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Over the past decade, much debate has arisen be-
tween mathematicians and mathematics educa-
tors. These debates have significantly distracted the
attention of key players at all levels and have im-
peded efforts to improve mathematics learning in
this country. This document represents an attempt
to identify a preliminary list of positions on which
many may be able to agree.

Our effort arose out of discussions between
Richard Schaar and major players in both com-
munities. He suspected that some of these dis-
agreements might be more matters of language
and lack of communication than representative of
fundamental differences of view. To test this idea,
he convened a small group of mathematicians and
mathematics educators.1

We tried to bring clarity to key perspectives on
K–12 mathematics education. We began by ex-
ploring typical “flashpoint” topics and probed our
own positions on each of these to determine
whether and where we agreed or disagreed. For the
first meeting, held in December 2004, we began with
summary statements drawn from prior exchanges
among the members of our group. We affirmed
some agreements in this meeting and “discovered”
others. We listened closely to one another, fre-
quently asking for clarification or for examples. We
tested our understanding of others’ points of view
by proposing statements that we then examined col-
lectively. We drafted this document as a group,
composing actual text as we worked. One of us

typed, and our emerging draft was projected onto
a screen in the meeting room. The process enabled
us to take issue with particular words and terms
and then reshape them until all of us were satis-
fied. We were forced to look closely at our own lan-
guage and to seek common ground, not only in the
terms we used but even in their nuanced meaning.

This document was completed at our second
meeting, in June 2005. All of us are encouraged by
the extent of our agreement. The document treats
only a subset of the controversial issues, many of
which arise in K–8 mathematics. We expect to con-
tinue the process by examining a wider range of
major issues in mathematics education. We have
necessarily limited ourselves to questions

1We are grateful to the National Science Foundation and
Texas Instruments, Inc. for funding this portion of our work.
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depending primarily on disciplinary judgment, as
opposed to those requiring empirical evidence.

We begin with three fundamental assertions and
continue with a list of areas in which we found com-
mon ground. For each, we have written a short
paragraph that captures the fundamental points of
our agreement. Our next step is to explore how oth-
ers respond to the document and to use their re-
sponses to decide how best to make progress on
the aims of this project. Our goal is to forge new
alliances, across communities, necessary to de-
velop effective solutions to the serious problems
that plague mathematics education in this country.

Fundamental Premises
All students must have a solid grounding in math-
ematics to function effectively in today’s world. The
need to improve the learning of traditionally un-
derserved groups of students is widely recognized;
efforts to do so must continue. Students in the top
quartile are underserved in different ways; atten-
tion to improving the quality of their learning op-
portunities is equally important. Expectations for
all groups of students must be raised. By the time
they leave high school, a majority of students
should have studied calculus.
1. Basic skills with numbers continue to be vitally

important for a variety of everyday uses. They
also provide a crucial foundation for the higher-
level mathematics essential for success in the
workplace which must now also be part of a basic
education. Although there may have been a time
when being able to perform extensive paper-
and-pencil computations mechanically was suf-
ficient to function in the workplace, this is no
longer true. Consequently, today’s students need
proficiency with computational procedures. Pro-
ficiency, as we use the term, includes both com-
putational fluency and understanding of the un-
derlying mathematical ideas and principles.2

2. Mathematics requires careful reasoning about
precisely defined objects and concepts. Mathe-
matics is communicated by means of a power-
ful language whose vocabulary must be learned.
The ability to reason about and justify mathe-
matical statements is fundamental, as is the
ability to use terms and notation with appro-
priate degrees of precision. By precision, we
mean the use of terms and symbols, consistent
with mathematical definitions, in ways appro-
priate for students at particular grade levels. We
do not mean formality for formality’s sake.

3. Students must be able to formulate and solve
problems. Mathematical problem solving includes
being able to (a) develop a clear understanding

of the problem that is being posed, (b) translate
the problem from everyday language into a pre-
cise mathematical question, (c) choose and use
appropriate methods to answer the question, (d)
interpret and evaluate the solution in terms of
the original problem, and (e) understand that not
all questions admit mathematical solutions and
recognize problems that cannot be solved math-
ematically.

