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F
ree boundary problems deal with solving
partial differential equations (PDEs) in a
domain, a part of whose boundary is un-
known in advance; that portion of the
boundary is called a free boundary. In ad-

dition to the standard boundary conditions that are
needed in order to solve the PDEs, an additional
condition must be imposed at the free boundary.
One then seeks to determine both the free bound-
ary and the solution of the differential equations.
The theory of free boundaries has seen great
progress in the last thirty years; for the state of the
field up to 1982 we refer to [3] and [10].

Two types of problems stimulated this progress.
The first one is the “obstacle problem”, which, in
the time-independent case, can be stated as a vari-
ational problem. The second one is the Stefan
problem, describing the process of melting and 
solidification. These two problems will be briefly
reviewed in the first two sections. The main 
objective of the present article, however, is to 
describe several more recent free boundary prob-
lems, selected from an increasingly large number
of such problems that arise in science and tech-
nology and that require the development of new
mathematical ideas and analytical techniques.

Since the aim of this article is not to provide an
exhaustive review of the subject of free boundary
problems, but rather to brief the general mathe-
matical public on a few of the current research 
directions, we had to drastically curtail the list of

references and the full historical allocation of
credit.

Variational Problems
The Dirichlet problem seeks to find a function
u(x) satisfying

−∆u = f (x) in a bounded domain D in Rm,
u = g(x) on the boundary ∂D.

For smooth f, ∂D, and g, the solution can be ob-
tained as the unique solution of the following
“variational problem”: Find u in K minimizing the
functional

J(v) =
∫
D

(
1
2 |∇v|2 − vf

)
dx, v ∈ K,

where K is the class of all functions in H1(D) with
v = g on ∂D; here H1(D) denotes the space of 
functions that belong to L2(D) together with their
first derivatives.

Following the centuries-old “variational princi-
ple”, one can consider small perturbations of the
minimizer u and derive the so-called Euler-Lagrange
equation −∆u = f . Boundary value problems that
can be written as Euler-Lagrange equations for
some functionals are called variational problems.

Let ϕ be a smooth function in D with ϕ ≤ g on
∂D, and denote by Kϕ the class of functions v in
K with v ≥ϕ a.e. in D. Then the minimizer u of
J(v) over the class Kϕ is unique, and, proceeding
as in the derivation of the Euler-Lagrange equation,
one finds that

−∆u = f (x) a.e. in Ω ≡ {u > ϕ} ∩D,
−∆u ≥ f (x) a.e. in D \Ω.
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The above problem is called 
the obstacle problem for the fol-
lowing reason: Consider a mem-
brane xm+1 = u(x) held fixed
above ∂D at xm+1 = g(x), which is
being forced downward by 
pressure f (x) while at the same
time being constrained to remain
above a solid obstacle with 
surface xm+1 =ϕ(x) . Then u(x)
is the minimizer of J(v) for
v ∈ Kϕ .

Figure 1 is a schematic of 
the obstacle problem in the 
one-dimensional case. It is known
([3] and [10]) that the second 
derivatives of u(x) are bounded,
so that Ω is an open set and

(1)
−∆u = f (x) in Ω,
u = g on ∂Ω∩ ∂D.

Furthermore, u =ϕ and ∇u = ∇ϕ on all of D \Ω ,
and, in particular,

u =ϕ on Γ ,(2)

∂u
∂n

=
∂ϕ
∂n

on Γ ,(3)

where Γ is the part of the boundary of the set
{u > ϕ} that lies in D. Since Γmay not have unique
normals, we should actually replace (3) by
∇u = ∇ϕ on Γ.

The set Γ is not given in advance. We could have,
in fact, posed the variational problem in the fol-
lowing way: Find a domain Ω (or a free boundary
Γ ) such that u solves the Dirichlet problem (1)–(2)
in Ω, the additional Neumann boundary condition
(3) at the free boundary, and

u > ϕ in Ω, −∆ϕ ≥ f in D \Ω.
The variational approach described above can

readily be extended to other functionals. For 
example, if Q is positive and χA denotes the 
characteristic function of A , let us minimize the
functional

J0(v) =
∫
D

(
1
2 |∇v|2 +Q2(x)χ{v>0}

)
dx

over the same class K as above (assuming g ≥ 0).
Then we find that any minimizer satisfies the 
equation

(4) ∆u = 0 in Ω ≡ {u > 0} ∩D
and the boundary conditions

u = 0 on Γ ,(5)

∂u
∂n

= Q on Γ ,(6)

where Γ, the free boundary, is the part of the bound-
ary of the set {u > 0} lying in D and n is the 
inward normal.

