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E. H. Moore’s Retiring Address as AMS presi-
dent took place in 1902. Moore had a firm com-
mitment to both teaching and research, but the
theme of his address centered on mathematics
education. On the role of the AMS in education
he said: “Do you not feel with me that the AMS,
as the organic representative of the highest in-
terests of mathematics in this country, should
be directly related with the movement of [edu-
cation] reform?” ([7], p. 671) With the current
mathematics education reform movement in
place for almost a decade, Moore’s words of a
century ago become all the more relevant now.

The “reform” referred to in this article will
cover both the K–12 mathematics education re-
form and the calculus reform, since these two re-
forms share an almost identical outlook and
ideology. (See, for example, [29].) Unbeknownst
to most mathematicians, the AMS has already
taken part in this reform: p. vi of the NCTM
Standards [18]1 carries the following statement:

ENDORSERS

The following mathematical science
organizations join with the National
Council of Teachers of Mathematics
in promoting the vision of school
mathematics described in Curricu-
lum and Evaluation Standards for
School Mathematics: Amer. Math.
Assoc. of Two-Year Colleges, AMS,
Amer. Stat. Assoc., AWM, Assoc. of
State Supervisors of Math., CBMS,
Council of Presidential Awardees in
Math., Council of Scientific Society
Presidents, Inst. of Management Sc.,
MAA, MSEB, National Council of Su-
pervisors of Math., Operations Re-
search Soc. of Amer., School Sc. and
Math. Assoc., SIAM.

There are valid reasons why we as members
of the AMS should, as Moore said, be “directly
related with the reform.” To the outside world
the AMS has spoken for all of us by endorsing
NCTM’s “vision”, and the reform is settling in,
becoming codified in law in some states and
being mandated on local and national levels. It
is now incumbent on us to consider, even if a
trifle too late, whether this vision is indeed the
one that we could—or should—endorse per-
sonally. The purpose of this article is to present
some facts to help the mathematical community
make up its collective mind.

The dictionary definition of reform is “the im-
provement or amendment of what is wrong, cor-
rupt, unsatisfactory”. Does this reform then im-
prove on what is unsatisfactory in the so-called
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traditional curriculum? The answer is both yes
and no: the reform presents not an unalloyed im-
provement but a set of uneasy tradeoffs. The suc-
ceeding paragraphs give some of the details. My
comments on the reform are based on the fol-
lowing documents and texts: [1, 3, 4, 5, 6, 10, 11,
12–14, 15, 16, 22, 18–21, 24, 26, 27, 28, and 30].
(It may be added that most of these documents
are either basic to the reform, such as [18–20]
and [10]; or highly praised, such as [12] and [22];
or widely used either nationally or within a state,
such as [6] and [4].) A discussion of the impact
of the reform on school and university math-
ematics education together with specific sug-
gestions of how mathematicians can help the
cause of education will be given in a separate ar-
ticle [31].

First, a word of caution: I have referred to the
reform and the traditional curriculum as if they
were monolithic entities, but of course they are
not. Insofar as they are in the social domain, gen-
eral statements in this article must be under-
stood to have some exceptions.

In the following, the traditional curriculum will
refer to the generic school mathematics cur-
riculum of the 80s. By the time the idea of the
latest reform took hold in 1986—the year NCTM
convened its first meeting to draft the NCTM
Standards [18]—the concept of a “proof” in the
traditional curriculum had either become nonex-
istent or degenerated into meaningless ritual. For
those who went to school in the 40s or 50s, such
a statement may come as a surprise, as not a few
of us had been charmed by Euclidean geometry—
the essence of proofs—into becoming math-
ematicians (cf. [23]). Yet Euclidean geometry is
now perhaps the most vilified portion of school
mathematics. What happened? The mathemat-
ics curriculum in the schools went through the
New Math of the 60s and the Back-to-Basics
Movement of the 70s and emerged oversimpli-
fied and dumbed down. Even synthetic Euclid-
ean geometry has become corrupted by bad texts
and bad teaching, so that a proof can often be
mistaken for “one more thing to memorize” by
the students.

