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T
hat symmetries, invariance, and conser-
vation laws are related has long been
known. For example, Einstein exploited
the relationship between the symmetry
of Newton’s equations and the (relativis-

tic) symmetry of Maxwell’s equations to develop
a relativistic classical mechanics. But it is with
quantum physics that the full power of symme-
try, as expressed in the invariance of quantities
under group operations, comes to the fore. This
is particularly clear in the connection between the
representation spaces of groups and the Hilbert
spaces used in quantum mechanics on which the
representations act. The first group symmetries
of importance in quantum mechanics were those
related to space-time symmetries; later, internal
symmetries were introduced, and finally these
symmetries were generalized to gauge symmetries.
One of the main points of this paper is to show
how the unitary groups have played a key role in all
these different applications to quantum physics.

Historically one of the first applications of the
unitary groups to quantum physics was with the
group SU(2). Rotations in physical three-space
can be generated from elements of SU(2) via
the Cayley-Klein transformations. In particular the
fundamental two-dimensional representation of
SU(2) leads to a description of spin 1/2 objects
such as electrons and protons. The Lie algebra of
SU(2) leads to the angular momentum commuta-
tion relations, and shows that both orbital and spin
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angular momentum is necessarily quantized, in
contrast to classical mechanics. Further, when the
theory of quantized angular momentum is applied
to many-body systems, for example the many elec-
trons in an atom, or the many nucleons (= protons
and neutrons) in a nucleus, the relevant spin spaces
are tensor products of irreducible representation
spaces. If the Hamiltonian, the operator governing
the time evolution of the many-body quantum
system, commutes with the angular momentum
operators (or, is invariant under SU(2)), the overall
angular momentum of the system is conserved; it
is then useful to choose a basis in the many-body
representation space which is diagonal in the
overall angular momentum. Basis dependent coef-
ficients (called Clebsch-Gordan, or vector coupling,
or Wigner coefficients), which transform between
a tensor product basis and a direct sum basis,
play a key role in the structure of many-body spin
quantum systems; see for example reference [1] .

One of the important ingredients in the analysis
of spin in quantum systems concerns the notion of
multiplicity, wherein an irreducible representation
(irrep) occurs more than once in the decomposi-
tion of tensor products of single particle systems.
SU(2) is unusual among the U(N) groups in that
in the two-fold tensor product decomposition an
irrep appears at most once. For n-fold tensor
products, with n ≥ 3 multiplicity does appear,
and a fundamental issue is how to deal with the
repeated appearance of the same irrep. For SU(2)
this issue is dealt with by intermediate coupling
labels; thus, if system 1 is coupled (tensored) to
system 2, 1-2 to 3 and so forth, the multiplicity can
be fixed by the value of the intermediate (1-2) value
of the angular momentum. Such a solution only
works when there is no multiplicity for two-fold
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products. One of the goals of this paper is to show
that eigenvalues of generalized Casimir operators
can be used to resolve the multiplicity problem,
for arbitrary tensor products.

Though the multiplicity problem can be dealt
with in a systematic fashion for SU(2) by stepwise
coupling, it is clear that there are many different
stepwise schemes. For three-fold tensor products
electron 1 could be coupled first to electron 3 and
then 1-3 coupled to 2. The multiplicity is then
resolved by the 1-3 angular momentum rather
than the 1-2 angular momentum. Coefficients that
transform between different coupling schemes
are called Racah (or recoupling or 3j, 6j...) coef-
ficients and also play an important role in the
quantum theory of angular momentum for many-
body systems. Of particular importance is that
Racah coefficients are basis independent; there
are tables and computer programs for calculating
these coefficients, which are usually obtained by
summing over Clebsch-Gordan coefficients [1]. We
will show how to compute such coefficients for the
general U(N) groups using a procedure not tied to
knowledge of the basis dependent Clebsch-Gordan
coefficients.

All of the structural features that have been dis-
cussed with respect to the group SU(2) generalize
to the other unitary groups. Our goal has been to
find ways to compute the various coefficients that
arise for general representations of the unitary
groups, and in particular to generate computer
programs that implement these operations. As is
discussed in the following paragraphs, the U(N)
groups and their representations play an important
role in various subfields of physics, going well
beyond angular momentum and SU(2).

The first application of the unitary groups not
related to angular momentum occurred in the
early 1930s when Heisenberg applied the known
structure of SU(2) to the strong nuclear force.
Early in the development of nuclear physics it was
realized that the proton and (at the time the newly
discovered) neutron behaved similarly with respect
to the strong nuclear force. Where they differed was
with respect to the electromagnetic force. For exam-
ple, the neutron is uncharged whereas the proton
is charged. Ignoring the weaker electromagnetic
force and focusing on the strong nuclear force,
Heisenberg introduced a two-dimensional complex
space, the spin 1/2 space consisting of two basis
elements, the proton and neutron. In this case the
symmetry is called isospin (or isotopic spin) and
has nothing to do with spin angular momentum
discussed in previous paragraphs. Only the group
is the same, namely SU(2); physical three-space is
replaced by an “internal symmetry” space. Thus,
to the extent it is possible to isolate the strong
nuclear force from the other forces of nature, all
strongly interacting particles fit into irreducible

representations of isospin SU(2). Well-known ex-
amples are the three pi mesons, π+, π0, π− which
all have spin 0 (the superscripts refer to the charge)
and four ∆ resonances, all of spin 3/2, which sit
in the four-dimensional representation of isospin
SU(2).