The stream function of an ideal fluid in two 
dimensions satisfies (4). It satisfies (5), since Γ is a
streamline, and by Bernoulli’s law

1
2 |∇u|2 + gy = const.,

g = gravity constant, y = height,

also (6) is satisfied with Q = const.− 2gy .
How regular is the free boundary? For the ob-

stacle problem, Γmay in general have singularities.
However, if the free boundary Γ is Lipschitz con-
tinuous, then Γ will be as smooth as the data [2];
in particular, Γ will be C∞ or analytic if the same
is true of f and ϕ. For details see L. Caffarelli, 1977,
and D. Kinderlehrer and L. Nirenberg, 1977. On the
other hand, for the minimizers of J0(v) over K
the free boundary in the two-dimensional case is
always analytic; see H. Alt and Caffarelli, 1982.

The minimization problem for J0(v) has been
used as the starting point in the study of a two-
dimensional jet of fluid emerging from a nozzle.
This approach has been further extended to axi-
ally symmetric jets, to compressible fluids, and to
two-fluid problems; see Alt, Caffarelli, and A. Fried-
man, 1982–1985; Friedman, 1986; and Friedman
and Y. Liu, 1995.

The Stefan Problem
Consider the problem of melting and solidification,
denote by T1 the water temperature and by T2 the
ice temperature, and let Γ be the ice/water inter-
face. Then

(7)

∂Ti
∂t

= ∇(ki∇Ti) in Ωi

(i = 1 for water, i = 2 for ice),

where ki are constants,

(8) T1 = T2 on Γ ,

Obstacle

ΓΓ

u = ϕ

u > ϕ
−∆u = f

u > ϕ
−∆u = f

Figure 1. The obstacle problem.
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and

(9) k1
∂T1

∂n
− k2

∂T2

∂n
= Vn on Γ .

In (9) Vn is the velocity of the free boundary Γ in
the direction of the normal n. If Γ is given by
Ψ (x, t) = 0 , then (9) can be written in the form

k1∇xT1 · ∇xΨ − k2∇xT2 · ∇xΨ = Ψt .

The system (7)–(9) supplemented by initial condi-
tions at t = 0 and boundary conditions on the fixed
boundary (for all time) is called the two-phase 
Stefan problem; if T2 ≡ 0 (or T1 ≡ 0), then it is
called the one-phase Stefan problem. Condition (9)
is the balance-of-energy equation.

In one dimension the one-phase Stefan problem
is the following: Find a curve x = s(t) and a func-
tion u(x, t) ≥ 0 such that

ut = uxx if 0 < x < s(t) and t > 0,
u(0, t) = g(t) if t > 0,
u(x,0) = h(x) if 0 < x < s(0),

and

u(s(t), t) = 0, −ux(s(t), t) =
ds
dt
, t > 0.

Here h > 0 and g > 0.
Alternatively, the condition u(0, t) = g(t) can 

be replaced by −ux(0, t) = k(t) for t > 0, and we 
assume k(t) ≥ 0.

In either case this problem has a unique solu-
tion, and s(t) is C∞ with ṡ(t) > 0 for t > 0; see [3]
and the references given there.

In higher dimensions the Stefan problem has 
a unique “weak solution” in the sense that the
function

T =

{
T1 if T1 ≥ 0

T2 if T2 ≤ 0

and its gradient ∇xT belong to H1 for all t > 0, and
T is continuous; see Caffarelli and Friedman, 1979;
and Caffarelli and L. Evans, 1983. However, the free
boundary Γ may in general develop singularities.
For the one-phase problem, if Γ has the form

xm = k(x1, . . . , xm−1, t) in a neighborhood N,

where k is Lipschitz continuous, then Γ is C∞ in
the same neighborhood; see Caffarelli [2], and
Kinderlehrer and Nirenberg, 1977.

