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Linear Ordinary Differential Equations
How to solve linear ordinary differential equations?
Like many outstanding mysteries of mathematics,
this question has the virtue of simplicity. Linear dif-
ferential equations are the staple of every mathe-
matical syllabus, familiar to all and sundry, and
their investigation has informed much of the de-
velopment of mathematical analysis in the last
three hundred years. Needless to say, we can all pro-
vide partial answers to this question. Thus, the so-
lution of the scalar equation y′ = a(t)y, y(0) = y0,
is

y(t) = e
∫ t
0a(ξ)dξy0, t ≥ 0,

while the solution of the vector equation y′ = Ay,
y(0) = y0 ∈ RN, where A is a constant N ×N ma-
trix, is

y(t) = etAy0, t ≥ 0.

The matrix exponential above is defined by Taylor
expansion,

eΩ =
∞∑
m=0

1
m!
Ωm.

It is natural, as the next step in our investigation,
to attempt “mental interpolation” between the last
two explicit formulae and to check whether the so-
lution of the vector system with variable coeffi-
cients, y′ = A(t)y , y(0) = y0, might perhaps be

(1) y(t) = e
∫ t
0A(ξ)dξy0, t ≥ 0,

where the integral of the matrix function A is the
matrix whose entries are the integrals of the com-
ponents of A . Unfortunately, this mental leap is in
general false.

The general form of y, and, indeed, of the fun-
damental solution Y, where

(2) Y ′ = A(t)Y, t ≥ 0, Y (0) = I,

is considerably more intriguing. Its exploration
will take us on a tour spanning a hundred years of
mathematics and ranging from differential geom-
etry, Lie algebra theory, and graph theory, all the
way to contemporary numerical analysis. The basic
idea is to represent the solution of (2) in the form
Y (t) = eΩ and to rephrase the differential equation
in terms of the logarithm of Y: the matrix function
Ω. The equation for Ω is originally due to Felix
Hausdorff [10] and is given by

(3) Ω′ =
∞∑
m=0

Bm
m!

admΩA, t ≥ 0, Ω(0) = O.

Here {Bm}m∈Z+ are the Bernoulli numbers, defined
by

∞∑
m=0

Bm
m!
zm =

z
ez − 1

= 1− 1
2z + 1

12z
2 − 1

720z
4 + · · · ,

while adΩ is a shorthand for an iterated commu-
tator,

ad0
ΩA = A, ad1

ΩA = [Ω, A], ad2
ΩA = [Ω, [Ω, A]],
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and, in general, adm+1
Ω A = [Ω, admΩA] ,  where

[B,C] = BC − CB .
On the face of it, we have just taken a large step

in rendering the simple equation (2) in a more com-
plex, indeed obscure, manner, as an infinite series
of nonlinear terms. Yet, as so often in mathemat-
ics, this is just the price of an ultimate simplifica-
tion, new insight, and superior computational al-
gorithms.

We commence by noting that if A(t) and Ω(t)
commute (which, as we will see soon, is the case
whenever A(t) and 

∫ t
0A(ξ)dξ commute), all the

terms on the right of (3), except for the first, van-
ish. We have Ω′ = A and the solution is (1). In other
words, the m ≥ 1 terms and the nonlinearity of (3)
are the cost of noncommutativity.

The main insight into the equation (3) was pro-
vided in a remarkable paper by a remarkable math-
ematician, Wilhelm Magnus. A topologist, an alge-
braist, an authority on differential equations and
on special functions, a mathematical physicist,
Magnus exercised great (and often not sufficiently
acknowledged) influence on twentieth century
mathematics [1]. Magnus observed in [17] that Ω
can be written as a linear combination of multiple
integrals. Specifically, employing Picard’s iteration,

Ω0(t) ≡ O,

Ωs+1(t) =
∫ t

0

∞∑
m=0

Bm
m!

admΩs (ξ)A(ξ)dξ, s ∈ Z+,

it is possible to show that

(4)

Ω(t) =
∫ t

0
A(ξ)dξ

− 1
2

∫ t
0

∫ ξ1

0
[A(ξ2), A(ξ1)]dξ2dξ1

+ 1
12

∫ t
0

∫ ξ1

0

∫ ξ1

0
[A(ξ3), [A(ξ2), A(ξ1)]]dξ3dξ2dξ1

+ 1
4

∫ t
0

∫ ξ1

0

∫ ξ2

0
[[A(ξ3), A(ξ2)], A(ξ1)]dξ3dξ2dξ1

+ · · · .

