Manifolds with Density

Frank Morgan

Introduction

We consider a Riemannian manifold M" with a
positive density function ¥(x) used to weight
volume and hypersurface area. In terms of the un-
derlying Riemannian volume dV,, and area dAo,
the new, weighted volume and area are given by

av =¥dvy, dA=YdAo.

Such a density is not equivalent to scaling the met-
ric conformally by a factor A(x), since in that case
volume and area would scale by different powers
of A. Manifolds with density long have arisen on
an ad hoc basis in mathematics. Quotients of Rie-
mannian manifolds are manifolds with density.
For example, R® modulo rotation about the z-axis
is the half-plane

H={(x,2): x>0}

with density 27rx; volume and area in R3 are given
by integrating this density over the generating
region or curves in H. A manifold with density of
much interest to probabilists is Gauss space G™:
Euclidean space with Gaussian probability density

® = (y/2m)/2e X2

(see e.g. [LT] or [S]; or [Bol], [Bo2] for applications
to Brownian motion and to stock option pricing).
Different values of y arise from scaling the metric
and renormalizing to unit volume.

Manifolds with density merit further study.
Gromov [G2] studies manifolds with density ¥ = e¥
as “mm spaces” and mentions the natural gener-
alization of mean curvature

1 dw
(1) Hy =H n-1dn’
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corresponding to the first variation of weighted area
(see Proposition 10). There are various useful gen-
eralizations of Ricci curvature (see Bayle [Bayl]
and references therein to Bakry, Emery, Ledoux, and
others), generally involving Hess ¢ and dy ® dy.
My favorite generalization of Ricci curvature is
simply

(2) Ricy = Ric — Hess y,

the generalized curvature of Bakry-Emery [BE,
Prop. 3] and Bakry-Ledoux [BL, p. 265]. For Gauss
space G with density ® = e? it is constant:

Ricy =0 — Hess@ = ylI.

For a 2D Riemannian manifold with density ¥ = e?,
Corwin et al. [CHSX] use such a generalized Gauss
curvature,

Gy =G - Ay,

and obtain a generalization of the Gauss-Bonnet
formula for a smooth disc R:

G +J Ky = 2TT,
JR L P

where Ky is generalized curvature as in (1) and the
integrals are with respect to unweighted Rie-
mannian area and arclength.

Different generalizations of Gauss curvature,
involving | V|2, are needed to recover asymptotic
formulas for areas and perimeters of small discs
[CHSX, Props. 5.17 and 5.18].

Heintze-Karcher

In this note we present after Bakry-Ledoux, Bayle,
and others (see [BL], [Bayl]) generalizations to
manifolds with density ¥ =e¥ of the Heintze-
Karcher volume estimate and the Levy-Gromov
isoperimetric inequality. Heintze-Karcher [HK]
provides an upper bound on the volume of a one-
sided neighborhood of a hypersurface in terms of
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its mean curvature and the Ricci curvature of the
ambient manifold. Our first, sharper generalization
of Heintze-Karcher (Theorem 1) requires separate
lower bounds on Ric and -Hess . Our second
generalization of Heintze-Karcher (Theorem 2) re-
quires a single lower bound on the generalized
Ricci curvature Ricy of formula (2) above. Corol-
lary 4 deduces a weak generalization of the theo-
rem of Myers.

Levy-Gromov

The standard Levy-Gromov isoperimetric inequal-
ity, for a (compact) Riemannian manifold M with
Ricci curvature bounded below by a positive
constant §, can be more easily stated after M and
the comparison sphere of constant curvature 6
are given constant densities with unit volume. After
such renormalization, it says that M’s isoperimet-
ric profile P(V) (least perimeter to enclose given
volume) is greater than or equal to the comparison
sphere’s. Our generalization of the Levy-Gromov
inequality to manifolds with variable density
(Theorem 5) says that if the generalized Ricci
curvature is bounded below by y > 0,

Ricy =Ric—Hessy = y > 0,
then M’s isoperimetric profile satisfies
P(V) = Pg(V),

where P;(V) is the isoperimetric profile of Gauss
space with constant generalized Ricci curvature y.