Image Development in Electrophotography
The photocopying process consists of several steps.
The main ones are: (i) the formation of an electric
image of the document on the surface of the mov-
ing photoconductor drum; (ii) the development of
a visible image formed by electrically charged toner
particles, some of which get deposited just above
the electric image; (iii) the transfer of the toner de-
position from the surface of the photoconductor

drum onto paper. We consider here a mathemati-
cal model for step (ii). For simplicity we consider
a two-dimensional model and concentrate on an
electric image of just one black interval. We take
the development zone to be a rectangle

R = {−a < x < a, −c < y < b},
the surface of the photoconductor to be y = 0
(with toner particles coming from above y = 0), and
the electric image to have intensity σ at
{y = 0, −d < x < d} and zero elsewhere on y = 0
(d < a). Then the electric potential −ϕ satisfies

(10) −∆ϕ =

{
ρ in D(t)
0 in R \D(t),

where D(t) is the region occupied by the toner at
time t ; ρ is the toner density (assumed constant);
and

(11)

∂ϕ
∂x

= 0 on x = ±a,
ϕ = −M on y = b, M > 0,
ϕ = 0 on y = −c.

The potential difference at the boundaries y = b
and y = −c is maintained in order to guide the
charged toner particles downward. The electric
image is accounted for by the jump condition

(12)
∂ϕ
∂y

(x,0+)− ∂ϕ
∂y

(x,0−) = −σ, −d < x < d.

We anticipate the toner region D(t) to have the form

(13)
D(t) = {(x, y) | 0 < y < f (x, t), −γ(t) < x < γ(t)},

where

(14) Γ = {(x, y) | y = f (x, t), −γ(t) < x < γ(t)}

is the free boundary. Initially there is no toner in
the development zone; i.e.,

(15) f (x,0) = 0, −d < x < d.
Across Γ, ϕ and ∇xϕ are continuous, so we

need just one additional condition on the free
boundary in order to complete the formulation of
the problem. This condition comes from the fact
that the rate of increase of the free boundary in
the normal direction, Vn, is proportional to the
force ∇ϕ · n of the electric field at the boundary;
here n denotes the normal pointing into R \D(t) .
Thus

(16) Vn = −∂ϕ
∂n
.

This condition is similar to the Stefan condition.

Theorem 1 [7]. The toner problem (10)–(16) has a
unique solution with C2+α free boundary for some
time interval 0 ≤ t < T .
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We briefly describe the strategy of the proof. We
try to describe the toner region at time t , D(t), as
traced by a family of curves Γ (τ) , 0 ≤ τ ≤ t . Thus
Γ (t) coincides with the curve defined in (14). It is
convenient to write the curves Γ (τ) in the form

x = x̃(σ,τ), y = ỹ(σ,τ),

where σ is a parameter. If σ = h(s) and h(s) is a
monotone function, then s can also serve as a 
parameter. One can choose a function h(s) so that,
if we set

x = x(s, τ), y = y(s, τ)

when x(s, τ) = x̃(h(s), t) and y(s, τ) = ỹ(h(s), τ) ,
then the condition (16) takes the form

(17)
dx
dt

= −ϕx(x, y, t),
dy
dt

= −ϕy (x, y, t).

Given a family of increasing domains D(t) , 
one constructs a family of solutions ϕ(x, y, t)
of (10)–(12) and then defines a new family of 
domains D̃(t) traced by the solution curves of 
(17) with the initial conditions x(s,0) = s and 
y(s,0) = 0 . This process defines a mapping

{D(t)} W−→ {D̃(t)}.

One can show that W has a unique fixed point if
T is small enough.

As an interesting by-product of the proof, we
obtain a shape of D(t), for small t , as shown in 
Figure 2. We see that the visible image of a black
interval is lighter in the center and darker near the
edges. This phenomenon, observed especially in
older photocopy machines, is called the edge ef-
fect.