Example: the first theorem in the popular geom-
etry text [25] is: “If two angles are right angles,
then they are congruent.” This occurs on p. 24—
up to that point there has been no attempt to build
up students’ geometric intuition—and the two-
column proof consists of five steps. Without di-
vulging the secret of how to stretch such a proof
to so many steps, let me just mention that, ac-
cording to the text, “a right angle is an angle
whose measure is 90”, and “congruent angles are
angles with the same measure.” In turn, “the
measure of an angle is the amount of turning you
would do if you were at the vertex, looking along
one side, and then turned to look along the other

side,” but for the precise measure of “90 (de-
grees)”, the text tells you to use a protractor
(p. 9, line -9). To make matters worse, a teacher
in this situation typically asks students to com-
mit to memory the format of such a presenta-
tion for the purpose of exams (cf. [27], pp. 157–8).
The whole point of having axioms and modus po-
nens in order to ascertain the truth of a state-
ment has clearly fallen by the roadside in the in-
tervening years.

The overriding characteristic of the tradi-
tional curriculum is its emphasis on learning al-
gorithms by rote: mathematics becomes a set of
algorithms to be memorized and regurgitated at
exam time. For example, while some algebra
texts of the 50s still gave proofs of the basic
properties of polynomials, it would be difficult
to find a standard algebra text of the 80s that
takes the trouble to explain anything. Anyone
who teaches freshman calculus regularly knows
only too well the ill-effects of this kind of math-
ematics education. It does not add to our com-
fort to realize that many calculus courses in col-
lege also lend themselves to learning by rote, so
that students often come out of such a course
equating derivative with “the thing that changes
xn to nxn−1” and nothing more. The accusation
against this traditional curriculum is that it is
arid, boring, and irrelevant. Students lose inter-
est. The abysmal test scores of the late 70s
through the early 90s together with massive
drop-outs in K–12 math classes testify to its
failure.

From a mathematical point of view, the main
problem with the traditional curriculum is that
it deals with the how of mathematics, but not
with the why. The basic questions of why some-
thing is true and why something is important are
allowed to remain unanswered. What we need is
a curriculum that provides answers to these
questions.

Proofs
A reasonable response to the absence of proofs
in the traditional curriculum would be to give
precise proofs of a set of select basic theorems,
with rigor appropriate to the grade level, and to
offer heuristic arguments whenever possible for
the rest. The crucial point here is to help develop
students’ critical faculty by making them aware
of the distinction between the two: a proof and
a heuristic argument. On the one hand, logical
deduction—proof—is the backbone of math-
ematics. If we are serious about mathematics ed-
ucation, we should aspire to making every high
school student learn what a proof is. On the
other hand, it would be a grave mistake to in-
sist that every statement in elementary math-
ematics, up to and including calculus, be given
a proof. There is no reason to impose the kind
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of training designed for future professional
mathematicians on the average student. (In par-
ticular, ε-δ proofs may be best reserved for hon-
ors calculus.) What is important, however, is to
give students adequate training in making logi-
cal deductions. This can be done by using what
may be called local axiomatics; i.e., before the
proof of a theorem, make clear what statements
are assumed to be true and proceed to show how
to use them in the proof. This shows students
how to demonstrate the truth of a statement on
the basis of explicit hypotheses. A reasonable
mathematics education should aim for at least
this much.

We turn now to the reform’s response to the
absence of why. The overall strategy of the re-
form is to supply motivation and heuristic ar-
guments, but only motivation and heuristic ar-
guments. In mathematics, heuristic arguments
are used as preludes to proofs, but in the recent
reform documents they are used as substitutes
for proofs.

This strategy presents a new set of problems
of its own. For example, when a seductively
phrased heuristic argument, in reality very far
from a proof, is presented without further com-
ments, it is perilously close to a deception. The
argument offered for the Fundamental Theo-
rem of Calculus on p. 171 of [10] is a good il-
lustration: Given F defined on [a, b], partition
the latter into n equal subdivisions
x0 < x1 < · · · < xn and let the length of each
subdivision be ∆t . Then for n large, the change
of F in [ti , ti+1] is approximately ∆F ≈
Rate of change of F (t)× Time ≈ F ′(ti)∆t. Thus
the total change in F =

∑∆F ≈∑n−1
i=0 F ′(ti)∆t.