Once it is realized that the strong nuclear force
is to a very good approximation invariant under
isospin SU(2), it is possible to use the known
machinery from spin SU(2) to analyze multipar-
ticle nuclear systems. Nuclei are bound states
of nucleons, and they carry an isospin quantum
number; for example the alpha particle, the nucle-
us of the helium atom, consists of two protons
and two neutrons and has isospin zero. When
solving bound state problems the invariance of
the nuclear Hamiltonian under isospin is exploited
in calculating the bound state energies and wave-
functions. Moreover, since nucleons also interact
electromagnetically, isospin invariance is broken.
But it is broken in a systematic fashion, so that
the electromagnetic part of the Hamiltonian may
transform as a component of a tensor operator
under isospin transformations. In such a situation
matrix elements of physical interest are related to
Clebsch-Gordan coefficients.

Wigner was one of the first to make use of
higher dimensional unitary groups. In the so-called
supermultiplet theory [2], spin SU(2) is embedded
with isospin SU(2) into a larger SU(4) group.
Bases for representation spaces are now indexed
by isospin times spin multiplets and the strong nu-
clear Hamiltonian is supposed to have well-defined
transformation properties under the larger group
action. While such a supermultiplet model has
not been particularly useful, as discussed in the
following paragraphs, its generalization to particle
physics has been quite successful.

The origins of such a generalization go back
to the 1960s when a symmetry now called flavor
SU(3) was introduced. In interactions involving pi
mesons colliding with protons, new (or so-called
strange) particles were observed, and to account
for their production and decay properties, a new
quantum number, called variously strangeness
or hypercharge, was introduced. Combining the
known isospin invariance with strangeness ne-
cessitated analyzing rank two compact groups.
After investigating the representation structure of
various rank two compact groups, it was seen that
the group SU(3) was best able to accommodate
the newly discovered strange particles. The two
most important representations turned out to be
the eight- and ten-dimensional representations.
Actually the group of interest is U(3), but the U(1)
subgroup, corresponding to the exact conservation
of baryon number, is factored off. Then, for baryon
number one, the eight-dimensional representation
contains the proton and neutron, and six other
newly discovered strange particles. For baryon
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number zero the eight-dimensional multiplet is
a meson multiplet which includes the three pre-
viously known pi mesons, along with five other
strange mesons, including the four K mesons. The
ten-dimensional representation for baryon number
one contains the four ∆ particles, along with six
other strange particles. In fact at the time the flavor
SU(3) model was being developed, the last particle
in the ten-dimensional representation had not been
discovered experimentally. Gell-Mann used tensor
transformation properties of the mass operator
under SU(3) transformations to predict the mass
and other properties of the unknown particle. The
discovery of the Ω− was part of the reason the
Nobel Prize was awarded to Gell-Mann in 1969.

A further development of flavor SU(3) deals
with scattering, which in turn deals with tensor
products of, in particular, the eight-dimensional
representation with itself. It is well-known that
the decomposition of two eight-dimensional rep-
resentations involves multiplicity, in which the
eight-dimensional representation occurs twice in
the decomposition. The way in which the multi-
plicity was broken in the original applications was
to make use of the fact that there is an underly-
ing permutation symmetry on two numbers, the
representations of which are either symmetric or
antisymmetric.

In the 1960s when the flavor SU(3) model was
being developed, it was known that unlike the
electron, which seems to be a fundamental particle,
not made out of more fundamental particles, the
same was not the case for the proton and neu-
tron. The reason for believing that the nucleons
were not fundamental came from a variety of
experiments, including the anomalous magnetic
moments of the proton and neutron, the existence
of excited states of the proton and neutron, and
electron scattering experiments on the proton. A
way to account for the nonfundamental charac-
ter of the nucleons (and their associated strange
counterparts) was to postulate the existence of
quarks, entities that transformed under the three-
dimensional (fundamental) representation of flavor
SU(3) (and correspondingly, antiquarks transform-
ing under the complex conjugate representation,
inequivalent to the fundamental representation).
The three-fold tensor product of the fundamental
representation with itself gave the eight- (with mul-
tiplicity 2) and ten-dimensional representations,
along with a one-dimensional representation. That
is, the physically observed particles occupying the
eight- and ten-dimensional representations were
thought to be “made out of” the fundamental
(quark) representations [3]. Similarly the mesons in
the eight-dimensional representation, with baryon
number zero, were thought of as a two-fold tensor
product of the fundamental with the conjugate
representation. Or put differently, mesons were

thought to be bound states of quark-antiquark
pairs.

The flavor SU(3) model was developed in a
number of different ways, but for the purposes
of this survey, it suffices to note that the Wigner
supermultiplet theory was generalized to a su-
permultiplet SU(6) model, in which spin SU(2)
times flavor SU(3) is embedded in SU(6) [4]. The
main point to note is that while the particles in
the various SU(3) representations do not all have
the same mass (which would be the case if flavor
SU(3) were an exact symmetry) the spin (and
parity) of all the particles in a flavor irrep are
the same. Therefore it makes sense to combine
spin and flavor into a larger group. The irreps
of SU(6) are used to select out those multiplets
with the correct spin-flavor structure. In particular
the fifty-six-dimensional representation of SU(6)
contains the eight-dimensional representation of
nucleons (since the spin is 1/2, this gives sixteen
dimensions) along with the ten-dimensional reso-
nances (the spins of which are 3/2, so that 4x10 =
40), for a total of fifty-six dimensions. A number of
physicists continue to develop the SU(6) model,
in conjunction with a nonrelativistic or relativistic
quantum mechanics which incorporates the spatial
parts of the quark wavefunctions.