Chemical Vapor Deposition
A wafer is a cylindrical slab of a crystal (mostly 
silicon) 10–16 cm in diameter on which a semicon-
ductor is built. One of the steps in this process is
chemical vapor deposition. The wafer lies on the
table in a reactor chamber, and a flux g of chemical
species (plasma) is injected from the top of the 
chamber. The plasma diffuses in the chamber, and
some of it is deposited on the wafer. The surface of
the wafer has already been divided into many small
regions, which are the seats of the transistors. Each
transistor is of linear dimension smaller than 10−6m;
it has a metallic conductor in the center of its upper
face and insulating silicon oxide at the boundary.
Hence the physical properties of the surface of the
wafer vary significantly on a very small scale.

Figure 3 shows a simplified two-dimensional
geometry in which the reactor chamber is a 
rectangle

R = {−a < x < a, 0 < y < b}
and the wafer extends from x = −a to x = a. The
surface of the wafer

Γε = {(x, y) | y = εfε(x, t)}

is nearly flat, but it is growing with the plasma de-
position, and it is growing unevenly at a small scale
ε (where ε = 10−5a ) due to the oscillation in the
physical properties of the surface of the transistors.

For simplicity we assume that the plasma 
concentration u diffuses according to

(18) ut −∆u = 0 in Rε ,

where

(19) Rε = R ∩ {y > εfε(x, t)};
we do not include chemical reactions and tempera-
ture effects. We also have the boundary conditions

∂u
∂x

= 0 at x = ±a,(20)

∂u
∂y

= g(x, t) at y = b.(21)

On the free boundary the deposition is given by

(22)
∂u
∂n

+ pεu = 0 on Γε ,

where n is the outward normal and the absorption
coefficient pε is positive and fast oscillating. Finally,
by conservation of mass,

(23) Vn = ε
∂u
∂n
,

where Vn is the velocity of the free boundary in the
direction −n .

D(t)

−d d

Figure 2. The toner region.

x = −a x = a

y = b

Γε

Figure 3. A domain with microscale features.
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The microscale features of pε and fε(x,0) make
it impossible to compute the solution by standard
finite-differences or by finite-element methods.
One therefore seeks to compute the “averaged” so-
lution instead of the solution itself. This is often
possible to do if the oscillations of the coefficients
and of the boundary are periodic; problems of this
kind are called homogenization problems. We shall
now proceed by assuming that the microscale 
features have a periodic structure, namely,

(24) pε = p
(
x,
x
ε

)
, fε(x,0) = F0

(
x,
x
ε

)
,

where p(x, ξ) and F0(x, ξ) are periodic in ξ of pe-
riod 1.

As for the control function g, we assume that
it belongs to a set

A =
{
g ∈ L∞(Q)

∣∣∣∣ 0 ≤ g ≤ K

and
∫∫
Q
g dxdt ≤M

}
,

where

Q = QT0 = {−a < x < a, 0 < t < T0}.
A question of interest is how to determine the

(macroscopic) control function g so that certain 
features of the fast-oscillating free boundary are
best achieved. As a first step we would like to 
approximate the free boundary by a curve

y = εf
(
x,
x
ε
, t
)
,

where f (x, ξ, t) is periodic in ξ of period 1.

Theorem 2 [4]. There exists a T0 > 0 depending
only on K such that for each g ∈ A there exists a
unique solution (uε, εfε) of (18)–(24). Furthermore,

‖uε − u0‖L2(Rε) ≤ Cε
and ∣∣∣∣fε(x, t)− f(x, xε , t

)∣∣∣∣
L∞
≤ Cε,

where f (x, ξ, t) is periodic in ξ of period 1 and u0
and f satisfy the following system:

∂u0

∂t
−∆u0 = 0 in R,

∂u0

∂x
= 0 on x = ±a,

∂u0

∂y
= g(x, t) on y = b,

−∂u0

∂y
+ Pu0 = 0 on y = 0,

∂f
∂t

(x, ξ, t) =

p(x, ξ)u0(x,0, t)
[
1 +

( ∂f
∂ξ

(x, ξ, t)
)2]1/2

,

f (x, ξ,0) = F0(x, ξ).

In this system P (x, t) is an average of pε:

P (x, t) =
∫ 1

0
p(x, ξ)

[
1 +

( ∂f
∂ξ

(x, ξ, t)
)2]1/2

dξ.