But the total change in F (t) between a and b can
be written as F (b)− F (a). Thus, letting n go to
infinity: F (b)− F (a) = Total change in F (t) from
a to b =

∫ b
a F ′(t)dt .

Problems of a different kind arise when heuris-
tic arguments based on appeals to technology
are made with increasing frequency: the com-
puter or calculator begins to assume the role of
arbiter of pure reason. Thus, in the eighth grade
textbook of the widely used Addison-Wesley se-
ries [6, p. 396], students are told that if a num-
ber is not a perfect square or a quotient of per-
fect squares, then its square root is an irrational
number (which is defined to be a nonrepeating and
nonterminating decimal). Why? Because one can
check this on a calculator. Or consider the reason
offered for ddx sinx = cosx on pp. 101–3 of De-
rivatives in [5]: graph the function
fh(x) = (sin(x + h)− sinx)/h for successively
smaller values of h (e.g., 0.5, 0.1, 0.001, …) using
the computer and observe that this graph ap-
proaches that of cosx as h→ 0.

Of course the strategy also has momentary
lapses. At times, no argument of any kind is of-

fered. Thus the precalculus text [22] defines the
inverse of a square matrix R as a matrix S so
that RS = I (p. 259) but immediately states: “It
is also true that SR = I. … The inverse of R is
symbolized by R−1 , so that R−1 = S and
S−1 = R .” The inherent logical difficulties be-
hind these statements (Why does RS = I imply
SR = I? Why is such an S unique? Why is
S−1 = R?) are never mentioned, much less re-
solved. The beginning algebra text [3] tells stu-
dents (p. 676) that the quadratic formula is “one
of the most important formulas in mathemat-
ics,” but does not see fit to offer any derivation
for it. The geometry text [28] never explains why
the three altitudes of a triangle meet at a point,
among many things.

When it does happen that a heuristic argu-
ment is in fact a correct proof, the problem then
becomes one of credibility gap: if no distinction
is ever made between a correct proof and a
heuristic argument, which may be difficult or im-
possible to upgrade to a proof, how to convince
students that this time around it is really true?
So at the end, students are simply left with the
mistaken belief that every piece of reasoning they
have encountered is valid. At least the de facto
absence of proofs in the traditional curriculum
did not mislead students into the illusion that
they know the reason for anything, but the re-
form manages to do otherwise. For example,
the comment in Derivatives of [5] about the
above heuristic argument for ddx sinx = cosx is
(p. 103): 

How sweet it is. Math happens.

In other words, the students are explicitly asked
to believe that, thanks to the computer, they
have witnessed mathematics at work.

Precision and Technical Skills
Precision is a defining characteristic of our dis-
cipline. For ease of discussion, let us artificially
separate precision into the following two cate-
gories:2 conceptual precision (definitions, theo-
rems, and proofs) and formal precision (symbolic
computations and algorithms). Since proofs have
already been discussed, we now concentrate on
formal precision.

The traditional curriculum is driven by algo-
rithms-without-explanations. By overly simpli-
fying mathematics in this fashion, this curricu-
lum acquires several virtues: it has built-in
precision, it brings computational skills to the
forefront, it sets a clear goal for students (always
strive to produce a correct answer), and finally,
it lets teachers know unambiguously what to

2We note for emphasis that in reality there is no such
separation.
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teach. Its weaknesses are that, especially in un-
skilled hands, it can easily degenerate into mind-
less number crunching and symbol pushing, so
that students end up not learning even the com-
putational skills. These weaknesses are cor-
rectable: supply the motivation and reasoning be-
hind the algorithms, and replace some of the
routine drills with exercises that make a greater
demand on students’ conceptual understand-
ing.

The reform responds by promoting what it
calls “process over product”. It stresses qualita-
tive reasoning (hence heuristic arguments, as
described above) and motivation. It also intro-
duces the idea of looking at counterexamples or
conjectures in connection with a new concept or
theorem. These are welcome changes. Not wel-
come is the reform’s downplaying of symbolic
computations, precise definitions, neat formu-
las, and precise answers.