To conclude this brief overview of applications
of the U(N) groups to quantum physics, we consid-
er their use in quantum field theory. The starting
point is fields defined over Minkowski space, which
can be thought of as the manifold P/SO(1,3),
the Poincaré group modulo the Lorentz group.
Along with transformations under the Poincaré
group, the fields also carry indices which transform
under compact internal symmetry groups. Gauge
groups are map groups from Minkowski space
to the internal symmetry group, and interactions
are generated from the requirement that the field
theory be invariant under gauge transformations.
The two most important internal symmetry groups
in this context are color SU(3), which generates
the quantum field theory for the strong nuclear
force (the quantum field theory so generated is
called quantum-chromodynamics, QCD) and SU(2)
x U(1), the internal symmetry group for the elec-
troweak interactions; see for example reference
[5]. It is interesting to note that flavor SU(3) also
appears as an internal symmetry in QCD, however
not as a gauge symmetry. Finally it should be
pointed out that attempts have been made to unify
the strong and electroweak interactions, using
among other possibilities the group SU(5).

After this brief introduction to applications of
the U(N) groups in quantum physics, we can state
mathematically the problems we wish to investi-
gate. Let G denote the unitary group U(N) and V (m)
a unitary irreducible G-module of signature (m).
Form the r-fold tensor product V (m)1 ⊗ ...⊗ V (m)r
and give an explicit decomposition of this tensor
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product G-module. This involves the following
steps:
1. Give concrete realizations of V (m) and V (m)1 ⊗
...⊗V (m)r as subspaces of a common Hilbert space
on which G acts unitarily.
2. Give a computationally effective formula to cal-
culate the multiplicity µ(M) = µ((M); (m)1 ⊗ ...⊗
(m)r) of the equivalence class of irreps of signature
(M) in the orthogonal direct sum decomposition
of the tensor product representation.
3. Construct intertwining operators that map the
G-modulesV (M) into the G-moduleV (m)1⊗...⊗V (m)r
for all (M) that occur in the orthogonal direct sum
decomposition of the tensor product G-module.
Most importantly, realize the steps above in the
most general and “canonical” way; that is the
method should work for all signatures (m), all
ranks N, and arbitrary r-fold tensor products.

Here it should be noted that the analysis of
tensor product decompositions of compact groups,
especially the U(N) groups, has a long history,
and a number of different methods have been
deployed to deal with the problem; expressions
for multiplicities in two-fold tensor products and
Clebsch-Gordan and Racah coefficients of U(N)
are investigated in great detail in reference [6] and
references cited therein.

U(N) Representation Theory
Let Cn×N denote the vector space of all n × N
complex matrices. If Z = (Zij) is an element of
Cn×N , let Z∗ denote its complex conjugate and
write Zij = Xij +

√
−1 Yij ; 1 ≤ i ≤ n, 1 ≤ j ≤ N. If

dXij (resp. dYij) denotes Lebesgue measure on R,
we let dZ denote the Lebesgue product measure on
R2nN . Define a Gaussian measure dµ on Cn×N by

dµ(Z) = π−nN exp[−tr(ZZ†)]dZ,(1)

where tr denote the trace of a matrix and Z† is the
transpose of Z∗.

A function f : Cn×N → C is holomorphic square
integrable if it is holomorphic on the entire domain
Cn×N , and if∫

Cn×N
|f (Z)|2dµ(Z) <∞.(2)

Clearly the holomorphic square-integrable func-
tions form a Hilbert space, the Bargmann-Segal-Fock
space, with respect to the inner product

< f1|f2 >=
∫
Cn×N

f1(Z)f2(Z)dµ(Z).(3)

Let F ≡ F(Cn×N) denote this Hilbert space. From
[7] this inner product also can be defined by the
following formula:

< f1|f2 >= f∗1 (D)f2(Z)|Z=0.(4)

Thus if f ∈ F(Cn×N), then f (Z) =
∑∞
|(α)|=0 C(α)Z(α),

where (α) = (α11, . . . , αnN), is an n × N-tuple of
integers ≥ 0, |(α)| = α11+· · ·+αnN , C(α) ∈ C, and
Z(α) = Zα11

11 . . . Z
αnN
nN . Moreover, C(α) must satisfy

∑∞
|(α)|=0(α)!|C(α)|2 < ∞, where (α)! = α11! . . . αnN !.