Next there are four fourfold integrals, each with
three nested commutators, and in general the num-
ber of terms in each “generation” grows exponen-
tially. So does the complexity, which rapidly gets
out of hand. As a matter of fact, the situation is even
worse, since naive Picard iteration generates a mul-
titude of higher-order terms that need to be excised
in each step. Nonetheless, the above Magnus ex-
pansion became an important tool in numerous ap-
plication areas, in particular in quantum chem-
istry and theoretical physics. Many attempts have
been made to derive the expansion in explicit form,
the most remarkable due to Fomenko and Chakon
[8]. This, however, did not eliminate the obvious
combinatorial complexity inherent in dealing with
multiple integrals and “multilayered” iterated com-
mutators and, arguably, did not lead to a viable
means to generate recursively and analyse the func-
tion Ω.

On Expansions That Grow on Trees
Several years ago, Syvert Nørsett and I came across
the Magnus expansion in the context of geometric
integration, the emerging discipline concerned with
discretising differential equations while respecting
their qualitative properties [5]. Blissfully unaware
of the substantial research to which Magnus’s cre-
ation has been subjected, we developed an alter-
native approach, using rooted trees as a shorthand
for expansion terms. This has led to a framework
that elucidates the structure of individual terms and
their relationship, thus allowing for convenient
construction of the expansion (4) by recursion [14].

Examine (4) for a moment: Each term is made
out of integrals and commutators of the matrix
function A . Specifically, each term on the right, ex-
cept for the first, is of the form

(5) α
∫ t

0
[H1(ξ),H′2(ξ)]dξ,

where both H1 and H2 have already featured ear-
lier in the expansion, while α is a scalar constant.
We thus require terminology to denote repeated in-
tegration and commutation in a clear, transparent
fashion.

We commence by assigning to A a trivial tree,
consisting of single vertex,

Wilhelm Magnus
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Moreover, suppose that we have already con-
structed two expansion terms, Hτ1 and Hτ2 , say,
such that τ1 � Hτ1 and τ2 � Hτ2 . Then

Given an N ×N matrix function A with integrable
entries, and commencing from •, we have just
defined a map τ → Hτ from F, a subset of binary
rooted trees, into N ×N matrix functions. In par-
ticular, (4) can be denoted in the shorthand

Each tree in (6), except for the first, is of the form
on the right side of (7),

where s ∈ Z+ and the trees τ1, τ2, . . . , τs have al-
ready featured earlier in the expansion. For exam-
ple, in the third tree in (6)

while the fourth tree is consistent with

It is possible to deduce from (5) that the form (7)
remains valid for subsequent expansion terms, in-
deed that it characterises all the trees in F. With a
little more effort it is also possible to deduce from
(7) the explicit form of the constant α in (5) [14].
Set

and suppose that α(τj ) is known for j = 1,2, . . . , s .
Then

(8) α(τ) =
Bs
s!

s∏
j=1

α(τj ), s ∈ N,

where Bs is the sth Bernoulli number.
We have now all the ingredients to describe a

general recursive rule for the generation of a

Magnus expansion, except that, in our quest for tidi-
ness, we are reluctant to lump all expansion coef-
ficients into a hotchpotch of unclassified terms. In
our earlier discussion of (4) we have aggregated
terms according to the number of integrals therein:
In the shorthand of rooted trees, this corresponds
to the number of “vertical” edges. This, however,
is not the best way to display the expansion in the
most economical fashion, without including terms
which might be redundant once the expansion has
been truncated for practical purposes. Instead, we
say that a tree τ is of power r ∈ N if r is the great-
est integer such that

Hτ (t) = O(tr ), t → 0,

for all sufficiently smooth matrix functions A . Let
Fr be the set of all trees of power r . The Magnus
expansion can be written in the form

(9) Ω(t) =
∞∑
r=1

∑
τ∈Fr

α(τ)Hτ (t)

according to the following rules:

2. Given r ≥ 2, assemble Fr by taking all the trees
of the form

where ∂τ stands for the tree τ with its root ex-
cised, i.e., ∂τ � dHτ/dt. Moreover, if r is even,
then add to Fr all trees of the form

3. Identify each tree τ with the representation (7)
and use (8) to evaluate its coefficient α(τ) .

Note that F2 =∅, since (as follows from the algo-
rithm above but can be easily verified directly) the
power of

is three.

All trees of power up to four are displayed in
(6). The next contribution to Ω, corresponding to
trees in F5 , is

(7)
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As we go along, the number of terms in Fr in-
creases exponentially: It was proved in [15] that
lim supr→∞[#Fr ]1/r = 3.1167 . . . . In comparison,
the number of terms with r integrals increases as
c(r )4r, where c is a slowly-varying function [14].
Even for moderate r the difference is highly sig-
nificant.