The advisability of these decisions is debat-
able. Consider the following statement on
p. 125 of the Standards [18]: “the 9–12 stan-
dards call for a shift in emphasis from a cur-
riculum dominated by memorization of isolated
facts and procedures to one that emphasizes
conceptual understandings, multiple represen-
tations and connections, mathematical model-
ling, and mathematical problem solving.” In and
of itself, this sentiment cannot be faulted—try-
ing to lead students away from memorization to-
wards understanding. Yet when there is no si-
multaneous emphasis on basic technical skills
throughout the whole document, statements
such as this in [18] open the door to texts and
curricula which make believe that one can be
technically deficient (not knowing precise defi-
nitions or not equipped with symbolic compu-
tational skill, say) and still achieve conceptual un-
derstandings, make multiple connections, and
solve problems. How much can a student un-
derstand about second-degree polynomials with-
out knowing the quadratic formula? Quite a bit
for a history major, perhaps, but not nearly
enough if one wants to do exact sciences or
mathematics. The fact must be faced that, in
mathematics, one cannot have understanding
without technique. The two are intertwined.

An excellent illustration of the shortcomings
of the “process over product” approach is in the
treatment of arithmetic series and geometric se-
ries in the introductory algebra text [30]. It goes
through the detailed method of summing these
series for concrete cases but relegates the two
well-known formulas to two exercises (pp. 191
and 399). All of a sudden, formulas seem to
have fallen into disgrace. In the reform curricu-
lum this is a severe case of throwing out the baby
with the bath water. Similarly, we have the ab-
sence of any mention of convergence tests for

infinite series in the calculus text [10], and of the
binomial theorem in the precalculus text [22], and
of the geometric series in [22] and [12].

Another aspect of “process over product” is
the downgrading of the importance of getting a
single correct answer. One way is to demon-
strate that mathematics is not “a domain of sin-
gle right answers”. To this end, the NCTM Teach-
ing Standards have a teacher posing the following
problem (p. 45 of [19]): if 30 points were scored
in a basketball game without a single foul shot,
how were the 30 points scored? (There are 2-
point shots and 3-point shots in basketball.)
From a mathematical standpoint, this problem
is not correctly formulated: the teacher could
have asked the students either “to list all the pos-
sible ways the 30 points were scored” (in which
case there would be a unique answer), or to
show “how such an imprecise question in daily
life could be translated into a precise math-
ematical problem.” It is clear that this is where
a firm mathematical direction from the teacher
would help to clarify the situation. Instead, the
discussion in [19] makes a point of not making
such a clarification (cf. the marginal remarks on
pp. 46–7). In the meantime, even some good
teachers are led to believe that problems which
have a unique correct answer are bad for stu-
dents (p. 122 of [32]; one can find in [32] a more
extended discussion as well as further exam-
ples of such problems).

The slighting of technical skills in calculus pre-
sents additional educational problems, however.
For example, the text [10] is written to be ac-
cessible to students with weak algebraic back-
ground. To the question whether reform calcu-
lus was “passing students through calculus with
at best a rudimentary knowledge of algebra,” a
reformer’s reply was that “we were doing this
long before calculus reform” [17]. Should the cal-
culus reform not be interested in improving on
this aspect of mathematics education instead of
accepting the status quo? Educators have long
recognized the unfortunate fact that the pres-
tige of any K–12 mathematics curriculum hinges
on its ability to prepare students to pass calcu-
lus. By sending out a signal that being weak in
algebra is acceptable in calculus, the reform in
effect sanctions the continued decline in school
students’ symbolic manipulative skill, especially
when this signal is reinforced by [10], at present
a bestseller in calculus. The devastating impact
this has on school mathematics education as a
whole will be long lasting, because the students
of today will be the teachers of tomorrow and
weak teachers tend to produce even weaker stu-
dents. This is not the kind of “improvement” ex-
pected of a reform.
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Relevance
A curriculum of elementary mathematics should
achieve a balance between theory and applica-
tions and, ultimately, a balance between the ab-
stract and the concrete. A majority of students
learn mathematics to be good citizens, not to be-
come professional mathematicians. For this they
need to learn both the cultural aspect of math-
ematics and its utility.