For f ∈ F(Cn×N) define f∗ by

f∗(Z) =
∞∑

|(α)|=0

C∗(α)Z(α).(5)

Then f∗(D) is the differential operator obtained
by formally replacing Zγj by the partial derivative
∂/∂zγj (1 ≤ γ ≤ n,1 ≤ j ≤ N). If f ∈ F(Cn×N), then
obviously (f∗)∗ = f and f∗ ∈ F(Cn×N). Moreover,
for all f1, f2 ∈ F(Cn×N)

< f∗1 , f∗2 > = f1(D)f∗2 (Z)|Z=0(6)

=
∞∑

|(α)|=0

(α)!C1
(α)C

2
(α)

=< f1, f2 >=< f2, f1 > .
Therefore, ||f∗|| = ||f || for all f ∈ F(Cn×N). If
P(Cn×N) denotes the subspace of F(Cn×N) of all
polynomial functions in Z , then P(Cn×N) is dense
in F(Cn×N). It is straightforward to show that the
representation R of U(N) on F defined by

(R(g)f )(Z) = f (Zg) , g ∈ U(N)(7)

is unitary.
Irreducible representations of GL(N,C) are

realized on subspaces of F defined by
(8)
V (M) := {f ∈ F(Cn×N) , f (bZ) = π (M)(b)f (Z)}

where b ∈ Bn, the subgroup of GL(n,C) of low-
er triangular matrices, and π (M)(b) ∈ C is a
representation of Bn defined by

π (M)(b) := d(M1)
1 · · ·dMnn(9)

where (d1 . . . dn ) is an element of the diagonal
subgroup of Bn and (M) is an n-tuple of inte-
gers,M1, . . . ,Mn satisfying the dominant condition,
M1 ≥ · · · ≥ Mn , n ≤ N. We restrict ourselves to
the case when the integers are nonnegative. In
general V (M) can be realized as a subspace of
F with an additional condition ([8]). Then the
Borel-Weil theorem implies that the representation
of GL(N,C) obtained by right translation on V (M)
is irreducible with signature (highest weight) (M).
It follows from Weyl’s “unitarian trick” that the
restriction to U(N) remains irreducible.

Irreducible representations of GL(N,C) can
also be realized on F(CN×N) as follows: Let
W (M) := {φ ∈ F(CN×N)|φ(wbT ) = π (M)(b)φ(w)},
where b ∈ BN and w ∈ CN×N , and define the repre-
sentation L of GL(N,C) on W (M) by (L(g)φ)(w) =
φ(gTw). Then the map Φ : W (M) → V (M) defined
by (Φφ)(Z) := φ(ZT ) is a GL(N,C) module iso-
morphism. Hence the U(N)-modules V (M) and
W (M) are unitarily equivalent and have the same
highest weight vector. In reference [9], Theorem 3,
section 5.6, Zelobenko gives an orthogonal direct
sum decomposition of F(Cn×N) into irreducible
GL(n,C)×GL(N,C)-modules of signature (M,M),
where (M) = (M1, ...,Mk,0, ...,0), k =min(n,N).
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The r -fold tensor products of irreps of U(N)
are also subspaces of an appropriate F ; define

H (m) = V (m1) ⊗ · · · ⊗ V (mr ),(10)

the subspace of F(Cp×N), as

H (m) = {f ∈ F(Cp×N)|
f (βZ) = π (m)(β)f (Z)(11)

= π (m1)(b1) · · ·π (mr )(br)f (Z)},

where p =
∑r
i=1 pi and β is an element of the

product Borel group,

(12) β =


b1 0

. . .
0 br


with bi ∈ Bi , the pi × pi lower triangular matrix. It
follows that the outer product group U(N)×· · ·×
U(N), consisting of elements (g1, . . . , gr) , gi ∈
U(N) is irreducible onH (m), with irrep

(13) (R(g1...gr )f )


Z1

...
Zr

 = f

Z1g1

...
Zrgr

 , f ∈H (m)

(m) := (m11 . . .m1p1 ,m21 . . .m2p2 , . . . ,mrpr ), that
is, all the zeros in (mi) have been deleted.

If the elements of U(N) × · · · × U(N) are re-
stricted to the diagonal subgroup of all elements
(g, g, . . . , g), (g ∈ U(N)) which is identified with
U(N), the representationR(g,g,...,g) ofU(N) onH (m)

becomes reducible and decomposes into a direct
sum of irreducible representations of U(N), with
multiplicity µ(M):

(14) H (m) =
∑
(M)

⊕µ(M)V (M).

Rather than decomposingH (m) directly, the strat-
egy will be to adjoin the contragredient represen-
tation of (M), denoted by (M)

√
toH (m) and find

the invariant subspace ofH (m)⊗V (M)
√
, that is, the

space of identity representations of U(N). This
is possible since the multiplicity µ(M) is equal
to the dimension of the U(N)-invariant subspace
of H (m) ⊗ V (M)

√
. (See [10].) References [11] and

[14] show that the contragredient representation—
defined with respect to linear functionals of the
representation space V (M)—can be written in the
following way; consider the irrep space defined in
Eq.(8) and set

(R
√
(g)f )(Z) = f (Zg

√
),(15)

f ∈ V (M), g ∈ GL(N,C), g
√

:= (g−1)T .

Then R
√
(g) is equivalent to the contragredient

representation.
Now let GL(N,C)× · · · ×GL(N,C)︸ ︷︷ ︸

r

×GL(N,C)

act onH (m) ⊗ V (M)
√

via the outer tensor product.

If the signature (M) is (M1, . . . ,Mq,0 . . . ,0)︸ ︷︷ ︸
N

, set

n = p + q,Z =


Z1

...
Zr

 ∈ Cp×N
and W ∈ Cq×N , then the inner (or Kronecker)
tensor product representation of GL(N,C) on
H (m) ⊗ V (M)

√
can be defined as

(16)
[
R(m) ⊗ R(M)

√

(g)f
]([Z

W

])
= f

([
Zg
Wg

√

])

for all f ∈ H (m) ⊗ V (M)
√
⊂ F(Cn×N) and g ∈

GL(N,C). Then the restriction of R(m)⊗(M)
√

to
U(N) is unitary.