By construction, once we truncate (9),

Ω[p](t) =
p∑
r=1

∑
τ∈Fr

α(τ)Hτ (t),

we can expect Ω[p](t) = Ω(t) +O(tp+1) , an order-p
approximation. However, the situation is better
than this!

An operator Ψt, which for every t maps (for ex-
ample) N ×N matrix functions to themselves, is
said to be time symmetric if Ψ−t ◦ Ψt = Id . In par-
ticular, every solution operator of a differential
equation, ΨhY (t) = Y (t + h) , is time symmetric, but
this is not necessarily the case with approximations
to the solution—and the truncation Ω[p](t) can be
envisaged as a numerical method to compute Ω
with step size t . (Much more later about Magnus
expansions as numerical methods.) Yet, it is pos-
sible to prove that the map ΨtX(t) = eΩ

[p](t)X(t) is
time symmetric [15].

Time symmetry is important because it implies
that for odd p, the tail Ω(t)−Ω[p](t) is O(tp+2) and
we gain an extra unit of order [15]. The first few
such truncated Magnus expansions are

As a simple example, which the reader (perhaps
with the help of a symbolic algebra program) is 
encouraged to verify, let us consider the Airy 
equation

(11) y′′ + ty = 0, t ≥ 0, y(0) = 1, y′(0) = 1
2 ,

which we rewrite in a vector form as

y′ =

[
0 1
−t 0

]
y, t ≥ 0, y(0) =

[
1
1
2

]
.

Although the exact solution of (11) can be written
explicitly in terms of Airy functions, it is more il-
lustrative to express it as a series,

y = 1 + 1
2 t −

1
6 t

3 − 1
24 t

4 + 1
180 t

6 + 1
1008 t

7 +O(t9).

The leading Magnus trees and corresponding ma-
trix functions are
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We thus deduce that

Ω[1] =

[
0 t

−1
2 t

2 0

]
;

Ω[3] =

[ 1
12 t

3 t
−1

2 t
2 − 1

12 t
3

]
;

Ω[5] =

[ 1
12 t

3 + 1
360 t

6 t
−1

2 t
2 − 1

120 t
5 − 1

12 t
3 − 1

360 t
6

]
.

Letting xk = eΩ
[k]

y(0), we obtain

x1 = 1 + 1
2 t

2 − 1
4 t

3 +O(t4),

x3 = 1 + 1
2 t

2 − 1
6 t

3 − 1
24 t

4 + 1
144 t

6 +O(t7),

x5 = 1 + 1
2 t

2 − 1
6 t

3 − 1
24 t

4 + 1
180 t

6 + 1
1080 t

7 +O(t9).

Comparison with the Taylor expansion of y con-
firms that this is consistent with order k + 1.

Figure 1 displays the pointwise error in the so-
lution of the Airy equation (11) by three fourth-
order methods: the classical Runge–Kutta method,
the (implicit, A-stable) Gauss–Legendre Runge–Kutta
method, and a truncation of the Magnus expansion,
all time-stepped with constant step size of 1

10. The
exact solution of (11) oscillates with increasing fre-
quency, and it behaves asymptotically like
t−1/4 sin 2

3 t
3/2 as t →∞. This is sufficient to defeat

even the hardiest “classical” numerical schemes,
while Magnus, less impressed by rapid oscillation,
delivers significantly superior performance: Note
that the vertical scale on the bottom diagram in

Figure 1 is six orders of magnitude
smaller than in the other two diagrams.

For the record, to obtain similar accu-
racy of six significant digits in [0,500]
with a Runge–Kutta method would have
required a step size of ≈ 1

1200, at a rela-
tive cost (in computer time) of more than
sixty times that of the Magnus method.
More sophisticated methods need not be
necessarily more expensive!

Lie Groups and Geometric
Integration
Like Molière’s Monsieur Jourdain, who
had been speaking prose all his life and
did not know it, we have just been, per-
haps unknowingly, speaking the language
of Lie groups.

Since their introduction by Sophus Lie
in the late nineteenth century, Lie groups
have been among our most powerful tools
for understanding structure, symmetry,
and geometry, in particular within the
context of differential equations [22].