For many students, a major defect of the tra-
ditional curriculum is its seeming irrelevance.
The result is substantial dropouts in math-
ematics classrooms across the nation.

Part of this feeling of irrelevance stems from
the poor integration of theory and applications
in the traditional curriculum. Word problems, too
often mishandled in the classroom, lend them-
selves too easily to solutions-by-template. This
then leads to the danger of learning by rote not
only the theories but also their applications. A
second difficulty is that the applications used
have not caught up with the explosion of the
more recent applications of mathematics (es-
pecially discrete mathematics) in everyday life.
A third difficulty is the paucity of “internal ap-
plications” within mathematics: e.g., how to use
an algebraic technique in geometry or vice versa.

This perception of irrelevance was in fact one
of the main targets of the reform from the be-
ginning. “Mathematics has become a critical fil-
ter for employment and full participation in our
society. We cannot afford to have the majority
of our population mathematically illiterate:
Equity has become an economic necessity” (p. 4
of [18]). The battle cry is “Mathematics for all!”
To this end the reform promotes curricula which
center around so-called real-world problems.
Thus [10] states in the preface: “Formal defini-
tions and procedures evolve from the investi-
gation of practical problems” (p. vii). Also, one
finds in [18]: “Problem solving must be central
to schooling” (p. 4). The resulting more realistic
alignment of the reform curricula with the real
world is a definite improvement.

But again, improvement comes at a price. The
literal insistence on using real-world problems
as core brings in new and sometimes surprising
pedagogical issues. For example, do the messy
real-world details obscure the basic mathemat-
ics, thereby obstructing the very mathematical
skills the students should be learning? Another
is whether one person’s real-world experience
may not be another’s drivel. Consider some of
the applications in [22]: why short tennis play-
ers should use a spin serve, why it would be ad-
vantageous to have elevators go to certain floors
but not all floors, locating a hot dog stand for
student convenience, the number of barbers
needed in a given town, how to relate the counter

reading of a tape being wound in a cassette ma-
chine to the amount of time left on the tape, etc.

Perhaps the most serious issue faced by a
problem-oriented curriculum is that of math-
ematical closure, or rather the absence thereof.
The problems are only a means to an end — the
vehicle to facilitate the learning of mathematics
— but not the end itself. Therefore, the solutions
of problems in such a curriculum need to be
rounded off with a mathematical discussion of
the underlying mathematics. If new tools are
fashioned to solve a problem, then these tools
have to be put in the proper mathematical per-
spective: their purely technical developments
should be addressed and their place in the over-
all mathematical structure clarified. Otherwise,
the curriculum lacks mathematical cohesion.
Moreover, if care is given to the distillation of
the key mathematical idea of a solution from its
original (real-world) context and its subsequent
applications to entirely different situations, stu-
dents will become convinced of the need for
precision and abstraction. Without appearing
to minimize the difficulty of achieving this kind
of mathematical closure in a problem-oriented
setting, it must be said that none of the reform
texts I have consulted for this article is entirely
successful in this regard. In fact, many of the
mathematical transgressions in these texts are
directly traceable to this obsession with real-
world applications at the expense of abstract
considerations.

The NCTM Standards [18] do not ever men-
tion mathematical closure. (See [31] for a more
extended discussion of this fact.)

Is It an Improvement?
Is the current reform an improvement over the
traditional curriculum? Looking over the facts,
we see that almost every improvement brought
about by the reform is accompanied by some
pronounced liabilities and that the two curric-
ula are flawed in complementary ways. The tra-
ditional curriculum teaches how but not why; the
reform curriculum teaches a little bit of both, but
at the end may succeed in teaching neither. How-
ever, education is not a purely intellectual en-
terprise. Are there perhaps other relevant social
issues that need to be considered in evaluating
the reform?

It has been suggested that given students’
inability to master symbolic computations, as
evinced by students’ low mathematics achieve-
ments in K–12 and calculus, the reform should
be given credit for doing the best job possible
with the kind of students we have. What is left
unsaid in this analysis is that a true reform
needs to maximize curriculum, teacher qualifi-
cation (especially in regard to knowledge of
mathematics), and student effort at the same
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time. Instead, this NCTM-centered reform has
thus far kept the last two constant while vary-
ing the first somewhat randomly. This does not
seem a good strategy for optimization.

