Paul Halmos:
In His Own Words

John Ewing

Paul Halmos died on October 2, 2006, at the age of 90. After his death, many people wrote about his
career and praised both his mathematical and his expository skills. Paul would have complained about
that: He often said he could smell great mathematicians, and he himself was not one of them.

But he was wrong. He was a master of mathematics in multiple ways, and he influenced math-
ematicians and mathematical culture throughout his career. Unlike most other master mathemati-
cians, Paul’s legacy was not merely mathematics but rather advice and opinion about mathematical
life—writing, publishing, speaking, research, or even thinking about mathematics. Paul wrote about
each of these topics with an extraordinary mixture of conviction and humility. Mathematicians paid
attention to what he wrote, and they often quoted it (and still do—“every talk ought to have one
proof”). They disagreed and frequently wrote rebuttals. They passed along his wisdom to their stu-
dents, who passed it along to theirs. Paul Halmos’s writing affected the professional lives of nearly
every mathematician in the latter half of the twentieth century, and it will continue to influence the
profession for years to come.

How does one write about great writing? Explanations of great exposition always fall flat, like
analyses of great poems or elucidations of famous paintings. Art is best exhibited, not explained.

And so here is a collection of excerpts from the writing of Paul Halmos, giving advice, offering
opinions, or merely contemplating life as a mathematician—all in his own words.

—J. E.

born with it are not usually born with full knowl-
edge of all the tricks of the trade. A few essays
such as this may serve to “remind” (in the sense of
Plato) the ones who want to be and are destined to
be the expositors of the future of the techniques
found useful by the expositors of the past.

The basic problem in writing mathematics is
the same as in writing biology, writing a novel, or
writing directions for assembling a harpsichord:
the problem is to communicate an idea. To do
so, and to do it clearly, you must have something
to say, and you must have someone to say it to,
you must organize what you want to say, and you
must arrange it in the order you want it said in,
you must write it, rewrite it, and re-rewrite it sev-
eral times, and you must be willing to think hard
about and work hard on mechanical details such
as diction, notation, and punctuation. That’s all
there is toit....

It might seem unnecessary to insist that in order
to say something well you must have something to

On Writing
Excerpts from:

“How to write mathematics”, Enseign. Math. (2)
16 (1970), 123-152.

... think | can tell someone how to write, but |
can’t think who would want to listen. The ability
to communicate effectively, the power to be intel-
ligible, is congenital, | believe, or, in any event,
it is so early acquired that by the time someone
reads my wisdom on the subject he is likely to be
invariant under it. To understand a syllogism is
not something you can learn; you are either born
with the ability or you are not. In the same way,
effective exposition is not a teachable art; some can
do it and some cannot. There is no usable recipe
for good writing.

Then why go on? A small reason is the hope that
what | said isn’t quite right; and, anyway, I'd like a
chance to try to do what perhaps cannot be done. A
more practical reason is that in the other arts that

require innate talent, even the gifted ones who are
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say, but it’s no joke. Much bad writing, mathemati-
cal and otherwise, is caused by a violation of that
first principle. Just as there are two ways for a
sequence not to have a limit (no cluster points or
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too many), there are two ways for a piece of writing
not to have a subject (no ideas or too many).

The first disease is the harder one to catch. It is
hard to write many words about nothing, especially
in mathematics, but it can be done, and the result
is bound to be hard to read. There is a classic crank
book by Carl Theodore Heisel [The Circle Squared
Beyond Refutation, Heisel, Cleveland, 1934] that
serves as an example. It is full of correctly spelled
words strung together in grammatical sentences,
but after three decades of looking at it every now
and then I still cannot read two consecutive pages
and make a one-paragraph abstract of what they
say; the reason is, | think, that they don’t say
anything.

The second disease is very common: there are
many books that violate the principle of having
something to say by trying to say too many things.

The second principle of good writing is to write
for someone. When you decide to write something,
ask yourself who it is that you want to reach. Are
you writing a diary note to be read by yourself only,
a letter to a friend, a research announcement for
specialists, or a textbook for undergraduates? The
problems are much the same in any case; what var-
ies is the amount of motivation you need to putin,
the extent of informality you may allow yourself,
the fussiness of the detail that is necessary, and
the number of times things have to be repeated. All
writing is influenced by the audience, but, given the
audience, the author’s problem is to communicate
with it as best he can....

