
equivalent to the quantifier-free formula

y2 4xz 0
Also, while the formula in free variables
fvij 11 i;j ng that expresses that the ma-
trix (vi;) has an inverse involves existential
quantifiers, it is equivalent to the quantifier-
free formula that asserts that the determinant
of (vi;) is nonzero.

Tarski s original proof relied on techniques
from elimination theory and Sturm s algorithm.
Other proofs are based on model-theoretic ideas
(see, for example, [24]) or cylindric decomposi-
tion (see, for example, [2]).

The second step is just an easy observation.

Step 2: Quantifier-free sentences are finite Boolean
combinations of ones of the form m =n and
m > n where m and n are integers. These can
be decided easily.

Thus, to decide if a sentence  is true in R,
we first transform it into a quantifier-free sen-
tence and then test to see if the quantifier-free
sentence is true.

While Tarski s result proves the decidability
of the theory of the real numbers, the algorithm
obtained is far from feasible. The best-known al-
gorithm for eliminating quantifiers is doubly
exponential in the number of quantifier blocks
[17], and it is known that even deciding first-
order sentences for the ordered group (R; +; <)
is exponentially hard [14].

It is also worth noting that for any formula

(v1;:::;vn), the formula zp(vl; ::1;vp) ob-

alent to  (vi1;:::;vp) in any other real closed
field as well. Since the decision made in Step 2
depends only on Z, it follows that a sentence
is true in R if and only if it is true in every real
closed field if and only if it is true in some real
closed field. This means that the axioms for real
closed fields completely axiomatize Th(R).

In [35] Tarski asked if his results could be ex-
tended to include the exponential function.
Namely, let Lexp =L [ feXg. Is the first-order
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L exp-theory of R decidable? We will give a par-
tial answer to Tarski s problem in Section 4.

One might hope to generalize the arguments
used for the ordered field, but serious difficul-
ties arise. First, quantifier elimination fails. In [5],
van den Dries showed that the formula

y>0"9w (wy =x”" z=ye%)

is not equivalent to a quantifier-free L exp-for-
mula.

There are rather silly ways to extend the lan-
guage so that we do have elimination of quan-
tifiers, but the trick is to extend the language so
that we have quantifier elimination and the quan-
tifier-free formulas are still natural and mean-
ingful.

Even if we could eliminate quantifiers, there
is no obvious uniform algorithm for deciding
quantifier-free sentences like

2 3
ee 2 e5 - e3+e

since, as far as we know, there may be some per-
verse exponential-algebraic relations that hold
in Z. One expects that there are no surprising
exponential algebraic relations holding between
integers, but the only known proof of this relies
on a conjecture in transcendental number the-
ory.

Schanuel s Conjecture. Let 1;:::; 2 C be
linearly independent over Q. Then
Q( 1;:::; n;e 1;:::;e n) hastranscendence de-

gree at least n over Q.

Schanuel s conjecture generalizes the Linde-

mann-Weierstrass theorem, viz., if 1;:::; n
are algebraic numbers that are linearly inde-
pendent over Q, then e 1;:::;e n are alge-

braically independent over Q. Schanuel s con-
jecture has many nice consequences, such as
the algebraic independence of e and . In [22]
Macintyre proved that if Schanuel s conjecture
holds, one does not obtain any unexpected ex-
ponential-algebraic relations on Z. This leads
to a decision procedure for the quantifier-free
L exp-Sentences.

Tarski also considered the theory of the field
of complex numbers. Here too one can prove
quantifier elimination and decidability. The the-
ory of the complex field is just the theory of al-
gebraically closed fields of characteristic zero.
On the other hand, the theory of (C;+; ; ;€&X)
will behave very badly, since one can use the for-
mula

8z;w (z?2= 17 eVZ=11 W2 =1)

10f course, even if this theory is decidable, decisioncom -
putations will, in general, be unfeasible.
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to define the integers. Since we can define Z,
G del s results show that this theory is far from
decidable.

