Invariant Distances

and Metrics
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onstructing a distance that is invariant

under a given class of mappings is one

of the fundamental tools for the geo-

metric approach in mathematics. The

idea goes back to Klein and even to
Riemann. In this article we will consider distances
invariant under biholomorphic mappings of com-
plex manifolds. There will be many such distances.
A number of these will come from functions on the
tangent spaces, in the way that a Riemannian
metric on a manifold yields a distance on the
manifold.

Following Riemann’s lead, we think of a suitable
function on the tangent spaces as away to measure
“lengths” of tangent vectors, and we can use it to
define lengths of curves and ultimately a distance on
the manifold. We do not insist that this function be
related to an inner product. If the complex mani-
fold is M and its tangent spaces are denoted T,(M),
then we shall work with any nonnegative function
f(p,v), for v € Tp(M), such that f(p, v) suitably
respects scalar multiplication (real or complex as
appropriate) in v. In most cases the function will be
continuous in (p, v), but sometimes we allow the
continuity to be slightly relaxed. Motivated by the
Riemannian case, we shall refer to this function
as a metric if f(p,v) vanishes only for v =0, or a
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pseudometric in general. We do not assume that
f(p, v) satisfies the triangle inequality in v if p is
fixed; if the triangle inequality is in fact satisfied,
the function will be called a norm or pseudonorm.

If the “length” function comes from an inner
product, then the metric is said to be Riemannian
as usual. If that inner product is the real part of a
Hermitian inner product, then we call the metric
Hermitian. If the Hermitian inner product behaves
almost like the Euclidean metric (in the sense that
they agree to order two), then we call the metric
Kdhlerian. If, on the other hand, there is no inner
product present at all and only the notion of
vector length is defined, then we call the metric
Finslerian.

The way that the word “Hermitian” is used here
may be unfamiliar to some readers, and we offer
anote of clarification by considering the simple ex-
ample of C". If we think of C" as a complex space,
then it is natural to use the inner product, for
z=(21,...,2zn) and w = (wq,...,wy) in C", given
by

n
(z,w)=> zjwj.
Jj=1
This is the inner product that we call the

(standard) Hermitian inner product on
C". Sometimes, however, we wish to think of

C" as just R21. So we write z=(z1,...,Zn) ~
(xl’))l’---’xnyyl’l) and W:(le---nwn)z
(uy,vi,...,un, vn), where we have made the natural

identifications zj=xj+iy; = (xj,y;) and
wj=uj+ivj = (uj,vj). Then a natural inner
product to use is
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n
zZ-W= ZXJ'LIJ' +YjVj.
=1

Notice that this real inner productis simply the real
part of the Hermitian inner product introduced a
moment ago.

All manifolds in this article will be complex. For
a complex manifold, the real tangent space at a
point may be regarded canonically as a complex
vector space of half the dimension. We will regard
it that way throughout. The differential of a holo-
morphic mapping is then complex linear.

We intend in this article to demonstrate that dif-
ferent distances are suitable for different appli-
cations. In five different contexts, we shall try to
indicate what some of these may be.

The first result in this general line of inquiry
is due to Poincaré. On the unit disc
A:={z € C:|z| < 1} in the complex plane, he con-
structed the distance

Z—W
(1) p(z,w):= % In lli“llz__zx‘,
—ZW

which is invariant under conformal transforma-
tions of A. Poincaré used this distance in his model
for the Lobachevskii geometry in A.

Consider the Hermitian metric on A given in tra-
ditional notation by

Then, for a vector v tangent to A at a point z, one
can calculate the length of v as

vl
) P V)=

(here | - | isjust Euclidean length). It turns out that
p is an infinitesimal form of the distance p. This
means that, for given points p, g € A, the distance
p(p, q) can be obtained from p as follows: for any
smooth curve y (parametrized by the interval [0, 1])
that joins p and g, we define its length |y|, as

1
lylp = JO p(y(t), y'(t) dt;

then we take the infimum of the lengths of all
such curves to determine the distance from p to
g. Thus the distance p on A can be recovered by
measuring the lengths of tangent vectors in the
metric p. This relation will be of importance for us
below when we look at various generalizations of
p and p.