The function u0 satisfies an elliptic problem
coupled by the boundary condition at y = 0 to a
hyperbolic problem for f (x, ξ, t). The function
f (x, ξ, t) is called the homogenization of fε(x, t) .

Consider now the control problem of trying to
choose the best g so that the free boundary will
be as close as possible to a prescribed curve in the
L2 norm. In view of Theorem 2 it is natural to pre-
scribe this curve in the form εc(x, x/ε, t) , where
c(x, ξ, t) is periodic in ξ of period 1. Then the func-
tional we wish to minimize is

J(g) =
∫ 1

0

∫
Q
|f (x, ξ, t)− c(x, ξ, t)|2 dxdt dξ,

g ∈ A.
Take any minimizer g0 of J(g) and any function

` such that g0 + δ` belongs to A for all small
δ > 0. Then

(25) J(g0 + δ`) ≥ J(g0) for all small δ > 0.

We expand the left-hand side in δ and derive an
inequality on the coefficient of the linear term in
δ. Next, by introducing the “adjoint problem”, we
construct a function W (x, t) depending on g0 but
not on ` , such that the inequality that we derived
from (25) reduces to∫

Q
W (x, t)`(x, t)dxdt ≥ 0.

We then deduce:

Theorem 3 [5]. There exists a constant λ such that

(26) g0 =

{
K if W < λ
0 if W > λ.

This condition is also “almost” sufficient for the
optimality of g0.

Although g0 is not known, we can use Theorem
3 to construct from an initial guess g0 another 
function, g1, by the right-hand side of (26), where
λ is determined, so that∫

Q
g1 dxdt =M.

In the same way we construct from g1 a function
W = W1 and use it to obtain a function g2, etc. Nu-
merical experiments show that starting from any
g0 and constructing the gn inductively in a slightly
different way, we obtain a sequence gm that con-
verges fast to a limit [5]. The slightly different way
uses the functionals
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J̃n(g) ≡

J(g) + µn
∫
Q

(gn − g)2 dxdt

with µn > 0 and µn ↓ 0, instead of
J(g), to determine gn+1. It has not
been proved, however, that {gm}
is in fact convergent and that the
limit, if existing, is a minimizer of
J(g).

Coating Flows
Photographic film is manufac-
tured by spreading layers of 
“dispersions” separated by buffer
layers over a film base. The buffer
layers are gelatin, and the dis-
persion layers are gelatin mixed
with silver halide microcrystals
and oil droplets. The layers are 
initially in fluid form. A sheet of
fluid emerges from a slot in a
hopper and falls under the influ-
ence of gravity onto the film that
is moving horizontally on a con-
veyer belt. After one layer dries
out, another is spread. The fluid
sheet is often guided by external
air pressure. Figure 4 shows a sta-
tionary two-dimensional geome-
try with two fluid/air interfaces.
Figure 5 is still a simpler geome-
try with just one fluid/air inter-
face.

The velocity ~u of the fluid at
the substrate is ~u = (U,0) , the
same as the velocity of the sub-
strate. (This is called the no-slip
condition.) The velocity ~u on the upper boundary
y = b of the strip in Figure 5 is pointed downward.

We consider the problem described in Figure 5.
In the fluid the velocity ~u and the pressure p
satisfy the Navier-Stokes equation

(27) ~u · ∇~u +∆~u = ∇p in Ω

and the incompressibility condition

(28) ∇ · ~u = 0 in Ω.

Since the free boundary

Γ = {(x, y) | y = f (x), x < 0}

is a streamline,

(29) ~u · ~n = 0 on Γ ,

where ~n = (ni) is the normal. We also have

(30) Tijnj = σκni on Γ ,

where σ is the reciprocal of the capillary number,
κ is the curvature, and

Tij = −pδij +
( ∂ui
∂xj

+
∂uj
∂xi

)
is the stress tensor.