Definable Sets and o-Minimality

We say that X  R" is definable using L if there
is an L-formula (X1;:::;Xn;y1;:::;Yym) and

For example, let (x1;x2;y) be the formula
9u (x1 u)+((x2 u??<y?

Substituting the real number _ for the variable
y, we get the definable set 2

f(x1;x2) : the distance from (x1;x2) to the
parabolay = x? is less than Eg:

We say that a function f : R" ! R™M is definable
if its graph f(x;y)2 R" RM:f(x)=yg is de-
finable.

By quantifier elimination every definable sub-
set can be defined by a quantifier-free formula.
This simple idea was given an important geo-
metric reformulation by Seidenberg [31]. We say
that a subset of R" is semialgebraic if it is a fi-
nite Boolean combination of sets of the form
fX=(X1;::55%xn): f(X)>0g and fXx:g(x)=0g

the semialgebraic sets are exactly the sets defined
by quantifier-free formulas. Thus the semialge-
braic sets are exactly the definable sets. If X is
a semialgebraic subset of R"*1, then the pro-
jection of X to R" is fXx2 R":9y (X;y)2 Xg.
Since this is definable, it is also semialgebraic?
These are very useful ideas. For example, let
A R" be definable. Then the closure of A is

fx2 R":

n
8€>09YY2 AN D (xi yi)?<eg
i=1

a definable set. Thus the closure of a semialge-
braic set is semialgebraic.

Semialgebraic subsets of R are particularly
simple. For any polynomial f(X)2 R[X],
fx 2 R:f(x)> Og is a finite union of open in-
tervals. Thus any semialgebraic subset of R is a
finite union of points and intervals. This simple
fact is the starting point of the modern model-
theoretic approach to R. Let L be a language
extending L, and let R denote the reals as an

2Similarly for the field of complex numbers the defin -

able sets are exactly the constructible sets of algebraic

geometry; quantifier elimination is equivalent to Cheval -

leyOs theorem that the projection of a constructible set
is constructible.
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L -structure. For example, L =Lexp and
R =Rexp =(R;+; ; ;€%;<; 0;1). We say that
R is o-minimal if every subset of R definable
using L -formulas is a finite union of points and
intervals. Pillay and Steinhorn [27] introduced o-
minimality, generalizing an earlier idea of van
den Dries [5]. Remarkably, o-minimality has
strong consequences for definable subsets of R"
forn> 1.

We inductively define the notion of cells as fol-
lows

e X R s acell if and only if it is either a
point or an interval.

e IfX RMisacelland f : X! R is a con-
tinuous definable function, then the graph
of f is acell.

e IfX R"isacelland f;g:X ! R arecon-
tinuous definable functions and f (x) > g(x)
for all x2 X, then f(x;y):x2 X and
fx)>y>g(x)g is a cell, as are
f;y):x2 X and f(x)>vyg and
f(x;y):x2 Xandy > f(x)g.

Theorem. (van den Dries [5]/Knight-Pillay-Stein-
horn[20])

i) If R is o-minimal, then every definable set X
can be partitioned into finitely many disjoint
cells.

i) If f : X ! Risadefinable function, then there
is a partition of X into finitely many cells
such that f is continuous on each cell.

This is just the beginning. In any o-minimal
structure, definable sets have many of the good
topological and geometric properties of the semi-
algebraic sets (see, for example, [6] and [11]). For
example:

= Any definable set has finitely many con-
nected components.

= Definable bounded sets can be definably tri-
angulated.

= Suppose X R"™M js definable. For a 2 R™
let

There are only finitely many definable home-
omorphism types for the sets Xj.

= (Curve selection) If X  R" is definable and
a is in the closure of X, then there is a con-
tinuous definable f : (0;1)! X such that

limf(x)=a:
tm o =a

= (Pillay [26]) If G is a definable group, then
G is definably isomorphic to a Lie group.