Everything I've said so far has to do with writing
in the large, global sense; it is time to turn to the
local aspects of the subject.

The English language can be a beautiful and
powerful instrument for interesting, clear, and
completely precise information, and | have faith
that the same is true for French or Japanese or
Russian. It is just as important for an expositor to
familiarize himself with that instrument as for a
surgeon to know his tools. Euclid can be explained
in bad grammar and bad diction, and a vermiform
appendix can be removed with a rusty pocket
knife, but the victim, even if he is unconscious of
the reason for his discomfort, would surely prefer
better treatment than that....

My advice about the use of words can be
summed up as follows. (1) Avoid technical terms,
and especially the creation of new ones, whenever
possible. (2) Think hard about the new ones that
you must create; consult Roget; and make them
as appropriate as possible. (3) Use the old ones
correctly and consistently, but with a minimum
of obtrusive pedantry....

Everything said about words, applies, mutatis
mutandis, to the even smaller units of mathemati-
cal writing, the mathematical symbols. The best
notation is no notation; whenever possible to avoid
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the use of a complicated alphabetic apparatus,
avoid it. A good attitude to the preparation of writ-
ten mathematical exposition is to pretend that it is
spoken. Pretend that you are explaining the subject
to a friend on a long walk in the woods, with no
paper available; fall back on symbolism only when
it is really necessary.

On Speaking

Excerpts from:

“How to talk mathematics”, Notices of AMS 21
(1974), 155-158.

What is the purpose of a public lecture? Answer:
to attract and to inform. We like what we do, and
we should like for others to like it too; and we
believe that the subject’s intrinsic qualities are
good enough so that anyone who knows what they
are cannot help being attracted to them. Hence,
better answer: the purpose of a public lecture is
to inform, but to do so in a manner that makes it
possible for the audience to absorb the informa-
tion. An attractive presentation with no content is
worthless, to be sure, but a lump of indigestible
information is worth no more....

Less is more, said the great architect Mies van
der Rohe, and if all lecturers remember that adage,
all audiences would be both wiser and happier.

Have you ever disliked a lecture because it was
too elementary? | am sure that there are people
who would answer yes to that question, but not
many. Every time | have asked the question, the
person who answered said no, and then looked
a little surprised at hearing the answer. A public
lecture should be simple and elementary; it should
not be complicated and technical. If you believe
and can act on this injunction (“be simple”), you
can stop reading here; the rest of what | have to say
is, in comparison, just a matter of minor detail.

To begin a public lecture to 500 people with
“Consider a sheaf of germs of holomorphic func-
tions...” (I have heard it happen) loses people and
antagonizes them. If you mention the Kinneth
formula, it does no harm to say that, at least as far
as Betti numbers go, it is just what happens when
you multiply polynomials. If you mention functors,
say that a typical example is the formation of the
duals of vector spaces and the adjoints of linear
transformations.

Be simple by being concrete. Listeners are
prepared to accept unstated (but hinted) gener-
alizations much more than they are able, on the
spur of the moment, to decode a precisely stated
abstraction and to re-invent the special cases
that motivated it in the first place. Caution: being
concrete should not lead to concentrating on the
trees and missing the woods. In many parts of
mathematics a generalization is simpler and more
incisive than its special parent. (Examples: Artin’s
solution of Hilbert’s 17th problem about definite
forms via formally real fields; Gelfand’s proof of
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Wiener’s theorem about absolutely convergent
Fourier series via Banach algebras.) In such cases
there is always a concrete special case that is
simpler than the seminal one and that illustrates
the generalization with less fuss; the lecturer who
knows his subject will explain the complicated
special case, and the generalization, by discussing
the simple cousin.

Some lecturers defend complications and tech-
nicalities by saying that that’s what their subject is
like, and there is nothing they can do about it. | am
skeptical, and | am willing to go so far as to say that
such statements indicate incomplete understand-
ing of the subject and of its place in mathematics.
Every subject, and even every small part of a sub-
ject, if it is identifiable, if it is big enough to give
an hour talk on, has its simple aspects, and they,
the simple aspects, the roots of the subject, the
connections with more widely known and older
parts of mathematics, are what a non-specialized
audience needs to be told.