Buried inside the Poincaré distance is another
distance. Define
Z—Ww
1-zw |’

p(z,w)= ‘
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Then it can be verified that p is a distance func-
tion. The classical name for p is the pseudohyper-
bolic distance (see [Gar])—not to be confused with
the “pseudodistances” that will be discussed in the
sequel. If ¢ is any holomorphic function from the
unit disc to itself, then

(3) P(P(2), p(w)) < p(z,w).

This inequality comes from the Schwarz-Pick
lemma, which in turn is just the conformally in-
variant version of the classical Schwarz lemma.

So holomorphic functions are distance nonin-
creasing in the metric p. If ¢ happens to be a holo-
morphic automorphism of the disc (i.e., p: A - A
is one-to-one and onto, as well as holomorphic),
then inequality (3) applies both to ¢ and to ¢!,
so that we obtain

P(p(2), W) = P(z, w).

If the pseudohyperbolic distance has the nice
invariance properties that we want, then why
bother with the Poincaré metric, which seems to
involve an additional level of (computational) com-
plexity? Let us try to answer this question as fol-
lows. The group of holomorphic automorphisms
of the unit disc consists of certain Mobius trans-
formations. These act transitively on the disc: if
z,w € A, then there is an automorphism ¢ such
that ¢(z) = w. In fact, more is true: if §, € are tan-
gent directions at z, w respectively, then there is
an automorphism ¢ such that ¢(z) = w and the
tangent direction & is taken to a scalar multiple of
the tangent direction C. From this observation it
follows that there is, up to multiplication by a
scalar, just one Riemannian metric on the disc
that is invariant under the automorphism group.
And of course that metric is the Poincaré metric.

So how does the pseudohyperbolic distance fit
in? It is plainly not a constant multiple of the Poin-
caré distance. The answer is that p does not come
from a Riemannian metric: it is in fact impossible
to find a way to measure the lengths of vectors tan-
gent to A to obtain p in the same way as p was ob-
tained from p. Nevertheless, the pseudohyperbolic
distance meshes naturally with the Schwarz-Pick
lemma and is therefore a cornerstone of classical
geometric function theory (see [Gar]).1

In what follows we will give five separate ex-
amples of generalizations of the Poincaré distance
and metric and provide one application of each.
Among a large number of potential illustrative ex-
amples we concentrate on just a few results, mostly
those relevant to the study of the group Aut(M) of
biholomorphic automorphisms of a given

LSpecialists are fond of the pseudohyperbolic distance
also because it meshes well with Nevanlinna-Pick inter-
polation, which is the backbone of the celebrated corona
problem.
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complex manifold M (all manifolds throughout
the paper are assumed to be connected). Here

Aut(M) = {d) MM ¢ is holomorphic, }
one-to-one and onto

Observe that Aut(M), equipped with the binary
operation of composition of mappings, is a group
(the inverse of a holomorphic, one-to-one map-
ping is automatically holomorphic). We topolo-
gize Aut(M) with the compact-open topology,
which turns Aut(M) into a topological group. For
some classes of manifolds the group Aut(M) can
be given the additional structure of a Lie group; one
such class can be defined via an invariant distance
(see Theorem 2 below).

The Carathéodory Pseudodistance

The “pseudodistance” that now bears his name
was introduced by Carathéodory in 1926. Let M be
a complex manifold and p,q € M. Set

(4) Cm(p, q) = supsp(f(p), f (@),

where the supremum is taken over all holomorphic
mappings from M into the unit disc A and p is the
Poincaré distance (1). In effect, Cy; is the pullback
to M of the distance p on A (Figure 1). It turns out
that Cy is a pseudodistance; i.e., it satisfies

(i) Cmp,q) =0,
(i) Cm(p,p)=0,
(iii) Cm(p,q)=Cm(q,p),
(iv) Cm(p,q) < Cup,r)+Cu(r,q),

for all p,q,r € M. It is in general not a distance;
that is to say, it may happen that, for p # g, one
has Cym(p,q) =0. For example, Ccn = 0. On the
other hand, it follows from the Schwarz-Pick lemma
that Ca = p. It can be shown that the Carathéodory
pseudodistance Cy is invariant under biholomor-
phic mappings and, moreover, is nonincreasing
under holomorphic mappings. Specifically, if
f: M1 — M is a holomorphic mapping between

M

f

RN

Figure 1. Constructing the Carathéodory pseudodistance.
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complex manifolds My and Mp, then

Cm, (fF(p), f(q) < Cm, (P, ),

for all p,g € M. It turns out that Cy is the least
pseudodistance among all pseudodistances on
M that are nonincreasing under holomorphic
mappings from M to A, where distances on A are
measured in the Poincaré distance.