= If we assume in addition that all definable
functions are majorized by polynomials,
then many of the metric properties of semi-
algebraic sets and asymptotic properties of
semialgebraic functions also generalize.
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One is led to the question: Is the real field with
exponentiation o-minimal? We will see Wilkie s
positive answer to this question in the section

Wilkie s Theorem .

Ran and Subanalytic Sets

Most of the results on o-minimal structures men-
tioned above were proved before we knew of any
interesting o-minimal structures other than the
real field. In [4] van den Dries gave the first new
example of an o-minimal theory.

LetLan =L [ ff :forsomeopen U [0;1]";
f:U! Risanalytic g.

We define f : R"! R by

~ {f(x) x 2 [0;1]"

f(x)= .
0 otherwise:

We let Rap be the resulting L an-structure. Denef
and van den Dries [7] proved that Ry is 0-min-
imal and that Ryn has quantifier elimination if
we add x 7! % to the language. Quantifier elim-
ination is proven by using the Weierstrass prepa-
ration theorem to replace arbitrary analytic func-
tions of several variables by analytic functions
that are polynomial in one of the variables.
Tarski s elimination procedure is then used to
eliminate this variable.

Denef and van den Dries also showed that if
f :R! R is definable in Ran, then f is asymp-
totic to ax9 for some a2 Rand q 2 Q. In par-
ticular, although we can define the restriction of
the exponential function to bounded intervals,
we cannot define the exponential function glob-
ally. It is also impossible to define the sine func-
tion globally, for its zero set would violate o-min-
imality.

Although Rany may seem unnatural, the de-
finable sets form an interesting class.

We say that X  R" is semi-analytic if for all
x in R™ there is an open neighborhood U of x
such that X \ U is a finite Boolean combination
ofsetsfx2 U :f(X)=0gand fXx2 U :g(x)> Og
where f;g:U! R are analytic. We say that
X R"is subanalytic if for all x in R" there is
anopen Uand Y R"™M a bounded semiana-
lytic set such that X \ U is the projection of Y
into U. It is well known (see [1] for an excellent
survey) that subanalytic sets share many of the
nice properties of semialgebraic sets.

If X R"is bounded, then X is definable in
Ran if and only if X is subanalytic. Indeed
Y R"isdefinable in Ry if and only if it is the
image of a bounded subanalytic set under a
semialgebraic map. Most of the known proper-
ties of subanalytic sets generalize to sets defined
in any polynomial bounded o-minimal theory.
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WilkieOs Theorem

The big breakthrough in the subject came in
1991. While quantifier elimination for Rexp is im-
possible, Wilkie [37] proved the next best thing.

Wilkie s Theorem. Let (x1;:::;Xm)bean Lexp

formula. Then there is n m and

f1;:000,fs2 Z[xq; 10 Xp; €% 000;€%0] such that

(x1;:::;Xp) is equivalent to

OXm+1:1:9%Xn fa(X1;:ii;Xn; €%t en) =
—fs(X]_;"';Xn;exl;"';eX”)_O

Thus every formula is equivalent to an exis-
tential formula (this property is called model
completeness), and every definable set is the pro-
jection of an exponential variety.

Wilkie s proof depends heavily on the fol-
lowing special case of a theorem of Khovanski
[19]. Before Wilkie s theorem, Khovanski s re-
sult was the best evidence that Rexp is 0-mini-
mal; indeed Khovanski s theorem is also the cru-
cial tool needed to deduce o-minimality from
model completeness.

Khovanski s Theorem. If f1;::::fm :R"! R are
exponential polynomials, then fx 2 R" : f1(x) =
211 fn(x) = 0g has finitely many connected com-
ponents.

If X R isdefinable in Rexp, then by Wilkie s
theorem there is an exponential variety V. R"
such that X is the projection of V. By Khovan-
ski s theorem, V has finitely many connected
components and X is a finite union of points and
intervals. Thus Rexp is o-minimal.