Other Approaches

Finally, following Bayle [Bay1], [Bay2], we present
first and second variation formulas, which provide
an alternative, direct approach to isoperimetric
inequalities. The related, more abstract, original
approach of Bakry and Ledoux [BL] used Markov
semigroup arguments. Our approach via Heintze-
Karcher seems to be the simplest.
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Isoperimetric Regions in Manifolds with
Density

The isoperimetric problem in a smooth, n-
dimensional Riemannian manifold with smooth
density seeks a region of prescribed (weighted)
volume of least (weighted) perimeter. If the total
volume is finite so that no volume can disappear
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to infinity in the limit, the existence of an isoperi-
metric region with prescribed volume follows from
standard compactness arguments of geometric
measure theory [M1]. Furthermore, standard reg-
ularity applies [M2, 3.10]: the boundary of an
isoperimetric region is a smooth submanifold ex-
cept for a singular set of dimension at most n — 8.
Vanishing first variation implies constant gener-
alized curvature (see Prop. 7).

The Estimate of Heintze and Karcher

For a closed hypersurface S in a Riemannian man-
ifold M, the useful theorem of Heintze and Karcher
[HK, Thm. 2.1], [BuZ, 34.1.10(1)] bounds the volume
of a one-sided neighborhood of S in terms of the
mean curvature of S and a lower bound on the Ricci
curvature of M. The theorem has the following
generalization to manifolds M with density. If
the density is constant, formula (3) recovers the
classical case as the exponential term reduces to
unity. The proof is an easy modification of the
classical case, as we will explain.

Theorem 1 (Generalized Heintze-Karcher I). Let
M™" be a smooth, complete Riemannian manifold
with smooth density ¥ = e¥. Suppose that the Ricci
curvature and density satisfy

Ric > (n —1)6
and

—Hessy > y.
Let S be a smooth, oriented, finite-area hypersur-
face in M with classical mean curvature H(s). Let
V(r) denote the volume of the region within dis-

tance r of S on the side of the unit normal (which
determines the sign of H). Then

r*(s)
V() < j j Les(t) — Hs)ss(OI"
SJO
3) X exp(t%(s) - ytZ/Z)dtds,

where ds denotes weighted surface area,

5 1/2gin§1/2¢ for § > 0,
sst)=t for 6 =0,
[§]71/2 sinh |5]1/2¢ for 6 <0,

cs(t) =dsgs(t)/dt, and r* is the lesser of r and the
first zero of cs(t) — H(s)ss(t).

If equality holds, then S is umbilic, the region has
constant curvature &, and inside the region, along
geodesics normal to S, —d?y /dt? = y.

Remark. Theorem 1 is sharp for hyperspheres and
hyperplanes in Gauss space, where —Hess (¢ = y, as
well as for umbilic surfaces in Riemannian mani-
folds with constant density and constant curvature.
The result generalizes to closed surfaces of higher
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codimension. Bayle ([Bay1], corrected and extended
in [Bay2]), provides earlier alternative versions with
an alternative hypothesis on  involving dy and
with the hypotheses on the Ricci curvature and
the density combined into a single hypothesis, as
in our Theorem 2.

Proof. When ¥ is constant, this is the standard
Heintze-Karcher estimate, proved by integrating
over infinitesimal normal wedges from S. (Every
point in V(r) is covered by the wedge from the near-
est point of S and perhaps others as well.) Since
Hess y < —y, at a point a distance t along a geo-
desic normal to S at s,

dy

Wis,0) < wis, 00+t (5,00 = yt?/2,

Y(s,t) < exp (td—W(S,O) -

2
an yt /2) ¥(s,0),

with equality only if d2y/dt? = —y. The only
change in the proof from the classical case is the
introduction of this exponential factor.

By sacrificing some sharpness, Theorem 2 com-
bines Ricci curvature and density in hypothesis
and conclusion. This time we present a proof from
scratch, which is easier than the standard proof of
Heintze-Karcher for unit density.

Theorem 2 (Generalized Heintze-Karcher II). Let M"
be a smooth, complete Riemannian manifold with
smooth density ¥ = eV satisfying

Ricy =Ric —Hessy > y.

Let S be a smooth, oriented, finite-area hypersur-
face in M with generalized mean curvature

1 dy

Hy(s) = n—ldn

H(s) —

Let V(r) denote the volume of the region within dis-
tance r of S on the side of the unit normal (which
determines the sign of Hy). Then
“) V(r J J exp(—(n—1)Hy ()t — yt?/2) dtds,
where ds denotes weighted surface area.

If equality holds, then S is umbilic, the region

is flat, and inside the region, along geodesics nor-
malto S, —d?y/dt? =y.

Remark. Theorem 2 is sharp for hyperspheres and
hyperplanes in Gauss space and for totally geodesic
surfaces in flat Riemannian manifolds of constant
density.

