
About the Cover … and a Bit
More

1188 NOTICES OF THE AMS VOLUME 53, NUMBER 10

Alan Turing invented the abstract Turing machine
in the mid-1930s, one presumably capable of per-
forming—albeit slowly—any calculation that could
be performed by anyone at any time. But a bit later
in the same decade he designed two rather more
physical machines, ones that were by no means uni-
versal. The first was a project of his while he was
in Princeton, in 1937, and was assembled from re-
lays that he built himself in the workshop of the
Princeton physics department. This was to some
extent a collaboration with a Canadian graduate stu-
dent in physics named Malcolm MacPhail, who
wrote in a letter to Turing’s biographer, Andrew
Hodges, “my small contribution to the project was
to lend Turing the key to the shop, which was prob-
ably against all the regulations, and to show him
how to use the lathe, drill press, (etc.) without
chopping off his fingers. And so, he wound the re-
lays; and to our surprise and delight the calcula-
tor worked.” The machine apparently did only one
task—it multiplied two integers in binary format,
which at that time, when adding machines all used
decimal format, would have been an innovation.

The second machine was the one whose blue-
print is on the cover and the preceding pages. Its

purpose was to as-
sist in verifying the
Riemann hypothesis.
It was designed in
1939, when Turing
was back in Cam-
bridge, with the as-

sistance of Malcolm MacPhail’s brother Donald,
then a graduate student in engineering. Turing ap-
plied for and received a small but helpful grant from
the Royal Society to cover the cost of construction,
and on the application form he admitted that “Ap-
paratus would be of little permanent value”. It was
necessarily inaccurate, but the idea was that it
would give likely locations for zeroes which could
then be checked by more traditional methods.

The Mathematics
From Turing’s application to the Royal Society:

It is proposed to make calculations of the 
Riemann zeta-function on the critical line for
1,450 < t < 6,000 with a view to discovering
whether all the zeros of the function in this range

of t lie on the critical line. An investigation for
0 < t < 1,464 has already been made by Titch-
marsh. The most laborious part of such calcula-
tions consists in the evaluation of certain trigono-
metrical sums
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In the present calculation it is intended to eval-
uate these sums approximately in most cases by the
use of apparatus somewhat similar to what is used
for tide prediction. When this method does not give
sufficient accuracy it will be necessary to revert to
the straightforward calculation of the trigonomet-
ric sums, but this should be only rarely necessary.
I am hoping that the use of the tide-predicting ma-
chine will reduce the amount of such calculation nec-
essary in a ratio of 50: 1 or better. It will not be fea-
sible to use already existing tide predictors because
the frequencies occurring in the tide problems are
entirely different from those occurring in the zeta-
function problem. I shall be working in collabora-
tion with D. C. MacPhail, a research student who is
an engineer. We propose to do most of the machine-
shop work ourselves, and are therefore applying only
for the cost of materials, and some preliminary
computation.

The formula referred to is that of Riemann and
Siegel, a recent discovery. The function ϑ is defined
by the formula

ϑ(t) = argγ(1/2 + it), γ(s) = π−s/2Γ (s/2) .

Because of Stirling’s formula, it has a simple ap-
proximation in the range for large values of t .

In the table on the blueprint, r is in the first col-
umn, log8 n in the second but expressed as a ratio
of products of integers. For example, log8 16 =
4/3 = 48/36. There seem to be two errors in the
table, for n = 24 and 30. In the third column is
1/
√
n . I do not know what the fourth column L′′

is.

Gears
In a letter to Turing’s mother after his death, Mal-
com MacPhail wrote, “Alan’s zeta function com-
puter was a device for adding up a large number
of sines and cosines of various periods and am-
plitudes… The gears, of which there were to be
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hundreds ,
were to pro-
vide an ap-
proximation
to the re-
quired peri-
ods… Alan
obtained ra-
tional ap-
p r o x i m a -
tions to [the
per iods ]…
by the
method of
cont inued
fractions. A
pair of gears
having the
number of

teeth indicated respectively by the numerator and
denominator of the fraction would then rotate at
speeds having approximately the desired ratio.”

The tide-predicting machines referred to by Tur-
ing in his application were part of a family de-
signed much earlier by Lord Kelvin. It seems that
he had seen one then still in use in Liverpool.

In correspondence with Andrew Hodges, Don-
ald MacPhail
m e n t i o n e d
s o m e t h i n g
about a varia-
tion in the tide-
p r e d i c t i n g
scheme involv-
ing balanced
weights, but ex-
actly how this
would work is
not apparent.
The idea of
using fractions
to approximate
real numbers in
calculations in-
volving periodic
functions, and of
using gears to
sum such func-
tions is very old.
The blueprint
doesn’t look so
much like one of
Kelvin’s ma-
chines as it does
the design of the
oldest extant
computing de-
vice, the An-
tikythera mech-

anism (from the
first century B.C.),
a kind of orrery.

Blueprints
Blueprints have
disappeared in
my lifetime, al-
though their
memory (and the word itself in the name of many
modern reprographic companies) lingers on. They
were invented by the astronomer Sir John Herschel
(son of the man who discovered Uranus) around
1840. Paper is coated with a solution, the parts
which are to remain white are covered, and sub-
sequent exposure to light turns the uncovered
parts a dark, rather attractive, shade of blue (“Pruss-
ian” blue presumably because the solution is a
compound of cyanide or Prussic acid). They are sta-
ble, accurate, and reproducible. They were used oc-
casionally for very high quality book production in
the nineteenth century, but I am not aware that the
process was ever used for mathematical drawing.
About the middle of the nineteenth century, how-
ever, traditional wood cuts were frequently re-
placed by ones with an inverted coloring scheme,
and I am tempted to think this was partly influenced
by blueprints.
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