Areas of Agreement
Discussions of the following items are often rid-
dled with difficulties in communication, making it
sometimes confusing to determine whether and
how much disagreement exists. Issues also arise
from a confounding of a mathematical idea with
its implementation in the classroom. For example,
the fact that algorithms have often been taught
badly does not imply that algorithms themselves
are bad. We worked to clarify issues and terms
and arrived at statements with which we agreed.
A. Automatic recall of basic facts: Certain proce-

dures and algorithms in mathematics are so
basic and have such wide application that they
should be practiced to the point of automatic-
ity. Computational fluency in whole number
arithmetic is vital. Crucial ingredients of com-
putational fluency are efficiency and accuracy.
Ultimately, fluency requires automatic recall of
basic number facts: by basic number facts we
mean addition and multiplication combinations
of integers 0 through 10. This goal can be ac-
complished using a variety of instructional meth-
ods.

B. Calculators: Calculators can have a useful role
even in the lower grades, but they must be used
carefully so as not to impede the acquisition of
fluency with basic facts and computational pro-
cedures. Inappropriate use of calculators may
also interfere with students’ understanding of
the meaning of fractions and their ability to
compute with fractions. Along the same lines,
graphing calculators can enhance students’ un-
derstanding of functions, but students must de-
velop a sound idea of what graphs are and how
to use them independently of the use of a graph-
ing calculator.

C. Learning algorithms: Students should be able to
use the basic algorithms of whole number arith-
metic fluently, and they should understand how
and why the algorithms work. Fluent use and un-
derstanding ought to be developed concurrently.
These basic algorithms were a major intellectual
accomplishment. Because they embody the struc-
ture of the base-ten number system, studying
them can reinforce students’ understanding of
the place value system.

More generally, an algorithm is a systematic
procedure involving mathematical operations

2J. Kilpatrick, J. Swafford, and B. Findell (eds.), Adding it
up: Helping children learn mathematics, Washington, DC,
National Academy Press, 2001.
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that uses a finite number of steps to produce a
definite answer. An algorithm can be imple-
mented in different ways; different recording
methods for the same algorithm do not consti-
tute different algorithms. The idea of an algo-
rithm is fundamental in mathematics. Studying
algorithms beyond those of whole number arith-
metic provides opportunities for students to
appreciate the diversity and importance of al-
gorithms. Examples include constructing the bi-
sector of an angle, solving two linear equations
in two unknowns, and calculating the square root
of a number by a succession of dividing and av-
eraging.

D. Fractions: Understanding the number meaning
of fractions is critical. Ratios, proportions, and
percentages cannot be properly understood

without fractions. The arithmetic of fractions is
important as a foundation for algebra.

E. Teaching mathematics in “real-world” contexts:
It can be helpful to motivate and introduce math-
ematical ideas through applied problems. How-
ever, this approach should not be elevated to a
general principle. If all school mathematics is
taught using real-world problems, then some
important topics may not receive adequate at-
tention. Teachers must choose contexts with
care. They need to manage the use of real-world
problems or mathematical applications in ways
that focus students’ attention on the mathe-
matical ideas that the problems are intended to
develop.

F. Instructional methods: Some have suggested the
exclusive use of small groups or discovery

The document “Reaching for common ground in K–12 mathematics education” had its origin in conversations
between myself and James Milgram, professor of mathematics at Stanford University. While I am a mathematician,
in the late 1970s I left academic life for the business world. After serving as president of the business unit at Texas
Instruments, Inc. that developed graphing calculators for mathematical education use and as a senior vice presi-
dent of the corporation, I was asked to focus on issues of high-tech workforce development which has at its core
K–12 mathematics education. Because the “math wars” are part of the K–12 landscape, I decided to meet with Jim,
who, besides being a researcher in algebraic and geometric topology, has been deeply involved in these issues. In
the 1990s, he worked with others to first write the current California Mathematics Standards and then to write the
California Mathematics Framework. In addition to contributing to other state standards, he has worked with the
secretary’s office at the U.S. Department of Education on K–12 education issues.