A pseudodistance d is said to be innerif d(p, q)
equals d!(p,q), which is the infimum of the
lengths of all curves connecting p to q. Here the
length of a curve y : [0,1] — M is understood as
the supremum of Z{;l d(y(ti—1), y(t;)) over all par-
titions0 =ty < t1 < ... < tx = 1 of theinterval [0, 1].

The Carathéodory pseudodistance Cy is not in
general inner. Although Cj is continuous as a map-
ping from M X M into R, it does not in general
induce the topology of M, even if it is in fact a
distance.

For a point p € M and a tangent vector
v € Tp(M) to M at p, one can also define the Fins-
lerian pseudometric

m(p, V) = 81;13 p(f(p), df (p)v),

where the supremum is taken over the same set
of mappings f as in (4) and p is defined in (2). The
function ¢y is a pseudonorm on the tangent bun-
dle T(M) to M and is not in general given by a Her-
mitian pseudometric. It is an infinitesimal form of
the inner pseudodistance CI; induced by Cy and
is continuous on T(M). The pseudometric ¢ps is non-
increasing under holomorphic mappings. This last
fact generalizes the usual Schwarz-Pick lemma for
the unit disc A. Indeed, for the unit disc A, one has
(cf. (2))

v

calz,v) =p(z,v) = 1_7‘Z|2,

and the property that ca does not increase under
a holomorphic mapping ¢ : A — A means precisely
that
@l 1
1-1p@2))% = 1-1z%’

which is the infinitesimal version of the Schwarz-
Pick lemma.

Both Cy; and ¢y are directed to the study of holo-
morphic mappings between manifolds rather than
to the geometric properties of manifolds. Appli-
cations of Cys and ¢ to the understanding of holo-
morphic mappings are numerous, and we mention
just one of them.

A complex manifold M is called C-hyperbolicif,
for its universal cover M’, C 1{4 is a genuine distance.
Examples of C-hyperbolic manifolds are bounded
domains in complex space C". Also, a compact
quotient of a bounded domain D by a properly
discontinuous group acting freely on D is C-
hyperbolic.
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Theorem 1. There exist only finitely many holo-
morphic mappings from a compact complex mani-
fold My onto a C-hyperbolic compact complex man-
ifold M>. In particular, the group of biholomorphic
automorphisms of a compact C-hyperbolic manifold
is finite.
Sketch of the proof of Theorem 1 (Urata). Let
Hol(M1,M>) denote the set of all holomorphic
mappings from M; into M». It is known that
Hol(M1, M>), equipped with the compact-open
topology, admits a complex structure (think of the
graphs of the mappings as forming a sort of
Teichmiiller space). Using the C-hyperbolicity of
M>, one can show that Hol(M1, M>) is compact.
Further, let S ¢ Hol(M1, M>) be the set of all
holomorphic surjections in Hol(M7, M»). The set S
is a complex subvariety of Hol(M1, M>) because S
is given by the equation f(M;) = Mp; i.e.,

S ={f € Hol(M1, Mp) | f(M1) = M2},

and hence it is also compact. The core of the proof
is to show that dim S = 0 (which is far too techni-
cal to be discussed here). Since S is compact, this
gives that S is in fact finite. ]

The Kobayashi Pseudodistance

The pseudodistance named after Kobayashi was in-
troduced by himin 1967. Let M be a complex man-
ifold and p,q € M. A chain of discs from p to q is
a collection of points p = pg, p1,...,Px = q of M,
pairs of points ai, by, ...,ax, by of A; and holo-
morphic mappings f1, ... fx from A to M such that
fiaj)=pj-1 and fj(bj) = p; for all j (Figure 2).
The length I(x) of a chain « is the sum
play,by)+ - - - + p(ag, bx), where p is the Poincaré
distance (1). The Kobayashi pseudodistance is then
defined to be

(5) Kum(p,q) = igf (),

where the infimum is taken over all chains of discs
from p to q.