A Lie group G is a manifold endowed
with group structure. Being a manifold, it

can be covered by an atlas of overlapping local charts,
which are homeomorphic to open subsets of Eu-
clidean space. Being a group, G is closed under in-
version and multiplication. Moreover, we stipulate
that these two operations are continuous with re-
spect to the underlying topology of the manifold. In
case this sounds mysterious and abstract, let us con-
sider several examples. First, consider the orthogo-
nal group O(N) of real N ×N orthogonal matrices.
Clearly, it is a group: The identity is an orthogonal ma-
trix, and if Q1,Q2 ∈ O(N) , then also Q−1

1 =
Q�1 ,Q1Q2 ∈ O(N) . It is also a 12 (N − 1)N -dimen-
sional manifold (can you prove it?) which can be em-
bedded in the N2-dimensional space of all real N ×N
matrices, while both matrix multiplication and in-
version are smooth operations. Another example is
the special linear group SL(N) of real N ×Nmatrices
with unit determinant. Yet another is the symplectic
groupSp(N), comprised of (2N)× (2N) real matrices
X such that XJX� = J, where

J =

[
O I
−I O

]
,

with N ×N zero and identity matrices O and I
respectively. Finally, consider the set of all rigid 
motions (rotations, reflections, and translations)
of the space RN ,  namely x �→ Ax + b ,  where
A ∈ O(N) and b ∈ RN. Each rigid motion is thus
characterised by the pair (A,b), and we can endow
such pairs with group structure. The outcome is the
Euclidean group E(N), with the operations

Figure 1: The error in the solution of the Airy equation by three numerical
methods.
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(A2,b2) · (A1,b1) = (A2A1, A2b1 + b2),
(A,b)−1 = (A�,−A�b)

(verify!).
All our examples are subgroups of matrices, so

we should perhaps comment that Lie groups need
be neither multiplicative subgroups of matrices
nor, indeed, finite dimensional. Glossing over some
technical details, an important example of an infi-
nite-dimensional group is SDiffM , the set of all vol-
ume-preserving diffeomorphisms from a manifold
M to itself.

Lie groups feature in multitudes of applications.
Orthogonal and Euclidean groups are crucial in
mechanics, computer vision, and numerical alge-
bra, the special linear group in volume conserva-
tion, the symplectic group in Hamiltonian me-
chanics, and SDiffM in geometric theories of fluid
flow. Lie groups are increasingly used in diverse
areas of applied mathematics where it is important
to identify and preserve geometric structure, e.g.,
in control theory, robotics, Kalman filtering, sub-
division schemes in computer graphics, geometric
mechanics….

Typically, a mathematical model is phrased as
a solution of a differential system. Whenever such
a system is known to evolve in a Lie group, this 
represents valuable information since, more often
than not, Lie group structure embodies qualitative
features which are central to the underlying 
natural phenomenon that we are endeavouring to
understand.

Once we consider differential equations evolving
on a manifold M, we are concerned with tangents
to points on M, since these are all the possible val-
ues that a vector field may attain. Let TM|x be the
linear space of all vectors tangent to M at some
x ∈M . It is easy to verify that any differential 
equation evolving in M can be written in the form

y′ = f (t, y), t ≥ 0, y(0) ∈M,
where the (sufficiently smooth) function f (t, y)
maps R+ ×M to TM|y . Typically, the structure of
the tangent bundle TM of all tangent spaces TM|x ,
x ∈M , is complicated. One of the great virtues of
Lie groups is that their tangency relations are 
relatively transparent and endowed with beautiful
features. We first note that the group structure
implies that TG|X = TG| IX for all X ∈ G . There-
fore, all ordinary differential equations evolving on
G can be brought to the form

(12) Y ′ = A(t, Y )Y, t ≥ 0, Y (0) ∈ G,
where the (suitably smooth) function A maps
R+ ×G to g = TG|I . Secondly, the set g is not just
a humble linear space but a Lie algebra: It is closed
under a bilinear, skew-symmetric operation [[·, ·]] ,
say. For every x1, x2, x3 ∈ g and α1, α2 ∈ R (or, for

example, in C, but we do not aim here for the great-
est generality) it is true that

[[x1, x2]] + [[x2, x1]] = 0,
[[α1x1 +α2x2, x3]] = α1[[x1, x3]] +α2[[x2, x3]],

and

[[x1, [[x2, x3]] ]] + [[x2, [[x3, x1]] ]] + [[x3, [[x1, x2]] ]] = 0

(the Jacobi identity). Thirdly, it is possible to con-
struct a smooth map e : g→ G which takes zero 
to the identity and affords us a way back from the
algebra to the group.