Many lecturers, especially those near the foot of
the academic ladder, anxious to climb rapidly, feel
under pressure to say something brand new—to
impress their elders with their brilliance and pro-
fundity. Two comments: (1) the best way to do that
is to make the talk simple, and (2) it doesn’t really
have to be done. It may be entirely appropriate to
make the lecturer’s recent research the focal point
of the lecture, but it may also be entirely appropri-
ate not to do so. An audience’s evaluation of the
merits of a talk is not proportional to the amount
of original material included; the explanation of
the speaker’s latest theorem may fail to improve
his chance of creating a good impression.

An oft-quoted compromise between trying
to be intelligible and trying to seem deep is this
advice: address the first quarter of your talk to
your high-school chemistry teacher, the second
to a graduate student, the third to an educated
mathematician whose interests are different from
yours, and the last to the specialists. | have done
my duty by reporting the formula, but I'd fail in my
duty if | didn’t warn that there are many who
do not agree with it. A good public
lecture should be a work
of art. It should be
an architectural
unit whose parts
reinforce each
other in convey-
ing the maximum
possible amount of
information—not a
campaign speech that
offers something to ev-
erybody, and more likely
than not, ends by pleas-
ing nobody.
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Make It Simple, and You Won’t Go Wrong....
Excerpt from:

| Want to Be a Mathematician, p. 401, Springer-
Verlag, New York (1985).

...As for working hard, | got my first hint of
what that means when Carmichael told me how
long it took him to prepare a fifty-minute invited
address. Fifty hours, he said: an hour of work
for each minute of the final presentation. When
many years later, six of us wrote our “history”
paper (“American mathematics from 1940...”), |
calculated that my share of the work took about
150 hours; | shudder to think how many man-
hours the whole group put in. A few of my hours
went toward preparing the lecture (as opposed to
the paper). | talked it, the whole thing, out loud,
and then, | talked it again, the whole thing, into a
dictaphone. Then | listened to it, from beginning to
end, six times—three times for spots that needed
polishing (and which | polished before the next
time), and three more times to get the timing right
(and, in particular, to get the feel for the timing
of each part.) Once all that was behind me, and
I had prepared the transparencies, | talked the
whole thing through one final rehearsal time (by
myself—no audience). That’s work....

On Exposition

Excerpt from:

Response from Paul Halmos on winning the
Steele Prize for Exposition (1983).

Not long ago | ran across a reference to a pub-
lication titled A Method of Taking Votes on More
Than Two Issues. Do you know, or could you guess,
who the author is? What about an article titled “On
automorphisms of compact groups”? Who wrote
that one? The answer to the first question is C. L.
Dodgson, better known as Lewis Carroll, and the
answer to the second question is Paul Halmos.

Lewis Carroll and | have in common that we both
called ourselves mathematicians, that we both

strove to do research, and that we both took
very seriously our attempts to enlarge
the known body of mathematical
truths. To earn his liv-

ing, Lewis Carroll was
a teacher, and, just for
fun, because he loved
to tell stories, he wrote
Alice’s Adventures in Won-
derland. To earn my liv-
ing, I've been a teacher for
almost fifty years, and, just
for fun, because | love to orga-
nize and clarify, | wrote Finite
Dimensional Vector Spaces. And
what'’s the outcome? | doubt if as
many as a dozen readers of these
words have ever looked at either A
Method of Taking Votes... or “On
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automorphisms...” but Lewis Carroll is immortal
for the Alice stories, and | got the Steele Prize for
exposition. | don’t know what the Reverend Mr. C.
L. Dodgson thought about his fame, but, as for me,
I was brought up with the Puritan ethic: if some-
thing is fun, then you shouldn’t get recognized and
rewarded for doing it. As a result, while, to be sure,
I am proud and happy, at the same time | can’t help
feeling just a little worried and guilty.