The function Ky, is indeed a pseudodistance, but
not a distance in general (e.g., Kcn = 0); it coincides
with the Poincaré distance (1) on A and is nonin-
creasing under holomorphic mappings. The
Kobayashi pseudodistance Ky is the greatest pseu-
dodistance among all pseudodistances on M that
do not increase under holomorphic mappings from
A to M, where distances on A are measured in the
Poincaré distance. For any complex manifold M,
one has Cy(p, q) < Km(p, q).

The Kobayashi pseudodistance is continuous as
a mapping from M x M to R and, unlike the
Carathéodory pseudodistance, is always inner. In
particular, if K is a distance on M, then it induces
the topology of M. A manifold for which Ky is a
genuine distance is called (Kobayashi) hyperbolic.
Any C-hyperbolic manifold, any bounded domain
in complex space in particular, is hyperbolic. The
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M

Figure 2. Constructing the Kobayashi pseudodistance.

property “hyperbolic” is preserved under biholo-
morphic mappings. There are unbounded domains
that are not biholomorphically equivalent with
bounded domains and are nevertheless hyperbolic.
For example, one can show that the domain

Q= {(zl,zz) e C?
|z1] < 1,122 < 1/ = |21}

is hyperbolic but is not biholomorphically equiv-
alent to any bounded domain in C2, as any
bounded holomorphic function on Q is indepen-
dent of z». This last fact also implies that Q is not
C-hyperbolic.

An infinitesimal form of the Kobayashi pseudo-
distance is given by the Finslerian pseudometric

ev(p,v) = inf p(z,u),
f,z,u

where the infimum is taken over all holomorphic
mappings f from A into M, points z € A, and tan-
gent vectors u € T,(A) such that f(z)=p and
df(z)u = v.In general £j7is not even a pseudonorm
as cy is (i.e., &y does not in general satisfy the tri-
angle inequality). Similar to cp, the infinitesimal
pseudometric £y does not increase under holo-
morphic mappings.

As with the Carathéodory pseudodistance, Ky
and &y are primarily used for studying holomor-
phic mappings between manifolds rather than a
manifold’s intrinsic geometry. The Kobayashi
pseudodistance now has probably many more
applications than any other invariant pseudodis-
tance, and we are not even going to try to mention
all the areas in complex analysis where it is used.
We will give just one example of such an applica-
tion below.

Theorem 2. Let M be a hyperbolic complex mani-
fold of complex dimension n. Then the following
holds:
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(i) The group Aut(M) can be given the structure of
a real Lie group whose topology agrees with the
compact-open topology, and for every p € M, the
stabilizer Ip,(M) := {f € AutM) |f(p)=p} of p in
Aut(M) is compact.

(i) If n = 2 and dim Aut(M) = n? + 3, then M is bi-
holomorphically equivalent to the unit ball in
B" c C".

The proof of Theorem 2 involves some inter-
esting arguments of counting dimension, together
with some rather subtle Lie group theory. We give
an indication of the ideas.

Sketch of the proof of Theorem 2.2 Since Ky is an
inner distance on M, it induces the topology of M
and thus turns M into a locally compact metric
space. By a classical result of van Dantzig and
van der Waerden, the group G(M) of all isometries
of M is locally compact and the stabilizer
Stp(M) = {f € GMM)| f(p)=p} of p in G(M) is
compact for every p € M with respect to the com-
pact-open topology. Since Aut(M) and I(M) are
closed in G(M) and St,(M) respectively, it follows
that Aut(M) is locally compact and I,(M) is com-
pact. Further, by a theorem of Bochner and
Montgomery, a locally compact group of differen-
tiable transformations of a manifold is a Lie trans-
formation group, and (i) is proved.

For (ii) we need the following theorem due to
Greene-Krantz (1985) and Bland-Duchamp-Kalka
(1987).