Recalling our examples of Lie groups, we just list
the corresponding Lie algebras. Thus, the Lie al-
gebra of O(N) is so(N) , the linear space of N ×N
skew-symmetric matrices; to SL(N) there corre-
sponds the algebra sl(N) of zero-trace matrices; the
Lie algebraic counterpart of the symplectic group
Sp(N) is sp(N) ,  such that X ∈ sp(N) implies
XJ + JX� = O, and, finally, the Euclidean algebra
se(N) comprises all pairs (X,b) such that X ∈ so(N)
and b ∈ RN.

All this may sound unrelated to linear
equations. Yet, a powerful connection becomes ap-
parent once we restrict our attention to finite-
dimensional groups and algebras. According to a
beautiful theorem of Ado, every finite-dimensional
Lie algebra is isomorphic to a Lie subalgebra of
matrices [22] and, without loss of generality, we may
assume that g is indeed a subalgebra of N ×N real
matrices. In that case [[X1, X2]] = [X1, X2] and
e(X) = eX, the familiar commutator and exponential
functions. Thus, the entire discourse of the previ-
ous section can be rendered in the language of Lie:
The matrix function A(t) assumes values in a ma-
trix Lie algebra g, hence the solution of (2) evolves
in “its” Lie group G. (In the most unrestricted case,
g = gl(N), the Lie algebra of all N ×N matrices, and
G = GL(N), the general linear group of all nonsin-
gular N ×N matrices.) Replacing Y with Ω and
equation (2) with (3) corresponds to translating
the problem from a Lie group to a Lie algebra. Since
the latter is closed with respect to linear combina-
tions, it is also closed with respect to integration,
which is a limit of Riemann sums. Therefore, both
the Magnus expansion (9) and its truncation Ω[p]

evolve in g and the exponential restores the solu-
tion to the Lie group.

The great virtue of working in a Lie algebra,
rather than a Lie group, becomes clear once we
consider approximation, whether numerical or 
perturbative. General Lie groups are nonlinear 
creatures and classical numerical methods are 
often useless when the retention of Lie group 
structure is at issue. For example, no familiar 
discretisation method, e.g., Runge–Kutta or multi-
step or a truncated Taylor expansion, can be assured
to evolve in SL(N) for N ≥ 3 [11, 16]. On the other
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hand, g is a linear space: As long as we restrict our
arsenal to linear combinations and commutation,
we cannot go wrong! Thus, Magnus expansions are
a prime example of geometric integrators, which are
guaranteed to respect the underlying geometry of
the differential equation [13].

An obvious alternative to Lie group methods, like
the Magnus expansion, is projection: Use an 
arbitrary discretisation method and ensure that
geometry is modelled correctly by projecting the 
numerical solution on G. Although naive projection
may run foul of instabilities and rapid error accu-
mulation, a more sophisticated approach can be 
effective [9].

Computing Magnus
In principle, the Magnus expansion presents a 
powerful means to compute numerically the solu-
tion of a linear system (2). However, nothing is
ever simple or straightforward with computation.
The first stumbling block is that the expansion (9)
has only a limited radius of convergence: To con-
verge in a norm ‖ · ‖ , we require

∫ t
0
‖A(ξ)‖dξ ≤

∫ 2π

0

dξ
4 + ξ[1− cot(ξ/2)]

≈ 1.08687

[2, 18]. If t is so large that this inequality is violated,
then we can use time-stepping with, say, 
constant step h > 0. A more substantial obstacle
is that the evaluation of Ω[p] requires the compu-
tation of several multivariate integrals, each over
a different polytope, at each time step. Now, it is
very easy to approximate a univariate integral but
most challenging and labour intensive to do so in
a multivariate setting [7].

Before we can run, though, we need to learn
how to walk. Or, more specifically, how to evalu-
ate univariate integrals. Even if you are familiar with
numerical quadrature, do bear with me, for, mirac-
ulously, the univariate case extends in our setting
to multiple integrals. Let c1, c2, . . . , cν be the zeros
of the ν-degree Legendre polynomial, shifted to the
interval [0,1]. It is well known since Gauss’s time
that there exist weights b1, b2, . . . , bν > 0 such that
the quadrature

(13)
∫ h

0
A(ξ)dξ ≈ h

ν∑
k=1

bkA(ckh)

is of order 2ν : For sufficiently smooth functions
A it carries an error of O(h2ν+1) . Moreover, no
other choice of quadrature nodes c1, c2, . . . , cν and
weights can improve (or, indeed, match) this 
order [7]. It is helpful to rephrase (13). Thus, let 
the matrices B1, B2, . . . , Bν be the solution of the
Vandermonde linear system

ν∑
j=1

(ck − 1
2 )j−1Bj = hA(ckh), k = 1,2, . . . , ν.