An outcome of these discussions was the hypothesis that there might be common ground in K–12 mathematics
education that would begin the process of changing the focus toward student outcomes instead of controversy. To
prove this hypothesis, I decided to assemble a small, yet very diverse, blue ribbon panel to develop common ele-
ments of understanding. After face-to-face conversations with a number of people, in addition to James Milgram,
the following people agreed to join the group.

Deborah Loewenberg Ball is William H. Payne Collegiate Professor of Mathematics Education and Teacher Edu-
cation and director of teacher education at the University of Michigan. Ball’s work focuses on studies of instruc-
tion and of the processes of learning to teach. She directs the Mathematics Teaching and Learning to Teach Pro-
ject, which studies classroom teaching and analyzes the mathematical demands of the work, and several research
projects that investigate efforts to improve teaching through policy, reform initiatives, and teacher education.

Joan Ferrini-Mundy is a University Distinguished Professor and also associate dean for science and mathemat-
ics education in the College of Natural Science at Michigan State University. Her faculty appointments are in math-
ematics and teacher education. She chaired the Writing Group for the National Council of Teachers of Mathemat-
ics’ (NCTM) 2000 Principles and Standards for School Mathematics. She directs PROM/SE, an NSF comprehensive
mathematics and science partnership, studying the improvement of mathematics and science teaching and learn-
ing in sixty-two school districts.

Jeremy Kilpatrick is Regents Professor of mathematics education at the University of Georgia. He chaired the Na-
tional Research Council’s Committee on Mathematics Learning, which produced the 2001 report Adding it up. He
also served on the RAND Mathematics Study Panel, which produced Mathematical proficiency for all students in
2002.

Wilfried Schmid is the Dwight Parker Robinson Professor of Mathematics at Harvard University. After becoming
involved in mathematics education because of his daughter, a second grader at the time, Wilfried was the lead math-
ematician in the development of the Massachusetts Mathematics Framework, which was adopted in 2000. Since that
time, he has served on the National Assessment of Educational Progress Steering Committee and was the repre-
sentative of the International Union of Mathematicians on the program committee of the 10th International Con-
gress on Mathematical Education.

As the document indicates, after two sessions, the group was able to coalesce around some very specific prin-
ciples which should serve as common ground.

—Richard Schaar
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learning at the expense of direct instruction in
teaching mathematics. Students can learn ef-
fectively via a mixture of direct instruction,
structured investigation, and open exploration.
Decisions about what is better taught through
direct instruction and what might be better
taught by structuring explorations for students
should be made on the basis of the particular
mathematics, the goals for learning, and the
students’ present skills and knowledge. For ex-
ample, mathematical conventions and defini-
tions should not be taught by pure discovery.
Correct mathematical understanding and con-
clusions are the responsibility of the teacher.
Making good decisions about the appropriate
pedagogy to use depends on teachers having
solid knowledge of the subject.

G. Teacher knowledge: Teaching mathematics ef-
fectively depends on a solid understanding of
the material. Teachers must be able to do the
mathematics they are teaching, but that is not
sufficient knowledge for teaching. Effective
teaching requires an understanding of the un-
derlying meaning and justifications for the ideas
and procedures to be taught and the ability to
make connections among topics. Fluency, ac-
curacy, and precision in the use of mathemati-
cal terms and symbolic notation are also crucial.
Teaching demands knowing appropriate repre-
sentations for a particular mathematical idea, de-
ploying these with precision, and bridging be-
tween teachers’ and students’ understanding. It
requires judgment about how to reduce math-
ematical complexity and manage precision in
ways that make the mathematics accessible to
students while preserving its integrity.

Well-designed instructional materials, such as
textbooks, teachers’ manuals, and software, may
provide significant mathematical support, but
they cannot substitute for highly qualified,
knowledgeable teachers. Teachers’ mathemati-
cal knowledge must be developed through solid
initial teacher preparation and ongoing, sys-
tematic professional learning opportunities.