The initial point of the free boundary, which is
the common point of the free boundary and the
substrate, is called the contact point, and the angle
between Γ and the horizontal substrate at the 
contact point is called the dynamic contact angle.
For good-quality coating, it is necessary to main-
tain uniformity of the dynamic contact angle. 
Experiments show that this angle depends on the
substrate speed U, but there is no theory giving the
precise relationship between U and the dynamic
contact angle. If the dynamic contact angle is not
180◦ , then the conditions ~u = (U,0) and ~u · ~n = 0
at 0 imply that ~u is discontinuous at 0. A discon-
tinuity, however, is unacceptable physically, and
thus either (i) one needs to modify the no-slip
boundary condition near 0, or (ii) one should con-
sider the dynamic contact angle as an apparent

Free boundary

Free boundary

Fluid

0 = contact point (U, 0) = velocity of
substrate

Figure 4. Free-fall coating flow.

0

Free boundary Fluid

u = (U, 0) + εζ
→→

(U, 0)
→

Figure 5. Coating flow in a strip.
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angle that can be measured only at some distance
away from 0, whereas f ′(0) = 0.

Experiments are not sharp enough to decide
which alternative is the correct one, and there are
at present several different theories based on a
modification of the no-slip conditions near 0. 
Regarding (ii), the question arises whether the
problem (27)–(30) is well posed, i.e., whether it
has a unique (stable) solution with f ′(0) = 0. An 
answer is given by the following result:

Theorem 4 [8]. If the velocity ~u on y = b is 
“sufficiently close” to the velocity (U,0) of the mov-
ing substrate, then the coating problem (27)–(30)
shown in Figure 5 has a unique solution with free
boundary satisfying the following conditions:

(31)
0 < f (x) < b for −∞ < x < 0, f (0) = 0;

f (x) ∼ A(−x)2−ρ near x = 0, A > 0.

Here

0 < ρ < 1
2 , ρ =

1
2πi

log
1− 2iλ
1 + 2iλ

, λ = −U
σ
.

The condition that ~u(x, b) is “sufficiently close”
to the velocity (U,0) is understood in the follow-
ing more precise and rather restrictive sense:
~u(x, b) = (U,0) + ε~ξ(x) when ~ξ(x) satisfies a “tech-
nical condition” and |ε| is sufficiently small; the
“technical condition” says that, for the “linearized”
problem about ε = 0, the linearized free boundary
y = f0(x) satisfies (31).

The fluid sheet emerging out of the slot presents
a challenging jet problem. Even if one lets the vis-
cosity tend to zero and the Navier-Stokes equation
is replaced by the ideal fluid equation, one must
maintain the surface tension term on the free
boundary (due to the thinness of the sheet). In
terms of the stream function ψ , the ideal fluid
equation is ∆ψ = 0. On the fluid/air interface ψ
is constant, and Bernoulli’s law has the form

1
2 |∇ψ|2 + gy = const. +σκ,

where σκ as in (30) is the pressure due to surface
tension. For more details, see S. Weinstein et al.,
1997.

Tumor Growth
Mathematical models of tumor growth have 
been developed over the last twenty-five years.
Here we consider a model that depends on the nu-
trient concentration σ and on the internal pressure
p of the proliferating tissue but does not include
the concentration of inhibitors, the effect of an-
giogenesis (that is, the sprouting of blood vessels
that penetrate into the tumor), and the presence
of the necrotic zone; for more details see [1] and
[9].

The proliferation rate is assumed to be a linear
function µ(σ − σ̃ ), where σ̃ is a given equilibrium

level and µ is a positive constant. The tumor 
receives nutrients through the boundary, where 
the concentration is a constant σ with σ > σ̃. The
diffusion equation for σ is

(32) cσt −∆σ + λσ = 0 in Ω(t),

where Ω(t) is the evolving tumor region and λ and
c are positive constants. The constant c is the quo-
tient of two time scales, that of the diffusion (∼ 1
minute) and that of tumor doubling (∼ 1 day), and
is therefore very small.

The pressure p induces velocity ~q of tissue cells
by means of the relation ~q = ∇p , and, by conser-
vation of mass, div ~q = µ(σ − σ̃ ). Consequently,

(33) ∆p − µ(σ − σ̃ ) = 0 in Ω(t).