It is possible to show that

Bj = djhjA(j−1)( 1
2h) +O(hj+1) ,

where the dj’s are nonzero constants, and that the
order-2ν quadrature (13) is equivalent to

∫ h
0
A(ξ)dξ ≈

�(ν−1)/2�∑
j=0

1
4j (2j + 1)

B2j+1.

We will soon see that, when generalisation to “Mag-
nus integrals” is at issue, the currency of the Bj ’s
is superior to that of the A(ckh)’s.

Taking a leaf from [14], we next consider the 
double integral from (4),

∫ h
0

∫ ξ1

0
[A(ξ2), A(ξ1)]dξ2dξ1.

Being thrifty by nature, we are loath to abandon the
matrices Bj . Instead, in the spirit of environmen-
tal awareness, we recycle them. The integrand being
a commutator of two values of A , we may attempt
to approximate the integral by a linear combina-
tion of commutators of the form [Bk, Bj ] . This
works surprisingly well and it is possible to prove
that
ν−1∑
k=1

ν∑
j=k+1
k+j odd

(j − k)− (−1)k(j + k)
2j+k−1jk(j + k)

[Bk, Bj ]

= −1
6 [B1, B2] + 1

120 [B2, B3]− 1
40 [B1, B4] + · · ·

approximates the double integral to order 2ν , 
identical to the univariate Gaussian quadrature
(13) [13].

It is not just the bivariate integral. All the inte-
grals in the Magnus expansion can be evaluated to
order 2ν using and reusing again the same ν ma-
trices Bj . The general pattern for an s -fold integral
is

(14)∫
hS
L(A(ξs ), A(ξs−1), . . . , A(ξ1))dξsdξs−1 · · ·dξ1

≈
∑

j∈Cνs

b̃jL(Bj1 , Bj2 , . . . , Bjs ).

Here hS ∈ Rs is the domain of integration, L is a
nested commutator, and Cνs is the set of all com-
binations of length s from {1,2, . . . , ν} . The weights
b̃j are given explicitly by

b̃j =
∫
S

s∏
i=1

(ξi − 1
2 )ji−1dξsdξs−1 · · ·dξ1.
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Regardless of the number of terms in the order-
(2ν) approximation Ω[2ν−1] , their computation 
requires just ν evaluations of the matrix function
A , the same number as we would have needed were
the single-integral formula (1) right. Great news? Not
exactly, since the quid pro quo of this amazing
economy in function evaluations is a stupendous
price tag in linear algebra. The number of terms in
Cνs is very large, increasing exponentially with s , and
each such term requires the computation of nested
commutators. Fortunately, further insight, com-
bined with the magic wand of Lie algebra theory,
has led Hans Munthe-Kaas and Brynjulf Owren to
an approach which reduces the cost of algebra
down to a significantly more modest size and 
allows the computation of high-order Magnus 
approximations relatively cheaply [20].

Graded Lie Algebras and Optimised
Magnus
There are three mechanisms at play that allow us
to reduce the number of computations. First, each
matrix Bj is O(hj ), hence

L(Bj1 , Bj2 , . . . , Bjs ) = O(hj1+j2+···+js ).

We say that L(Bj1 , Bj2 , . . . , Bjs ) is of grade
|j| =

∑s
i=1 ji and note that, whenever |j| > 2ν , we

can throw away the underlying nested commuta-
tor without affecting the order. Secondly, it is pos-
sible to prove that the act of replacing all integrals
in Ω[2ν−1] with quadratures (14) retains time sym-
metry [20]. The consequence is that we know in ad-
vance that roughly half of all terms come with zero
coefficients, hence need not be computed. Specif-
ically, whenever the grade of a term is even, it
makes no contribution to the quadrature of Ω[2ν−1] .
It is, however, a third mechanism, that of graded
Lie algebras, which brings down computational ex-
pense to the greatest extent.

It is implicit in our construction that, no matter
how complicated the terms L(Bj1 , Bj2 , . . . , Bjs ), they
are all “words” written in an “alphabet” that 
consists of just ν separate “letters”, B1, B2, . . . , Bν.
Formally, we say that every such term resides in a 
free Lie algebraB, generated by B = {B1, B2, . . . , Bν} :
the linear combinations of all possible “words” that
can be created from the elements of B by repeated
commutation. We have already seen that each such
“word” has an important attribute, its grade. For-
mally, we endow each generator Bj with the grade
w (Bj ) = j and propagate this quantity in the recur-
sive generation of nested commutators by

Z = [X1, X2] ⇒ w (Z) = w (X1) +w (X2).