Proof. We begin with the case ¥ = 1. This case
actually follows almost immediately from the
standard Heintze-Karcher or from Theorem 1, but
we want to incorporate variable Ricci curvature, as
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in (6) below. Consider the volume element
ef:0dtds, corresponding to an infinitesimal slice
dt of an infinitesimal normal wedge from S. Then
efs:0ds represents an element of surface area
parallel to S. By the first variation formula for
example (cf. (10)), its derivative f’efds equals
—(n—1)Hel ds, so that

f'=—-(n-1)H

Since —(n — 1)H’ =I1? + Ric(n, n), where II is the
second fundamental form (see e.g. Remark 8),
f// _ —H2

with equality only if [T° vanishes. Hence by Taylor’s
theorem,

t
(5)  f(s,t) < —(n—1)H(s)t — Jo Ric(n, n)dt.

Consequently, since every point of V(r)is covered
by the infinitesimal wedge from the nearest point
of S,

— Ric(n, n) < —Ric(n, n),

(r) < L Jor exp( —(n—-1)H(s)t
6
© - Ll TRiC(n,n)dT)dtdSo

where we now write dsg to emphasize that this is
the case of unweighted area.
For general density ¥ = e¥,

d2
(7) w(st)<(,u(50)+td—l’uso JT (’Ud'r

Preparing to add f and y, note that

d
—(n - DH(s)+ t%(s) = —(n— 1)Hy(s)

and that by hypothesis
t
—J TRic(n, n)dt
J T dT< yJ TdT = —yt?/2.

Hence
f(s,0)+W(s, t) < is,0) — (n— DHy(s)t — yt?/2.
Therefore

r
V(r) < I J el e¥ dt dsg
sJo
r
< L JO exp(—(n — 1)Hy(s)t — yt?/2)dt(e?Vdsy),

as desired.

Remark 3. Theorem 2 and its proof apply to perime-
ter minimizers S with singularities. Indeed, for any
point off S, the nearest point on S is a regular
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point, because the tangent cone lies in a halfspace
and hence must be a hyperplane.

The following immediate corollary of Theorem 2
provides a generalization of Myers’s theorem [M3,
9.6], which says that a smooth, complete, connected
Riemannian manifold with a positive lower bound
on the Ricci curvature is compact (and provides an
estimate on the diameter).

Corollary 4. Let M" be a smooth, complete, con-
nected Riemannian manifold with smooth density
Y = eV satisfying

Ricy =Ric—Hessy = y > 0.
Then M has finite volume.

Remark. It does not follow that M is compact, as
shown for example by Gauss space. Nor is there any
quantitative bound on the volume, since scaling the
density scales the volume but leaves Ricy un-
changed.

The Isoperimetric Inequality of Levy and
Gromov

Theorem 5 gives a generalization of the isoperi-
metric inequality of Levy and Gromov ([Grl, 2.2],
[BuZ, 34.3.2], or [Ros, Sect. 2.5]) to a manifold M
with density, with the sphere replaced by Gauss
space as the model of comparison. It includes the
sharp isoperimetric inequality for Gauss space of
Sudakov-Tsirel’son [ST] and Borell [Bol]. If M has
finite volume, we may assume by scaling the den-
sity that M has unit volume. Such scaling does not
affect the generalized Ricci curvature (8), because
multiplying the density e¥ by a constant just adds
a constant to ¢ and leaves Hess ¢ unchanged. As
described in the introduction, such a normalization
makes the statement of even the classical Levy-
Gromov much more transparent.

Theorem 5 (Generalized Levy-Gromov). Let M" be
a smooth, complete, connected Riemannian man-
ifold with smooth density ¥ = e¥, unit volume, and
generalized Ricci curvature

(8) Ricy =Ric —Hessy > y > 0.

Then the isoperimetric profile P(V) (least perime-
ter to enclose given volume) satisfies

) P =P,

where Pg, is the isoperimetric profile of Gauss
space with density

b = e = (y/2m)2e VX2,

so that Ricy = —Hess @ =y.
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In Gauss space, perimeter minimizers are hy-
perplanes. If equality holds in (9) for some
0 <V <1, then M is a product of 1D Gauss space
with some (n — 1)D Euclidean space with density.

Remark. Pg, is independent of dimension, because
the volume of a hyperplane bounding given volume
is independent of dimension, because Gauss space
is a product of 1D Gauss spaces. Hence Pg, is just
the value of the Gaussian density

Y e—yx2 /2

21T
at the endpoint of a half-line with the given mass.