In general,GL(N,C)acts onP(Cn×N) ⊂ F(Cn×N)
via the representation

(17)[
R(g)f

]([Z
W

])
= f

([
Zg
Wg

√

])
, ∀f ∈ P(Cn×N).

Then it follows from [12] that the ring of all

polynomials in

[
Z
W

]
that are invariant under this

action is generated by the constants and the pq
algebraically independent polynomials Paα defined
by

Paα

([
Z
W

])
= (ZW T )aα =(18)

N∑
i=1

ZaiWαi ,1 ≤ a ≤ p,1 ≤ α ≤ q.

Set Xaα = Paα
([
Z
W

])
and let X denote the p × q

matrix with entries Xaα. If J denotes the ring of
all GL(N,C)-invariants, it follows that an element
of J is a polynomial in the variable X, i.e., f ∈ J if
and only if

(19) f
([
Z
W

])
= φf (X), X = ZW T

for some polynomial φf ∈ P(Cp×q). Note that by
construction q ≤ min(p,N) ([13]), and by abuse
of language if (M) = (M1, . . . ,Mq,0, . . . ,0)︸ ︷︷ ︸

p

let (M)p

(or simply (M) if there is no possible confusion)
denote the signature of the equivalent class of irre-
ducible representations of GL(p,C) with highest
weight (M1, . . . ,Mq,0 . . . ,0)︸ ︷︷ ︸

p

. Let W(M)p denote the

vector space of all polynomial functions φ in X
which also satisfy the covariant condition

(20) φ(XbT ) = π (M)(b)φ(X) , ∀b ∈ Bq.
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Define the representation L(M)p of GL(p,C) on
P(Cp×q) by the equation

(21) L(M)p(γ)φ(X) = φ(γTX) , γ ∈ GL(p,C).
Then the Borel-Weil theorem together with Weyl’s
“unitarian trick” imply that the representation L(M)p
is irreducible with signature (M)p and its restriction
to U(p) is an irreducible unitary representation
of the same signature. The proof of the following
theorem can be found in [14]:

Theorem 1. If J(m)⊗(M)
√

denotes the subspace of all
GL(N,C)-invariant polynomials inH (m)⊗(M)

√
, then

every element f in J(m)⊗(M)
√

can be uniquely identi-
fied with an elementφf in W(M)p which also satisfies
the covariant condition.

L(M)p(βT )φf = π (m)(β)φf ,
where β and π (m)(β) are defined by Eqs.(11) and
(12). In other words the φf ’s constitute the subspace
(W(M)p ;π (m)) of W(M)p of all highest weight vectors
of the restriction

L(M)p |GL(p1,C)× · · · ×GL(pr ,C).
Corollary 1. Let G = U(N) and let (R(M),V(M)) de-
note the irreducible unitary G-module with signa-
ture (M) = (M1, . . . ,Mq,0, . . . ,0)︸ ︷︷ ︸

N

. Then the multi-

plicity of R(M) inH (m) is equal to the dimension of
the subspace (W(M)p ;π (m)) defined in the Theorem.

Remark 1. The conditions in Eq.(21) can be broken
into two parts: if β is unipotent, then L(M)p(βT )φf =
φf , and if β is a diagonal matrix (d1 . . . dp ), then
L(M)p(d)φf = dm1,p1

1 . . . dmr ,prp φf . This means that
φf are weight vectors of (W(M)p). Now the Gelfand-
Cetlin tableaux provide a set of labels that can be
used to get the dimension of the subspace of (W(M)p)
with a definite weight. It follows that a bound on the
dimension of (W(M)p ;π (m)) is given by the number of
Gelfand-Cetlin tableaux associated with irreducible
representations of GL(p,C) of signature (M)p and
with weight (m). A special case occurs whenH (m)

is an r -fold tensor product of “symmetric” repre-
sentations (a representation of GL(N,C) is called
symmetric if its signature is of the form (m,0, . . . ,0)︸ ︷︷ ︸

N

,

so-called because it is the space of symmetric ten-
sors that occur in the m-fold tensor product of the
vector representation (1,0, . . . ,0)︸ ︷︷ ︸

N

in the Schur-Weyl

duality theorem, see ([12], Th. 4AD)). In this special
case r = p and the elements β are reduced to the
diagonal elements d. Thus we have also proven the
following:

Corollary 2. If H (m) is a p-fold tensor product
of symmetric representations of GL(N,C), then
J(m)⊗(M)

√
admits an orthogonal basis {fξ} where fξ

corresponds to a Gelfand-Cetlin basis element ϕξ

of P(Cp×q), and ξ ranges over all Gelfand-Cetlin
tableaux of (M)p with weight (m), i.e.,

fξ

([
Z
W

])
=ϕξ(ZW T ).

To explicitly construct a basis of J(m)⊗(M)
√

we
construct a basis of (W(M)p ;π (m)). For this let {Lαγ}
denote the basis of the infinitesimal operators of
the left representation of GL(p,C) on F(Cp×q)
given by (L(h)f )(X) = f (hTX). Then

(22) Lαγ =
q∑
i=1

Xαi
∂
∂Xγi

, 1 ≤ α,γ ≤ p

and the Lαγ generate a Lie algebra isomorphic to
Glp(C). Moreover L†αγ = Lγα, and the Lαγ with α <
γ are raising operators while the Lαγ with α > γ
are lowering operators.