Theorem 3. Let M be a complex manifold of com-
plex dimension n and p a point in M. Suppose that
there exists a compact group K C Ip(M) such that,
for every pair of nonzero vectorsv,u € Ty(M), there
exists ¢ € K and pu € C such that d¢(p)u = uv.
Then M is biholomorphically equivalent to either the
unit ball B" or the complex space C" or the complex
projective space CP".

We will now proceed with the proof of part (ii)
of Theorem 2. Since the complex dimension of M
is n, it follows that the real dimension of any orbit
of the action of Aut(M) on M does not exceed 2n,
and therefore we have dim I,(M) = n? — 2n+3 for
every p € M. Consider the isotropy representa-

ap(P):=dpp), P elpM).

It can be shown that «p is faithful (one-to-one).
Since Ip(M) is compact by (i) of Theorem 2, there
is a positive definite Hermitian form hp, on T, (M)
such that &, (Ip(M)) C Up,(n), where Uy, (n) is the
group of complex-linear transformations of T, (M)

2The proof of (i) follows the book [Kob1], whereas (ii) is
part of our new result (to appear) on characterization of
hyperbolic manifolds by the dimensions of their auto-
morphism groups.
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preserving the form hy,. We choose a basis in Tj, (M)
such that hp, in this basis is given by the identity
matrix. Since «j is faithful, we see that «(I,(M))
is a compact subgroup of U(n) of dimension
>n?-2n+3.

To wrap up the proof, it is necessary to apply
some fairly technical results from Lie theory to see
that a connected closed subgroup of U(n) of di-
mension > n2 — 2n + 3 must in fact be either U(n)
or SU(n) (this holds for n # 4; for n = 4 there are
additional possibilities). Each of U(n) and SU(n)
acts transitively on the unit sphere $2"-1 c C".
Then, assuming n # 4, we can fix p € M and apply
Theorem 3 with K = & (I»(M)) to conclude that M
is biholomorphically equivalent to either B" or C"
or CP", Since M is hyperbolic, it in fact has to be
equivalent to B (C" and CP" are not hyperbolic).
For n=4 an additional technical argument is
required. O

The Bergman Pseudometric

The Bergman pseudometric is a Hermitian pseudo-
metric on complex manifolds introduced by
Bergman in 1922 for one variable and in 1933 for
several variables.

We first describe Bergman’s construction for M
abounded domain in C". Consider L%(M) with re-
spect to Lebesgue measure. The subspace of L2(M)
of holomorphic functions is closed, and we let
{f; }j-":l be an orthonormal basis. Then the Bergman
kernel function is given by

bu(z,w) = > fi(@)fiw).

j=1

It is independent of the choice of orthonormal
basis. For z = w, we have by(z,Z) > 0.

For a general M of complex dimension n, let
w1, w2,... be a complete orthonormal basis in
the space of square-integrable holomorphic n-
forms on M. Then the differential form

By(z, W) = Z wj(z) A wj(w),
j=1

for z,w € M, is independent of the basis and is
called the Bergman kernel form. In a local coordi-
nate system zi,...,Zy in M one can write every
wj(z) as wj(z) = fj(z)dz1 A - - - A dzy where f}(z)
is a locally defined holomorphic function, and
therefore By can be written locally as

Bym(z,W)=bpy(z,W)dz1 A -+ ANdzp

AdWI A - -+ Adwy,

where by (z, W) := X521 f5(2)f j(w).
Assume now that by(z,z) > 0 for every z € M,
and define the Bergman pseudometric as follows:
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Bu(z) = + >

m,k=1

02log by (z,2) .

aZm aﬁ dZm de.
It turns out that By, is independent of the coordi-
nate system, is positive semidefinite, biholomor-
phically invariant, smooth, and Kahlerian. For the
unit disc A we have Ba = P. However, it is not true
in general that B) is nonincreasing under holo-
morphic mappings. Those manifolds for which
By is well defined and positive definite (and thus
is a Hermitian metric) are of particular interest, al-
though they are relatively few. Bounded domains
in complex space are examples of such manifolds,
and for them the Bergman metric has been stud-
ied most extensively. If D is a bounded domain in
C", then one has c%(p, V) < 4(v,V)g,@p), but no
general relation between ¢p and Bp is known (in
fact, a famous example of Diederich and Fornaess
suggests that there is no such relation).