I enjoy studying, learning, coming to understand,
and then explaining, but it doesn’t follow that com-
municating what | know is always easy; it can be
devilishly hard. To explain something you must
know not only what to put in, but also what to leave
out; you must know when to tell the whole truth
and when to get the right idea across by telling a
little white fib. The difficulty in exposition is not the
style, the choice of words—it is the structure, the
organization. The words are important, yes, but the
arrangement of the material, the indication of the
connections of its parts with each other and with
other parts of mathematics, the proper emphasis
that shows what’s easy and what deserves to be
treated with caution—these things are much more
important. ...

On Publishing

Excerpts from:

“Four panel talks on publishing”, American
Mathematical Monthly 82 (1975), 14-17.

...Let me remind you that most laws (with the
exception only of the regulatory statutes that gov-
ern traffic and taxes) are negative. Consider, as an
example, the Ten Commandments. When Moses
came back from Mount Sinai, he told us what to be
by telling us, eight out of ten times, what not to do.
It may therefore be considered appropriate to say
what not to publish. | warn you in advance that all
the principles that | was able to distill from inter-
views and from introspection, and that I'll now tell
you about, are a little false. Counterexamples can
be found to each one—but as directional guides
the principles still serve a useful purpose.

First, then, do not publish fruitless speculations:
do not publish polemics and diatribes against a
friend’s error. Do not publish the detailed working
out of a known principle. (Gauss discovered exactly
which regular polygons are ruler-and-compass
constructible, and he proved, in particular, that
the one with 65537 sides—a Fermat prime—is
constructible; please do not publish the details of
the procedure. It’s been tried.)

Do not publish in 1975 the case of dimension
2 of an interesting conjecture in algebraic geom-
etry, one that you don’t know how to settle in
general, and then follow it by dimension 3 in 1976,
dimension 4 in 1977, and so on, with dimension
k-3 in 197k. Do not, more generally, publish your
failures: | tried to prove so-and-so; | couldn’t; here
it is—see?!
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Adrian Albert used to say that a theory is worth
studying if it has at least three distinct good hard
examples. Do not therefore define and study a new
class of functions, the ones that possess left upper
bimeasurably approximate derivatives, unless you
can, at the very least, fulfill the good graduate
student’s immediate request: show me some that
do and show me some that don't.

A striking criterion for how to decide not to
publish something was offered by my colleague
John Conway. Suppose that you have just finished
typing a paper. Suppose now that | come to you,
horns, cloven hooves, forked tail and all, and ask: if
I gave you $1,000.00, would you tear the paper up
and forget it? If you hesitate, your paper is lost—do
not publish it. That’s part of a more general rule:
when in doubt, let the answer be no....

On Research

Excerpt from:
| Want to Be a Mathematician, pp. 321-322,
Springer-Verlag, New York (1985).

Can anyone tell anyone else how to do research,
how to be creative, how to discover something
new? Almost certainly not. | have been trying for
a long time to learn mathematics, to understand
it, to find the truth, to prove a theorem, to solve
a problem—and now | am going to try to describe
just how | went about it. The important part of the
process is mental, and that is indescribable—but |
can at least take a stab at the physical part.

Mathematics is not a deductive science—that’s a
cliché. When you try to prove a theorem, you don’t
just list the hypotheses, and then start to reason.
What you do is trial and error, experimentation,
guesswork. You want to find out what the facts are,
and what you do is in that respect similar to what
a laboratory technician does, but it is different in
the degree of precision and information. Possibly
philosophers would look on us mathematicians
the same way we look on the technicians, if they
dared.

I love to do research, | want to do research, |
have to do research, and | hate to sit down and
begin to do research—I always try to put it off just
as long as | can.

It is important to me to have something big
and external, not inside myself, that | can devote
my life to. Gauss and Goya and Shakespeare and
Paganini are excellent, their excellence gives me
pleasure, and | admire and envy them. They were
also dedicated human beings. Excellence is for the
few but dedication is something everybody can
have—and should have—and without it life is not
worth living.

Despite my great emotional involvement in work,
| just hate to start doing it; it's a battle and a wrench
every time. Isn’t there something | can (must?) do
first? Shouldn’t | sharpen my pencils, perhaps? In
fact | never use pencils, but pencil sharpening has
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