If φ is a weight vector of (W(M)p) of weight (m)
then
(23)
L(d)φ(X) = φ(dX) = dm1

11 . . . d
mp
pp φ(X) ,∀d ∈ Dp.

It follows that

(24) L(d)(Lαβφ) = dm1
11 . . . dmα+1

αα . . . d
mβ−1

ββ φ,

that is, Lαβϕ is also a weight vector of weight
(m1, . . . ,mα + 1, . . . ,mβ − 1, . . . ,mp) if α < β and
(m1, . . . ,mβ − 1, . . . ,mα + 1, . . . ,mp) if α > β. And
in our ordering of the weights this justifies the
claim that Lαβ is a lowering operator if α > β
and is a raising operator if α < β. Among these
infinitesimal operators we have the particular
operators Lαpβp , where p = p1, . . . , pr , which cor-
respond to the infinitesimal operators of the
GL(pi ,C) subgroup actions, 1 ≤ i ≤ r . Thus the
condition L(M)p(βT )φ = φ ,φ ∈ V (M)p , β unipotent,
is equivalent to the condition

(25) Lαpβpφ = 0 , ∀αp < βp , p = p1, . . . , pr .

By exploiting the weight changing properties of the
Lαβ we construct a set of operators {Φ̃ν}, where
ν ranges from 1 to the number of Gelfand-Cetlin
tableaux associated with (M)p of weight (m). Each

operator Φ̃ν is a product of lowering operators Lαβ,
α < β. By applying Φ̃ν to the highest weight vector

φ(M)pmax in W(M)p , where

(26) φ(M)max(X) = ∆1(X)M1−M2 · · ·∆Mqq (X)
we send φ(M)max into

P(Cp×q)(m) = {f ∈ P(Cp×q : f (dX)(27)

= π (m)(d)f (X), ∀d ∈ Dp}.
The systematic procedure for doing this, which
can be implemented on a computer, makes use of
the Gelfand-Cetlin tableaux for irreps (M)p and
weight (m) of U(p) (see [14] for details.)

We thus have constructed a linearly independent
subspace of P(Cp×q). In order that elements of
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this subspace belong to (W(m);π (m)), it must also
satisfy the condition given in Eq.(27). This gives
a set of basis elements of (W(m);π (m)) as well as
the multiplicity µ(M). And this also gives us a
basis for J(m)⊗(M)

√
. The problem of constructing

an orthogonal basis for J(m)⊗(M)
√

is considered in
the next section.

Orthogonal Bases in J(m)⊗(M)
√

In the previous section we have shown that the
space of invariants J(m)⊗(M)

√
corresponds to the

subspace (W(M)p ;π (m)) of the irreducible U(p)-
module W (M)p . We also showed how to construct a
(nonorthogonal) basis of (W(M)p ;π (m)), and hence
of J(m)⊗(M)

√
, by exploiting properties of the Gelfand-

Cetlin tableaux associated with the weight (m). The
goal of this section is to generate orthogonal bases
for (W(M)p ;π (m)), or equivalently for J(m)⊗(M)

√
by

introducing generalized Casimir operators whose
eigenvalues can be used as labels of orthogonal
basis vectors.

First, we make the following observation.
According to our theory of dual representa-
tions (see [7], [15]), the spectral decompositions
of the pairs (U(p),U(q)) on F(Cp×q) and
(U(p),U(N)) on F(Cp×N) are identical if p ≥ N;
for p < N there is a one-to-one correspondence
between the isotypic components with signature
(M1, . . . ,Mp) in F(Cp×p) and those with signature
(M1, . . . ,Mp,0, . . . ,0)︸ ︷︷ ︸

N

in F(Cp×N). This observa-

tion applied to the pairs (U(p),U(q)) acting
on F(Cp×q), (U(p),U(N)) acting on F(Cp×N)
(recall that q ≤ min(p,N)) implies that there
is a correspondence between the dual modules
W (M)p ⊗ V (M)p , W (M)p ⊗ V (M)q , and W (M)p ⊗ V (M)N ,
which are the isotypic components with signature
(M) in the corresponding Bargmann-Segal-Fock
spaces. In particular, the highest weight vectors
of the irreducible dual modules are identical if
expressed in terms of the same dummy variable.
It follows that the effect of the operators Φ̃ν on
φMax, whether Φ̃ν are expressed in terms of the
infinitesimal operators

Lqαβ =
q∑
i=1

Zαi
∂
∂Zβi

or LNαβ =
N∑
i=1

Zαi
∂
∂Zβi

is identical (in fact the global actionL(h) , h ∈ U(p),
is always the same on F(Cp×q), F(Cp×p), or
F(Cp×N)). But the operators Φ̃ν , if expressed in
terms of the LNαβ, are exactly the linearly indepen-
dent intertwining operators that map the U(N)
irreducible module V(M) into the tensor prod-
uct H (m)(Cn×N). This is exactly the problem we
considered in [7].