Using the o-minimality of Rexp, one can im-
prove some of Khovanski s results on fewno-
mials . From algebraic geometry we know that
we can bound the number of connected com-
ponents of a hypersurface in R" uniformly in the
degree of the defining polynomial. Khovanski
[19] showed that it is also possible to bound the
number of connected components uniformly in
the number of monomials in the defining poly-
nomial. We will sketch the simplest case of this.
Let Fn:m be the collection of polynomials in

n
/\xi 0" p(x)=0g:
i=1

We claim that there are only finitely many home-
omorphism types of V*(p)forp 2 Fn.m. Let

Dron(Xa; i Xns P i fans ti s fmes to s
I'm:n;@1;:::;am) be the formula
JuLy 1996

i=1

m n
A > a [ e =0
-1 j=1

We see that ® expresses
m n
i _
. ai l_[xj =
i=1 J =1

Let Xiz denote the set of X2 R" such that
d(x;T;a) holds. By o-minimality,
fXrz:7T 2 RMM;a2 RMg represents only fi-
nitely many homeomorphism types.

In addition to answering the question of o-
minimality, some headway has been made on the
problem of decidability. Making heavy use of
Wilkie s methods and Khovanski s theorem, Mac-
intyre and Wilkie [23] have shown that if
Schanuel s conjecture is true, then the first-order
theory of Rexp is decidable. One would expect
that the computational complexity of this the-
ory would be horrific, but the only known lower
bounds are those imposed by the theory of the
additive ordered group. Macintyre and Wilkie
also gave an axiomatization of Th(Rexp) (as-
suming Schanuel s conjecture); unfortunately
the axioms are quite complicated and ugly.

Miller [25] provided an interesting counter-
point to Wilkie s theorem. Using ideas of Rosen-
licht [30], he showed that if R is any o-minimal
expansion of the real field that contains a func-
tion that is not majorized by a polynomial, then
exponentiation is definable in R

Ran, exp

Let Lanexp be Lan[ fe*g, and let Ran, exp be the
real numbers with both exponentiation and re-
stricted analytic functions. In [8] van den Dries,
Macintyre, and | examined this structure. Using
the Denef-van den Dries quantifier elimination
for Ran and a mixture of model-theoretic and val-
uation theoretic ideas, we were able to show
that Ran, exp has quantifier elimination if we add
log to the language. Using quantifier elimination
and Hardy field style arguments (but avoiding
the geometric type of arguments used by Kho-
vanski), we were able to show that Ran, exp is 0-
minimal. Using arguments similar to Wilkie s, o-
minimality was also proved in [10].

Since the language L an,exp has size 2@ one
would not expect to give a simple axiomatiza-
tion of the first-order theory of Ran, exp. Ressayre
noticed that the model-theoretic analysis of
Ran, exp uses very little global information about
exponentiation. This observation leads toa rel-
ative axiomatization. The theory Th(Ran, exp)
is axiomatized by the theory of Ran and by ax-
ioms asserting that exponentiation is an in-
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creasing homomorphism from the additive group
onto the multiplicative group of positive ele-
ments that majorizes every polynomial.

Using this axiomatization and quantifier elim-
ination, one can show that any definable func-
tion is piecewise given by a composition of poly-
nomials, exp, log, and restricted analytic
functions on [0; 1]". For example, the definable
function f(x):eex e’ 3x is eventually in-
creasing and unbounded. Thus for some large
enoughr 2 Rthereisafunctiong:(r;+1)! R
such that f(g(x)) =x for x > r. The graph of g
is the definable set f(x;y):x>r and
e® ey’ 3y =xg. Thus g is a definable func-
tion, and there is some way to express g ex-
plicitly as a composition of rational functions,
exp, log, and restricted analytic functions. In
most cases it is in no way clear how to get these
explicit representations of an implicitly defined
function. One important corollary is that every
definable function is majorized by an iterated
exponential.