This formula is clearly consistent with our defini-
tion of the grade of L(Bj1 , Bj2 , . . . , Bjs ). It is easy to
verify that the span, in B , of all the terms of grade
m forms a linear space, which we denote by Bm.

(In fact, B is a direct sum of Bm, m ∈ N.) Remark-
ably, the dimension of Bm is very small. Let
λ1, λ2, . . . , λν be all the zeros of the polynomial

1−
ν∑
i=1

zi =
1− 2z + zν+1

1− z .

It is possible to prove that

(15) dimBm =
1
m

∑
d|m


 ν∑
i=1

λm/di


µ(d),

where µ is the Möbius function,

µ(n) =




1, n = 1,
(−1)k, ji ≡ 1 for all i = 1,2, . . . , k,
0, otherwise,

where n = pj1
1 p

j2
2 · · ·p

jk
k is the prime factorization

of the natural number n and the summation in
(15) is carried out over all the integer divisors of
m [20]. Moreover, it is also possible to construct
(by recursion, how else?) a basis of Bm and ex-
press all the elements in the linear space as linear
combinations from the basis. The reason for this
truly amazing economy is that a Lie algebra is re-
plete with redundancy, originating in the skew-
symmetry of the commutator and in the Jacobi
identity. The language of graded free Lie algebras
allows us to take advantage of this feature.

To appreciate the savings inherent in this ap-
proach, we note that the number of commutators
required for an order-6 method drops from 80 to
7 in each step and for an order-8 method goes
down from 3,304 to 22. For order 10 the number
of commutators is reduced from 1,256,567 in a
naive implementation all the way down to 73.

As an example, we herewith present a sixth-
order Magnus method, written in a variable-step
time-stepping terminology, using quadrature (14)
and taking advantage of economies inherent in
graded free Lie algebras. In each step n we com-
mence by evaluating Ak = A(tn + ckhn) , k = 1,2,3,
where hn = tn+1 − tn and

c1 = 1
2 −

√
15

10 , c2 = 1
2 , c3 = 1

2 +
√

15
10 .

Next, we set

B1 = hA2, B2 =

√
15h
3

(A3 −A1),

B3 =
10h

3
(A3 − 2A2 +A1).

The method now reads

Ω̃[5] = B1 + 1
12B3 − 1

12 [B1, B2] + 1
240 [B2, B3]

+ 1
360 [B1, [B1, B3]]− 1

240 [B2, [B1, B2]]

+ 1
720 [B1, [B1, [B1, B2]]]
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(note that all the elements are of odd grade!). We
conclude each Lie-algebraic step with

Yn+1 = eΩ̃
[5]
Yn,

where Yn ≈ Y (tn) . Just three function evaluations,
seven commutators, and a single exponential, an
expense perfectly affordable in a single time step.

But have we extracted every single ounce of in-
formation to drive down the computational cost?
No, not yet! Aggregating terms and computing
commutators in a clever manner, Sergio Blanes,
Fernando Casas, and Pepe Ros have recently pre-
sented what is probably the best possible imple-
mentation of the numerical Magnus expansion [3].
Revisiting the order-6 case, we compute

C1 = [B1, B2],
C2 = [B1,2B3 + C1],

C3 = [−20B1 − B3 + C1, B2 − 1
60C2],

Ω̂[5] = B1 + 1
12B3 + 1

240C3,

Yn+1 = eΩ̂
[5]
Yn,

with just three commutators. Note that Ω̃[5] and
Ω̂[5] are not the same, but they differ only in O(h7

n)
terms, that have no effect on the order.

Beyond Magnus
One of main reasons why linear equations are in-
teresting is because they might tell us something
about their nonlinear brethren. Indeed, the idea of a
Magnus expansion has been generalised by Antonella
Zanna to nonlinear Lie group equations (12) [23].
This, however, leads to implicit methods and 
nonlinear algebraic equations in every step: Other
things being equal, it is probably easier to employ 
explicit Runge–Kutta methods in the Lie algebra, 
an approach pioneered by Hans Munthe-Kaas [19].
A considerably more significant extension of the
scope of Magnus (and other Lie group) methods is 
due to Hans Munthe-Kaas and Antonella Zanna, 
who have applied them to equations evolving in 
homogeneous manifolds [21].

We say that a Lie group G acts on a manifold M
if there exists a map λ : G ×M→M which is con-
sistent with the group multiplication,
λ(x1, λ(x2, y)) = λ(x1x2, y) for all x1, x2 ∈ G ,
y ∈M . A group action is said to be transitive if for
every y1, y2 ∈M there exists x ∈ G such that
λ(x, y1) = y2 . If there exists a transitive group ac-
tion for M, we say that the latter is a homoge-
neous manifold (or a homogeneous space).