Unlike ¢p and ¢p, the Bergman pseudometric Bp
is Hermitian and even Kahlerian, so one would ex-
pect that it could be used to obtain differential-geo-
metric information about the domain D. Below we
give an example of one such application.

For any invariant metric on a domain D c C",
an important characteristic is its boundary be-
havior, in particular, the boundary behavior of its
curvature tensor. The best-studied case is that of
bounded strongly pseudoconvex domains with C*
smooth boundary. Strong pseudoconvexity means
that the boundary of the domain can be locally
made strongly convex by a biholomorphic change
of coordinates. For such domains C. Fefferman
(1974) found a remarkable asymptotic formula for
the Bergman kernel form. He used it to show that
suitable geodesics of the Bergman metric approach
the boundary of the domain in a “pseudotrans-
verse” manner, and therefore that biholomorphic
mappings of strongly pseudoconvex domains ex-
tend smoothly to the boundaries.

Using Fefferman’s asymptotic formula, Klembeck
showed—for a bounded strongly pseudoconvex
domain D with C*® smooth boundary—that the
holomorphic sectional curvature of Bp near the
boundary of D approaches the negative constant
—2/(n+1); that number is the holomorphic sec-
tional curvature of the Bergman metric of the unit
ball B" ¢ C". This fact is essential for the follow-
ing characterization of the unit ball B", which is en-
tirely different from that in Theorem 2. We sketch
the proof because it is readily appreciated and the
techniques have been quite influential.

Theorem 4 (Bun Wong, Rosay). Let D C C" be a
bounded, strongly pseudoconvex domain with C*
smooth boundary, and suppose that the automor-
phism group Aut(D) of D is noncompact in the
compact-open topology. Then D is biholomorphi-
cally equivalent to B".

May 2000

Figure 3. Proof of Theorem 4.

Proof of Theorem 4 (Klembeck). For any bounded
domain D c C", the noncompactness of Aut(D) is
equivalent to the existence of a sequence
{$j} C Aut(M) such that ¢; — ¢ as j — oo, uni-
formly on compact subsets of D, with ¢p : D — C"
holomorphic and ¢ ¢ Aut(D). Clearly, ¢ maps D
into D. Moreover, by a classical theorem of H. Car-
tan, ¢ in fact maps D into 0D, the boundary of D.
The set ¢p(D) is then a complex variety in oD.

If D is strongly pseudoconvex, then 0D does not
contain any nontrivial complex variety (as follows
from a maximum modulus principle-type argu-
ment), and hence ¢ is a constant mapping into a
point g € 0D. Therefore, for every point p € D
one has ¢ j(p) — g as j — o (Figure 3). Further, we
know that near g the holomorphic sectional cur-
vature of Bp approaches —2/(n+1). Since the
Bergman metric is invariant under each of the au-
tomorphisms ¢ j, this implies that the holomorphic
sectional curvature of Bp is constant and equal to
-2/(n+1).

We will now show that D is simply connected.
Let y be a closed curve in D. Since ¢ converges
to ¢ uniformly on compact subsets of D, we see
that the curve ¢ ;(y) for j large enough sits in a
prescribed neighborhood of the point g, and this
neighborhood can be chosen (by the boundary
smoothness) to be simply connected. Therefore,
¢ j(y) is homotopic to zero, and hence so is y, thus
proving that D is simply connected.

In summary, D is a simply connected Kéahler
manifold with negative constant holomorphic
sectional curvature. It now follows from standard
results of differential geometry (see [KoN]) that D
is biholomorphically equivalent to B™. 0

The boundary behavior of the Bergman metric
on more general domains is an interesting subject
in its own right; it is very important, for example,
in problems of extendability of holomorphic map-
pings between domains to mappings between their
boundaries. The literature on this topic is vast,
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and we shall not discuss the results here (see, e.g.,
[Kra]).