Logarithmic-Exponential Series

The axiomatization of the theory of Ran, exp leads
to a relatively natural algebraic construction of
nonstandard models of Ran, exp. These models
can be used to study asymptotic properties of
definable functions. For example, we use them
to answer a problem of Hardy.

We first show how to build many nonstandard
models of Rgn.

Suppose (I';+) is an abelian group and < is
an ordering of I' compatible with addition. For
formal sums

f:Zat
2T

we define the support of f to be the set
f 2T:a 60gand let R((t")) be the set of for-
mal sums f => a t such that the support of
f is well ordered. We can make R((t!)) an ordered
field by defining addition and multiplication in
the usual way and f =>a t >0iffa >0
where g isleastsuchthata ,60.I1fr 2 Rand
r>0,thent<r =rt% Thus t is an infinitesi-
mal element. If T'is also a Q-vector space, then
R((tT)) is a real closed field and hence a non-
standard model of the theory of the real field.

It is possible to view all of the restricted func-
tions as acting on R((t!)). For example, if
x 2 [0;1], then we can write x =r +€ where
r2 R\ [0;1]and € ins infinitesimal. Then we de-
fine eX as e 31, T71- Using the Denef-van den
Dries quantifier elimination, one shows that
R((t)) is a model of the theory of Ran.

To build a nonstandard model of exponenti-
ation, we start with Iy = R. We cannot define a
total exponential on R((tR)) because t ! is infi-
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nite, so we want exp(t 1)>t" forall r 2 R. To
remedy this, we extend Io to
I1=f>ast" :a =0forallr > 0g R whichwe
order lexiographically. We then define an expo-
nential exp : R((t™)) I R((t2)) by

en
exp( +r+e)=t eer

where r 2 R, € is infinitesimal and all elements
of the support of are negative. We will still not
be able to define an exponential of exp(t 1), so
we must repeat this process infinitely many
times. The resulting field will have an exponen-
tia, but not every positive element will have a log-
arithm. So a further infinite construction needs
to be done to add logs (for details see [9]).

The resulting model, which we call R((t))'F, is
very useful for examining the asymptotic be-
havior of definable functions, as the formal se-
ries representing the function reflects its as-
ymptotic expansion. Consider the function
f (x) = (logx)(log logx), and let g be a composi-
tional inverse to f defined on (r;+1 ) for some
r 2 R. In [16] Hardy conjectured that g is not
asymptotic to a composition of exp, log and
semialgebraic functions. Shackell [32] came close
to verifying this conjecture by proving that the
inverse to (loglogx)(log log log x) is not asymp-
totic to such a composition.3 Using the series ex-
pansion for g in R((t))'E, we are able to show that
Hardy s conjecture is correct (see [9]).

We also use asymptotic expansion in R((tg)LE
to show, for example, that Ij(0;+1), f(’; el“dt
and the bold Riemann zeta function restricted
to (1;+1 ) are not definable in Ran, exp.

And Beyond

The most pressing current problem in the sub-
ject is to find o-minimal expansions of R al-
lowing richer collections of functions. Recently
van den Dries and Speissegger [12], building on
work of Tougeron [36] and Gabrielov [15], have
shown how to prove model completeness and o-
minimality for expansions containing functions
with divergent Taylor series coming from certain
quasi-analytic classes. For example, they have
shown that one can add a function with domain
(0; €) and asymptotic expansion

1
Z Xlogn:
n=1

There is some hope that in a sufficiently rich
o-minimal expansion of R one would have all of
the Poincar return maps for polynomial vector
fields in R2. If this is true, it is likely that one
could give a new proof that such a vector field

30n the other hand, the inverse to X log X is asymp -
totic to x=logXx.
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has only a finite number of limit cycles.# More-
over, one expects that such a proof would yield
a bound on the number of limit cycles uniform
in the degrees of the polynomials defining the
vector field. We are far from answering this,
and undoubtedly this problem will fuel the sub-
ject for some time to come.
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