We also have the boundary conditions

σ = σ on ∂Ω(t),(34)

p = γκ on ∂Ω(t),(35)

where κ is the mean curvature of the free bound-
ary ∂Ω and γ measures the cell-to-cell adhesive-
ness. Finally, the motion of the free boundary is
determined by

(36)
∂p
∂n

= −Vn on ∂Ω(t),

where Vn is the velocity of the free boundary in the
direction of the normal n.

For spherically symmetric initial data it was
proved (Friedman and F. Reitich, 1999) that there
exists a unique spherically symmetric solution

σ (r , t), p(r , t), Ω(t) = {r < R(t)}
and that, as t →∞,

(i) R(t) →∞ if σ̃/σ > 1
3 ,

(ii) R(t) → R0 if σ̃/σ < 1
3 , 

provided c is sufficiently small. Here R0 is the 
radius of the unique time-independent solution.
The same is true in the two-dimensional case with
1
3 replaced by 12.

The above model is phenomenological and does
not address the very complex processes that take
place both within the tumor and in its vicinity. Such
a model cannot be predictive. It is nevertheless use-
ful if it can explain or confirm experimental results
in a qualitative way. Successful examples to this
effect are mentioned in H. Byrne and M. Chaplain,
1995–1999, and in references therein.

Since tumors are not spherical, it is important,
in order to further validate the model (32)–(36), to
exhibit solutions that are not radially symmetric.
A result in this direction for time-independent 
solutions is given in the following theorem.

Theorem 5 [6]. In the two-dimensional case, for any
integer ` ≥ 2 and for any radius R0, there is a
unique γ = γ0 that is a bifurcation point of a unique

fea-friedman.qxp  7/5/00  9:11 AM  Page 860



SEPTEMBER 2000 NOTICES OF THE AMS 861

branch of analytic solutions of (32)–(35) with c = 0
and that has

γ = γ0 +
∑
n≥2

εnγn

and free boundary

r = R0 + ε cos`θ +
∑
n≥2

εnfn(θ),

for which the fn(θ) are even functions of θ satisfy-
ing the orthogonality conditions∫ 2π

0
fn(θ) cos`θ dθ = 0, n ≥ 2.

Since ` ≥ 2, these solutions are not radially
symmetric for small |ε|.

The strategy of the proof goes as follows. We
first transform the tumor domain Ω into the unit
disc by

r ′ = r
/[
R0 + ε cos`θ +

∑
n≥2

εnfn(θ)
]

and then write a formal power series in ε for σ and
p. We obtain a system of differential equations, say
Πn, by collecting all the coefficients of εn. The 
system involves

(37)
1
n!
Dnε p

∣∣∣∣
ε=0
,

1
n!
Dnεσ

∣∣∣∣
ε=0
, γn−1, fn ,

and γn. We then proceed to solve for the quanti-
ties in (37) and to estimate them inductively by
H0Hn , where H0 and H are suitable constants.
This establishes convergence of the series in ε, for
|ε| < 1/H.

It is hoped that the result stated in Theorem 5
will stimulate further work toward developing a
complete theory for the free boundary problem
(32)–(36).
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About the Cover
Snow is formed when particles of water vapor from
clouds freeze in the upper air, becoming crystalline
flakes that fall softly to the earth. The shape of a
snowflake as developed by the freezing process is gov-
erned by the distribution of temperature within the
water particles and by the law of conservation of en-
ergy along the boundary. This shape is not known in
advance, and its surface is a classical example of a
free boundary formed by nature. The cover shows a
typical snowflake, with several stems originating
from the center. Each stem is a branch along which
many other smaller branches have grown. Along each
of these smaller branches, another sequence of yet
smaller secondary branches will often develop. Math-
ematical models and their analysis try to capture
and predict the dendritic shape of crystals, such as
snowflakes, grown in solidification processes.

Solidification processes occur in industry, such as
in the production of steel and in growing crystal for
semiconductors. The manufacturers are interested in
controlling their processes so as to make the free
boundary as smooth as possible. 

The graphic on the cover is taken from a poster
for the 1990–91 program “Interfaces and Free Bound-
aries” at the Institute for Mathematics and Its Ap-
plications in Minneapolis. The organizers were
R. Fosdick, M. Gurtin, W.-M. Ni, and B. Peletier.

—A. F.

fea-friedman.qxp  7/5/00  9:11 AM  Page 861