Proof. Note that the generalized curvature Hyp of
the hyperplane Sp = {x; =a} in Gauss space is
given by

1 dcp_o 1

Hy =H — —=0-
@ n-1dn n-1

ya,

which is constant. For given 0 < V < 1, let P be the
perimeter of a minimizing hypersurface S in M, and
let Py be the perimeter of the hyperplane Sy in
Gauss space. By replacing V by 1 -V (which
changes the sign of the mean curvatures) if nec-
essary, we may assume that the generalized mean
curvature of S is greater than or equal to that of
So. By generalized Heintze-Karcher (Theorem 2
with Remark 3),
\%

vVo(® 5
P < Po _Jo exp(yat — yt-/2)dt.

Taking M to be Gauss space, we conclude that hy-
perplanes are perimeter minimizing. If equality
holds, then equality holds in (4) for ¥ = « on both
sides of S, S is umbilic with mean curvature H =0,
and hence S is a hyperplane. We conclude that in
Gauss space, hyperplanes are uniquely perimeter
minimizing.

Returning to general M, we conclude that
P > Pg,. Suppose that equality holds for some
0 <V < 1.Then S has the same generalized mean
curvature as Sp, and equality in Theorem 2 holds
on both sides of S (with ¥ = «). Consequently, S is
totally geodesic; M is Euclidean space (with some
density); and along geodesics normal to S,
—d?y/dt? = y. Since S has constant generalized
mean curvature, on S, dy/dn is constant. There-
fore M is a product of 1D Gauss space with some
(n — 1)D Euclidean space with density.

As a corollary, we recover a nonsharp version
of an isoperimetric inequality of Barthe.

Corollary 6 [Bar, Prop. 11]. For an nD round sphere
of radius and density to make the volume and
equator area both 1,

P/Pg,, >cn=
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where x! means I'(x + 1).

As n approaches infinity, c¢,; approaches Barthe’s
value of 1, which is sharp at V =1/2.

Proof. Since the unit nD sphere has volume

(n+ l)n(n+l)/2

Vn= "+ 1)/2)

and equator area V,,_1, our sphere has Ricci cur-
vature

y =0 —1)(Vn/Vn_1)%

By Theorem 5,

P> Pg, =.y/2mPg,,.

Finally, note that

2// 2T = / Vn )
n+1 ﬂ
\l ﬂ

2 — .

Firstand Second Variation
An alternative approach to isoperimetric inequal-
ities, and the one followed by Bayle [Bay1], [Bay2],
uses just second variation. For the record, we pre-
sent such formulas for manifolds with density
¥ = e¥. The classical formulas are augmented by

terms involving the first and second normal de-
rivatives of .

=
|
N

S
N
—
iy
I [ro

N
—_

Proposition 7 [Bayl, Sect. 3.4.6]. Let M be a smooth
Riemannian manifold with smooth density ¥ = e? .
Let S be a smooth hypersurface, and consider a
smooth normal variation of compact support of
constant velocity u(s) along the geodesic normal
to S at s. Then the first and second variations of
(weighted) area satisty

(10) Stu) = —J u(n — 1)Hy,
N

5%(u) = J |Vul? +u?(n - 1)2Hg, — u?I1
S
(11) — u?Ric(n, n) + u?(d?y /dn®),

where Il is the second fundamental form and the
generalized mean curvature Hy satisfies

1 dy

Hy=H - —_—.
v n-1dn

Remark 8. If u = 1, then the second variational for-
mula is equivalent to the first, plus the fact that

dH _, .
(n-1) it =TI1¢ + Ric(n, n),
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which follows from the case of the curvature k of
a curve in a surface of Gauss curvature G:

dk 2

— =K +G.

dt

The following corollary of Proposition 7 on the

isoperimetric profile P(V) (least perimeter for given
volume) follows from the fact that P(V + AV) is at
most the perimeter of a uniform perturbation of
the minimizer for volume V, as in [M], 2.1] (it turns
out that the singularities of S are negligible).

Corollary 9 [Bay1, (3.40)]. Let M be a smooth, com-
plete, finite-volume Riemannian manifold with
smooth density ¥ = e¥ with

Ric — Hessy > y.

Then the isoperimetric profile P and its deriva-
tives P', P"' satisfy
P2
n-1
almost everywhere (and in a weak sense every-

where). If equality holds, then a perimeter mini-
mizer is flat.

(12) PP < - —y

Remark 10. By scaling the density, which does not
affect Hess ¢ or PP”" or hence the hypothesis or
conclusion of Corollary 9, one may assume that M
has unit volume. Since equally holds in (12) for
Gauss space, isoperimetric estimates such as Levy-
Gromov (Theorem 5) follow.
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