The procedure by which generalized Casimir
operators are used to break the multiplicity is quite
general. Let (G′, G) and (H′,H) be two pairs of

dual (representation) modules acting on F(Cn×N)
in such a way that G is a closed subgroup of
H and H′ is a closed subgroup of G′. Let Wn×N
denote the Weyl algebra of all differential operators
with polynomial coefficients on Cn×N . Let UG, UG′ ,
UH , and UH′ denote the universal algebras of (the
representations) of G, G′, H, and H′, respectively.
Then all these algebras are subalgebras of Wn×N .
If Z(UG;Wn×N), Z(UG′ ;Wn×N), Z(UH ;Wn×N), and
Z(UH′ ;Wn×N) denote the centralizers of UG, UG′ ,
UH , and UH′ in Wn×N , then for many dual repre-
sentations Z(UG;Wn×N) = UG′ , Z(UG′ ;Wn×N) =
UG,Z(UH ;Wn×N) = UH′ , and Z(UH′ ;Wn×N) = UH .

Definition 1. Let ρH be a unitary representation
of a Lie group H on a Hilbert space H , let G be
a closed subgroup of H. Let UH (resp. UG) denote
the universal enveloping algebra generated by the
infinitesimal action of ρH (resp. ρG = ρH|G). An el-
ement C ∈ UH that commutes with UG is called a
generalized Casimir operator for the pair (ρH , ρG)
or (simply (H,G)).

Such operators are useful not only for compact
groups but also more general classes of groups,
including semidirect product groups such as the
Poincaré or Galilei groups, where it is known how to
construct sets of generalized commuting operators
whose eigenvalues label the invariant subspaces.

Theorem 2. Under the assumption that (H′,H) and
(G′, G) are two dual (representations) modules act-
ing on F(Cn×N) such that G is a closed subgroup of
H and H′ is a closed subgroup of G′, if CH(G) (re-
sp. CG′(H′)) denotes the set of generalized Casimir
operators for (H,G) (resp. (G′,H′)) then CH(G) =
CG′(H′).

Now if λi denotes an equivalence class of the irre-
ducible representation of the group G on the space
V λi , 1 ≤ i ≤ n, then V λ1⊗· · ·⊗Vλn is an irreducible
G × · · · ×G︸ ︷︷ ︸

n

= H-module. On the restriction to the

diagonal subgroup which is identified with G, the
Kronecker tensor productG-moduleV λ1⊗· · ·⊗V λn
becomes reducible and in general multiplicity oc-
curs. Generalized Casimir operators may then be
used to break this multiplicity.

In the context of our problem let

U(N)× · · · ×U(N)︸ ︷︷ ︸
r

,

or equivalently,GL(N,C)×· · ·×GL(N,C) = H act
on H (m). Let G = GL(N,C) and let UH (resp.UG)
denote the universal enveloping algebra of the
infinitesimal action, then UH = U(G × · · · × G) �
U(G) ⊗ · · · ⊗ U(G), where G is the Lie algebra
generated by the infinitesimal action of G onH (m).
The set of generalized Casimir operators CH(G) is
generated by the differential operators of the form

(28) tr
[
[R(p1)]d1 · · · [R(pr )]dr

]
,
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where the matrices R(pi) , 1 ≤ i ≤ r , have (j, k)
entry

(29) Rjk =
p∑
α=1

Zαj
∂
∂Zαk

, 1 ≤ j, k,≤ N;

the di are integers ≥ 0 (see [7] Prop. 3.3), and “tr”
denotes the noncommutative trace operator. More-
over, as shown in [7], Prop. 3.5, these generalized
Casimir operators are Hermitian.

To see how these generalized Casimir opera-
tors act on J(m)⊗(M)

√
, and also for computational

purposes, it is more convenient to use the dual
representation and the above Theorem to compute
CH(G) = C′G(H′) in terms of the dual actions of
H and G on F(Cp×N). The dual action of H on
F(Cp×N) is defined by

(30) L


g
′
1 0

. . .
0 g′r

 f (X) = f (

g
′T
1 0

. . .
0 g′Tr

X)
for all g′i ∈ GL(piC), 1 ≤ i ≤ r , and for all
f ∈ F(Cp×N). The dual action of G on F(Cp×N),
p = p1 + · · · + pr , is given by

(31) [L(g′)f ](X) = f ((g′)TX) , g′ ∈ GL(p,C)
and thus H′ = GL(p1,C) × · · · × GL(pr ,C) . The
Lie algebra of the infinitesimal action of G′ is
generated by the vector fields

Lαβ =
N∑
i=1

Zαi
∂
∂Zβi

1 ≤ α,β ≤ pj

and the universal enveloping algebraUG′ is particu-
larly simple. If we write the matrix [L] = (Lαβ) , 1 ≤
α,β ≤ pj , in block form as

(32) [L] =


[L]11 . . . [L]1r

...
[L]r1 . . . [L]rr

 ,
then, as was shown in [16], CG′(H′) is generated
by the generalized Casimir operators of the form
(33)
tr([L]u1u2[L]u2u3 . . . [L]uku1),1 ≤ uj ≤ r ,1 ≤ j ≤ k.
The Hermitian operators formed from these gener-
alized Casimir operators were used in [7] to break
the multiplicity in the tensor product decompo-
sition of H (m). But as remarked earlier in this
section, in the construction of a nonorthogonal ba-
sis (W(M)p ;π (n)), this basis is obtained by applying
the maps Φ̃ν to φ(M)Max and then requiring that they
satisfy condition (27). Further, as remarked earlier,Φ̃ν can be expressed equivalently in terms of Lqαβ
or LNαβ. And the condition (27) can be expressed as