The Kédhler-Einstein Metric

A Kéhler-Einstein metric on a complex manifold is
a Hermitian metric for which the Ricci tensor co-
incides up to multiplication by a real constant with
the metric tensor. Thanks to Cheng-Yau (1980)
and Mok-Yau (1983), such a metric is known to
exist, for example, on any domain D C C" that is
bounded and pseudoconvex (i.e., can be exhausted
by an increasing union of strongly pseudoconvex
domains). It is given by

2 2%u(z)

Ep(z) = P —
D( ) k=1 aZm aZk

m

dZm dﬁy

where u is a solution to the boundary value prob-
lem

521,1 2u
o lamm)

u=oc onobD.

on D,

The solution u is required to be strongly plurisub-
harmonic; that is, the matrix (0%u/0zm 0zy) is
required to be positive definite. The metric Ep is
Kéahlerian, complete, and biholomorphically
invariant. For the unit disc A one has Ex = P. It is,
however, not true in general that Zy; does not in-
crease under holomorphic mappings.

For a bounded strongly pseudoconvex domain
D with C* smooth boundary, it is known from the
work of Cheng-Yau that the holomorphic sectional
curvature of Ep near the boundary of D approaches
the negative constant —2/(n+ 1). Therefore, Zp
can be used in the proof of Theorem 4 above in-
stead of Bp. In some cases the boundary behavior
of Ep is easier to determine than that of Bp, since
Ep is found from a solution to the boundary value
problem (6) and therefore can be studied by meth-
ods of partial differential equations.

More Pseudometrics and Pseudodistances
In 1993 Hung-Hsi Wu proposed a way to define a
whole new family of biholomorphically invariant
pseudometrics. The actual definitions are rather
complicated, and we mention only the following ex-
istence theorem related to one of these pseudo-
metrics (see [Wu] for more detail).

Theorem 5. It is possible to construct on every com-
plex manifold M an upper semicontinuous Hermit-
ian (not just Finslerian!) pseudometric Wy such
that:

(i) Wp="7P.

(ii) Iff : My — M> is a holomorphic mapping and
dimM; = n, then f* Wy, < /n Wy,

(iii) If f : M1 — M> is a biholomorphic mapping,
then f*WVM2 = WMl .

(iv) If M is hyperbolic, then Wy is an upper semi-
continuous Hermitian metric.
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The Wu pseudometric W), in fact combines some
of the most attractive features of the Finsler pseudo-
metrics (Kobayashi and Carathéodory) and the
Hermitian pseudometrics (Bergman and Kahler-
Einstein) discussed earlier. For the Wu pseudomet-
ric Wy is (essentially) nonincreasing under
holomorphic mappings, yet it is Hermitian. One of
the first triumphs of the Wu pseudometrics is the
following theorem of Wu:

Theorem 6. A compact C-hyperbolic manifold is a
projective variety.

It is also conjectured that a similar result will
be true for general Kobayashi hyperbolic mani-
folds.

The pseudometric Wy becomes a Hermitian
metric on hyperbolic manifolds. This fact once again
indicates the importance of the concept of hyper-
bolicity. It turns out that the hyperbolicity of aman-
ifold can be understood by using a pseudometric
introduced by Sibony in 1981 via plurisubharmonic
functions (see [For, pp. 357-72] for details). Klimek
in 1985 and Azukawa in 1986 also used plurisub-
harmonic functions to define an invariant pseudo-
distance and an invariant pseudometric different
from the one of Sibony. More information about this
subject can be found in [Kob2].

In fact there are other invariant pseudodis-
tances and pseudometrics, too numerous to men-
tion here explicitly, that have been created for
various special purposes in complex analysis. We
mention particularly the pseudometric of Hahn
and the Lempert function. The monograph [JaP] is
an excellent source of information about the
panorama of ideas that is available.

Concluding Remarks

In this short article we have discussed some ideas
in the geometric approach to complex analysis—
in particular, ideas that use invariant distances
and metrics. We would like to stress once again that
such distances and metrics have many applica-
tions, of which we have indicated just a few. We
hope, however, that we have been able to show at
least to some extent the beauty of this active
and rapidly developing subject. The geometric
approach has given rise to powerful new versions
of function theory on manifolds, and the problems
currently under study should occupy researchers
for many years to come. For more information we
refer the reader to the monographs and survey
articles listed in the reference section below.
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