An example of a homogeneous manifold is the
Euclidean unit sphere SN−1 ⊂ RN, which is acted
upon transitively by orthogonal matrices O(N),

‖x‖2 = 1, Q ∈ O(N) ⇒ ‖Qx‖2 = 1.

The set Sym(N) of real symmetric N ×N matrices
is subject to an action of GL(N) by congruence,
S → VSV� . If we restrict the latter action from
GL(N) to the special orthogonal group
SO(N) = O(N)∩ SL(N) , it acquires an important at-
tribute: The eigenvalues of S and of VSV� are the
same.

Suppose that a differential equation evolves in
a homogeneous manifold M and we desire to solve
it numerically. The conventional objective is thus,
given an approximation M! yn ≈ y(tn) , to seek
yn+1 that approximates y(tn+1) to sufficient order
of accuracy. Unfortunately, if we employ a “tradi-
tional” numerical method, it is very unlikely that
yn+1 remains in M. We can instead set a goal more
consistent with the underlying geometry of the
manifold: Given an approximation M! yn ≈ y(tn) ,
find an element Vn ∈ G such that yn+1 = λ(Vn,yn)
approximates y(tn+1) to requisite order of accuracy.
Note that this guarantees that we stay in M.

As an example, consider the isospectral flow

(16)
Y ′ = [A(t, Y ), Y ], t ≥ 0, Y (0) = Y0 ∈ Sym(N),

where A : R+ × Sym(N) → so(N). It is easy to show
that the eigenvalues of Y (t) remain constant as the
flow evolves by demonstrating that it can be sub-
jected to the (congruent) similarity action by SO(N),
Y (t) = Q(t)Y0Q�(t), where

(17) Q′ = A(t,QY0Q�)Q, t ≥ 0, Q(0) = I

(compare with (12)). This feature is important in
many applications, not least in numerical linear al-
gebra [6], but it cannot be retained for N ≥ 3 by
classical numerical methods like Runge–Kutta or
multistep. The remedy is to solve (17) by a Lie
group method. Of course, (17) is typically nonlin-
ear, outside the scope of “plain vanilla” Magnus
methods. One remedy is nonlinear Magnus, an-
other is a Runge–Kutta method in the algebra. How-
ever, in special cases the logic underlying the Mag-
nus expansion can be extended to nonlinear
equations. For example, consider the double bracket
equation

(18)
Y ′ = [[M,Y ], Y ], t ≥ 0, Y (0) = Y0 ∈ Sym(N),

where M ∈ Sym(N) is given. Equation (18) has many
interesting applications, which are underpinned by
an exciting feature. Suppose that [M,Y0] "= O . Then
Ŷ = limt→∞ Y (t) exists, is unique, and minimizes the
distance from M in the Frobenius norm, ‖B‖F =(∑N

k,j=1 B
2
k,j

)1/2
, among all symmetric matrices that

share the eigenvalues of Y0 [4].
Have a look at (18). No matter how complicated

the solution (whether the function Y itself or its Lie
group and Lie algebraic counterparts), it must be
expressible in an “alphabet” comprising just two
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“letters”, the matrices Y0 and M . Since we are keen
to stay on the isospectral orbit, we express the 
solution in the form

Y (t) = eΩ(t)Y0e−Ω(t), t ≥ 0,

where Ω evolves in so(N) . Although the equation
for Ω is highly nonlinear, it is possible to express
this function using our terminology of binary rooted
trees, except that we paint their leaves in two
colours: We let

Then the Taylor expansion of Ω can be represented
in an arboreal fashion [12],

As before, there exist recursive rules that allow us
to approximate Ω to arbitrarily high order. Double-
bracket equations (18) are just one example from
a large (and largely unexplored) menagerie of Lie
group and homogeneous manifold equations that
can be written in a finite “alphabet”, thereby lend-
ing themselves to similar treatment.

The tale of Magnus expansions and geometric
integrators is by no means complete. And the moral
of this tale? Two, really: first, the importance of 
reconciling qualitative information—geometry,
structure, invariants—with computation and 
approximation. It is not a zero-sum game where 
you must opt for either quality or quantity, but a
complicated interactive procedure with huge scope
for synergy. Second, modern mathematical com-
putation is not about discretising everything in
sight by elementary means and massive number
crunching. It is about employing every suitable
pure mathematical tool, in our case rooted trees and
graded Lie algebras, to render our computations
more accurate and affordable. Mathematics can
lead us to better computational algorithms, and 
expansions can indeed grow on trees.
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