It has also been suggested that the deem-
phasis of the abstract in favor of the concrete,
of symbolic computations in favor of techno-
logical supplements, and of precision in favor of
qualitative reasoning are exactly what future
users of mathematics (engineers, physicists, etc.)
need. Evidently the feeling is that the few future
mathematicians who need such training can get
it in courses like elementary analysis. In the case
of engineers, etc., good use of a tool is presum-
ably not to be learned through forcing them to
think abstractly and precisely.

Yet, again, there are good reasons for reject-
ing such an approach. One is that students who
want to learn about mathematics per se, not
only for its utility as a tool for science, should
not be prevented from doing so. We should teach
mathematics for what it is, unless and until we
are willing to start labelling foundational math-
ematics courses as “minimal survival kits for
the sciences”.3 In addition, the notion of what sci-
entists need from mathematics is volatile. My
own informal survey indicates that, while such
opinions cover a wide spectrum, there is no dis-
agreement on the need of versatility and flexi-
bility in the use of mathematical tools. It is un-
likely that such flexibility and versatility can be
achieved in a curriculum without the kind of
mathematical closure described above. Recently,
the introduction of a textbook on mathematical
physics [9] makes an eloquent plea for scientists
to acquire such a rigorous training in math-
ematics:

One might argue that although math-
ematics provides a very important
tool to the scientist and engineer,
this is not a sufficient reason for the
arduous training in mathematics.
After all, it is possible to use tools
without detailed knowledge of their
mode of functioning; it is possible
to drive a car without any idea of the
working of the internal combustion
engine. Indeed, problems of a very
well defined nature and limited scope
are solvable by computer programs
into which one has only to plug the
data. But the situation of most engi-
neers and scientists is not like that
of the driver of a car, but rather like
that of a worker detonating blast
charges. Unless he has a good ac-
quaintance with the properties of ex-
plosives, he is likely to come to grief.

It is time for us to restore mathematical bal-
ance to problem-driven curricula. Let us not
deny our students the opportunity to acquire this
kind of arduous training.

Summing Up
To the extent that the traditional curriculum is
so seriously flawed, reform is way overdue. But
if the preceding marshalling of facts means any-
thing, it is that if this particular reform cur-
riculum instead of the traditional curriculum
were already in wider use across the land, then
its serious defects would also be signaling the
need for yet another reform. We cannot afford
to experiment with a whole generation of our
children when the odds are stacked against the
present reform’s long-term success.

While I have grave misgivings about other as-
pects of the reform, its pedagogical practices (cf.
[31]), and its assessment strategies (cf. [2]), I
have chosen not to discuss them here. This is due
in part to considerations of space, but also be-
cause I believe (perhaps wrongly) that these are
decisions that can more easily be reversed. What
this article has presented then are aspects of the
reform’s curricular decisions reflecting an edu-
cational philosophy gone awry. These will not go
away simply by the flipping of a switch. Cor-
rections can be achieved only if the reform is re-
vamped from the ground up.

Let us ask ourselves defining questions: Are
we after a Band-Aid solution to a troubled cur-
riculum? Are we to allow the issue of accessibility
to override the basic integrity of the subject? In
designing a curriculum, should we include only
topics that can be learned without real hard
work? Can we compromise the issue of student
entitlement to the availability of mathematical
knowledge? And, the question best addressed by
the membership of the AMS: What kind of math-
ematics do we want to teach our students?

At the beginning of this article it was pointed
out that the AMS has endorsed the vision of this
reform as set forth in the NCTM Standards [18].
The question is whether, as members of the
AMS, we believe we have been properly repre-
sented in this endorsement. There is a lengthy
discussion of the NCTM Standards in the com-
panion article [31], but this book is required
reading for every mathematician who thinks
mathematics should have something to do with
mathematics education reform. You must decide
for yourself if this is really a vision that you can
support. Perhaps you have a better educational
vision?
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