(34) Lαpβpϕ = 0 , ∀αp < βp , p = p1, . . . , pr
where

(35) Lαpβp =
N∑
i=1

Zαp i
∂

∂Zβp i

instead of
∑q
i=1 Zαp i ∂/∂Zβp i . But these are part of

the infinitesimal operators of the action of H′. It
follows that if Φµ are obtained from Φ̃ν by applying

condition (27), then for C ∈ CG′(H′) = CH(G), C
commutes with Φµ . Indeed, Φ̃ν maps V (M) into P(m),
andC commuting withH′ implies thatC commutes

with Φµ . We summarize the results above in the

following

Proposition 1. The generalized Casimir operators

given by Eq.(33) leaves the subspace (W(M)p ;π (m)),
or equivalently, J(m)⊗(M)

√
, invariant.

Assume now that a set of generalized commut-

ing Hermitian operators {Ct} has been chosen such

that

(36) CtΦµφ(M)Max = ΦµCtφMMax;

that is, each Ct leaves the space (W(M);π (m)) invari-

ant. Since {Ct} is a commuting set of Hermitian

operators on (W(M);π (m)) they can be simultane-

ously diagonalized; call the eigenvalues η, then the

set {η}may be used to label an orthogonal basis of
(W(M);π (m)), and hence of J(m)⊗(M)

√
. An example

will be given in the next section.

Example
In this section we present an example to show the

power of our procedures. Other examples are given

in references [17] and [18]. We consider SU(3)
Racah coefficients, in which we wish to find the em-

bedding of the eight-dimensional representation in

the three-fold tensor product of eight-dimensional

representations. The eight-dimensional representa-

tions and their tensor products arise in applications

of flavor and color SU(3) gauge theories of the

strong interactions. The eight-dimensional irrep is

entered into the computer as [4,3,2,0,0,0], while

the three-fold tensor product of eight-dimensional

irreps [[2,1,0],[2,1,0],[2,1,0]] is entered into the

computer as [m] = [2,1,2,1,2,1]. The programs
then calculate ~Φ, which in this case has multiplicity

8.

In this example rather than focusing on coupling

schemes, we find two sets of commuting Casimir

operators. A first choice is [[1,2],[2,2],[2,1]] which

has two 2-fold degeneracies. A second Casimir that

commutes is [[[2,3],[3,3],[3,2]] + [[1,3],[3,3],[3,1]]]

which then breaks the degeneracy. The resulting

eigenvalues are
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η =



42 30

30 36

36 42

6 66
39
2 − 3/2

√
5 105

2 + 3/2
√

5
39
2 + 3/2

√
5 105

2 + 3/2
√

5
39
2 + 3/2

√
5 105

2 − 3/2
√

5
39
2 − 3/2

√
5 105

2 − 3/2
√

5


A second Casimir operator that does not com-

mute with the previous two is [[[2,3],[3,3],[3,2]] +
[[1,2],[2,2],[2,1]]] , for which there are no degenerate
eigenvalues:

η′ =



27.90

38.30

39.94

48.57

52.16

53.42

56.88

66.84


Then the overlap between these two sets of

noncommuting Casimir operators is

Rηη′ =



−0.094 0.019 0.054
−0.019 0.019 0.019 0.019 −0.019

0.00000069 0.00000055 −0.00000031
−0.00000081 0.0000013 0.0000022 0.0000017 −0.0000013

−0.84 0.99 0.99
−0.99 0.99 0.99 0.99 −0.99

−0.27 0.054 0.053
−0.054 0.055 0.055 0.055 −0.055

0.40 −0.080 −0.079
0.080 −0.081 −0.082 −0.081 0.081

−0.15 0.031 0.030
−0.031 0.031 0.031 0.031 −0.031

0.059 −0.012 −0.012
0.012 −0.012 −0.012 −0.012 0.012

−0.15 0.031 0.030
−0.031 0.031 0.031 0.031 −0.031


The time needed for this Racah calculation is

about five minutes.

Conclusion
We have solved the following problems:

1. We give the most general (non-inductive) con-
struction of the Gelfand-Cetlin basis of irreps of
U(N) (or equivalently of GL(N,C)) as polynomial
functions.

2. If (M)
√

denotes the signature of the con-
tragredient representation of (M), we show the
multiplicity µ(M) is equal to the dimension of the
G-invariant subspace of V (m)1 ⊗· · ·⊗V (m)r ⊗V (M)

√
.

Further we give a method for constructing an
orthonormal basis in the G-invariant subspace.

3. We realize Casimir operators, and more
importantly, generalized Casimir operators, as
invariant differential operators which are inter-
twining operators of the G-modules V (M) and
V (m)1 ⊗ · · · ⊗ V (m)r ; thus we give a resolution of
the important multiplicity problem in physics.

4. We present a general method for comput-
ing Clebsch-Gordan and Racah coefficients which
are fundamental in quantum physics. A web-
site (http://www.physics.uiowa.edu/wklink/
Racah/index.html) has been developed which
makes it possible for users to compute Gelfand-
Cetlin basis elements, Clebsch-Gordan and Racah
coefficients by downloading the programs from
the website.
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